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A NOTE ON THE CENTRAL LIMIT THEOREM
FOR GEODESIC RANDOM WALKS

GILLES BrLum

In this article we use a theorem of T.G. Kurtz to prove a central

limit theorem for geodesic random walks.

0. Introduction

In [1] Jorgensen defines the concept of a random walk in a general
Riemannian manifold and investigates the behavior in the limit of a
sequence of such random walks. His approach to the problem in question is
based upon the use of semigroup methods due to Trotter and Stone. The aim
of this note is to give a new proof of some of Jorgensen's results using

instead the following theorem of Kurtz and several ideas in [2].

THEOREM 0.1. For N =1, 2, ... lLlet Ty be a linear contraction on
a Banach space LN , let €y be a positive number and put
Ay = (TN-I)/eN . Assume that lim €, =0 . Let {(I(t))} be a strongly

N0
continuous contraction semigroup on a Banach space L with generator A

and let D be a core for A . Let Ty L~ LN be bounded linear

operators such that sup ”WN” < o . Then the following are equivalent:

Cere,]
(a) for each f €L , "TN n”anNT(t)f“ + 0 for all
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t=20

(b) for each f € D there exists fN € L such that

N
”fN_an” + 0 and ”ANfN_“NAf” +0.

1. A limit theorem
Let M be a Riemann manifold of dimension »n . The Brownian motion

in M 1s a stochastic process {Xi Tt = 0} with continuous sample paths

such that Xg = g and

t
f{X:} - flx) + !o %-(Af)(x:}ds , a>0,

is a martingale for every f ¢ d;(M) . (see [2)]).

Let x €M , Tx(M) be the tangent space of M at gz , Sx(M) the
unit sphere of Tx(M) , S(M) the bundle of tangent unit spheres. Let
gx € Sx(M) and x(-, ng be the unit speed geodesic starting from x in
the direction gx . Let {1(k) : k=0,1, ...} Dbe identically

+
independantly distributed in R with distribution P . Assume

E(t(x)) =1, E[Tz(k)] =a, E‘(T3(k)) <o . Let {z(k) : k=0,1, ...}

be the random variables in S(M) such that
Z(O) = (:co, €039 L ] Z(k) = (xka Ek)

where

T, xk_lfT(k-l), gk—l) s

3 g >
k x;,

and the conditional distribution of Ek given

{(xo, go), e (xk-l’ gk-l)} is the uniform distribution on Sxk denoted

by u - The sequence {xb, x> ...} is called a geodesic random walk with

identically distributed steps. (See [1] and [2].)
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THEOREM 1.1. For N =1, 2, ... let xf)"=x and
RN L TN

Assume the Ricci curvature of M 1is bounded from below. Then for every f
i o m ss{iy || - o)) -
Proof. In the notations of Theorem 0.1, let L, = B(s(m)

D= C2(M) . Let P + (xz, &) be the parallel transport along the geodesic

K
X(», &) . For N=1,2, ... let {Z (k) = XN, £, 1 :k=0,1, ...} and
Zn o B
for f € LN define

1}
S——
S——

H}
—
8
—_——
~

it
EI

7, )

el e, (= £)(n) | utdn) |
J N J

T

Ay = N(T,-1)

(Note that TN is the linear contraction associated to the Markov chain’

z, in S(M) .}

For f in C‘]Q{(S(M)) , E €5 (M), n €S (M) let
u(t, =, £, n) = f{X(t, £), Pz, €)(n))

Then clearly
U

i
(1.1) pYs (0, z, £, n) = ¢

ou_ J k du
ax, ~ I‘J KN 3&7/

let £¢0, h=Df, k=(a/2Dyf . fy = f+ N+ V% ana

22
A = -(a/2n)Af . We show that IIANf ~Aflf >0 as N > . Using (1.1) we
have the following Taylor expansions for f and % (we replace T(1) by

T. and denote du/3t by Dgf and D° by DE],

1 £
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=

(1.2) }f[x[lv—%rll]~f(x)—N_%TlD£f‘(x) N 'r 2p Dgf(x)

(1.3) \h(x(N_%Tl, E], Py (x, E)(n)] ~h(z, n)-0 Df(:c n)|

IVTl

< kvt
For g € C(S(M)) let B be defined by

(1.1) Bg(z, £) = | glz, Muldn) - glz, £) .
s (M)

By (1.2), (1.3) and the definition of T

v there exists a constant K

depending on M only such that

(1.5) 1|y, €))%, fla)~(a/2)0 DD f()

A

-k 3]
N KE[Tl) .

(0.6) W

TNh(x, g)-h{x, &)-Bh(zx, C)—ff15 ( Mz, nhudn)| < N ax s
j &

(1.7) |7z, ©)-kiz, §)-Bk(z, €)] < N¥a/2)K

A

Using then a triangle inequality

|4, fy(e, E)-Af(x)] = N'%K(Elr |+(3/2) ] + |Bh(z, £)+D, f(x) N

£
Bi(z, £)+(a/2)D flz) + f ofz, nEdn)-4f(z)

+

To conclude the proof we have to show that

(1.8) Bh(x, &) + DEf: o,
(1.9) qugh(x, nEdn) = o ,
(1.10) Bk(x, &) = Af(x) - (a/2)D€DEf(x) .

Since ( nit’,(dni) =0,
’L af _ i df
(z, €), J n* ax g(dn ) %, - ,

and (1.8) follows. (1.9) follows from the fact that
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. 2 . .
n _ Gtk _9°f T .J k 9f
Pehle, M) =& moae = Ti i o

and

. 2 .
n e Pr o ko ar) ko L
f Deh(z, n)Edn) = k& B, oz, (x)-Fj,kE aka f nufdn) =0 .

For (1.10) see [2], p. 209. Since clearly ”fh—f” + 0 Theorem 0.1 (a) is

satisfied and Theorem 1.1 follows easily.
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