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On the roots of polynomials with
log-convex coefficients

Maria A. Hernandez Cifre®, Miriam Téarraga, and Jesus
Yepes Nicolas

Abstract. In this paper, we consider the family of nth degree polynomials whose coefficients form a
log-convex sequence (up to binomial weights), and investigate their roots. We study, among others,
the structure of the set of roots of such polynomials, showing that it is a closed convex cone in the
upper half-plane, which covers its interior when » tends to infinity, and giving its precise description
for every n € N, n > 2. Dual Steiner polynomials of star bodies are a particular case of them, and so
we derive, as a consequence, further properties for their roots.

1 Introduction

The volume of a measurable set M c R", i.e., its n-dimensional Lebesgue measure, is
denoted by vol(M) and, in particular, we write s, := vol(B,,) for the volume of the
n-dimensional Euclidean unit ball B,,.

For two convex bodies (i.e., nonempty compact and convex sets) K, E c R” and a
non-negative real number A, the volume of the Minkowski sum K + AE is a polynomial
of degree at most 7 in A, and it is written as

(L1) vol(K + AE) = 3" (':)W,-(K;E)A".
i=0

This expression is called the Steiner formula of K and E. The coefficients W;(K; E)
are the relative quermassintegrals of K w.r.t. E, and they are a special case of the
more general mixed volumes, for which we refer to [17, Section 5.1]. In particular,
Wo(K;E) = vol(K) and W, (K; E) = vol(E).

If we regard the right-hand side of (1.1) as a formal polynomial in a complex variable
z € C, the study of its roots has been investigated in several papers [4, 6-9, 11, 12]:
topology of the cone of roots, monotonicity with respect to the dimension, stability,
and so on. We emphasize that most of these results are based on the characterization of
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On the roots of polynomials with log-convex coefficients 471

the relative quermassintegrals via the well-known Aleksandrov-Fenchel inequalities
Wi(KE)? > Wi (KE)Wi(KE), i=1,...,n-1

(see, e.g., [17, (7.66)]). This characterization problem was solved in [18] and [8]: any
given set of n + 1 non-negative real numbers Wy, ..., W, > 0 satisfying the inequali-
ties W? > W; W1, 1< i < n — 1, arises as the set of relative quermassintegrals of two
convex bodies. Such a tuple (Wy,..., W,) is called log-concave. Therefore, Steiner
polynomials are precisely those ones whose coefficients, up to the combinatorial
numbers, form a log-concave tuple.

As a natural counterpart to the above issue, we consider the family of those nth
degree polynomials whose coefficients (up to the combinatorial numbers) form a log-
convex sequence. From now on, n > 2.

Definition 1.1 We say that a polynomial has log-convex coefficients if it is of the form
noin .
5o
i=0

with w; > 0 and @ = (wg, w1, . .., w,) a log-convex tuple, i.e., satisfying wf < Wi 1Wi41
foralll1<i<n-1

As in the case of the Steiner polynomials, we are interested in investigating the
structure and behavior of the set of roots of these log-convex coefficients polynomials.

In order to state our main results, we note first that if @ = (wg, w1, ..., w,) is a
log-convex tuple, then

o either w; >0forall0<i<n
e Orw;=-+=wy_1=0and wg, w, >0.

Indeed, if w; = 0 for some i € {0,...,n}, then w;y; =0 if i < n —2 because w?,; <
W;wiyz =0,and w;_; = 0 if i > 2 (now w? , < w;_rw; = 0). Thus, we can distinguish
two families of log-convex finite sequences: let

Lr :{w: (wo,...,wy) log-convex: w; >0,i=0,...,n, wqt(O,...,O)},
Ll = {w: (wor ..., wy) €L 1 w; >0, i=0,...,n}.

Clearly, £" can be expressed as the disjoint union

(1.2) L= Llu{w = (wg,0,...,0,0,) : wg, y >0, @ % (0,...,0)}.

From now on, we will write Re(z), Im(z), |z| and Z to represent the real and imaginary
parts, the modulus and the complex conjugate of z € C, respectively. Let C* = {z € C:
Im(z) > 0}, and for n > 2 let

Re(n) = {ze C*: fu(2z) = 0 for some w € L"} and
Re.o(n) ={zeC*: f,(z) = 0 for some w € L7 }.

It is known (see [8]) that the set of roots of all log-concave coefficients (i.e., Steiner)
polynomials in C* is a closed convex cone containing the non-positive real axis R.y.
In this paper, we show that log-convex coeflicients polynomials share these properties.
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Theorem 1.1 R (n) is a convex cone containing the non-positive real axis Reg.
Ry, (n) is a convex cone containing the negative real axis R.

As usual in the literature, we represent by int M, cI M, bd M, and conv M, the
interior, closure, boundary, and convex hull of M, respectively. We also stress that,
from now on, any topological issue concerning subsets of C must be understood with
respect to the standard topology.

Theorem 1.2 'The cone R.(n) is closed. Moreover, clR; (n)=R;(n) and
intRe ,(n) =intRe (n).

These theorems will play a key role in order to get the precise description of the
cones R (n) and Ry ,(n). When n = 2, it can be directly obtained from results in

[1]:
Re.,(2)={zeC":Re(z) <0}

(see [1, Proof of Proposition 4.2]). Here, for arbitrary n € N, n > 3, we describe the
cones R, (n) and R (n), and show that they are determined by the nth roots of —1:

Theorem 1.3 Let n > 3. Then
Re.,(n)={a+bieC":b>tan(n/n)a} and
Re(n)={a+bieC*:b>tan(n/n)a}.

A prominent subset of this family of polynomials is the one consisting of the well-
known dual Steiner polynomials (see Section 2 for its explicit definition), which have
been also studied thoroughgoingly in the last years. So, many properties of this general
family of log-convex coeflicients polynomials will apply to the dual Steiner ones.

The paper is organized as follows: Section 2 is devoted to a brief introduction on the
dual Steiner polynomials and its connection with our general family of polynomials;
the main results that we obtain in this setting are also presented. Next, in the brief
Section 3, we collect the classical properties on polynomials that will be needed in the
proofs of our results. In Section 4, we study the structure of the set of roots of all log-
convex coeflicients polynomials, showing, among others, that it is a closed convex
cone in the upper half-plane (Theorems 1.1 and 1.2), monotonic with respect to n,
which covers its interior when 7 tends to infinity. We also give its precise description
for all neN, n >3 (Theorem 1.3), and derive some consequences for dual Steiner
polynomials. Finally, in Section 5, we get bounds for the roots of these polynomials in
terms of the coeficients. Here, we also obtain a characterization of the Euclidean ball
as the only star body such that all the roots of its dual Steiner polynomial have equal
real part.

2 A brief tour on dual Steiner polynomials

An outstanding extension of the classical Brunn-Minkowski theory is obtained by
replacing convex bodies and the classical Minkowski addition, by another family of
sets and a different additive operation: the dual Brunn-Minkowski theory (see, e.g.,
[17, Section 9.3]), introduced by Lutwak in [13, 14], and based on the radial addition
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xFy for x, y € R", where

T, XY if x, y are linearly dependent,
o, otherwise.

In general, the radial sum K¥E = {x¥y:x € K, y € E} of two convex bodies K, E is
not a convex set, but the radial sum of two star bodies is again a star body. In order
to define star bodies, we call a nonempty set S c R" starshaped (with respect to the
origin) if the segment [0,x] c S for all x € S. For a compact starshaped set K its
radial function px : S"™' — Ry is defined by px(u) = max{p > 0: pu € K}, where,
as usual, S"™! represents the (n — 1)-dimensional sphere. If this function is positive
and continuous then K is called a star body. In particular, any star body has nonempty
interior and any convex body containing the origin in its interior is a star body. We
denote by §j the set of all star bodies in R”.

It is easy to see that, for K, E € 8§ and A > 0, the volume of the radial sum K¥AE =
{xFAy:x € K, y € E} isalso expressed as a polynomial of degree n in A (see, e.g., [17,
p- 508]), the so-called (relative) dual Steiner formula, which is written as

@.1) vol(KTAE) = (:’)W,-(K;E)A".
i=0

The coefficients Wi(K;E) are the (relative) dual quermassintegrals of K and E, and
they are special cases of the dual mixed volumes, which were introduced by Lutwak
in [13] (see also [17, Section 9.3]). Since star bodies have nonempty interior, it
is easy to see that Wi(K;E) >0 for all i=0,...,n. Dual quermassintegrals also
satisfy that Wo(K; E) = vol(K) and W, (K; E) = vol(E), and furthermore, they are
homogeneous of degree n — i (respectively, degree i) in the first (respectively, second)
argument. When E = B,,, we write for short W;(K) = W;(K;B,,).
It is well-known that for K, E € 8,

(22) Wi(KE)* <Wi(KE)YW, 1 (KE), 1<i<n-—1,

which are the “dual” counterpart to the classical Aleksandrov-Fenchel inequalities
(see, e.g., [17, (9.40)]). Equality holds in (2.2) if and only if K and E are dilates.

Regarding again the right-hand side of (2.1) as a formal polynomial in a complex
variable z € C, which we denote by

fre(2) = ;(?)Wi(K;E)Z",

structural properties of the set of roots of dual Steiner polynomials are investigated in
[1]. Most of these results are based on a characterization of those tuples (wy, . . . , ;) of
real numbers for which there exist K, E € 8§ with W;(K;E) = w;, j = 0,...,n, which
is also proved in [1]. This characterization is, however, much more involved than the
one describing the classical quermassintegrals (see [1, Theorems 1.1 and 2.2]): now,
the dual Aleksandrov-Fenchel inequalities are, in general, not enough in order to
characterize dual quermassintegrals.

At this point we make a key observation. It arises from [1, Lemma 2.2] that one of
the star bodies in the above mentioned characterization is always an Euclidean ball.
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Therefore, and without loss of generality, we will always take the relative star body E =
B,,. Furthermore, those results in which the dual quermassintegrals characterization
is not used are equally valid for an arbitrary E € §§ without additional considerations,
and so, for the sake of simplicity, we will always work with the dual quermassintegrals
W (K).

Thus, we write

R(n) = {zeC* : fxp, (2) = 0 for some K ¢ 8¢}

to represent the set of roots of all dual Steiner polynomials in the upper half-plane,
which is known to be a convex cone containing the negative real axis Ry (see [1,
Theorem 1.3]). Since the dual quermassintegrals fulfill W,-(K )>0foralli=0,...,n
and every K € §§, and they satisfy the dual Aleksandrov-Fenchel inequalities (2.2),
dual Steiner polynomials are particular cases of log-convex coefficients polynomials,
and thus

(2.3) R(n) c Re.,(n).

But since the dual Aleksandrov-Fenchel inequalities do not characterize, in general,
dual quermassintegrals, the inclusion (2.3) may be strict. However, both cones are
known to coincide when # = 2 (see [1, Proposition 4.2]):

R(2) =Re.,(2) = {zeC" :Re(z) < 0}.

Singular cases turn out to be dimensions n = 2,3, where the dual Aleksandrov-
Fenchel inequalities do characterize dual quermassintegrals (see [1, Proof of Proposi-
tion 4.2]) and [10, Corollary 3.1], respectively). We collect both results in the following
theorem:

Theorem 2.1  Given w, w, > 0, there exists a star body K € 82 such that W;(K) = w,,
i = 0,1, if and only if either they verify the strict dual Aleksandrov-Fenchel inequality
w? < wowy, or w; = A*"'ky for some A > 0 and i = 0,1, and in this case K = AB,.

Given wg,wy, w, > 0, there exists a star body K € 8} such that W;(K) = w;, i =
0,1,2, if and only if either they verify the strict dual Aleksandrov-Fenchel inequalities
w? < wow; and w3 < K3wy, or w; = A3 k3 for some A > 0 and i = 0,1,2, and in this case
K= AB3

Remark 2.1 In dimension n = 4 it is easy to see that the dual Aleksandrov-Fenchel
inequalities do not characterize the dual quermassintegrals. In fact, taking wg =
(47* - 6)/(n* - 2), w; =2 and w; = w3 = 1, one gets

-2 2 1 2 ] ?
N wz—w3w1:—, w3—w2f<;4: - —.
=2 2

(0% — Wowy =

However, using the characterization given in [I, Theorem 2.2] via some properties
of particular Hankel matrices, one can see that the above numbers are not dual
quermassintegrals of any star body: indeed, it is a straightforward computation to
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check that the Hankel matrix

Rg W3 W2
w3 Wy W)
Wy w1 wWo

is not positive definite because its determinant vanishes.

Accordingly, the results satisfied by second/third-degree log-convex coefficients
polynomials will have a more or less direct translation for dual Steiner polynomials
of planar/three-dimensional star bodies, not so when #n > 4. An example of this fact
arises in the following consequence of Theorem 1.3:

Corollary 21 R(3) = {a +bieC*:b> \/§a}.

Its proof can be found in Section 4. Another of our main results for dual Steiner
polynomials, which cannot be derived from results for log-convex coefficients polyno-
mials, is the following characterization of the Euclidean ball. Its proof will be collected
in Section 5.2:

Theorem 2.2 Let K € 8" forn >3, let y;, i = 1,...,n, be the roots of fx.p, (z) and let
a>0.ThenRe(y;) =—aforalli=1,...,nifand only if K = aB,,.

3 Background on polynomials

Since many of our results are strongly based on specific properties which are satisfied
by the roots of polynomials, in order to make the reading of the manuscript easier,
we devote this brief section to those results on polynomials that will be needed in the
subsequent proofs.

An important well-known result establishes that the roots of a (complex) polyno-
mial are continuous functions of its coefficients:

Theorem 3.1 [15, Theorem (1,4)] Let

r
f(Z):a0+a12+--~+anz”:ann(z—zi)Mi> an #0,
i=1
n

F(Z) = (a(] + 80) + (al + 81)Z+ et (an—l + gn_l)znfl +a,z

be complex polynomials, and let 0 < ry <min|zx —z;| for i=1,...,k=Lk+1,...,r
and all k = 1,...,r. Then there exists ¢ > 0 such that, if |e;| < e fori = 0,...,n -1, then
F(z) has precisely my. roots in the disk {z € C : [z — zx| <1y}, k=1,..., 7.

The following results provide bounds for the modulus of the roots of a polynomial:

Proposition 3.1 [15, p. 137, Exercise 2] Let f(z) = ap + ajz+---+ a,z" be a real

polynomial with a; >0, i =0,...,n. Then its roots lie in the ring
. ai ai
min <lz| < max
0<i<n-1 ai+l 0<i<n-1 g;4
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Proposition 3.2 [15, p. 126, Exercise 7]  Let g(z) = 2" + byz" ' + -+ + b, be a complex
polynomial with roots zi, . .., z,, and let M = max;_;

1/i

.....

1 & b;
w2 |7)

M >

Theorem 3.2 [15, Theorem (33,3)] Let re{l,...,n—1}. A complex polynomial of
the form g(z) =1+b,z" +---+ buz" with b, 0 has at least r roots in the disk

{zecai < ()"

An important tool will be the well-known Lucas theorem on the location of the
roots of the derivative (critical points) of a polynomial (see, e.g., [15, Theorem (6,1)]):

Theorem 3.3 (Lucas’ theorem) All the critical points of a (nonconstant) complex
polynomial f(z) lie in the convex hull C of the set of roots of f(z). Moreover, if the
roots of f(z) are not collinear, then no critical point of f(z) lies on the boundary of C
unless it is a multiple root of f(z).

Next property provides with a relation between the imaginary parts of the roots of
the derivative of a polynomial and of the polynomial itself.

Theorem 3.4 [16, Theorem 1.4.1]  Let the complex polynomial f(z) of degree n > 1 have
the roots z1, . . ., 2y, and let wy, ..., w,_; be those of f'(z). Then

1 n-1 12
—— > |Im(w;)| < = >[Im(z:))|.
n-1i3 =T
The last result, known as the Davenport-Pdélya theorem, deals with the convolution

of two log-convex sequences.

Theorem 3.5 (Davenport-Polya’s theorem [3])  Let (a;)}, and (b;)}_, be log-convex
sequences of positive numbers. Then the sequence (v;)'_, given by

i i
Vi= Cl()b,' + (l)albi_l + (2)(1217,'_2 +oeee 4+ a,-bo
is also log-convex.

4 The sets of roots of log-convex coefficients polynomials

In this section, we prove our main results regarding the structure of the set of roots
of log-convex coefficients polynomials. We start with Theorem 1.1, for which we need
the following auxiliary result:

Lemma 4.1 Let w € L"(respectively, w € L). Then:

(i) for every A >0, there exists w' € L" (respectively, w' € L) such that f,(Az) =
fuw (2) and
(ii) for all a >0, there exists w' € L"(respectively, @' € L2) such that f,(z+a) =

fw'(z)'
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Proof Let w= (wq,...,w,) € L". To see (i), it suffices to consider the tuple w’ =
(wo, Awy, ..., A" w,), and the result follows.

To prove (ii), we have to distinguish whether w e £Z, or w e L"\LZ,. First
we assume that we L£,. Taking into account that also the reversed tuple

(Wns Wp-1s...,wo) € L and that (1,a,a%,...,a") € L"), we construct the new tuple
L (i
vi=). ( )akwn_i+k, 0<i<n,
k=0 \k
given by their binomial convolution, which is also a log-convex sequence as an
application of Davenport-Pélyas theorem (see Theorem 3.5). So, @’ = (v,,...,vg) €
n . n\(n—i\ _ ( n i+k
L, andsince (7)("") = (1) (") we get

- $ (- SO E (o)

Finally, we assume that @ = (w,,0,...,0, w,) with wy,w, >0, @ # (0,...,0) (see
(1.2)). If w, = 0, the result is trivial, and so we assume that w, > 0. Then f,(z) =
wo + w,z" and taking

w' = (0o + wpa", wya" "t wea" . wha, 0,) € L7,

we have
for(z) = (z::) (I:)a”izi) Wy + wo = wn(z+a)" +wo = fo(z+a). n

Now, we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1 Lety € R  (n). Then there exists w € L% such that f,(y) =
0, and Lemma 4.1 (ii) ensures that, for all a > 0, y — a is a root of f,(z + a) = fu(2)
for some @’ € L. Therefore,y —a € R ,(n).

Furthermore, by Lemma 4.1 (i), we know that, for any A > 0, Ay is a root of the
polynomial f,(z/A) = fu~(2) for some @” € LZ,, and hence, Ay € R;_,(n). These
two properties imply that R ,(n) is a convex cone. The proof concludes by noting
that the tuple (1,1,...,1) € £, and so -1 € R_, (n); therefore, Rcg c R, (n).

In the case of £", the argument is analogous. We just have to observe that now the
tuple (0,...,0,w,) € L" for w, >0, and thus 0 € Rz (n). ]

Remark 4.1 At this point, we would like to stress the pertinence of working
with polynomials of the form f,(z) =Y}, ('l.’)wiz" instead of just considering
Yhowiz' for we L (or L"). The combinatorial numbers play a key role if
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one aims to have analogous properties to the ones of the Steiner polynomials
(e.g., convexity or monotonicity). Indeed, it is an easy computation to check that
the set of roots of all the second-degree polynomials wy + w;z + w,2%, with w €
Lio, is {a +bieCt:-b<3ax< O}, and hence convex; however, for the third-
degree polynomials ¥'7_, w;z', w € L3, the set of roots is contained in the union
{a +bieCt:b>3 |a|} U R, and hence, since it trivially contains the set Ry U
{bi: b >0}, the convexity, for instance, is lost. Of course, further research can be
developed for them.

Next, we investigate the topological properties of the cones Rz (n) and R, (n):
we prove Theorem 1.2.

Proof of Theorem 1.2 Let y e bdR;(n), and let (y,) men € Rz (1) be a sequence

such that lim,,_, .o ym = y. Then, for every m € N, there exists @™ = (wf',..., wl') €
L" such that fum(y,,) = 0.
Since fum (1) >0 because w™ # (0,...,0), without loss of generality we may

assume that f,m (1) =1; otherwise one might take the tuple @™/ f,= (1) € £L". Thus,
from f,m(1) =31, (:’)w:”, we get w! € [0,1] for every i =0,...,n and all m e N.
Thus, a subsequence of each sequence (w!") ey converges to a point w;, 0 < i< n,

and without loss of generality we assume that lim,_,o, w?* = w; foralli =0, ..., n.
Moreover, since (w)* < @™ ,w™, for all m €N, the same inequality holds

for the limit values, ie., (w;)? < @i w;s1, 1<i<n—1. We also note that w #
(0,...,0) because fum(1) =1 for all m € N; hence w = (wy, ..., w,) € L". Finally,
since foum (ym) = 0 for every m € N, also f,(y) = 0,and so y € R (n).

Next, we show the identities of the statement. First, we observe that the set
difference Rz (1)\R¢ o (n) c {z€ C*: 2" + a =0 for some a > 0}. Moreover, the set
in the right-hand side is the (finite) union of those rays determined by the nth roots
of -1 which are contained in the upper half-plane C*. Then, taking into account that
both R (n) and R _, (1) are convex cones (Theorem 1.1) and that they only differ, at
most, in the above finite union of rays, we may conclude thatint R, (n) = int R (n)
andclR; ,(n) =cdRs(n) =Re(n). |

Using the previous results, in the next subsection, we will determine R_,(n) and
Re(n).

4.1 Describing the cones R (n) and R ,(n)

Before the proof of Theorem 1.3, we need several lemmas and additional notation.

First, we introduce and study particular polynomials that will be crucial in the proof
of our main result. The classical De Moivre formula states that, for any x e Rand m €
Z, (cos(x) + sin(x) i)m = cos(mx) + sin(mx) i (see, e.g., [2, p. 5]). Then, for any x €
(0, m/m], m € N with m > 3, we have

0 < Im(cos(mx) + sin(mx) i) = Im((cos(x) +sin(x) i)m)

= i (77)(—1)("*1)/2 cos™ ¥ (x) sin’ (x),

i=1
i odd
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and dividing by cos™ (x) > 0 we get

> (M_/l)(—l)(i_l)/2 tan’ (x) > 0.
o \i
i'odd
Thus, for any m € N, the formal polynomial in a real variable t € R
m—1 m . .
t) = 1)1/
pn(= 3 (7 )6
i even
satisfies the following basic but crucial property:
Lemma 4.2 Let m e N. Then p,,(t) > 0 for all t € [0, tan(7/m)], and equality holds,
for m >3, ifand only if t = tan(7r/m).

Next lemma establishes an important relation for these polynomials that will be
needed later.

Lemma 4.3 LetmeN. Forall t e R,
1+ ) pm(t) = 2pms1(t) = pmsa(2).

Proof From the definition of py (t), for k = m, m + 1, m + 2, we have

1+ 2)pm(t) = mZ_:l (iTl)(_l)i/zti N mz_:l (i’:’l)(_l)i/ztmz

=0 =0
1 even 1 even
m—1 m . . m+1 m A X
_ -1 1/2tz i ( ) -1 1/2—1t1
,;)(Hl)( ) Z; i-1)Y
i even i even
m—1 m m . .
=m+ - -1)i2¢ 4 8,
" ,:ZZ [(i+l) (i—l)]( ) '
where
S - m(=1)"/2"1¢"  if m is even,
T (A1) D2 emL i s odd,
and
mo(m+1 i Ml m+2 2.0
2 = pma( =2 Y, (17 )0 =y (e
i=0 i+1 i=0 i+1
i even i even
n 1 2 i
-3 [z(*f’* )_(”?+ )](—1)'/2t’+82,
pard i+1 i+1

where

if m is even,

S, - 0
27 (—)mD2pm i gy s odd.

https://doi.org/10.4153/50008414X22000062 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000062

480 M. A. Hernandez Cifre, M. Tarraga, and J. Yepes Nicolas

m+1) _ (m+2
1 1
als. Also the leading coefficients in both cases, m even and odd, are equal: m(-1) m[2-1

and (-1)("D/2  respectively. Furthermore, since

(iTl) - (in—11) B <(n21_+i11!1()7(;231 B 2(’7:11) - (n:++12)

forall i =2,...,m—1, we get the required identity. [ ]

Clearly, the constant terms m and 2( ) coincide in the two above polynomi-

Next, we define a (finite) sequence of functions ck:[O, tan(k—zs)]—> Rso, k =
1,...,n — 3, recursively by

1+£2 .
= ifk=1,

()= daey .
{ ey ifk=2..,n-3

In order to assure that they are well-defined, we have to see that ¢, (¢) + 2 for all k =
1,...,n =3 in its domain. This will be a direct consequence of the following lemma,
which will be needed in the proof of Theorem 1.3.

Lemma 4.4 Foreveryk=1,...,n—3 we have
2

ce(t) < for all OStStan(kL).

+3

Equality holds if and only if t = tan (n/(k + 3)). In particular, c(t) <2 for 0<t <
tan (n/(k+3)) andallk =1,...,n-3.

Proof We notice that it is enough to show that the functions ¢, () can be expressed
as

2
(4.1) ck(t):3—t—p’”73(t) k=1,...,n-3,

2 2pk+1(t) )
forall0 <t < tan(ﬂ/(k + 3)) Indeed, since py,3(t) > 0forall0 < ¢ < tan(n/(k + 3))
with equality if and only if ¢ = tan(n/ (k+ 3)) (see Lemma 4.2) and, in this range,
Pr+1(f) > 0 because (tan(ﬂ/m))(:::2
3)) < tan(7/(k +1)), then the result follows. As usual, we are using the convention
tan(7/2) = oo.
We prove (4.1) by induction on k. Clearly,

is a decreasing sequence and so tan(n/ (k+

3-t2 pa(t) 33—t 4-4fF 1+¢
- = - = =c1(t).
2 2pa(t) 2 4 2
So, let k > 1 and we assume that (4.1) holds for k — 1. Then,
3- 12 L, Pra(t) 1+ t* L Pra(t)
2 2pi(t) 2 2pi(t)’

2-cpa(t) =2-

and using Lemma 4.3, we get

2ci(t) 2(1+ %) pi (1) _ 2y Pr(t)
@ T B0 @ D o)

c(t) = 2
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The identity (4.1) is now obtained using again Lemma 4.3 twice:

ce(t) = (1+ ) pi(t)  4pra(t) — 2pria(t)

prar(t) 2pk+1(1)
CA4pra(t) = pras(t) = L+ ) pi (1) (3= 12) pisa (1) = pras(2)
B 2Pk+1(t) B 2pk+1(t) .
This concludes the proof. [ ]

Now, we are in a position to prove our main result.

Proof of Theorem 1.3 We state the result for R _, (n); the description of the cones
R (n) is achieved just noticing that Rz (n) = clR;_,(n) (see Theorem 1.2).
First, we observe that since

7
1+tan(7)ie {zeC*: 2" +a=0}cRe(n),
n
where a = cos™(7/n), and R (n) is a convex cone containing R,y (Theorem 1.1), we
have from Theorem 1.2 that

{a +bieC":b >tan(z)a} cintRg(n) UR,
n
=intR; ,(n) UR, c R, (n).

So, we have to prove the reverse inclusion. Let n € N with n > 3, and we take a +
bie R, ,(n). We may suppose that a > 0, otherwise the inequality is satisfied, and
hence, using Lemma 4.1 (i), we assume without loss of generality that a =1. Let
w=(wp,...,w,) € LY, be such that f,(1+bi) = 0.

From f,(z) = w,(2* -2z +1+b%) (2" 2 + £/ a;z') we obtain the following
identities: if n = 3, we get

w w w
=2 = a0(1+ b?), 321 21402 - 2a,, 32 -g,-2,
w3 w3 w3

whereas for n > 4, we have

w w
= = ay(1+b?), n— = a,(1+b®) - 2ag,
Wy Wy
n\ w;
(‘)—’:ai(1+b2)—2ai_1+ai_2 for i=2,...,n-3,
i) wy
n\ w,_ Wy
()"—2:1+b2—2an_3+an_4 and n "I:a,,_3—2.
2/ w, wy
Since w; >0 foralli =0,...,n, we have ap > 0 and
(i) a1(1+b%) > 2ay, (i) 1+ b + ap_q > 2a,_3,
(4.2) (iii) a; (1+ b*) +a;_p >2a;, for i=2,...,n-3,
@(iv) a3 > 2.

Note that for n = 3, there are no inequalities (ii) and (iii), being a; = 1; for n = 4, there
is no inequality (iii). In both cases, the conclusion in this argument will be obtained
directly.
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We assume now that b = tan(7r/n), and we will get a contradiction. From (ii) and
(iv) in (4.2) we immediately get that

v
(4.3) 3 —tan’ (—) < ang.
n
Next, we consider the recursive (finite) sequence of numbers

l+tan?(Z) fork =1
Ck = 2 ’

% fork=2,...,n-2,
—Ck-1

which is well-defined by Lemma 4.4: note, on the one hand, that tan(m/n) <
tan(7/(k +3)) for all k=1,...,n -3 and, on the other hand, that c,_; < 2, which
ensures that ¢,_, can be defined. Using (4.2)(i), we get a¢ < c14;, and together with
(iii) for i = 2, we obtain

ag aar 2¢
ap<ca+—<aqda+—, 1e, a1< ay = Cyay

2 2 2-¢
because ¢; < 2 (see Lemma 4.4). An inductive procedure yields, using (iii) for any 2 <
i<n-3,

ai-2 Ci-10i-1
ai1<cqa;+ ——<qa;+ ,
2 2

and so we get

ai_1<cja; forall i=2,...,n-3

because c;_; < 2 (see Lemma 4.4). Finally, the above relation for i = n — 3 together with
(4.2)(ii) gives

An—4
Ap-4 <Cp3ap3<Chp3|C1+ 5 )

and hence, since ¢,,_3 < 2 (see Lemma 4.4), we have

261
ap—4 < 7ccn—3 =Cn-2Cn-3.
~tn-3

From the equality case of Lemma 4.4, we get

n
Cp3=—""—"— and Cn-2 = = =2
" 2 R T G
a 2

3—tan2(ﬁ) 20 1+tan2(%)

and so

ST
Ap—4 < Cp_2Cy_3 =3 —tan )

which contradicts (4.3). Therefore, since R_,(n) is a convex cone containing Ry,
it must be b > tan(7/n), which shows the reverse inclusion R_,(n) c {1 +bieCt:
b > tan(m/ n)} This concludes the proof. [

Note that, surprisingly, the proof of the inclusion R;_,(n) c {a +bieC*:b>
tan(m/n)a} in Theorem 1.3 does not make use of the log-convexity property of the
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tuple w = (wo, - .., wy,): just the positivity w; > 0, for all i = 0, ..., n, is needed. This
shows the following property:

Corollary 4.1 There exists no nth degree real polynomial ag + a1z + - + a,z2" with
a; >0 foralli=0,...,n, having1l + tan(n/n)ias a root.

As a direct consequence of Theorem 1.3, we get that the cones R, (n) and R (n)
are strictly monotonic with respect to 7, and also that they cover the whole upper half-
plane C*, except Ry, when 7 tends to infinity. For simplicity, we state the result just
for Rz, (n); the case of Rz (n) is analogous.

Corollary4.2 R, (n) € Re,,(n+1). Moreover, for ally € C*\Ryy, there exists ng €
N such thaty € R, (n) for all n > ny.

Proof The first assertion is obvious from the description of R ,(n) given in
Theorem 1.3. Finally, for a given y € C*\Ry,, since lim,_, o tan(7/n) = 0 then there
exists ny € N such that y € {a +bieC*:b> tan(rr/n)a} =Rg,,(n) for all n > ny.
This concludes the proof. [ ]

As another consequence of Theorem 1.3, we can prove Corollary 2.1. Indeed, since
the dual Aleksandrov-Fenchel inequalities characterize the triples (wy, w;, w;) of
positive numbers that can be the dual quermassintegrals W, (K) of some star body
K € 8} (see Theorem 2.1), with a slight extra effort we easily get that R(3) = R_, (3):

Proof of Corollary 2.1 The inclusion R(3) ¢ Re_,(3) is clear. In order to prove
the reverse inclusion, let y € R;_,(3), which we suppose not to be real, otherwise
the assertion holds. Then there exists w € £2, such that f,,(y) = 0. Note that we may
assume, without loss of generality, that w = (wy, w1, w,, K3). If

wf < wow, and w% < W1K3,

then Theorem 2.1 ensures that f, () is a dual Steiner polynomial of some star body,
and therefore y € R(3).

If, on the contrary, some of the above inequalities is an equality, we consider the
4-tuple

’ /NN L
' = (wy, wy, W), K3) = (wo + & w1, s, K3 +€)

K3 + &
for fixed € > 0. Clearly @’ € £2, and it is straightforward that the inequalities (w])? <
wpw) and (w))?* < w]k; hold. Hence, by Theorem 2.1, there exists a star body K € 8
such that f,(z) = fx.s, (z) is a dual Steiner polynomial.

Let & > 0 be fixed. Since the roots of a polynomial are continuous functions of the
coefficients of the polynomial (see Theorem 3.1), if € > 0 is small enough, then there
exists y’ € C* with f,r(y") = 0,1.e., )" € R(3),suchthat |y — | < 8. This shows that y €
dR(3), ie., that R¢_, (3) c I R(3). Since both R, (3) and R(3) are convex cones,
the proof is then concluded from the inclusion fR(3) c Rz, (3) jointly with the fact
that the upper ray of the boundary of R _,(3), i.e, bd Rz _, (3)\R<o, is not included
therein. ]
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Unfortunately, since the dual Aleksandrov-Fenchel inequalities do not characterize
dual quermassintegrals (cf. Remark 2.1), Theorem 1.3 does not provide us with a
description for R(4).

4.2 Further properties of the cones of roots

An immediate outcome of Theorem 1.3 is the fact that, when n > 3, a pure imaginary
complex root always exists in R, (), since it is a convex cone. Indeed, for n =
3, there are log-convex coeflicients polynomials all whose complex roots are pure
imaginary. However, when n > 4, not all the roots can be of that type. More precisely,
we have:

Theorem 4.1 For n > 4, n # 5, there does not exist w € L such that all the roots of
fw(z) are imaginary pure complex numbers (excluding the real root always existing
for odd degree). When n =5, the only 6-tuples satisfying the above condition are
w=A(c>c*/5,c/5,c2/5,¢/5,1) € £° for A >0 and ¢ >0, and in this case f,(z) =

Mz+c) (2 + 62)2.

In order to prove the theorem, we need the following auxiliary result:

Lemma 4.5 Foranyn >5,letx1,...,x, >0, r > 2, be positive real numbers, such that
3n-1
Xp+-+x, << .
2n-2
Then
1 1 3n-1
(4.4) — et — > = ,
X1 X, 2n-2
and equality holds if and only if n =5, r =2 and x; = x5 = 1.

Proof For the sake of simplicity, we write a,, := 3(n - 1)/(2(n - 2)) Clearly as = 2,
and since a,, is a decreasing sequence in #, it can be easily seen that a,, < 2 foralln > 5,
and so a, < 4/a, with equality if and only if n = 5.

We assume that }.;_; x; < a,, and first we show the result for r = 2. Let m := x; +
X3 < a,.Since m — x; = x, > 0, inequality (4.4) can be expressed as m > a,x;(m — x1),
or equivalently,

(4.5) anxlz —a,mx;+m>0.

Using that a,, < 4/a,, the discriminant of the second-degree polynomial (in x;) in the
left-hand side satisfies that

4
D=a,m(a,m—-4)<a,m (—a,, —4) =0.
Qan

Therefore, a,x — a,mx; + m > 0, and thus (4.4) holds. Note, moreover, that if n > 5
then D < 0 and (4.4) holds strictly.
Now, we assume that r > 2 and consider the positive numbers
r—1

X = Zx,- and y=x,

i=1
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which satisfy x + y < a,,. We observe that since r > 2 and 1/x is a convex function, then

1 1 =1

1
< — .
r—1 1 ¢er-l X .
2ic1 Xi — Yiaxi o r-lxi iIxi

(4.6)

If we assume that }_; 1/x; < a, holds, (4.6) would yield

r=1
1 1 1 1 1 1
an2(2)+>rl+:+,

i=1 Xi Xro i Xi Xr X )Y

in contradiction to the case r = 2 previously proved. This shows that for > 2, inequal-
ity (4.4) holds strictly.

For the equality case, we assume that (4.4) holds with equality. We already know
that then, necessarily, r = 2, otherwise the inequality (4.4) would be strict. Therefore,
the equality in (4.4) is equivalent to the identity a,x{ — a,mx; + m = 0 (cf. (4.5)). But
in this case, they must be n = 5and D = 0, otherwise (4.5) would hold strictly. Finally,
notice that D = 0 (when n = 5) occurs if and only if m = 2. Thus,

0= a5x12 —asmx; +m = 2x12 —4x +2=2(x; - 1)?
ifand onlyif x; =land so x, = 1. ]
Now, we are in a position to show Theorem 4.1.

Proof of Theorem 4.1 First, we note that if @ = (wy,0,...,0,w,) € £L"\LZ then
fw(2z) = wo + w,z", all whose roots cannot be imaginary pure complex numbers
(aside from the real root if n is odd) for any values of wg, w, € Ryq. So, we will consider
only tuples in £

Let n be even, and we assume there exists @ = (wy, ..., w,) € L2, such that all the

roots of f,(z) are {£b;i,j=1,...,n/2}, with b; € R,,. Then

n/2

fo(z) = w, [](* + b]2~),

j=1
which would imply, in particular, that w;.; = 0 forall i = ., (n—=2)/2. Thus w; =
0 foreveryi=1,...,n -1, and so f,(z) would be of the form fo(2) = w, (2" +a),a
contradiction.

Now let n be odd. Let w = (wo, ..., w,) € L% be such that the roots of f,(z) are
{—c, £bji,j=1,...,(n— 1)/2}, with ¢, bj € R.g. From

(n-1)/2
fu(2) = w,(z+¢) H (2 + bjz-),
j=1

we get
(n-1)/2 N\ w (n-1)/2 ® ©
c b2 _ ( ) n-3 , b ( ) n— 2 c= n—l,

JZ:; 7 \3) w, Z Wy, Wy,

(n-1)/2 ® (n-1)/2 (n-1)/2

1 ny wy

[T w=n, o X Mi=(0)2 % Mu-=(3)2
j=1 n j=1 i#j n j=1 i#j n
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Since w is log-convex, it must be, in particular, w?_, < w,_3w,-; and w3 < w3,
which are equivalent to the relations

5 1 (n—zl:)/sz 5 5 Z(n_zl:)/znbz 3 (nl__ll)/z 2
— < and c P —— .
n-1c2 ‘o /7 n- n-1 ‘3 i n-2 G5
ie.,
(D2 34 D22 3,
4.7 <<z d — <= ,
“7) ; 2" 2n-2 an ; b]2. 2n-2

respectively. Lemma 4.5 ensures that, when n > 5, the above two inequalities cannot
hold simultaneously, which gives the desired contradiction.
If n = 5, then (4.7) becomes
— +—=<2 and —+-—=<2,
¢z 2 b? b3

and Lemma 4.5 ensures that both inequalities hold simultaneously if and only if b; =
by = c. Therefore, f,(2) = ws(z +¢) (2% + cz)z, which concludes the proof. [

For dual Steiner polynomials, the property provided by Theorem 4.1 is slightly more
restrictive.

Corollary 4.3  For n > 4, there does not exist a star body K € 8§ such that all the roots
of fx;s, (2) are imaginary pure complex numbers (excluding the real root always existing
in odd dimension).

Proof Since all dual Steiner polynomials are log-convex coefficients polynomials,
Theorem 4.1 ensures that when #n > 4, n # 5, there does not exist K € 8¢ such that all
the roots of fx;p, (z) are imaginary pure complex numbers.

So, we set nn = 5. Theorem 4.1 ensures that the only possible log-convex coeflicients
polynomial, all whose roots are pure complex numbers (excluding the existing real
root), is of the form A(z + c)(z2 + cz)z, for A, ¢ > 0. However, it cannot be a dual
Steiner polynomial for any star body K € 8. Indeed, if this was the case, it should be

CS—z

5

for some K € 8, which would verify the dual Aleksandrov-Fenchel inequalities (2.2).
But since, for instance,

Wo(K) =Ac®>, Wi(K)=21 fori=1,...,4, Ws5(K)=21

W, (K)* = Wi (K)W5(K) = é)ﬂ - éafA =0,
25 575

the equality case in (2.2) would imply that K is a suitable dilation of Bs, and so, all dual
Aleksandrov-Fenchel inequalities should hold with equality. This is however not the
case, because W4 (K)? - W3 (K)Ws(K) = —4A%c?/25 < 0. It concludes the proof. m

With respect to real roots, a comparable result to Theorem 4.1 can be obtained: not
all the roots can be real numbers, unless they coincide. For completeness, we include
its proof, following the argument of [1, Proposition 4.4], where it was shown that in
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the case of the more restrictive family of dual Steiner polynomials, not all their roots
can be real unless they all are equal. For the proof we need the following notation: for

complex numbers zj, ..., z, € Clet
si(z1,...52r) = Z sz
Jed{1,...,r} jeJ
#]=i
denote the ith elementary symmetric function of z,...,z,, i=1,...,7, with
S()(Zl, e ,Zr) =1

Proposition4.1 Letw e L". Ifw = (wy, ..., w,) € LZy, then all the roots of f,(z) are
real if and only if w = w,(a",a"™", ..., a,1) for some a > 0, i.e., if and only if f,(z) =
wn(z + a)"; therefore, all the roots are equal.

Ifw = (w,0,...,0,w,) € L", then all the roots are real if and only if wy = 0, i.e., if
and only if all the roots are equal 0.

Proof Ifw=(wy,0,...,0,w,) € L", then f,(z) = wy + w,z", and the thesis follows
trivially.

So we assume that w = (wy,...,w,) € L2, and let y,...,y, € Reg be the roots of
fw(z). Then, its coefficients can be expressed in terms of the elementary symmetric
functions of the roots, namely,

Wy—j

i(n
Si(yl"'-’)’n):(_l)l(i) , i=0,...,n.

Wn

We know that the elementary symmetric functions satisfy the Newton inequalities
(see, e.g., [5, Theorem 51]), i.e.,

2
Si(Y1r-e s ¥n) $ic1(Y1> -+ > V) Sis1 (Y1« 5 Vn) .
- > - - , i=1L...,n-1,
o) EARE
and thus we get wf,_i > Wp_jr1Wy—i—1, forall i=1,...,n -1 Since w is a log-convex
tuple, we must have the equalities wfl_i = Wy_j1Wy—i—1 foreveryi=1,...,n-1,and
hence, setting a = w,_;/w,, we have that w,_; = a’w, for all i = 0,. .., n. Therefore,
fo(2) = w,(z +a)", as required. ]

5 Bounds for the roots of log-convex coefficients and dual Steiner
polynomials

In this section, we investigate additional properties for the roots of dual Steiner
polynomials, providing, among others, bounds for them and a new characterization
of the Euclidean ball. Again, some of these results will be obtained as consequences of
the corresponding ones for log-convex coefficients polynomials. We start with some
bounds for the moduli of the roots of these general polynomials.

Proposition 5.1 Letw = (wo, ..., w,) € L2 andlety;, i =1,...,n, be the roots of the
polynomial f,(z). Then,
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(i) The roots are bounded by

Wn-1 nwo

< lyil <
nw, <lyil< w1

(ii) Moreover,

Wp-1

. Wo
<max|y;] and minl|y;| < —.
Wy 1<i<n 1<i<n w1
Proof In order to prove (i), we follow the ideas of [6, Proposition 2.1]. Using
Proposition 3.1, we just have to find the minimum and maximum of the quotient
(Mwi/((%,)@is1)s i =0,...,n -1 The log-convexity of the tuple (wy,...,®,),and

1

since w; >0 foralli =0,...,n, implies that
wy _ W Wy
(5.1) 25 Iy Il
w; W Wy

whereas (”)/(,",) is increasing. So we get

Wy-1 < (?)wi <nw0

on (o * @
fori=0,...,n—-1
Next, we use Proposition 3.2: for f,(z) it is b; = (n'ii)w,,_,-/w,,, and hence the
biggest (with regard to modulus) root of f,(z) satisfies

12 ai 1/i
max|y,~|272(w ) :
n

1<i<n in1 Wy

Now, from (5.1) and taking geometric means, we get that

1/(i-1
( Wn-i Wp—it+1 wn—Z) /G-D) > Wp-1
2 70)”

5 i:1,...,n,
Wp—i+1 Wn—i+2 Wp-1

and thus w,_; > w!_ /wi* foralli =1,..., n. Therefore,
n
1 Wn-1 Wn-1

1
max [y;| > = > —— =

1<i<n no w}/i w,(f_l)/i Wy

Finally, to show the second bound in (ii), we note, on the one hand, that y; are also
roots of the polynomial f,(z) for @' = (1, w1/wo, ..., w,/wy) € LZ,. On the other
hand, Theorem 3.2 for r = 1 ensures that

in .| < =
lsmilsr}zyl _a)l'

This concludes the proof. ]
Next, we get bounds for the real and the imaginary parts of the roots.

Proposition 5.2 Letw = (wg,...,w,) € LY andlety;, i =1,...,n, be the roots of the
polynomial f,,(z). Then, the following properties hold:

(i) There exists iy € {1,...,n} such that |Re(yi0)| < wo/ws.

(ii) 27=0|Re(yi)‘ > Hwy,-1/ Wy, and equality holds if Re(y;) <0 foralli=1,...,n.

(iii) maxlgis,,|lm(y,~)| > (Ywn)\/Wnwn—z — w*_,.
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Proof Since f,(z) = w, [T,(z - y;) we have

(D'"wo=w, [Tyi and  (-1)""nor=w, ) [Ty
i=1

i=1 j#i

Thus, we get

Therefore, there exists a root p;, such that Re(l/y;,) < —wi/wy, ie., such that
|Re(1/yi,)| > w1/wo, and hence |Re(y;, )| < wo/ws. It proves (i).
Next, since

n
Wp Y Yi = N0,y
i=1

we have

wn—l

|5y \ < S Re(r).

i=1

Z Re(y;)

Wy

Furthermore, if all the roots have non-positive real part, we even have

.)‘ ,
which shows (ii).
Finally, we prove (iii). Denoting by yi’), j=L...,n-2and i=1,...,n—j, the
roots of the jth derivative £’ (z), Theorem 3.4 ylelds

> |Re(y:)| =
i=1 i=1

|1m<y >r>*2|1m< O)> LS )

11—171—211

L 2 S m(y )] 2 3 fim )

" n-1ln-

Since f§' 2 (z) = (n!/2)(@n-2 + 20y_12 + w4z?), the roots of £~ (z) are given by

2
(n-2) (n— 2) —Wp-1 WyWpn_2 wn—l .

V4 >y + 1,
1 2 W W

and then we get

2
WpWy_p — W,

Z|Im(y,-)| >n
izl

w n
Therefore,

— 2
nllzllzixllm(y | |Im(y )| > nw. -
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5.1 Bounds for the roots of dual Steiner polynomials

Using Propositions 5.1 and 5.2, we directly get bounds for the moduli and real parts of
the roots of dual Steiner polynomials depending on the dual quermassintegrals. We
are also interested in obtaining bounds in terms of additional functionals related to
star bodies.

We define the inner and outer radii, r(K) and R(K), of a star body K as

r(K) = max{r >0:rB, c K}, R(K) =min{R >0: K c RB,},
and we will use the inequalities
(5.2) r(K)Win(K) < Wi(K) < R(K)W .1 (K)

fori=0,...,n-1: since r(K)B, c K and K c R(K)B,, the above inequalities are a
direct consequence of the monotonicity of the dual mixed volumes. We stress that the
functionals r(K) and R(K) are different from the classical inradius and circumradius,
because here the balls are taken to be centered at the origin; indeed, since dual
quermassintegrals are not translation invariant, inequalities (5.2) would be in general
not true for the classical inradius and circumradius.

We start considering the two-dimensional case. By the dual Aleksandrov-Fenchel
inequalities (2.2), the roots of the polynomial :)};{; B,(2), namely,

__Wi(K) | Vrvol(K) - Wi(K)?

i=

, 1=12,

s T
are always nonreal complex numbers (unless K = AB,), with modulus |y;| =
\/vol(K)/m; hence, using (5.2), we get the bounds

-R(K) <Re(y;) <-r(K) and r(K) <|y;| <R(K).

In arbitrary dimension, we can get the following bounds for the moduli and real parts
of the roots. They are obtained as direct consequences of Propositions 5.1 and 5.2, and
using (5.2):

Proposition 5.3 Let K € 8§ and let y;, i =1,...,n, be the roots of the dual Steiner
polynomial fx.p,(2). Then the following properties hold:
(i) The roots are bounded by

") ¢yl < nr )

Furthermore,

r(K) < 1max|y,'| and min lyi| < R(K).
<isn

<i<n

(i) There exists ig € {1,...,n} such that [Re(y;,)| < R(K).
(iii) Moreover, ifRe(y;) <0 foralli=1,...,n then ¥.1_o|Re(y;)| < nR(K).
(iv) X1 o|Re(yi)| > nr(K).
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Remark 5.1 Following the argument of the proof of (i) in Proposition 5.2, we can
also write the inequality

-n ! <-n W(K) zn:R( )
r(K) vol(K) 4
Thus, one may conclude the existence of a root y; with Re(1/y;) > -1/r(K). This
would provide a bound for the real part of the root y; = 1/y; of the dual Steiner polyno-
mial fp .k (z). Indeed, since W;(K) = W,,_; (B,; K) we have fx.p, (2) = 2" f3,:x (1/2),
and thus, the roots of f3,.x(z) are precisely 1/y;, i = 1,...,n

5.2 A characterization of the ball via the roots of the dual Steiner polynomials

As we have seen, for any dual Steiner polynomial there always exists a root y with
real part lying in the interval [—R(K), R(K)] (cf. Proposition 5.3 (ii)), and indeed,
there are star bodies such that all the real parts of the roots of ﬁc B, (2) lie in the above
interval, as the following example shows.

Example 5.1 We consider the positive numbers (2,1,1). Since they satisfy the dual
Aleksandrov-Fenchel inequalities, Theorem 2.1 ensures the existence of K € 83 such
that vol(K) = 2 and W;(K) = W,(K) = 1. Then, by numerical computations, one can
check that the real parts of the roots of the dual Steiner polynomial fK; B,(2) =2+3z+
3z% + (47/3)2° lie in the interval

_ [ _vol(K) vol(K) (-
22+ W1<K)’W1(K)) (FRUO )

where the last inclusion follows from (5.2).

However, the interval (—R(K ),R(K )) cannot be reduced to the one determined
by the inner radius, as Corollary 5.1 shows. This will be an easy consequence of the
characterization of the Euclidean ball given in Theorem 2.2, which we prove next.

Proof of Theorem 2.2 If K = aB,, then fx.z, (2) = i, (z + )", and hence it has an
n-fold real root, namely, y; = -+ = y,, = —a. So we assume that Re(y;) = —a for i =
1,...,n, and we prove the assertion by induction on the dimension.

Let n = 3, and we suppose that K is not a ball. Let y; = —a, y, = —a + biand y; =
—a — bi, where b > 0 because K # aBs. Then fi.z, (z) = r3(2° +3az% + (3a* + b))z +
a(a® +b?)), and hence

(53) Wi(K) = w3a, Wi(K) = %(3(12 +b%),  vol(K) = rsa(a® + b2).

Since K is not a ball, the dual Aleksandrov-Fenchel inequalities must hold strictly; in
particular one has W;(K)? < vol(K)W,(K), or equivalently, using (5.3), we have

KZ
33192@:2 -3a*) <0.

Since b # 0, the above inequality holds if and only if b < \/3 a. But this is a con-
tradiction, because, as we have proved in Corollary 2.1, if —a + bi is a root of a
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three-dimensional dual Steiner polynomial then b > \/3 a. Therefore, K = aBs, which
concludes the proof in the case n = 3.

Now let n > 3, and we assume that the assertion is true in dimension n — 1. Again,
we suppose that K is not a ball. It is known that the derivative of jN'K; B, () is also a dual
Steiner polynomial (see [1, Proposition 4.1]). Hence, there exists K’ € 83~ such that

~, n n . - n-1 n-1 . .
fK;B"(z):Z(i)iWi(K)z” - Z( i )nWM(K)z’
i=1 i=0
kg n—1\~ Nk, ~
= — Z( , )Wi(K')Z’ = — fxrp,.(2),
Kn-1 iZg 1 Kn-1

where W;(K") = (kp_1/kin)Wis1(K), i =0,...,n—1. On the one hand, since K is
not a ball, the dual Aleksandrov-Fenchel inequalities (2.2) hold strictly for the dual
quermassintegrals W;(K), and therefore, the same occurs for W;(K’); so, K’ is not
an (n — 1)-dimensional ball. _

On the other hand, denoting by y;, i = 1,...,n — 1, the roots of f¢.z (z), Lucas’
theorem (see Theorem 3.3) ensures that

Viseeos Vg €conv{ys, ..., ¥n},

and hence Re(y}) = —aforalli=1,...,n — L Since we are assuming that the assertion
is true in dimension #n —1, we get the desired contradiction. This concludes the
proof. ]

Corollary 5.1 Let Ke 8§ and let y;, i=1,...,n, be the roots of the dual Steiner
polynomial fp,(z). If Re(y;) € [-1(K),x(K)) for all i =1,...,n, then y; = —r(K)
foralli=1,...,n, and hence K = r(K)B,,.

Proof We assume there exists je {I,...,n} such that Re(y;) > -r(K). Then
Z?=1|Re(y,~)| < nr(K), which is not possible (see Proposition 5.3 (iv)). Therefore
Re(y;) = -r(K) foralli =1,..., n and Theorem 2.2 gives the result. ]
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