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DUAL NAKANO POSITIVITY AND SINGULAR NAKANO
POSITIVITY OF DIRECT IMAGE SHEAVES

YUTA WATANABE

Abstract. Let f : X → Y be a surjective projective map, and let L be

a holomorphic line bundle on X equipped with a (singular) semi-positive

Hermitian metric h. In this article, by studying the canonical metric on the

direct image sheaf of the twisted relative canonical bundles KX/Y ⊗L⊗I (h),

we obtain that this metric has dual Nakano semi-positivity when h is smooth

and there is no deformation by f and that this metric has locally Nakano semi-

positivity in the singular sense when h is singular.

§1. Introduction

Let X be a Kähler manifold of dimension m+ n, and let Y be a complex manifold

of dimension m. We consider a proper holomorphic submersion f : X → Y . The relative

canonical bundle KX/Y corresponding to the map f is KX/Y = KX ⊗ f∗K−1
Y . There is

a natural isomorphism KX/Y |Xt
∼= KXt when restricted to a generic fiber Xt of t ∈ Y .

It is effective in many studies that the variation of the complex structure of each fiber

Xt is reflected in the positivity of the relative canonical bundle KX/Y . Therefore, the

positivity properties of this bundle play an important role in the study of the several

complex variables and complex algebraic geometry. In practice, we frequently deal with

twisted versions KX/Y ⊗L, where L → X is a holomorphic line bundle equipped with a

smooth (semi)-positive Hermitian metric h. One way to research the properties of this

bundle is the direct image sheaf f∗(KX/Y ⊗L) on Y.

The positivity of this direct image sheaf has been well studied in [1]–[3], [11], [14], [23].

In [1], Berndtsson showed that the smooth canonical Hermitian metric H on f∗(KX/Y ⊗L)

induced by h has Nakano (semi)-positivity. First, we show that the smooth canonical

Hermitian metric H has dual Nakano (semi)-positivity if complex structures of fibers

have no variation, which means that we can take the Kodaira–Spencer forms to be zero.

Introducing the (n−1,n−1)-form to determine dual Nakano positivity (see Definition 2.3),

we prove it by taking over Berndtsson’s method of calculation to compute the positivity of

the curvature.

Theorem 1.1. Let L be a holomorphic line bundle over a Kähler manifold X equipped

with a smooth (semi)-positive Hermitian metric h, and let f : X → Y be a proper

holomorphic submersion between two complex manifolds. For the Kodaira–Spencer map

ρt : T
1,0
Y,t →H0,1(Xt,T

1,0
Xt

), if Kodaira–Spencer forms representing classes ρt(∂/∂tj) can be

taken to be zero, then the smooth canonical Hermitian metric H on f∗(KX/Y ⊗L) has dual

Nakano semi-positivity.
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2 Y. WATANABE

Examples of this theorem are projection maps from the direct product of manifolds (see

Corollary 3.8) and the projectivized bundle π : P(V )→ Y for an ample vector bundle V → Y

when detV has a metric satisfying certain condition (see Theorem 3.6).

Second, we consider the case where the metric h on L with semi-positivity is singular, that

is, h is pseudo-effective. In this case, twisting the multiplier ideal sheaf I (h) further to the

sheafKX/Y ⊗L, we study the positivity of the direct image sheaf E := f∗(KX/Y ⊗L⊗I (h)),

where f : X → Y is a projective surjective morphism between two connected complex

manifolds. It is known that the torsion-free coherent sheaf E has a singular canonical

Hermitian metric H induced by h, and this metric satisfies the minimal extension property

and is Griffiths semi-positive (see Theorem 5.4 [2], [14], [23]).

The positivity properties of the singular canonical Hermitian metric on this direct image

sheaf metrics are crucial, given the partial resolution of the Iitaka conjecture using singular

Griffiths semi-positivity (see [14, Th. 1.1]). We show that this singular canonical Hermitian

metric H on E has a locally L2-type Nakano semi-positivity. Let Y (E) ⊆ Y denote the

maximal open subset where E is locally free, then ZE := Y \Y (E) is a closed analytic subset

of codimension ≥ 2. Here, we define (see Definition 4.8) the set ΣH on Y related to the

unboundedness of H by

ΣH := {t ∈ Y | Et �H0(Xt,KXt ⊗L|Xt)}.

Using the set ΣH , we have the following.

Theorem 1.2. If X is projective and there is an analytic set A� Y such that ΣH ⊆A,

then H is full locally L2-type Nakano semi-positive on Y (E) as in Definition 4.10.

The restriction of E to Y (E) is holomorphic vector bundle, and the L2-subsheaf of this

vector bundle with respect to H is denoted by E (H) ⊆ E|Y (E) over Y (E) which analogous

to multiplier ideal sheaves. For the natural inclusion j : Y (E) = Y \ZE ↪→ Y , we define

the natural extended L2-subsheaf with respect to H over Y by EY (H) := j∗E (H) as in

Definition 4.8.

Theorem 1.3. If X is projective and there exists an analytic set A such that ΣH ⊆ A,

then the natural extended L2-subsheaf EY (H) over Y is coherent.

Finally, we consider the relationship between the minimal extension property and Nakano

semi-positivity and show that if a torsion-free coherent sheaf has a metric satisfying the

minimal extension property, this sheaf does not necessarily have a Nakano semi-positive

metric. As a concrete example, we show that the quotient holomorphic vector bundle (Pn×
Cn+1)/OPn(−1) over Pn does not have a Nakano semi-positive metric and has a metric

satisfying the minimal extension property.

§2. Positivity of smooth Hermitian metrics and L2-estimates

In this section, we define various positivity for holomorphic vector bundles and investigate

its equivalence condition.

Let X be a complex manifold of complex dimension n equipped with a Hermitian

metric ω, and let (E,h) be a holomorphic Hermitian vector bundle of rank r over X.

Let (U,(z1, . . . , zn)) be local coordinates, and let D =D′h+∂ be the Chern connection of
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POSITIVITY OF DIRECT IMAGE SHEAVES 3

(E,h). The Chern curvature tensor ΘE,h =D2 = [D′h,∂] is a (1,1)-form and is written as

ΘE,h =
∑

Θh
jkdzj ∧dzk,

where the coefficients Θh
jk = [D′h

zj ,∂zk ] are defined operators on U and ∂zj = ∂/∂zj .

The smooth Hermitian metric h on E is said to be Griffiths (semi)-positive if for any

section u of E and any vector v ∈ Cn we have∑
1≤j,k≤n

(Θh
jku,u)hvjvk > 0 (≥ 0).

Moreover, h is said to be Nakano (semi)-positive if for any sections uj of E we have∑
1≤j,k≤n

(Θh
jkuj ,uk)h > 0 (≥ 0).

There is a natural antilinear isometry between E∗ and E, which we will denote by J.

Denote the pairing between E∗ and E by 〈·, ·〉. For any local section u of E and any local

section ξ of E∗, we have

〈ξ,u〉= (u,Jξ)h.

Under the natural holomorphic structure on E∗, we obtain

∂zjξ = J−1D′h
zjJξ,

and the Chern connection on E∗ is given by

D′h∗

zj ξ = J−1∂zjJξ.

Then, through straightforward calculations, the following equation is obtained:

∂zj 〈ξ,u〉= 〈∂zjξ,u〉+ 〈ξ,∂zju〉,
∂zj 〈ξ,u〉= 〈D′h∗

zj ξ,u〉+ 〈ξ,D′h
zju〉,

0 = [∂zj ,∂zk ]〈ξ,u〉= 〈Θh∗

jk ξ,u〉+ 〈ξ,Θh
jku〉.

For any local sections ξj ∈ C∞(E∗) and uj ∈ C∞(E) satisfying uj = Jξj , we have∑
(Θh∗

jk ξj , ξk)h∗ =−
∑

(Θh
jkuk,uj)h,

and for any local sections u,v ∈ C∞(E), we have

∂zk∂zj (u,v)h = (D′h
zju,D

′h
zk
v)h+(∂zkD

′h
zju,v)h+(u,D′h

zk
∂zjv)h+(∂zku,∂zjv)h.

If u is holomorphic, then −∂zkD
′h
zju=Θh

jku. Thus, the following equation is derived:

∂2

∂zj∂zk
(u,v)h = (D′h

zju,D
′h
zk
v)h− (Θh

jku,v)h,

for any local sections u,v ∈ O(E)x. In particular, we obtain

∂zj∂zk(u,v)h =−(Θh
jku,v)h at x,

if u,v ∈ O(E)x satisfying D′hu=D′hv = 0 at x.
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4 Y. WATANABE

Let u= (u1, . . . ,un) be an n-tuple of local holomorphic sections of E, that is, uj ∈O(E).

We define Th
u , an (n−1,n−1)-form through

Th
u :=

∑
(uj ,uk)h ̂dzj ∧dzk,

where (z1, . . . , zn) are the local coordinates on X, and ̂dzj ∧dzk denotes the wedge product

of all dzl and dzl expect dzj and dzk, multiplied by a constant of absolute value 1, that is,

idzj ∧dzk ∧ ̂dzj ∧dzk = dVCn . Hence, if D′huj = 0 at x, then we get

i∂∂Th
u =−

∑
(Θh

jkuj ,uk)hdVCn ,

at x by the equation

i∂∂Th
u =

∑
(D′h

zjuj ,D
′h
zk
uk)hdVCn −

∑
(Θh

jkuj ,uk)hdVCn

= ||
∑

D′h
zjuj ||2h−

∑
(Θh

jkuj ,uk)hdVCn .

Proposition 2.1 (cf. [1], [24]). We have:

• h is Nakano semi-positive if and only if for any x ∈ X and any uj ∈ O(E)x such that

D′huj = 0 at x, the (n−1,n−1)-form −Th
u is plurisubharmonic at x, that is, −i∂∂Th

u ≥ 0.

• h is Nakano semi-negative if and only if for any x ∈ X and any uj ∈ O(E)x, the (n−
1,n−1)-form Th

u is plurisubharmonic at x, that is, i∂∂Th
u ≥ 0.

We introduce another notion about Nakano-type positivity.

Definition 2.2 (cf. [26], [18]). Let X be a complex manifold of complex dimension n,

and let (E,h) be a holomorphic Hermitian vector bundle of rank r over X. (E,h) is said to

be dual Nakano positive (resp. dual Nakano semi -positive) if (E∗,h∗) is Nakano negative

(resp. Nakano semi-negative).

Let ξj ∈C∞(E∗) and uj ∈C∞(E) be r -tuples of smooth sections E∗ such that uj = Jξj .

If h is dual Nakano semi-positive, then

0≥
∑

(Θh∗

jk ξj , ξk)h∗ =−
∑

(Θh
jkuk,uj)h,

that is,
∑

(Θh
jkuk,uj)h ≥ 0. Enough to consider at each point, for any x ∈ X and any

uj ∈ C∞(E)x if
∑

(Θh
jkuk,uj)h ≥ 0 at x then h is dual Nakano semi-positive. Hence, we

have that h is dual Nakano semi-positive if and only if
∑

(Θh
jkuk,uj)h ≥ 0 at any points x,

for any uj ∈ C∞(E)x.

Definition 2.3. Let u= (u1, . . . ,un) be an n-tuple of local holomorphic sections of E,

that is, uj ∈ O(E). We define T̃h
u as an (n−1,n−1)-form

T̃h
u :=

∑
(uk,uj)h ̂dzj ∧dzk,

where (z1, . . . , zn) are the local coordinates on X.

Proposition 2.4. The smooth Hermitian metric h on E is dual Nakano semi-positive

if and only if for any x∈X and any uj ∈O(E)x such that D′huj = 0 at x, the (n−1,n−1)-

form −T̃h
u is plurisubharmonic at x, that is, −i∂∂T̃h

u ≥ 0.
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Proof. This yields the following calculation:

0≥ i∂∂T̃h
u =−

∑
(Θh

jkuk,uj)hdVCn =
∑

(Θh∗

jk ξj , ξk)h∗dVCn ,

where ξj := J−1uj ∈ E(E∗)x.

By using this proposition, we can examine dual Nakano semi-positivity of h without

using the dual metric h∗. Finally, we introduce Hörmander’s L2-existence theorem.

Theorem 2.5 (cf. [9, Chap. VIII, Th. 6.1]). Let (X,ω̂) be a complete Kähler manifold,

let ω be another Kähler metric which is not necessarily complete, and let (E,h) be a

holomorphic vector bundle satisfying Ah,ω := [iΘE,h,Λω] ≥ 0 on
∧n,q

T ∗
X ⊗E. Then, for

any ∂-closed f ∈ L2
n,q(X,E,h,ω), there exists u ∈ L2

n,q−1(X,E,h,ω) satisfies ∂u= f and∫
X

|u|2h,ωdVω ≤
∫
X

〈A−1
h,ωf,f〉h,ωdVω,

where we assume that the right-hand side is finite.

§3. Dual Nakano positivity of direct image sheaves

3.1 Smooth canonical Hermitian metric of direct image sheaves

Let X be a Kähler manifold of dimension m+ n, and let Y be a complex manifold

of dimension m. We consider a proper holomorphic submersion f : X → Y . The relative

canonical bundle KX/Y corresponding to the map f is

KX/Y =KX ⊗f∗K−1
Y .

When restricted to a generic fiber Xt of t, we get KX/Y |Xt
∼=KXt .

Let L be a holomorphic line bundle over X equipped with a smooth semi-positive

Hermitian metric h, that is, iΘL,h ≥ 0. In this subsection, we discuss the complex structure

of the direct image sheaf f∗(KX/Y ⊗L) on Y and the smooth canonical Hermitian metric H

of this sheaf induced by h (cf. [1]). Fixed a point t ∈ Y , any section u ∈H0(Xt,KXt ⊗L|Xt)

extends in the sense that there is a holomorphic section

U ∈H0(f−1(Ω),KX ⊗L|f−1(Ω))∼=H0(Ω,KY ⊗f∗(KX/Y ⊗L))

such that U |Xt = u∧ dt for some neighborhood Ω of t from the Ohsawa–Takegoshi L2-

extension theorem (cf. [22]) and Kähler-ness of X. Here, we abusively denote by dt the

inverse image of a local generator dt1∧· · ·∧dtm of KY . In [1], it was claimed that the total

space

F :=
⋃
t∈Y

H0(Xt,KXt ⊗L|Xt)

has a natural structure of holomorphic vector bundle of rank r := h0(Xt,KXt ⊗LXt) over

Y and coincides with the direct image f∗(KX/Y ⊗L). Therefore, the space of local smooth

sections of F |Ω are simply the sections of the bundle KX/Y ⊗L|f−1(Ω) whose restriction to

each fiber of f is holomorphic.

The vector bundle F = f∗(KX/Y ⊗L) admits a natural complex structure as follows. Let

u be a local section of E, then u is holomorphic if

∂u∧dt= 0.

This is equivalent to saying that the section u∧dt of KX ⊗L is holomorphic.

https://doi.org/10.1017/nmj.2024.20 Published online by Cambridge University Press

https://doi.org/10.1017/nmj.2024.20


6 Y. WATANABE

Note that u is holomorphic, that is, ∂u∧dt= 0, which means that ∂u can be written

∂u=
∑

ηj ∧dtj ,

with ηj smooth forms of bidegree (n−1,1). Here, the following relationship is known (see

[1]) between ηj and the Kodaira–Spencer map ρt : T
1,0
Y,t →H0,1(Xt,T

1,0
Xt

):

ηj = θj�u,

on each fiber where the classes ρt(∂/∂tj) can be represented by Kodaira–Spencer forms θj ,

that is, {θj} ∈ ρt(∂/∂tj).

The smooth Hermitian metric h of L induces the smooth canonical Hermitian metric H

of F as follows. Let u,v be two local sections of F. We denote by (ut) the family of L-twisted

holomorphic (n,0)-forms on fibers KXt induced by u. The restriction of ut to Xt is unique

and denoted simply as u. Then the canonical Hermitian metric H is defined by

(u,v)H(t) :=

∫
Xt

cnut∧vte
−ϕ =

∫
Xt

cnu∧ve−ϕ,

where h = e−ϕ on locally and cn = in
2

. This metric is smooth by Ehresmann’s fibration

theorem and compactness of each fiber. This inner product of H is a function of t, and it

will be convenient to write this function as

(u,v)H = f∗(cnu∧ve−ϕ),

where u and v are forms on X that represent the sections. Here f∗ denotes the direct image

of form defined by ∫
Y

f∗(α)∧β =

∫
X

α∧f∗(β),

if α is a form on X and β is a form on Y.

3.2 Berndtsson calculation and Nakano positivity

Let (t1, . . . , tm) be a local coordinate whose center is fixed point y ∈ Y . Let uj be an

m-tuple of local holomorphic sections to F that satisfy D′Huj = 0 at y, that is, t = 0.

Represent the uj by smooth forms on X and put

û :=
∑

uj ∧ d̂tj ,

then we get

TH
u = cNf∗(û∧ ûe−ϕ),

where N = n+m− 1 and d̂tj is the wedge product of all differentials dtk except dtj such

that dtj ∧ d̂tj = dt= dt1∧· · ·∧dtm.

Using the following proposition, Berndtsson computed i∂∂TH
u at fixed points.

Proposition 3.1 (cf. [1, Prop. 4.2]). Let u be a section of F over an open set U

containing the origin such that ∂u = 0 in U, that is, holomorphic, and D′Hu = 0 at t = 0.

Then u can be represented by a smooth (n,0)-form, still denoted u such that

∂u=
∑

ηk ∧dtk,
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where ηk is primitive on X0, that is, satisfies ηk ∧ω = 0 on X0, and furthermore

∂ϕu∧ d̂tj = 0,

at t= 0 for all j. Here, ∂ϕ·= eϕ∂(e−ϕ·).

Let uj ∈ O(F ) such that D′Huj = 0 at t= 0, then we have

i∂∂TH
u =−cNf∗(û∧ û∧ i∂∂ϕe−ϕ)−

(∫
X0

|η|2e−ϕdVz

)
dVt,

at t= 0, where ∂uj =
∑

ηkj ∧dtk and η =
∑

ηjj .

From this calculation and Proposition 2.1, the following theorem is obtained.

Theorem 3.2 (cf. [1, Th. 1.2]). If L has a smooth (semi)-positive Hermitian metric,

then the smooth canonical Hermitian metric H on F = f∗(KX/Y ⊗L) is Nakano (semi)-

positive.

3.3 Calculation of T̃H
u for the canonical Hermitian metric on f∗(KX/Y ⊗L)

Represent the uj by smooth forms on X and put

ũ :=
∑

uj ∧ d̂tj ,

then we have the equality

T̃H
u = (−1)ncNf∗(ũ∧ ũe−ϕ),

where using icN = (−1)N (−1)nmcncm and icm(−1)md̂tj ∧ d̂tk =
̂dtj ∧dtk.

In this subsection, we show the following proposition.

Proposition 3.3. Let uj ∈ O(F ) such that D′Huj = 0 at t= 0, then we have that

i∂∂T̃H
u =−cNf∗(v̂∧ v̂∧ i∂∂ϕe−ϕ)+ cn

(∫
X0

∑
ηjk ∧ηkj e

−ϕ
)
dVt

at t = 0, where uj = Ujdz, v̂ =
∑

U j ∧ dz ∧ d̂tj and ∂uj =
∑

ηkj ∧ dtk. Here cNf∗(v̂ ∧ v̂ ∧
i∂∂ϕe−ϕ)≥ 0 if ϕ is plurisubharmonic.

In particular, if ηjk is primitive on X0, then we can write ηjk =
∑

ηjkld̂zl∧dzl and get

cn

(∫
X0

∑
ηjk ∧ηkj e

−ϕ
)
dVt =−

(∫
X0

∑
ηjklηkjle

−ϕdVz

)
dVt.

Proof. By ∂ϕ·= eϕ∂(e−ϕ·), we get

(−1)n∂T̃H
u = cNf∗(∂ũ∧ ũe−ϕ)+(−1)NcNf∗(ũ∧∂ϕũe−ϕ).

From the equation

∂ũ=
∑

∂uj ∧ d̂tj =
∑

∂uj ∧ d̂tj =
∑

ηlj ∧dtl∧ d̂tj ,

the form

∂ũ∧ ũ=
∑

ηlj ∧dtl∧ d̂tj ∧uk ∧ d̂tk

= (−1)N
∑

ηlj ∧ d̂tj ∧uk ∧dtl∧ d̂tk

= (−1)N
∑

ηkj ∧ d̂tj ∧uk ∧dt
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8 Y. WATANABE

contains a factor dt. On the other hand, the push forward of an (n+m,n+m−1)-form is

of bidegree (m,m−1). Therefore, it follows that

f∗(∂ũ∧ ũe−ϕ) = 0.

Thus, the following is derived:

(−1)n∂∂T̃H
u = (−1)NcNf∗(∂

ϕ
ũ∧∂ϕũe−ϕ)+ cNf∗(ũ∧∂∂ϕũe−ϕ).

By the equation ∂∂ϕ+∂ϕ∂ = ∂∂ϕ, we obtain

cNf∗(ũ∧∂∂ϕũe−ϕ) = cNf∗(ũ∧ ũ∧∂∂ϕe−ϕ)− cNf∗(ũ∧∂ϕ∂ũe−ϕ),

and by the vanishing f∗(ũ∧∂ũe−ϕ) = 0, we obtain

0 = ∂f∗(ũ∧∂ũe−ϕ) = f∗(∂ũ∧∂ũe−ϕ)+(−1)Nf∗(ũ∧∂ϕ∂ũe−ϕ).

Hence, the following calculation result is obtained:

(−1)n∂∂T̃H
u = (−1)NcNf∗(∂

ϕ
ũ∧∂ϕũe−ϕ)

+ cNf∗(ũ∧ ũ∧∂∂ϕe−ϕ)+(−1)NcNf∗(∂ũ∧∂ũe−ϕ).

Note that with the choice of representatives of our sections uj furnished by Proposi-

tion 3.1, we have that ∂
ϕ
ũ∧∂ϕũ= 0 at t= 0. In fact, ∂

ϕ
ũ=

∑
∂ϕuj ∧ d̂tj and

∂
ϕ
ũ∧∂ϕũ=

∑
∂ϕuj ∧ d̂tj ∧∂ϕuk ∧ d̂tk = 0

at t= 0, where ∂ϕuj ∧ d̂tk = 0 at t= 0 for all k.

Lemma 3.4. We obtain that

(−1)NcNf∗(∂ũ∧∂ũe−ϕ) = icn(−1)n
(∫

X0

∑
ηjk ∧ηkj e

−ϕ
)
dVt

at t= 0. In particular, if ηjk is primitive on X0, that is, η
j
k∧ω = 0 on X0, then we can write

ηjk =
∑

ηjkld̂zl∧dzl and this integral value is

−i(−1)n
(∫

X0

∑
ηjklηkjle

−ϕdVz

)
dVt.

Proof. Here ∂ũ=
∑

ηlj ∧dtl∧ d̂tj , then

∂ũ∧∂ũ=−(−1)nm(−1)n
2 ∑

ηjk ∧ηkj ∧dt∧dt.

Therefore, we get

(−1)NcN∂ũ∧∂ũ=−(−1)NcN (−1)nm(−1)n
2 ∑

ηjk ∧ηkj ∧dt∧dt

= icncm(−1)n
∑

ηjk ∧ηkj ∧dt∧dt

= icn(−1)n
∑

ηjk ∧ηkj ∧dVt,

where icN = (−1)N (−1)nmcncm.
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If ηjk is primitive, we can write ηjk =
∑

ηjkld̂zl∧dzl. Then we have

ηjk ∧ηkj =
∑

ηjkld̂zl∧dzl∧ηkjμd̂zμ∧dzμ

=
∑

ηjklηkjld̂zl∧dzl∧ d̂zl∧dzl

= (−1)2n−1
∑

ηjklηkjldzl∧ d̂zl∧dzl∧ d̂zl

=−
∑

ηjklηkjldz∧dz,

where cndz∧dz = dVz.

Hence, we obtain the following calculation:

i∂∂T̃H
u =−(−1)ncNf∗(ũ∧ ũ∧ i∂∂ϕe−ϕ)+ cn

(∫
X0

∑
ηjk ∧ηkj e

−ϕ
)
dVt

at t= 0. Let uj = Ujdz and ϕjk := ∂tj∂tkϕ. Here, if ϕ is plurisubharmonic, then cN û∧ û∧
i∂∂ϕ=

∑
ϕjkUjUkdVz∧dVt ≥ 0. By ũ=

∑
uj∧ d̂tj =

∑
U jdz∧ d̂tj and dz∧dz= (−1)n

2

dz∧
dz = (−1)ndz∧dz, we have that

cN ũ∧ ũ∧ i∂∂ϕ= (−1)n
∑

ϕjkU jUkdVz ∧dVt = (−1)ncN v̂∧ v̂∧ i∂∂ϕ,

where v̂ =
∑

U j ∧dz∧ d̂tj and that

(−1)ncNf∗(ũ∧ ũ∧ i∂∂ϕe−ϕ) = cNf∗(v̂∧ v̂∧ i∂∂ϕe−ϕ)

= f∗(
∑

ϕjkU jUke
−ϕdVz ∧dVt)

=
(∫

X0

∑
ϕjkU jUke

−ϕdVz

)
dVt

≥ 0,

if ϕ is plurisubharmonic.

3.4 Proof of Theorem 1.1 and projectivized bundles

Let V be a holomorphic vector bundle of finite rank r over a compact complex manifold

Y. Let π : P(V )→ Y be a projectivized bundle whose fiber at t∈ Y is the projective space of

lines in V ∗
t , that is, P(V

∗
t ). For any point t∈ Y , we get π−1(t) = P(V ∗

t )
∼= Pr−1, then P(V ) is

a holomorphically locally trivial fibration. This projectivized bundle carries the tautological

line bundle OP(V )(1) over P(V ) whose restriction to any fiber P(V ∗
t ) is identical to OPr−1(1).

We shall apply Proposition 3.3 to the line bundles OP(V )(k) → P(V ) where k ∈ Z. Let
E(k) be the vector bundle whose fiber over a point t ∈ Y is the space of global holomorphic

sections of KP(V ∗
t )⊗OP(V )(k), that is,

E(k) :=
⋃
t∈Y

H0(P(V ∗
t ),KP(V ∗

t )⊗OP(V )(k)|P(V ∗
t ))

= π∗(KP(V )/Y ⊗OP(V )(k)),

where E(k)t =H0(P(V ∗
t ),KP(V ∗

t )⊗OP(V )(k)|P(V ∗
t ))∼=H0(Pr−1,OPr−1(k−r)). If k < r, then

each fiber E(k)t is zero. Berndtsson asserted the following fact:

E(r+m) = Sm(V )⊗detV,
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where Sm(V ) is the mth symmetric power of V, and showed the following theorem using

Theorem 3.2.

Theorem 3.5 (cf. [1, Th. 1.3]). Let V be a (finite rank) holomorphic vector bundle over

a complex manifold. If OP(V )(1) has a smooth (semi)-positive metric, then V ⊗detV has a

smooth canonical Hermitian metric which is Nakano (semi)-positive.

Here, the vector bundle V is called ample in the sense of Hartshorne (see [15]) if the

tautological line bundle OP(V )(1) is ample. Replacing OP(V )(r+1) by OP(V )(r+m), we also

get that Sm(V )⊗detV is Nakano (semi)-positivity for any m ∈ N.
It is a well-known Griffiths conjecture that an ample vector bundle is Griffiths-positive,

that is, has a smooth Griffiths-positive Hermitian metric. From Demailly–Skoda’s theorem

(see [10]) that if V is Griffiths (semi)-positive, then V ⊗ detV is (dual) Nakano (semi)-

positive, this theorem may be regarded as indirect evidence of Griffiths conjecture. After

that, it was shown that Sm(V )⊗detV has Nakano-positive metric and dual Nakano-positive

metric (see [18, Cor. 4.12]). Griffiths conjecture is known when Y is a compact curve (cf.

[27]), and it was recently shown to hold under a certain condition for the L2 metric (see

[21]). Since the Kodaira–Spencer forms vanish under certain condition in [21], we obtain

the following theorem for dual Nakano positivity of the canonical Hermitian metric which

is a different metric in [18].

Theorem 3.6. Let V be an ample holomorphic vector bundle of rank r over a complex

manifold Y. If the canonical isomorphism

K−1
P(V )/Y

∼=OP(V )(r)⊗π∗detV ∗

becomes an isometry for an positive metric on OP(V )(1) and some Hermitian metric on

detV , then for any m∈N and for a smooth (semi)-positive Hermitian metric h on OP(V )(r+

m), the smooth canonical Hermitian metric H induced by h on Sm(V )⊗detV is dual Nakano

(semi)-positive.

We prove this below. Let (t1, . . . , tm) and (z1, . . . , zn) be the local coordinates on Y and

the fibers, respectively. By the ampleness of V, there is a smooth positive Hermitian metric

hO(1) on OP(V )(1). We write locally for the curvature of the positively curved metric

ωP(V ) : =−i∂∂ loghO(1)

= i
(
gαβdzα∧dzβ +h

O(1)

kβ
dtk ∧dzβ +h

O(1)

αl
dzα∧dzl+h

O(1)

kl
dzk ∧dzl

)
.

Thus, the Kähler forms on each fibers are given by ωt := i
∑

gαβdzα∧dzβ and the induced

metric on K−1
P(V )/Y can be written as det(gαβ). Here, this positive metric hO(1) induces the

above canonical isomorphism.

According to [25], we denote the horizontal lift of a tangent vector ∂/∂tj on the base Y

by vj . It is given by

vj =
∂

∂tj
+
∑

aαj
∂

∂zα
and aαj =−

∑
gβαh

O(1)

jβ
.

For a fibration π : P(V )→ Y , we obtain the Kodaira–Springer forms by

θj := ∂(vj)|Xt ,

where θj ∈ ρt(∂/∂tj).
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Proposition 3.7 (cf. [21, Prop. 1]). Under the assumption of Theorem 3.6, the

Kodaira–Spencer forms θj are harmonic, hence zero.

Since it is a projectivized bundle, we get H 0,1(P(V ∗
t ),T

1,0
P(V ∗

t ))
∼= H0,1(P(V ∗

t ),T
1,0
P(V ∗

t ))
∼=

H0,1(Pr−1,T 1,0
Pr−1) = 0. Then the value of Kodaira–Spencer map is zero. Here {θj} =

ρt(∂/∂tj) = 0. By the forms θj is harmonic, θj is zero as differential forms.

Proof of Theorem 3.6. From the Kodaira–Spencer forms, θj are zero and the definition

of the complex structure in E(r+m), for any local holomorphic section u ∈ O(E(r+m))t,

the restriction of

∂u=
∑

ηj ∧dtj

to each fiber is zero. In fact, the smooth (n− 1,1)-forms ηj equal θj�u in each fiber. In

particular, we get ηj = θj�u= 0 in each fiber.

By Proposition 3.3, for any local holomorphic section uj ∈ O(E(r +m)) such that

D′Huj = 0 at t= 0, we have that

i∂∂T̃H
u =−cNπ∗(v̂∧ v̂∧ i∂∂ϕe−ϕ)

at t= 0, where uj =Ujdz, v̂ =
∑

U j ∧dz∧ d̂tj , and ϕ=− logh on locally. Here cNπ∗(v̂∧ v̂∧
i∂∂ϕe−ϕ)≥ 0 (resp. > 0) if ϕ is (strictly) plurisubharmonic.

Hence, this theorem follows from Proposition 2.4.

Similar to this proof, Theorem 1.1 can be shown from Proposition 3.3, since if Kodaira–

Spencer forms θj can be taken to be zero, then ηj vanishes where θj ∈ ρt(∂/∂tj).

Furthermore, the following corollary is obtained.

Corollary 3.8. Let X be a compact Kähler manifold, let Y be a complex manifold, and

let L be a holomorphic vector bundle over Z :=X×Y equipped with a smooth semi-positive

Hermitian metric h. Let π : Z =X×Y → Y be a natural projection map. Then the smooth

canonical Hermitian metric H on π∗(KZ/Y ⊗L) has dual Nakano semi-positivity.

§4. Singular Hermitian metric and positivity

4.1 Singular Hermitian metric on vector bundle and positivity

For any holomorphic vector bundle E, we introduce the definition of singular Hermitian

metrics h on E, its various notions of positivity, and the L2-subsheaf E (h) ofO(E) analogous

to the multiplier ideal sheaf.

Definition 4.1 (cf. [2, §3], [23, Def. 2.2.1]). We say that h is a singular Hermitian

metric on E if h is a measurable map from the base manifold X to the space of nonnegative

Hermitian forms on the fibers satisfying 0< deth <+∞ almost everywhere.

Definition 4.2 (cf. [5, Def. 2.3.1]). Let h be a singular Hermitian metric on E. We

define the L2-subsheaf E (h) of germs of local holomorphic sections of E by

E (h)x := {sx ∈ O(E)x | |sx|2h is locally integrable around x}.

If E is a holomorphic line bundle, then we get E (h) =O(E)⊗I (h). Moreover, we define

positivity and negativity such as Griffiths and dual Nakano.

Definition 4.3 (cf. [2, Def. 3.1], [23, Def. 2.2.2]). We say that a singular Hermitian

metric h is:
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(1) Griffiths semi-negative if |u|h is plurisubharmonic for any local holomorphic section u

of E.

(2) Griffiths semi-positive if the dual metric h∗ on E∗ is Griffiths semi-negative.

For a singular Hermitian metric h on E, the following is already known (see [2], [24]): h

being Griffiths semi-negative is equivalent to Th
ξu being plurisubharmonic, that is, i∂∂Th

ξu ≥ 0

in the sense of currents, for any local section u∈O(E) and any ξ=(ξ1, . . . , ξn)∈Cn satisfying

uj = ξju and written ξu= (u1, . . . ,un).

Definition 4.4 (cf. [24, §1]). We say that a singular Hermitian metric h on E is

Nakano semi -negative if the (n− 1,n− 1)-form Th
u is plurisubharmonic for any n-tuple of

local holomorphic sections u= (u1, . . . ,un).

Definition 4.5 (cf. [29, Def. 4.5]). We say that a singular Hermitian metric h on E is

dual Nakano semi -positive if the dual metric h∗ on E∗ is Nakano semi-negative.

For singular Hermitian metrics, we cannot always define the curvature currents with

measure coefficients (see [24]). However, the above definitions can be defined by not using

the curvature currents. In general, the dual of a Nakano negative bundle is not Nakano-

positive, then we cannot define Nakano semi-positivity as in the case of Griffiths, but

this definition of dual Nakano semi-positivity is natural. The characterization of Nakano

semi-positivity using L2-estimate by the following definition is already known by Deng–

Ning–Wang–Zhou’s work (see [11, Th. 1.1]).

Definition 4.6 (cf. [11, Def. 1.1]). Let X be a complex manifold of dimension n, and

let U be an open subset of X with a Kähler metric ω on U which admits a positive

Hermitian holomorphic line bundle. Let (E,h) be a (singular) Hermitian vector bundle

over X. We call (E,h) satisfies the optimal L2-estimate on U if for any positive Hermitian

holomorphic line bundle (A,hA) on U, for any f ∈ Dn,1(U,E⊗A) satisfying ∂f = 0 on U

and
∫
U
〈B−1

A,hA
f,f〉h⊗hA,ωdVω <+∞, there is u∈L2

n,0(U,E⊗A) satisfying ∂u= f on U and∫
U

|u|2h⊗hA,ωdVω ≤
∫
U

〈B−1
A,hA

f,f〉h⊗hA,ωdVω,

where BA,hA
= [iΘA,hA

⊗ idE ,Λω] and D denotes the space of C∞ sections with compact

support, i.e. D = C∞
c .

In other words, when h is a smooth metric, satisfying the optimal L2-estimate is

equivalent to being Nakano semi-positive. Therefore, since the above optimal L2-estimate

does not depend on curvature ΘE,h, this definition itself can be extended to singular

Hermitian metrics, allowing us to define singular Nakano semi-positivity. In the next

subsection, we will define singular semi-positivity for torsion-free coherent sheaves.

It is already known that multiplier ideal sheaves are coherent in [20]. After that, Hosono

and Inayama proved that the L2-subsheaf E (h) is coherent if h is Nakano semi-positive in

the singular sense as in Definition 4.6 in [16], [17].

4.2 Singular Hermitian metrics on torsion-free sheaves and positivity

Let X be a complex manifold, and let F be a torsion-free coherent sheaf on X. Let

X(F )⊆X denote the maximal open subset where F is locally free, then ZF :=X \X(F )

is a closed analytic subset of codimension ≥ 2. If F �= 0, then the restriction of F to the

open subset X(F ) is a holomorphic vector bundle F of some rank r ≥ 1.
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Definition 4.7 (cf. [14, Def. 19.1]). A singular Hermitian metric on F is a singular

Hermitian metric h on the holomorphic vector bundle F. We say that a metric is Griffiths

semi-positive if h has Griffiths semi-positive on X(F ).

Using the natural inclusion j : X(F ) = X \ZF ↪→ X, we define a natural extension of

the L2-subsheaf E (h) as follows. Here, j∗OX\ZF
∼=OX is already known.

Definition 4.8. Let h be a singular Hermitian metric on F which is a singular

Hermitian metric on F over X(F ). We define the extended natural L2-subsheaf EX(h)

with respect to h over X by EX(h) := j∗E (h).

The definition of the minimal extension property for singular Hermitian metrics on

torsion-free coherent sheaves is already known.

Definition 4.9 (cf. [14, Def. 20.1]). We say that a singular Hermitian metric h on F
has the minimal extension property if there exists a nowhere dense closed analytic subset

Z ⊆X with the following two properties:

(1) F is locally free on X \Z, or equivalently, X \Z ⊆X(F ).

(2) For every embedding ι :B ↪→X with x= ι(0)∈X \Z, and every v ∈Fx with |v|h(x) = 1,

there is a holomorphic section s ∈H0(B,ι∗F ) such that

s(0) = v and
1

Vol(B)

∫
B

|s|2hdVB ≤ 1,

where (F,h) denotes the restriction to the open subset X(F ).

Based on this definition and Definition 4.6, we define Nakano positivity for singular

Hermitian metrics on torsion-free coherent sheaves.

Definition 4.10. We say that a singular Hermitian metric h on F is locally L2-type

Nakano semi -positive if there exists a nowhere dense closed analytic subset Z ⊆X with the

following two properties:

(1) F is locally free on X \Z, or equivalently, X \Z ⊆X(F ).

(2) For any t ∈X \Z, there exists a Stein open neighborhood U ⊂X \Z of t such that a

singular Hermitian metric h on E has the optimal L2-estimate on U.

In other words, U has a Kähler metric ω, and for any smooth strictly pluriharmonic

function ψ on U, for any f ∈ Dn,1(U,F,he−ψ,ω) satisfying ∂f = 0 on U and∫
U
〈B−1

ψ,ωf,f〉h,ωe−ψdVω < +∞, there exists u ∈ L2
n,0(U,F,he

−ψ,ω) such that ∂u = f

on U and ∫
U

|u|2h,ωe−ψdVω ≤
∫
U

〈B−1
ψ,ωf,f〉h,ωe−ψdVω,

where Bψ,ω = [i∂∂ψ⊗ idF ,Λω] and F := F |X(F ) is a holomorphic vector bundle.

In particular, if we can take Z = X \X(F ), then we say that h is full locally L2-type

Nakano semi -positive on X(F ).

Here, the positivity of holomorphic line bundles (A,hA) in Definition 4.6 can be replaced

by e−ψ using smooth strictly plurisubharmonic function ψ in the local case.

Definition 4.11. We say that a singular Hermitian metric h on F is locally L2-type

Nakano positive if there exists a nowhere dense closed analytic subset Z ⊆ X with the

following two properties:
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(1) F is locally free on X \Z, or equivalently, X \Z ⊆X(F ).

(2) For any t ∈X \Z, there exist a Stein open neighborhood U ⊂X \Z of t and a smooth

strictly plurisubharmonic function ψ on U such that a singular Hermitian metric heψ

on F := F |X(F ) has the optimal L2-estimate on U.

In particular, if we can take Z = X \X(F ), then we say that h is full locally L2-type

Nakano positive on X(F ).

Definition 4.12. We say that a singular Hermitian metric h on F is globally Nakano

semi -positive if there exists a nowhere dense closed analytic subset Z ⊆X with the following

two properties:

(1) F is locally free on X \Z, or equivalently, X \Z ⊆X(F ).

(2) h is Nakano semi-positive on X \Z as in [17, Def. 1.1].

Nakano semi-positivity for singular Hermitian metrics is defined by L2-estimates, so

there is a drawback in that it cannot be derived from local positivity to global positivity.

The Nakano semi-positivity of [17, Def. 1.1] establishes the vanishing theorem, making it a

stronger definition than Definition 4.10, as it is globally defined.

§5. Nakano positivity of canonical singular Hermitian metric

Let f : X → Y be a projective surjective morphism between two connected complex

manifolds, with dimX = n+m and dimY =m, but there may be singular fiber. Let L→X

be a holomorphic line bundle equipped with a singular Hermitian metric h which is pseudo-

effective.

5.1 Canonical singular Hermitian metric on direct image sheaves

In this subsection, we define the canonical singular Hermitian metric on the direct image

sheaf E := f∗(KX/Y ⊗L⊗I (h)) in the same way as in [14].

Construct a Hermitian metric of E over a Zariski-open subset Y \ZE where everything is

nice, and then to extend it over the bad locus ZE . First, we choose a nowhere dense closed

analytic subset Z ⊆ ZE with the following three properties:

(1) The morphism f is submersion over Y \ZE .

(2) Both E and the quotient sheaf f∗(KX/Y ⊗L)/E are locally free on Y \ZE .

(3) On Y \ZE , the locally free sheaf f∗(KX/Y ⊗L) has the base change property.

By the base change theorem, the third condition will hold as long as the coherent sheaves

Rif∗(KX/Y ⊗L) are locally free on Y \ZE . The restriction of E to the open subset Y \ZE
is a holomorphic vector bundle E of some rank r ≥ 1. The second and third conditions

together guarantee that

Et := E|t ⊆ f∗(KX/Y ⊗L)|t =H0(Xt,KXt ⊗L|Xt)

whenever t ∈ Y \ZE . Here, note that ZE =X \X(E)⊆ ZE .

Lemma 5.1 (cf. [14, Lem. 22.1]). For any t ∈ Y \ZE , we have inclusions

H0(Xt,KXt ⊗L|Xt ⊗I (h|Xt))⊆ Et ⊆H0(Xt,KXt ⊗L|Xt).

Here, we can immediately see that the two subspaces

H0(Xt,KXt ⊗L|Xt ⊗I (h|Xt))⊆ Et
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are equal for almost everywhere t∈ Y \ZE . But unless E =0, the two subspaces are different,

for example, at points where h|Xt is identically equal to +∞.

On each Et with t ∈ Y \ZE , we can define a singular Hermitian metric H as follows.

For any element α ∈Et ⊆H0(Xt,KXt ⊗L|Xt), we can integrate over the compact complex

manifold Xt and define the inner product of α with respect to H by

|α|2H(t) :=

∫
Xt

|α|2h ∈ [0,+∞].

Clearly, |α|H(t) < +∞ if and only if α ∈H0(Xt,KXt ⊗L|Xt ⊗I (h|Xt)). By Ehresmann’s

fibration theorem and Fubini’s theorem, the function t �→ |s|H(t) is measurable for any local

holomorphic section s of E.

From the discussion in [14], the singular Hermitian metric H over Y \ZE is well defined

on the entire open set Y (E). Then we say that this extended metric H on E over Y (E) is
a canonical singular Hermitian metric of E .

Definition 5.2. We define the set ΣH on Y related to the unboundedness of H by

ΣH := {t ∈ Y | Et �H0(Xt,KXt ⊗L|Xt)}.

Here, for any t∈ Y \ZE , if I (h|Xt) =OXt , then t /∈ΣH andH(t) is bounded by
∫
Xt

e−ϕ <

+∞, where h = e−ϕ on local. Let Σh := {t ∈ Y |
∫
Xt

e−ϕ = +∞} be a set related to the

unboundedness of h, then we have that ΣH \ZE ⊆ Σh \ZE .

Example 5.3. If X is a compact Kähler and L→X is nef and big, then there exists a

singular Hermitian metric h on L such that ΣH ⊆ ZE for the canonical singular Hermitian

metric H induced by h.

In fact, from the analytical characterization of nef and big line bundles (see [8, Chap. 6]),

there exists a singular Hermitian metric h on L such that I (h) =OX and iΘL,h ≥ εω in the

sense of currents for some ε > 0, where ω is a Kähler metric on X. Therefore, from Lemma

5.1 and E := f∗(KX/Y ⊗L⊗I (h)) = f∗(KX/Y ⊗L), we have E|t =Et =H0(Xt,KXt ⊗L|Xt)

for any t ∈ Y \ZE .

5.2 Locally L2-type Nakano (semi)-positivity of H

Recall that f :X → Y is a projective surjective morphism between two connected complex

manifolds. For the canonical singular Hermitian metric H on the direct image sheaf E =

f∗(KX/Y ⊗L⊗I (h)) induced by the singular Hermitian metric h which is pseudo-effective,

the following theorem is known with respect to the positivity property.

Theorem 5.4 (cf. [14, Th. 21.1]). The direct image sheaf E = f∗(KX/Y ⊗L⊗I (h)) has

a canonical singular Hermitian metric H. This metric is Griffiths semi-positive and satisfies

the minimal extension property.

In this subsection, we show that this metric H on E has locally Nakano (semi)-positivity.

This proof is inspired by the proof of the smooth case using L2-estimates in [11, Th. 1.6].

Theorem 5.5. Let H be a canonical singular Hermitian metric on E = f∗(ωX/Y ⊗L⊗
I (h)) which is induced by h. If X is projective and there exists an analytic subset A � Y

such that ΣH ⊆A, then H is full locally L2-type Nakano semi-positive on Y (E).
Proof. First, we prove that H is locally L2-type Nakano semi-positive, that is, for any

t ∈ Y \ZE , there exists a Stein open neighborhood U ⊂ Y \ZE of t such that H has the
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optimal L2-estimate on U. Here, E := E|Y \ZE is a holomorphic vector bundle, and f is

proper submersion over U from the construction of ZE .

By projectivity of X, there exists an analytic subset D such that S :=X \D is Stein and

that L|S is trivial. Let ϕ :=− logh|S , then ϕ is plurisubharmonic function on S and h= e−ϕ

on S. By [12, Th. 5.5], there exist a sequence of smooth plurisubharmonic functions (ϕν)ν∈N

on S decreasing to ϕ almost everywhere pointwise. Here, there is a smooth exhaustive

strictly plurisubharmonic function Ψ on S such that supS ψ =+∞.

Let XU = f−1(U), then XU \D is also Stein by f is holomorphic. In fact, there is a

strictly plurisubharmonic function Φ on U which is exhaustive and smooth by Stein-ness

of U. Thus, the function Ψ+ f∗Φ on XU \D is strictly plurisubharmonic, smooth, and

exhaustive. We take a local coordinate (t1, . . . , tm, z1, . . . , zn) on XU near f−1(t) =Xt, where

t1, . . . , tm is the standard coordinate on U ⊂Cm. Let ω̃ = i
∑m

j=1 dtj ∧dtj + i
∑n

j=1 dzj ∧dzj
and ω = i

∑m
j=1 dtj ∧dtj .

For any smooth strictly plurisubharmonic function ψ on U and any section g ∈
Dm,1(U,E,he−ψ,ω) satisfying ∂g = 0 on U and

∫
U
〈[i∂∂ψ⊗ idE ,Λω]

−1g,g〉H,ωe
−ψdVω <

+∞, we can write g(t) =
∑m

j=1 gj(t)dtj ∧ dt, with gj(t) ∈ Et ⊆ H0(Xt,KXt ⊗L|Xt). We

can identify g as a smooth compact supported (n+m,1)-form g̃(t,z) :=
∑m

j=1 gj(t,z)dtj ∧
dt on X, with gj(t,z) begin holomorphic section KXt ⊗ L|Xt . We have the following

observations:

• ∂zgj(t,z) = 0 for any fixed t ∈ U , since gj(t,z) are holomorphic sections of KXt ⊗L|Xt ,

• ∂tgj = 0, since g is a ∂-closed form on U.

Here, we obtain that

i∂∂f∗ψ =
m∑

j,k=1

∂2ψ

∂tj∂tk
dtj ∧dtk,

[i∂∂f∗ψ,Λω̃]g̃ =
∑
j,k

∂2ψ

∂tj∂tk
gj(t,z)dt∧dtk,

[i∂∂f∗ψ,Λω̃]
−1g̃ =

∑
j,k

ψjkgj(t,z)dt∧dtk,

〈[i∂∂f∗ψ,Λω̃]
−1g̃, g̃〉ω̃dVω̃ =

∑
j,k

ψjkcngj ∧gkcmdt∧dt.

at any t ∈ U , where (ψjk) = ( ∂2ψ
∂tj∂tk

)−1. By Fubini’s theorem, we have∫
XU\D

〈[i∂∂f∗ψ,Λω̃]
−1g̃, g̃〉ω̃e−ϕν−f∗ψdVω̃ =

∫
XU\D

∑
j,k

ψjkcngj ∧gke
−ϕν−f∗ψcmdt∧dt

≤
∫
XU

∑
j,k

ψjkcngj ∧gke
−ϕ−f∗ψcmdt∧dt

=

∫
U

(gj ,gk)H(t)ψjke−ψcmdt∧dt

=

∫
U

〈[i∂∂ψ⊗ idE ,Λω]
−1g,g〉H,ωe

−ψdVω

<+∞,

where by (•,•)H(t), we mean that pointwise inner product with respect to H.
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Note that, acting on
∧n+m,1

T ∗
X ⊗L|XU\D =

∧n+m,1
T ∗
X |XU\D, we have

[i∂∂ϕν + i∂∂f∗ψ,Λω̃]≥ [i∂∂f∗ψ,Λω̃]≥ 0, (*)

over XU \D for any ν ∈ N.
From Hörmander’s L2-estimate, that is, Theorem 2.5, there exists a solution ṽν ∈

L2
n+m,0(XU \D,e−ϕν , ω̃) such that ∂ṽν = g̃ on XU \D and satisfies the following estimate:∫

XU\D
|ṽν |e−ϕν−f∗ψdVω̃ =

∫
XU\D

cn+mṽν ∧ ṽνe
−ϕν−f∗ψ

≤
∫
XU\D

〈[i∂∂ϕν + i∂∂f∗ψ,Λω]
−1g̃, g̃〉ω̃e−ϕν−f∗ψdVω̃

≤
∫
XU\D

〈[i∂∂f∗ψ,Λω̃]
−1g̃, g̃〉ω̃e−ϕν−f∗ψdVω̃

≤
∫
U

〈[i∂∂ψ⊗ idE ,Λω]
−1g,g〉H,ωe

−ψdVω <+∞.

Letting ṽν = 0 on D, then we have ∂ṽν = g̃ on XU by Lemma 5.6. Since e−ϕν increases

and converges to h = e−ϕ on S as ν tends to +∞, the sequence (ṽν)ν1≤ν∈N forms a

bounded sequence in L2
n+m,0(XU , e

−ϕν1 , ω̃). Therefore, we can obtain a weakly convergence

subsequence in L2
n+m,0(XU , e

−ϕν1 , ω̃). By using a diagonal argument, we get a subsequence

(ṽνk
)k∈N of (ṽν)ν1≤ν∈N converging weakly in L2

n+m,0(XU , e
−ϕν1 , ω̃) for any ν1, where

ṽνk
∈ L2

n+m,0(XU , e
−ϕνk , ω̃)⊂ L2

n+m,0(XU , e
−ϕν1 , ω̃).

We denote by ṽ the weakly limit of (ṽνk
)k∈N, then ṽ satisfies ∂ṽ = g̃ on XU and∫

XU\D
|ṽ|2e−ϕνk

−f∗ψdVω ≤
∫
U

〈[i∂∂ψ,Λω0 ]
−1g,g〉H,ω0e

−ϕdVω0 <+∞

for any k ∈N. Taking weakly limit k→+∞ and using the monotone convergence theorem,

we have the following L2-estimate:∫
XU

|ṽ|2he−f∗ψdVω =

∫
XU\D

|ṽ|2he−f∗ψdVω

≤
∫
U

〈[i∂∂ψ,Λω0 ]
−1g,g〉H,ω0e

−ψdVω0 <+∞,

that is, ṽ ∈ L2
n+m,0(XU ,L,h,ω).

Here we write ṽ(t,z) = Ṽ (t,z)dz∧dt, then ∂ ˜V
∂zj

= 0, that is, ∂ṽ|Xt = 0 for any fixed t ∈ U ,

since ∂ṽ = g̃ on XU . This means that Ṽ (t, ·)dz ∈H0(Xt,ωXt ⊗L|Xt). We can identify ṽ as

an (m,0)-form v(t) := V (t)dt on U, with V (t) = Ṽ (t, ·)dz ∈H0(Xt,ωXt ⊗L|Xt).

Fubini’s theorem implies the following:∫
XU

|ṽ|2he−f∗ψdVω =

∫
XU

cn+mṽ∧ ṽe−ϕ−f∗ψ =

∫
U

||v||2He−ψdVω0 .

Therefore, we obtain that∫
U

||v||2H,ω0
e−ψdVω0 ≤

∫
U

〈[i∂∂ψ,Λω0 ]
−1g,g〉H,ω0e

−ψdVω0 <+∞.
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Here, by the boundedness of the integral of ||v||2H , for any almost everywhere t∈U , we have

that ||v||2H(t)<+∞, that is, V (t) ∈H0(Xt,KXt ⊗L|Xt ⊗I (h|Xt))⊆ Et.
Form the assumption ΣH ⊆A, replacing v = 0, that is, V = 0, on A then for any t∈U we

get V (t) ∈H0(Xt,KXt ⊗L|Xt) = Et. By the Lebesgue measure of A is zero, this means that

v ∈ L2
m,0(U,E,H,ω0) and ∂v = g on U \A. From Lemma 5.6, we get ∂v = g on U. Hence,

we showed that H satisfies the optimal L2-estimate on U.

Finally, we prove that H is full locally L2-type Nakano semi-positive on Y (E). By ZE :=

Y \Y (E) and ZE ⊆ZE , there exists an analytic subset B such that ZE =ZE
⋃
B. Therefore,

it is sufficient to show that for any t ∈B \ZE , there exists a open neighborhood U ⊂ Y (E)
of t such that H has the optimal L2-estimate on U. This can be shown in the same way as

above by using Lemma 5.6.

Lemma 5.6 (cf. [6, Lem. 6.9]). Let Ω be an open subset of Cn, and let Z be a complex

analytic subset of Ω. Assume that u is a (p,q− 1)-form with L2
loc coefficients and g is a

(p,q)-form with L1
loc coefficients such that ∂u= g on Ω\Z (in the sense of currents). Then

∂u= g on Ω.

Lemma 5.7 (cf. [6, Th. 1.5]). Let X be a Kähler manifold, and let Z be an analytic

subset of X. Assume that Ω is a relatively open subset of X possessing a complete Kähler

metric. Then Ω\Z carries a complete Kähler metric.

By using Lemma 5.7 and Demailly’s approximation theorem (see [7]), the following can

be shown similarly as above. Here, we do not use Demailly’s approximation theorem in

the proof of Theorem 5.5 because the left term of (∗) is not necessarily semi-positive and

Hörmander’s L2-estimate cannot be used.

Theorem 5.8. Let H be a canonical singular Hermitian metric on E := f∗(KX/Y ⊗L⊗
I (h)) which is induced by h. We assume that X is compact Kähler and h is big. If there

exists an analytic subset A� Y such that ΣH ⊆A, then the H is full locally L2-type Nakano

positive on Y (E).
Here, the L2-subsheaf E (H) of H is a subsheaf of E = E|Y (E) over Y (E). For the natural

inclusion j : Y \ZE = Y (E) ↪→ Y , the natural extended L2-subsheaf with respect to H over

Y is defined by EY (H) := j∗E (H) as in Definition 4.8.

Theorem 5.9. Let f :X → Y be a projective surjective morphism between two connected

complex manifolds, and let L be a holomorphic line bundle on X equipped with a pseudo-

effective metric h. Let H be a canonical singular Hermitian metric on f∗(KX/Y ⊗L⊗I (h)).

If X is projective and there exists an analytic subset A � Y such that ΣH ⊆ A, then the

natural extended L2-subsheaf EY (H) over Y is coherent.

Proof. From Theorem 5.5 and [17, Prop. 4.4], the L2-subsheaf E (H) over Y (E) is

coherent. For the natural inclusion j : Y \ZE = Y (E) ↪→ Y , we are already known j∗OY \ZE
∼=

OY since the analytic set ZE := Y \ Y (E) is codimension ≥ 2. By Riemann’s extension

theorem, the sheaf j∗E (H) = EY (H) is also coherent.

Corollary 5.10. Let H be a canonical singular Hermitian metric on E = f∗(KX/Y ⊗
L⊗I (h)) which is induced by a pseudo-effective metric h on L. Let BH ⊆ Y (E) \ΣH be

an open subset. Here, E|Y (E) = E is holomorphic vector bundle. If X is projective, then for

any local Stein open subset U ⊂ BH , the metric H satisfies the optimal L2-estimate on U.

Moreover, the L2-subsheaf EY (H) is coherent on BH .
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Remark 5.11. This theorem and corollary hold even if the situation is that X is

compact Kähler and h is big by Theorem 5.8.

Corollary 5.12. Let F be a torsion-free coherent sheaf on complex manifold X

equipped with a singular Hermitian metric h. If h is full locally L2-type Nakano semi-positive

on X(F ), then the natural extended L2-subsheaf EX(h) is coherent.

Here, when L is nef and big, the following is known from [30].

Remark 5.13 (cf. [30, Th. 1.3 and Cor. 1.4]). Let f :X → Y be a smooth fibration of

smooth projective varieties with connected fibers. If a holomorphic line bundle L on X is

nef and big, then the holomorphic vector bundle f∗(KX/Y ⊗L) is also nef and Viehweg-big

and has a canonical singular Hermitian metric H induced by a nef and big singular metric

h as in Example 5.3 and there exists a proper analytic subset Z such that H is smooth and

Nakano positive on Y \Z.

Moreover, we have the following cohomology vanishing

Hq(Y,f∗(KX ⊗L)) = 0

for any integers q ≤ 1. Here, we have ΣH = ∅ by Example 5.3.

§6. The minimal extension property and Nakano semi-positivity

In this section, we study the relation between the minimal extension property and Nakano

semi-positivity and prove the following theorem. For holomorphic line bundles, the two

properties are equivalent from the optimal Ohsawa-Takegoshi L2-extension theorem (see

[4], [13]) and the proof of [14, Th. 21.1]. In the case of holomorphic vector bundles, the

Ohsawa–Takegoshi L2-extension theorem follows from Nakano semi-positivity, so it is likely

to have the minimal extension property if it is Nakano semi-positive. However, it turns

out that in general the converse does not hold true. This phenomenon is first mentioned

in [16] for the positivity called weak Ohsawa–Takegoshi in a close concept instead of the

minimal extension property. The previous result pertains to smooth metrics, and we have

shown that the following analogous result does not hold even when extended to singular

Hermitian metrics.

Theorem 6.1. Let F be a torsion-free coherent sheaf on a complex manifold X. Even

if F has a singular Hermitian metric satisfying the minimal extension property, it does not

necessarily have a singular Hermitian metric h which is globally Nakano semi-positive and

satisfying ν(− logdeth,x)< 2 for any point x ∈X(F ).

Here, this symbol ν denotes the Lelong number and is defined by

ν(ϕ,x) := liminf
z→x

ϕ(z)

log |z−x|

for a plurisubharmonic function ϕ and some coordinate (z1, . . . , zn) around x. It is already

known that if ν(− logdeth,x)< 2 then E (h)x =O(E)x.

6.1 Exact sequences of torsion-free coherent sheaves and positivity

Consider the inheritance of positivity in exact sequences. The following is already known

for the minimal extension property.
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Proposition 6.2 (cf. [19, Props. 6 and 7]). Let

0−→ S
j
↪→ F

g
� Q −→ 0

be an exact sequence of torsion-free coherent sheaves. Then we have the following.

(a) Let h be a singular Hermitian metric on S which satisfies the minimal extension

property. If j is generically an isomorphism, then h extends to a singular Hermitian

metric hF on F satisfying the minimal extension property,

(b) If F has a singular Hermitian metric satisfying the minimal extension property, then

the induced metric hQ has also the minimal extension property.

For Griffiths and Nakano positivity of smooth metrics, the following is known.

Proposition 6.3 (cf. [9, Chap. VII, Prop. 6.10]). Let 0→ S →E →Q→ 0 be an exact

sequence of hermitian vector bundles. Then we have the following

(a) E ≥Grif 0 =⇒ Q ≥Grif 0, (b) E ≤Grif 0 =⇒ S ≤Grif 0, (c) E ≤Nak 0 =⇒ S ≤Nak 0,

and analogous implications hold true for strictly positivity.

In particular, a Nakano semi-positive metric of E does not necessarily induce a Nakano

semi-positive metric of Q.

Here, for the inheritance of semi-positivity from E to Q, Nakano semi-positivity has a

counterexample (see Proposition 6.7), but by rephrasing condition (c), we find the following

with respect to dual Nakano positivity.

Corollary 6.4. Let g : E � Q be a quotient onto a holomorphic vector bundle. Then

if E is dual Nakano (semi)-positive then Q is also dual Nakano (semi)-positive.

Proof. There exists a holomorphic vector bundle S such that 0→ S →E →Q→ 0 is an

exact sequence of holomorphic vector bundles. Then the sequence 0→Q∗ → E∗ → S∗ → 0

is also exact. Here, E∗ is Nakano (semi)-negative by the assumption. By (c) of Proposition

6.3, Q∗ is Nakano (semi)-negative.

We consider the positivity of singular Hermitian metrics. For Griffiths positivity, [14,

Prop. 19.3] is already known, and we obtain the following proposition for (dual) Nakano

positivity.

Proposition 6.5 (cf. [14, Prop. 19.3]). Let φ : F → G be a morphism between two

torsion-free coherent sheaves that is generically an isomorphism. If F has a singular

Griffiths semi-positive Hermitian metric, then so does G .

Proposition 6.6. Let 0→ S →E →Q→ 0 be an exact sequence of holomorphic vector

bundles. Let h be a singular Hermitian metric on E. Then we have:

(a) If h is Nakano semi-negative, then S has a natural induced singular Hermitian metric

which is Nakano semi-negative.

(b) If h is dual Nakano semi-positive, then Q has a natural induced singular Hermitian

metric which is dual Nakano semi-positive.

In particular, Proposition 6.3 and Corollary 6.4 follow from this proposition.

Proof. (a) We define the natural singular Hermitian metric hS of S induced from h

by |u|hS
:= |ju|h for any section u of S. By the assumption, for any local holomorphic

section sj ∈ O(E), the (n− 1,n− 1)-form Th
u =

∑
(sj , sk)h ̂dzj ∧dzk is plurisubharmonic,
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that is, i∂∂Th
u ≥ 0. For any local holomorphic section uk ∈ O(S), image juk is also a local

holomorphic section of E, that is, juk ∈ O(E). Then, from the equality

ThS
u =

∑
(uj ,uk)hS

̂dzj ∧dzk =
∑

(juj , juk)h ̂dzj ∧dzk = Th
ju,

we have that ThS
u is also plurisubharmonic, that is, hS is Nakano semi-negative.

(b) Here, the sequence 0 → Q∗ → E∗ → S∗ → 0 is also exact. Similarly to the proof of

(a), Q∗ has a Nakano semi-negative singular Hermitian metric.

6.2 A concrete example

We consider the following exact sequence of holomorphic vector bundles:

0−→OPn(−1)
j
↪→ V := Pn×Cn+1

g
� Q := V /OPn(−1)−→ 0.

From this sequence, we get detV = detQ⊗OPn(−1) and get isomorphisms

detQ∼=OPn(1), TPn =Q⊗OPn(1)∼=Q⊗detQ,

where detV is also trivial. By Griffiths semi-positivity of V and Corollary 6.4, the bundle

Q is dual Nakano semi-positive and then Griffiths semi-positive. Therefore, TPn is Nakano

semi-positive from Demailly–Skoda’s theorem (see [10]), and is Griffiths positive from

Q ≥Grif 0 and detQ ∼= OPn(1) > 0. But the tangent bundle TPn has no smooth Nakano

positive metric. In fact, if TPn >Nak 0, then Hq(Pn,KPn ⊗TPn) = 0 for any q ≥ 1 by the

Nakano vanishing theorem. However, this contradicts the following:

Hn−1(Pn,KPn ⊗TPn)∼=H1(Pn,T ∗
Pn) =H1,1(Pn,C) = C.

Proposition 6.7. We have that Q has no smooth Griffiths-positive Hermitian metric

and no singular Hermitian metric which is globally Nakano semi-positive and satisfying

ν(− logdeth,x)< 2 for any point x ∈ Pn.

Proof. First, if Q has a smooth Griffiths-positive Hermitian metric, then TPn ∼=Q⊗detQ

has a smooth Nakano-positive Hermitian metric by Demailly–Skoda’s theorem. Second, if Q

has a smooth Nakano semi-positive Hermitian metric, then TPn ∼=Q⊗detQ has a smooth

Nakano-positive Hermitian metric by detQ ∼= OPn(1) is positive line bundle. But these

contradict that TPn is not Nakano-positive.

Finally, if Q has a singular Hermitian metric h which is globally Nakano semi-positive

and satisfying ν(− logdeth,x) < 2 for any point x ∈ Pn, then from the vanishing theorem

(see [28, Th. 6.1]) for singular Nakano semi-positivity, we have

Hq(Pn,KPn ⊗OPn(1)⊗E (h)) = 0

for q ≥ 1. By the fact that if ν(− logdeth,x)< 2, then E (h) =OPn(Q) (see the proof of [28,

Th. 6.2]), we get

0 =Hq(Pn,KPn ⊗OPn(1)⊗E (h))∼=Hq(Pn,KPn ⊗detQ⊗Q)∼=Hq(Pn,KPn ⊗TPn).

But this vanishing contradicts that Hn−1(Pn,KPn ⊗TPn)∼= C.

Proof of Theorem 6.1. Let IV be a trivial Hermitian metric on V , then IV has the

minimal extension property by the optimal Ohsawa–Takegoshi L2-extension theorem (see

[4], [13]). From Proposition 6.2, the induced Hermitian metric h′ on Q has the minimal

extension property. Then this theorem is shown by Proposition 6.7.
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Finally, we ascertain by concrete calculations that the naturally induced smooth metric

hQ of Q has indeed the minimal extension property. Here, this metric hQ induced from IV
and g defined by |u|hQ

:= |g∗u|IV for any section u of Q.

Let a∈Pn be fixed. Choose an orthonormal basis (e0, e1, . . . , en) of Cn+1 such that a= [e0].

Consider the natural embedding Cn ↪→ Pn : 0 �→ a which sends z = (z1, . . . , zn) �→ [e0+z1e1+

· · ·+ znen]. Then ε(z) = e0+ z1e1+ · · ·+ znen defines a nonzero hol section of OPn(−1)|Cn .

The adjoint homomorphism g∗ : Q → V is C∞ and can be described as the orthogonal

splitting of the above exact sequence. The images (ẽ1, . . . , ẽn) of (e1, . . . , en) in Q define a

local holomorphic frame of Q|Cn , and we already know that gg∗ = idV and

g∗ · ẽj = ej −
〈ej , ε〉
|ε|2 ε= ej −

zj
1+ |z|2 ε= ej − ζjε,

where put ζj =
zj

1+|z|2 (see [9, Chap. V]). By gg∗ = idV and ε ∈ kerg, we get ẽj = gg∗ẽj =

g(ej−ζjε) = gej . From these, the matrix representations of g and g∗ with respect to frames

(ẽ1, . . . , ẽn) and (e1, . . . , en) are as follows.

g =

⎛
⎜⎝
−z1
... In

−zn

⎞
⎟⎠ , g∗ =

(
0

In

)
+G∗, G∗ =

⎛
⎜⎜⎜⎝

−ζ1 · · · · · · −ζn
−ζ1z1 −ζnz1

...
...

−ζ1zn · · · · · · −ζnzn

⎞
⎟⎟⎟⎠ ,

where we can write G∗ = (−ζ1ε, · · · ,−ζnε). In this setting, we prove the following.

Proposition 6.8. There exists a smooth Hermitian metric hQ on Q= V /OPn(−1) such

that hQ has the minimal extension property.

Proof. Let IV be a trivial Hermitian metric on V , then IV has the minimal extension

property by the optimal Ohsawa–Takegoshi theorem. We define the natural smooth

Hermitian metric hQ of Q induced from IV by |u|hQ
:= |g∗u|IV for any section u of Q.

We show that hQ has the minimal extension property. By the minimal extension property

of IV , for any a∈ Pn and any v ∈Qa with |v|hQ
= |g∗v|IV =1, there is a holomorphic section

s ∈H0(B,V ) such that

s(0) = g∗v and
1

Vol(B)

∫
B

|s|2IV dVB ≤ 1,

where g∗v ∈ V a. From gg∗ = idV , then the composition gs is a holomorphic section, that

is, gs ∈H0(B,Q), and gs(0) = gg∗v = v. Hence, if |gs|2hQ
= |g∗gs|2IV ≤ |s|2IV on B, then hQ

has the minimal extension property.

We can write s=
∑n

j=0 sjej = σ0ε+
∑n

j=0σjej ∈H0(B,V ), where σ0 = s0, σj = sj−s0zj ,

and sj ∈ O(B). Then we have that gs=
∑n

j=1σjgej =
∑n

j=1σj ẽj and

g∗gs=
n∑

j=1

σjg
∗ẽj =

n∑
j=1

σj(ej − ζjε) =
( n∑
j=1

ζjσj

)
e0+

n∑
j=1

(
σj −zj

n∑
k=1

ζkσk

)
ej ,

|g∗gs|2IV =
∣∣∣ n∑
j=1

ζjσj

∣∣∣2+ n∑
j=1

∣∣∣σj −zj

n∑
k=1

ζkσk

∣∣∣2

≤ (1+ |z|2)
∣∣∣ n∑
j=1

ζjσj

∣∣∣2+ n∑
j=1

|σj |2 =
1

1+ |z|2
∣∣∣ n∑
j=1

zjσj

∣∣∣2+ n∑
j=1

|σj |2
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≤ 1

1+ |z|2
(∣∣∣ n∑

j=1

sjzj

∣∣∣2+ |s0|2|z|4
)
+

n∑
j=1

(
|sj |2+ |s0|2|zj |2

)

=
|z|2

1+ |z|2
( n∑
j=1

|sj |2+ |s0|2|z|2
)
+

n∑
j=1

|sj |2+ |s0|2|z|2

=
1+2|z|2
1+ |z|2

( n∑
j=1

|sj |2+ |s0|2|z|2
)
,

where
∑n

j=1 zjσj =
∑n

j=1(sjzj −s0|zj |2) =
∑n

j=1 sjzj −s0|z|2. Therefore, if

1+2|z|2
1+ |z|2

( n∑
j=1

|sj |2+ |s0|2|z|2
)
≤ |s|2IV =

n∑
j=0

|sj |2,

that is, |z|2
∑n

j=1 |sj |2 ≤ |s0|2(1−2|z|4), then we obtain |g∗gs|2IV ≤ |s|2IV .
Here, sj is expressed as a scalar multiple of s0 for any j. In fact, by the optimal Ohsawa–

Takegoshi extension theorem (see [4], [13]) for trivial line bundle, there is a holomorphic

function f ∈ O(B) such that

f(0) = 1 and
1

Vol(B)

∫
B

|f |2dVB ≤ 1.

We write g∗v =
∑n

j=0wjej ∈ Va where 1 = |g∗v|2IV =
∑n

j=0 |wj |2 and wj ∈ C. By changing

the subscript of the local trivial frame (ej), w0 �= 0 can be assumed. Therefore, we can

take sj := wjf =
wj

w0
f ∈ O(B). Indeed, it is s(0) =

∑n
j=0wjf(0)ej =

∑n
j=0wjej = g∗v and

|s|2IV = (
∑n

j=0 |wj |2)|f |2 = |f |2.
Thus, the condition |z|2

∑n
j=1 |sj |2 ≤ |s0|2(1− 2|z|4) is sufficient for 2|z|2 + |z|2(1−

1/|w0|2)− 1 ≤ 0. Since w0 is taken as one of the nonzeros in {w0, . . . ,wn} that satisfy∑n
j=0 |wj |2 = 1, we get |w0|2 ≥ 1

1+n . Hence, if the radius of B is taken to be smaller

than (−n+
√
n2+8)/4 > 0, which is a solution of 2r2 + nr− 1 = 0, then we have that

|gs|2hQ
= |g∗gs|2IV ≤ |s|2IV on B for any solution s of the optimal Ohsawa–Takegoshi extension

theorem for any g∗v ∈ V a.
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