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DUAL NAKANO POSITIVITY AND SINGULAR NAKANO
POSITIVITY OF DIRECT IMAGE SHEAVES

YUTA WATANABE

Abstract. Let f: X — Y be a surjective projective map, and let L be
a holomorphic line bundle on X equipped with a (singular) semi-positive
Hermitian metric h. In this article, by studying the canonical metric on the
direct image sheaf of the twisted relative canonical bundles Kx,y ® L ® .#(h),
we obtain that this metric has dual Nakano semi-positivity when h is smooth
and there is no deformation by f and that this metric has locally Nakano semi-
positivity in the singular sense when h is singular.

81. Introduction

Let X be a Kahler manifold of dimension m +n, and let Y be a complex manifold
of dimension m. We consider a proper holomorphic submersion f: X — Y. The relative
canonical bundle K,y corresponding to the map f is Kx/y = Kx ®f*K;1. There is
a natural isomorphism Ky, y|x, = Kx, when restricted to a generic fiber X; of t € Y.
It is effective in many studies that the variation of the complex structure of each fiber
Xy is reflected in the positivity of the relative canonical bundle Kx,y. Therefore, the
positivity properties of this bundle play an important role in the study of the several
complex variables and complex algebraic geometry. In practice, we frequently deal with
twisted versions Kx/y ® L, where L — X is a holomorphic line bundle equipped with a
smooth (semi)-positive Hermitian metric h. One way to research the properties of this
bundle is the direct image sheaf f.(Kx/y ® L) on Y.

The positivity of this direct image sheaf has been well studied in [1]-[3], [11], [14], [23].
In [1], Berndtsson showed that the smooth canonical Hermitian metric H on f.(Kx/y®L)
induced by h has Nakano (semi)-positivity. First, we show that the smooth canonical
Hermitian metric H has dual Nakano (semi)-positivity if complex structures of fibers
have no variation, which means that we can take the Kodaira—Spencer forms to be zero.
Introducing the (n—1,n—1)-form to determine dual Nakano positivity (see Definition 2.3),
we prove it by taking over Berndtsson’s method of calculation to compute the positivity of
the curvature.

THEOREM 1.1. Let L be a holomorphic line bundle over a Kdhler manifold X equipped
with a smooth (semi)-positive Hermitian metric h, and let f: X — Y be a proper
holomorphic submersion between two complexr manifolds. For the Kodaira—Spencer map
ot T}l,:? — Ho’l(Xt,T)lgto), if Kodaira—Spencer forms representing classes p:(0/0t;) can be
taken to be zero, then the smooth canonical Hermitian metric H on f.(Kx,y ® L) has dual
Nakano semi-positivity.
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2 Y. WATANABE

Examples of this theorem are projection maps from the direct product of manifolds (see
Corollary 3.8) and the projectivized bundle 7 :P(V') — Y for an ample vector bundle V—Y
when det V' has a metric satisfying certain condition (see Theorem 3.6).

Second, we consider the case where the metric h on L with semi-positivity is singular, that
is, h is pseudo-effective. In this case, twisting the multiplier ideal sheaf .# (h) further to the
sheaf Kx/y ® L, we study the positivity of the direct image sheaf £ := f.(Kx/y ® L& .#(h)),
where f: X — Y is a projective surjective morphism between two connected complex
manifolds. It is known that the torsion-free coherent sheaf £ has a singular canonical
Hermitian metric H induced by h, and this metric satisfies the minimal extension property
and is Griffiths semi-positive (see Theorem 5.4 [2], [14], [23]).

The positivity properties of the singular canonical Hermitian metric on this direct image
sheaf metrics are crucial, given the partial resolution of the Ilitaka conjecture using singular
Griffiths semi-positivity (see [14, Th. 1.1]). We show that this singular canonical Hermitian
metric H on & has a locally L?-type Nakano semi-positivity. Let Y () C Y denote the
maximal open subset where £ is locally free, then Zg :=Y \ Y (€) is a closed analytic subset
of codimension > 2. Here, we define (see Definition 4.8) the set ¥y on Y related to the
unboundedness of H by

YSp:={teY|& CH (X, Kx,®L|x,)}.
Using the set X g, we have the following.

THEOREM 1.2. If X is projective and there is an analytic set ACY such that Xy C A,
then H is full locally L*-type Nakano semi-positive on Y (£) as in Definition 4.10.

The restriction of £ to Y (€) is holomorphic vector bundle, and the L2-subsheaf of this
vector bundle with respect to H is denoted by &(H) C £|y () over Y (€) which analogous
to multiplier ideal sheaves. For the natural inclusion j:Y(£) =Y \ Zg — Y, we define
the natural extended L2-subsheaf with respect to H over Y by & (H) := j.&(H) as in
Definition 4.8.

THEOREM 1.3. If X is projective and there exists an analytic set A such that Xy C A,
then the natural extended L?-subsheaf & (H) over Y is coherent.

Finally, we consider the relationship between the minimal extension property and Nakano
semi-positivity and show that if a torsion-free coherent sheaf has a metric satisfying the
minimal extension property, this sheaf does not necessarily have a Nakano semi-positive
metric. As a concrete example, we show that the quotient holomorphic vector bundle (P™ x
C"*1)/Opn(—1) over P* does not have a Nakano semi-positive metric and has a metric
satisfying the minimal extension property.

§2. Positivity of smooth Hermitian metrics and L2?-estimates

In this section, we define various positivity for holomorphic vector bundles and investigate
its equivalence condition.

Let X be a complex manifold of complex dimension n equipped with a Hermitian
metric w, and let (F,h) be a holomorphic Hermitian vector bundle of rank r over X.
Let (U,(z1,...,2,)) be local coordinates, and let D = D" +9 be the Chern connection of
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POSITIVITY OF DIRECT IMAGE SHEAVES 3
(E,h). The Chern curvature tensor O, = D? =[D'" 9] is a (1,1)-form and is written as
@E,h = Z@?kdzj ANdZy,

where the coefficients @?k = [ng?,gzk] are defined operators on U and 9., = 8/0z;.
The smooth Hermitian metric h on E is said to be Griffiths (semi)-positive if for any
section u of F and any vector v € C"™ we have

Z (@;‘ku,u)hvj@k >0 (>0).

1<jk<n
Moreover, h is said to be Nakano (semi)-positive if for any sections u; of E we have
> Ok u)n >0 (>0).
1<jk<n

There is a natural antilinear isometry between E* and F, which we will denote by J.
Denote the pairing between E* and E by (-,-). For any local section u of E and any local
section £ of E*, we have

<§,U> - (U, ‘]g)h
Under the natural holomorphic structure on E*, we obtain
d.,6=J'DI e,
and the Chern connection on E* is given by
h* -13
D;j §=J70.,J¢.

Then, through straightforward calculations, the following equation is obtained:

02, (& u) = (95,€,u) +(€,0:,u),
(‘%J (€ u) = <D’h é, )+ (&, D),
0= [0:,,0:,](€,u) = (05§, u) + (€, ©yu).
For any local sections &; € C*°(E*) and u; € C*°(E) satisfying u; = J¢;, we have

Z(@?;€j7£k)h* = _Z(@?kukvuj)h)
and for any local sections u,v € C*°(E), we have
gzkazj (u7v)h = (DZJL’LL, D;l;:v)h + (gsz/Z];u7U)h + (U?D;f]igzjlv)h =+ (gzku752j U)h-
If u is holomorphic, then —d,, ngu = @?ku. Thus, the following equation is derived:

62

3595, (1 0n = (DEu, DL vl = (O, ),
yi

for any local sections u,v € O(E),. In particular, we obtain
92,0, (u,v), = —(@;‘ku,v)h at x,

if u,v € O(E), satisfying D""u = D""v =0 at .
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4 Y. WATANABE

Let u = (u1,...,uy,) be an n-tuple of local holomorphic sections of E, that is, u; € O(E).
We define T, an (n—1,n — 1)-form through

Tj; = Z(uj,uk)hdzj NdZy,

where (21,...,2,) are the local coordinates on X, and dzj//\\dik denotes the wedge product
of all dz; and dz; expect dz; and dzj, multiplied by a constant of absolute value 1, that is,
idz; Ndzp Ndzj Ndzy, = dVen. Hence, if D’huj =0 at x, then we get

00T = —Z(@gkuj,uk)hdvcn,
at x by the equation
i00T = (Duj, D up)pdVier — Y (O, up)ndVien
=) DPul[7 = (O, ur)ndVen.
PROPOSITION 2.1 (cf. [1], [24]). We have:

e 1 is Nakano semi-positive if and only if for any v € X and any u; € O(E), such that
D'"u; =0 at z, the (n—1,n—1)-form =T is plurisubharmonic at z, that is, —i00T* > 0.

e h is Nakano semi-negative if and only if for any x € X and any uj € O(E),, the (n—
1,n—1)-form T" is plurisubharmonic at z, that is, i00T" > 0.

We introduce another notion about Nakano-type positivity.

DEFINITION 2.2 (cf. [26], [18]). Let X be a complex manifold of complex dimension n,
and let (F,h) be a holomorphic Hermitian vector bundle of rank r over X. (E,h) is said to
be dual Nakano positive (resp. dual Nakano semi-positive) if (E* h*) is Nakano negative
(resp. Nakano semi-negative).

Let & € C*°(E*) and u; € C*°(E) be r-tuples of smooth sections E* such that u; = J¢;.
If 7 is dual Nakano semi-positive, then

0> (0.8, &)n- = — Y _(Ofyun,u;)n,

that is, Z(@;‘kuk,uj)h > 0. Enough to consider at each point, for any x € X and any
uj € C°(E), if Z(@;‘kuk,uj)h >0 at z then h is dual Nakano semi-positive. Hence, we
have that h is dual Nakano semi-positive if and only if Z(@;‘kuk,uj) r >0 at any points =,
for any u; € C*(E)s,.

DEFINITION 2.3. Let u= (u1,...,u,) be an n-tuple of local holomorphic sections of E,
that is, u; € O(E). We define T as an (n—1,n— 1)-form
f[f = Z(Ukyuj)hdmzk,

where (z1,...,2,) are the local coordinates on X.

PROPOSITION 2.4. The smooth Hermitian metric h on E is dual Nakano semi-positive
if and only if for any x € X and any u; € O(E), such that D'Mu; =0 at z, the (n—1,n—1)-
form —T" is plurisubharmonic at =, that is, —i00T" > 0.
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Proof. This yields the following calculation:
0>i00I) ==Y (Our,uj)ndVer =Y (08, & )n-dVen,
where & := J lu; € E(E*),. 0

By using this proposition, we can examine dual Nakano semi-positivity of h without
using the dual metric h*. Finally, we introduce Hérmander’s L?-existence theorem.

THEOREM 2.5 (cf. [9, Chap. VIII, Th. 6.1]). Let (X,©) be a complete Kihler manifold,
let w be another Kdhler metric which is not necessarily complete, and let (E,h) be a
holomorphic vector bundle satisfying An. = [iOpn,Ay] >0 on N T% @ E. Then, for
any 0-closed f € L%,q(X,E,h,w), there exists u € L? (X,E,h,w) satisfies Ou= f and

n,q—1

[l av < [ (AL prsav.,
X X

where we assume that the right-hand side is finite.

83. Dual Nakano positivity of direct image sheaves

3.1 Smooth canonical Hermitian metric of direct image sheaves

Let X be a Kahler manifold of dimension m +n, and let Y be a complex manifold
of dimension m. We consider a proper holomorphic submersion f: X — Y. The relative
canonical bundle Kxy corresponding to the map f is

Kx)y=Kx® f'Ky'

When restricted to a generic fiber X; of £, we get Kx/y|x, = Kx,.

Let L be a holomorphic line bundle over X equipped with a smooth semi-positive
Hermitian metric A, that is, i, ;, > 0. In this subsection, we discuss the complex structure
of the direct image sheaf f,(Ky,y ®L) on Y and the smooth canonical Hermitian metric H
of this sheaf induced by h (cf. [1]). Fixed a point ¢ € Y, any section u € H*(X;, Kx, ® L|x,)
extends in the sense that there is a holomorphic section

UeH(f7H (), Kx®L|j-1(q) 2 H(Q, Ky © f.(Kx/y ® L))

such that Ul|x, = uAdt for some neighborhood Q of ¢ from the Ohsawa-Takegoshi L?2-
extension theorem (cf. [22]) and Kéhler-ness of X. Here, we abusively denote by dt the
inverse image of a local generator dt; A---Adt,, of Ky. In [1], it was claimed that the total
space
F:=|J H(X:,Kx, ®L|x,)
tey

has a natural structure of holomorphic vector bundle of rank r := h%(X;, Kx, ® Lx,) over
Y and coincides with the direct image f.(Kx,/y ® L). Therefore, the space of local smooth
sections of F|q are simply the sections of the bundle Kx/y ® L|s-1(q) whose restriction to
each fiber of f is holomorphic.

The vector bundle F' = f.(Kx/y ® L) admits a natural complez structure as follows. Let
u be a local section of F, then u is holomorphic if

OuNdt=0.

This is equivalent to saying that the section uAdt of Kx ® L is holomorphic.
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Note that u is holomorphic, that is, OuAdt = 0, which means that Ou can be written
Oou = an Ndt;,

with 7 smooth forms of bidegree (n —1,1). Here, the following relationship is known (see
[1]) between 7’ and the Kodaira—Spencer map p; : T;,:S — Ho*l(Xt,T)l(’tO):

nj = ejju7

on each fiber where the classes p;(0/0t;) can be represented by Kodaira-Spencer forms 6;,
that is, {6,} € p:(0/0t;).

The smooth Hermitian metric h of L induces the smooth canonical Hermitian metric H
of F as follows. Let u,v be two local sections of F. We denote by (u;) the family of L-twisted
holomorphic (n,0)-forms on fibers Kx, induced by u. The restriction of u; to X; is unique
and denoted simply as u. Then the canonical Hermitian metric H is defined by

(u,v) g (t) ::/ cnut/\vte_“”:/ cpu Nve” P,
Xt Xt

where h = e~ % on locally and ¢, = i"*. This metric is smooth by Ehresmann’s fibration
theorem and compactness of each fiber. This inner product of H is a function of ¢, and it
will be convenient to write this function as

(ua U)H = s (Cnu /\Ueigo)?

where u and v are forms on X that represent the sections. Here f, denotes the direct image
of form defined by

/Yf*(a)Aﬁz/onAf*(ﬂ),

if a is a form on X and (8 is a form on Y.

3.2 Berndtsson calculation and Nakano positivity

Let (t1,...,tm) be a local coordinate whose center is fixed point y € Y. Let u; be an
m-tuple of local holomorphic sections to F that satisfy D' u; =0 at y, that is, ¢ = 0.
Represent the u; by smooth forms on X and put

U= Zuj /\c?t\]-,
then we get

TH = exfo(ante™?),

u

where N =n+m—1 and c?t\] is the wedge product of all differentials dt;, except dt; such
that dtj /\dtj =dt = dtl /\"'/\dtm.
Using the following proposition, Berndtsson computed i99TH at fixed points.

ProprosITION 3.1 (cf. [1, Prop. 4.2]). Let u be a section of F over an open set U
containing the origin such that Ou =0 in U, that is, holomorphic, and D""u =0 at t = 0.
Then u can be represented by a smooth (n,0)-form, still denoted u such that

ou = an/\dtk,
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where 0¥ is primitive on Xo, that is, satisfies n* Aw =0 on Xy, and furthermore
A TIA 6715 =0,
at t =0 for all j. Here, 0¥-=e%0(e™¥").
Let uj € O(F) such that D""u; =0 at t =0, then we have

1001, = —en fo(@NGUNiIDDpe™?) — (/

Xo

[nf?e=2av. )avi,

at t =0, where du; = 277;“ Adty and n = 277;
From this calculation and Proposition 2.1, the following theorem is obtained.

THEOREM 3.2 (cf. [1, Th. 1.2]). If L has a smooth (semi)-positive Hermitian metric,
then the smooth canonical Hermitian metric H on F = f.(Kx/y ® L) is Nakano (semi)-
positive.

3.3 Calculation of f,lfl for the canonical Hermitian metric on f,(Kx/y ® L)
Represent the u; by smooth forms on X and put

U= Zﬂj A Jt\j,
then we have the equality

TH = (—1)"cn fu (WA Te™ %),

u

where using icy = (—1)N(-=1)""¢, ¢, and z'cm(—l)mcf;f\j Ndty, = dtj A\ dty,.
In this subsection, we show the following proposition.

PROPOSITION 3.3. Let u; € O(F) such that D""u; =0 at t =0, then we have that
00T = —cn fo (0 AT NiDDpe™ %) + cn (/ Zni /\ﬁ?e’“")th
Xo

at t =0, where u; = Ujdz, o =3 U; /\dz/\cft\j and du; = Y 0% Adty. Here ey fo(0NDA
i00pe=%) >0 if is plurisubharmonic. _
In particular, if n3, is primitive on Xo, then we can write n;, = > njudz Adz; and get

Cn </X0 > nl /\ﬁé?eﬂp)th =— (/XO anklﬁkjleiwdvz>dv;t-
Proof. By 0%-=e%0(e"%¥-), we get
(=1)"OTH = cn f.(0uNTe?) 4+ (=1)Nen f. (@A 0¥Te%).
From the equation
du=>_0u;Adt; =Y du;Adt; = 7\ Adf Adt;,
the form
DuAT =Y T Adf Adtj Auy, A diy
(-1 S "7 At Aug AdE; Adip

(DN Sk Adty Ay Adi
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contains a factor dt. On the other hand, the push forward of an (n+m,n+m —1)-form is
of bidegree (m,m — 1). Therefore, it follows that

f(0uNTe %) =0. 0
Thus, the following is derived:

(=1)"80TH = (=1)Nen £ (07 a N 0%9Te™%) + en fo (WA DO Te™%).

By the equation 09¥ 4+ 090 = 00y, we obtain
en fo(WNOO%Tue™?) = en fo(UATUNAODpe™ ?) —cn fo(AO¥Otie™ %),

and by the vanishing f. (@A die™?) = 0, we obtain

0=0f.(uADue™?) = f.(0uNDue™?)+ (—1)N f.(uNO?Due™%).
Hence, the following calculation result is obtained:

(=1)"00TH = (=1)Nen £.(07a N0 Te%)
+enfo(@ATUNODpe™?) + (—1)N ey f. (DU A Die™%).

Note that with the choice of representatives of our sections u; furnished by Proposi-
tion 3.1, we have that 7an0*u=0at t=0.In fact, 97 = > 0%u; Adt; and

danova =" 0%u; Adt; AOPup Adiy, =0

at t =0, where 0%u; /\cﬁ\k =0 at t =0 for all %.

LEMMA 3.4. We obtain that

(—=1)Nen f.(0uNDue™?) = ic, / an/\n]e ‘P)th

at t=0.In partzcular if nk s primitive on X, that is, nk Aw =0 on Xq, then we can write
nk = ankldzl Adz; and this integral value is

—1)"(/)(Oznjkmkﬂewd{@)dvt.

Proof. Here 0t =Y 7 Adt; A cft\j, then

duNdu=—(—1) an/\m Adt A dE.
Therefore, we get
(1) Neydunon = f(f1)NcN( anm] Adt A dt
= iCpnCm(— an/\n] Adt N dt

= icy(=1)" ) 0l AT AdV,

where icy = (—=1)N (=1)""c,cpp.
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If ni is primitive, we can write ni = anklcigl Adz;. Then we have
mATE = meg;z Nz ATl 2, A dz,
= Zﬂjklﬁkﬂg;l NdZ Az Adz
= (=11 puiiigida Adz A dz Adz
==Y Milyudz Adz,
where ¢, dz Ndz = dV,. U

Hence, we obtain the following calculation:
00T = —(=1)"en fo (WA TATODpe %) + ¢y </ Zn,]f /\ﬁ?e_”) avi
Xo

at t =0. Let u; = Uj;dz and @jj, := 8tj5tkgo. Here, if ¢ is plurisubharmonic, then ey A @A
00 =3 @ U;UrdV, AdV, > 0. By @ = Y 1, Adt; = Y. U dz Adt; and dz Adz = (—1)" dz A
dz = (—1)"dz Ndz, we have that
CNUATUNTODp = (—1)" ZgoijjdeVz AdV: = (=1)"enD A D NiDDp,
where 0 =>"U; Adz A (E and that
(—1)"en fo(WAUNTOOpe™ %) = cn fo (D ADNiDDpe™¥)
= 1.O_pjuU,;Use”?dV. AdV})

—( / > il Ure#dV. )avi
Xo
>0,
if ¢ is plurisubharmonic.

3.4 Proof of Theorem 1.1 and projectivized bundles

Let V be a holomorphic vector bundle of finite rank r over a compact complex manifold
Y. Let m: P(V) = Y be a projectivized bundle whose fiber at ¢ € Y is the projective space of
lines in V;*, that is, P(V}*). For any point t € Y, we get 71 (t) =P(V;*) 2P !, then P(V) is
a holomorphically locally trivial fibration. This projectivized bundle carries the tautological
line bundle Op(y)(1) over P(V') whose restriction to any fiber P(V;*) is identical to Opr-1(1).

We shall apply Proposition 3.3 to the line bundles Op(yy(k) — P(V) where k € Z. Let
E(k) be the vector bundle whose fiber over a point t € Y is the space of global holomorphic
sections of Kp(y+) @ Op(y)(k), that is,

E(k) == [ H(P(V;"), Kpv) @ Opvy (k) levyr))
tey

=T (Kpvy/y @ Opevy (K)),

where E(k)y = HY(P(V;"), Kpv) @ Opvy (k) |p(viey) = HO(P™ 1, Opr—1 (k—r)). If k <7, then
each fiber E(k); is zero. Berndtsson asserted the following fact:

E(r+m)=58"(V)®detV,
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where S™ (V) is the mth symmetric power of V, and showed the following theorem using
Theorem 3.2.

THEOREM 3.5 (cf. [1, Th. 1.3]). Let V be a (finite rank) holomorphic vector bundle over
a complex manifold. If Op(y)(1) has a smooth (semi)-positive metric, then V ®@detV has a
smooth canonical Hermitian metric which is Nakano (semi)-positive.

Here, the vector bundle V is called ample in the sense of Hartshorne (see [15]) if the
tautological line bundle Op(y)(1) is ample. Replacing Op(yy(r +1) by Op(vy(r+m), we also
get that S™(V)®detV is Nakano (semi)-positivity for any m € N.

It is a well-known Griffiths conjecture that an ample vector bundle is Griffiths-positive,
that is, has a smooth Griffiths-positive Hermitian metric. From Demailly-Skoda’s theorem
(see [10]) that if V is Griffiths (semi)-positive, then V ® detV is (dual) Nakano (semi)-
positive, this theorem may be regarded as indirect evidence of Griffiths conjecture. After
that, it was shown that S (V) ®@det V' has Nakano-positive metric and dual Nakano-positive
metric (see [18, Cor. 4.12]). Griffiths conjecture is known when Y is a compact curve (cf.
[27]), and it was recently shown to hold under a certain condition for the L? metric (see
[21]). Since the Kodaira—Spencer forms vanish under certain condition in [21], we obtain
the following theorem for dual Nakano positivity of the canonical Hermitian metric which
is a different metric in [18].

THEOREM 3.6. Let V be an ample holomorphic vector bundle of rank r over a complex
manifold Y. If the canonical isomorphism

K]PT(%,)/Y = Opvy(r) @ det V™

becomes an isometry for an positive metric on Opyy(1) and some Hermitian metric on
det V', then for any m € N and for a smooth (semi)-positive Hermitian metric h on Opeyy(r+
m), the smooth canonical Hermitian metric H induced by h on S™(V)®detV is dual Nakano
(semi)-positive.

We prove this below. Let (t1,...,t,) and (21,...,2,) be the local coordinates on Y and
the fibers, respectively. By the ampleness of V, there is a smooth positive Hermitian metric
hoiy on Opeyy(1). We write locally for the curvature of the positively curved metric

Wp(v) P = —i@glogho(l)
= i((gugd2a AdZg+ BV dti N dzg + DG dzo Nz -+ Bz A dz).
Thus, the Kéhler forms on each fibers are given by w; :=14 9oa5dZa NdZg and the induced
metric on K]PT(%/) Jy can be written as det (gag). Here, this positive metric ho(1) induces the
above canonical isomorphism.

According to [25], we denote the horizontal lift of a tangent vector 0/0t; on the base Y
by v;. It is given by

0 0 3
v = —(%j + E a; o and af = E g th .

For a fibration 7 : P(V) — Y, we obtain the Kodaira—Springer forms by
0; = 9(v;)lx.,
where 6; € p:(0/0t;).
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ProprosiTiION 3.7 (cf. [21, Prop. 1]). Under the assumption of Theorem 3.6, the
Kodaira—Spencer forms 0; are harmonic, hence zero.

Since it is a projectivized bundle, we get %0’1(P(1@*),TP}(’3*)) = HO’I(P(T@*),T];(’?/*)) =
HO’I(IP’T_I,TH});QJ = 0. Then the value of Kodaira-Spencer map is zero. Here {6,} =
p:(0/0t;) = 0. By the forms 6; is harmonic, 6; is zero as differential forms.

Proof of Theorem 3.6. From the Kodaira-Spencer forms, ; are zero and the definition
of the complex structure in E(r+m), for any local holomorphic section u € O(E(r+m));,
the restriction of

5U:Z77j/\dtj

to each fiber is zero. In fact, the smooth (n—1,1)-forms 7/ equal 6, |u in each fiber. In
particular, we get Y =6;|u =0 in each fiber.

By Proposition 3.3, for any local holomorphic section u; € O(E(r +m)) such that
D'™My; =0 at t =0, we have that

10T = —cnm, (D AT A iDDpe )
at t =0, where u; =U;dz, 9= U, /\dz/\gt\j, and ¢ = —logh on locally. Here ey, (0 ADA
i00pe=?) >0 (resp. > 0) if ¢ is (strictly) plurisubharmonic.
Hence, this theorem follows from Proposition 2.4. 0
Similar to this proof, Theorem 1.1 can be shown from Proposition 3.3, since if Kodaira—

Spencer forms 6; can be taken to be zero, then 7/ vanishes where 6; € p;(9/0t;).
Furthermore, the following corollary is obtained.

COROLLARY 3.8. Let X be a compact Kdhler manifold, let Y be a complex manifold, and
let L be a holomorphic vector bundle over Z := X XY equipped with a smooth semi-positive
Hermitian metric h. Let m: Z =X XY =Y be a natural projection map. Then the smooth
canonical Hermitian metric H on m.(Kz/y ® L) has dual Nakano semi-positivity.

84. Singular Hermitian metric and positivity

4.1 Singular Hermitian metric on vector bundle and positivity

For any holomorphic vector bundle F, we introduce the definition of singular Hermitian
metrics h on E, its various notions of positivity, and the L?-subsheaf &(h) of O(E) analogous
to the multiplier ideal sheaf.

DEFINITION 4.1 (cf. [2, §3], [23, Def. 2.2.1]). We say that h is a singular Hermitian
metric on E if h is a measurable map from the base manifold X to the space of nonnegative
Hermitian forms on the fibers satisfying 0 < det h < 400 almost everywhere.

DEFINITION 4.2 (cf. [5, Def. 2.3.1]). Let h be a singular Hermitian metric on E. We
define the L2-subsheaf &(h) of germs of local holomorphic sections of E by

E(h)g = {5, € O(E), | |s|? is locally integrable around x}.

If F is a holomorphic line bundle, then we get &(h) = O(E)® . (h). Moreover, we define
positivity and negativity such as Griffiths and dual Nakano.

DEFINITION 4.3 (cf. [2, Def. 3.1], [23, Def. 2.2.2]). We say that a singular Hermitian
metric h is:
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(1) Griffiths semi-negative if |ulp, is plurisubharmonic for any local holomorphic section u
of E.
(2) Griffiths semi-positive if the dual metric h* on E* is Griffiths semi-negative.

For a singular Hermitian metric h on E, the following is already known (see [2], [24]): h
being Griffiths semi-negative is equivalent to Tﬁhu being plurisubharmonic, that is, i@gTéhu >0
in the sense of currents, for any local section u € O(E) and any £ = (&1, ...,&,) € C" satisfying
uj = &;u and written fu = (uq,...,uy,).

DEFINITION 4.4 (cf. [24, §1]). We say that a singular Hermitian metric h on E is
Nakano semi-negative if the (n—1,n— 1)-form T is plurisubharmonic for any n-tuple of
local holomorphic sections u = (uy,...,uy).

DEFINITION 4.5 (cf. [29, Def. 4.5]). We say that a singular Hermitian metric h on E is
dual Nakano semi-positive if the dual metric h* on E* is Nakano semi-negative.

For singular Hermitian metrics, we cannot always define the curvature currents with
measure coefficients (see [24]). However, the above definitions can be defined by not using
the curvature currents. In general, the dual of a Nakano negative bundle is not Nakano-
positive, then we cannot define Nakano semi-positivity as in the case of Griffiths, but
this definition of dual Nakano semi-positivity is natural. The characterization of Nakano
semi-positivity using L2-estimate by the following definition is already known by Deng-
Ning-Wang-Zhou’s work (see [11, Th. 1.1]).

DEFINITION 4.6 (cf. [11, Def. 1.1]). Let X be a complex manifold of dimension n, and
let U be an open subset of X with a Ké&hler metric w on U which admits a positive
Hermitian holomorphic line bundle. Let (E,h) be a (singular) Hermitian vector bundle
over X. We call (E,h) satisfies the optimal L*-estimate on U if for any positive Hermitian
holomorphic line bundle (A,h4) on U, for any f € 9™'(U,E® A) satisfying f =0 on U
and fU<BZ71hA [y f)h@ha,wdVe < 400, there is u € L%vo(U,E®A) satisfying Ou = f on U and

/U|u|}21®hAadewS/U<BA,1hAf’f>h®hA>deW’

where By p, = [i1©a,, ®idg,A,] and Z denotes the space of C*° sections with compact
support, i.e. ¥ =C°.

In other words, when h is a smooth metric, satisfying the optimal LZ-estimate is
equivalent to being Nakano semi-positive. Therefore, since the above optimal L?-estimate
does not depend on curvature Op j, this definition itself can be extended to singular
Hermitian metrics, allowing us to define singular Nakano semi-positivity. In the next
subsection, we will define singular semi-positivity for torsion-free coherent sheaves.

It is already known that multiplier ideal sheaves are coherent in [20]. After that, Hosono
and Inayama proved that the L2-subsheaf &(h) is coherent if h is Nakano semi-positive in
the singular sense as in Definition 4.6 in [16], [17].

4.2 Singular Hermitian metrics on torsion-free sheaves and positivity

Let X be a complex manifold, and let % be a torsion-free coherent sheaf on X. Let
X (F) C X denote the maximal open subset where .% is locally free, then Zz := X \ X (%)
is a closed analytic subset of codimension > 2. If .% # 0, then the restriction of % to the
open subset X (F) is a holomorphic vector bundle F' of some rank r > 1.
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DEFINITION 4.7 (cf. [14, Def. 19.1]). A singular Hermitian metric on .Z is a singular
Hermitian metric A on the holomorphic vector bundle F. We say that a metric is Griffiths
semi-positive if h has Griffiths semi-positive on X (.%#).

Using the natural inclusion j: X(#) = X\ Zz — X, we define a natural extension of
the L2-subsheaf &(h) as follows. Here, j,O x\z5 = Ox is already known.

DEFINITION 4.8. Let h be a singular Hermitian metric on .%# which is a singular
Hermitian metric on F over X(.%). We define the extended natural L2-subsheaf &x (h)
with respect to h over X by &x (h) := j.&(h).

The definition of the minimal extension property for singular Hermitian metrics on
torsion-free coherent sheaves is already known.

DEFINITION 4.9 (cf. [14, Def. 20.1]). We say that a singular Hermitian metric h on %
has the minimal extension property if there exists a nowhere dense closed analytic subset
Z C X with the following two properties:

(1) Z is locally free on X \ Z, or equivalently, X \ Z C X (%).
(2) For every embedding ¢ : B — X with x =¢(0) € X\ Z, and every v € F, with |v|,(z) =1,
there is a holomorphic section s € H°(B,*.#) such that

1
0) = d —— 20V <1
s0)=v an Vol(B)/B\s\h 5 <1,

where (F,h) denotes the restriction to the open subset X (.%).

Based on this definition and Definition 4.6, we define Nakano positivity for singular
Hermitian metrics on torsion-free coherent sheaves.

DEFINITION 4.10. We say that a singular Hermitian metric h on .# is locally L>-type
Nakano semi-positive if there exists a nowhere dense closed analytic subset Z C X with the
following two properties:

(1) .7 is locally free on X \ Z, or equivalently, X \ Z C X (.%).
(2) For any t € X\ Z, there exists a Stein open neighborhood U C X \ Z of ¢ such that a
singular Hermitian metric A on E has the optimal L?-estimate on U.

In other words, U has a Kéhler metric w, and for any smooth strictly pluriharmonic
function ¢ on U, for any f € 2™Y(U,F,he”¥,w) satisfying 0f =0 on U and
fU<B;i,f7f>h,w€_dew < +00, there exists u € L2 (U, F,he™¥,w) such that du = f
on U and

/ [ulf, we™VdVe, < / (By L Fonwe™VdVi,
U U

where By, , = [i00¢ @idp,A,] and F := 7| x(#) is a holomorphic vector bundle.

In particular, if we can take Z = X \ X (%), then we say that h is full locally L*-type
Nakano semi-positive on X (7).

Here, the positivity of holomorphic line bundles (A, h4) in Definition 4.6 can be replaced
by e~ ¥ using smooth strictly plurisubharmonic function ' in the local case.

DEFINITION 4.11. We say that a singular Hermitian metric h on .# is locally L>-type
Nakano positive if there exists a nowhere dense closed analytic subset Z C X with the
following two properties:
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(1) Z is locally free on X \ Z, or equivalently, X \ Z C X (%).

(2) For any t € X \ Z, there exist a Stein open neighborhood U C X'\ Z of ¢ and a smooth
strictly plurisubharmonic function ¢ on U such that a singular Hermitian metric he?
on F':=.%|xz) has the optimal L?-estimate on U.

In particular, if we can take Z = X \ X(.%), then we say that h is full locally L*-type
Nakano positive on X (F).

DEFINITION 4.12. We say that a singular Hermitian metric A on .% is globally Nakano
semi-positive if there exists a nowhere dense closed analytic subset Z C X with the following
two properties:

(1) Z is locally free on X \ Z, or equivalently, X \ Z C X (.%).
(2) h is Nakano semi-positive on X \ Z as in [17, Def. 1.1].

Nakano semi-positivity for singular Hermitian metrics is defined by LZ-estimates, so
there is a drawback in that it cannot be derived from local positivity to global positivity.

The Nakano semi-positivity of [17, Def. 1.1] establishes the vanishing theorem, making it a
stronger definition than Definition 4.10, as it is globally defined.

85. Nakano positivity of canonical singular Hermitian metric

Let f: X — Y be a projective surjective morphism between two connected complex
manifolds, with dim X =n+m and dimY = m, but there may be singular fiber. Let L — X
be a holomorphic line bundle equipped with a singular Hermitian metric A which is pseudo-
effective.

5.1 Canonical singular Hermitian metric on direct image sheaves

In this subsection, we define the canonical singular Hermitian metric on the direct image
sheaf £ := f.(Kx/y ® L®.#(h)) in the same way as in [14].

Construct a Hermitian metric of £ over a Zariski-open subset Y\ 2 where everything is
nice, and then to extend it over the bad locus Z¢. First, we choose a nowhere dense closed
analytic subset Z C Z¢ with the following three properties:

(1) The morphism f is submersion over Y \ Z%¢.
(2) Both &£ and the quotient sheaf f.(Kx/y ® L)/E are locally free on Y\ Z%.
(3) On Y\ Z, the locally free sheaf f.(Kx/y ® L) has the base change property.

By the base change theorem, the third condition will hold as long as the coherent sheaves
R'f.(Kx/y ® L) are locally free on Y\ Z%. The restriction of £ to the open subset Y\ 2%
is a holomorphic vector bundle E of some rank r > 1. The second and third conditions
together guarantee that

Ey =& C f(Kx/y®L)|y = H(Xy,Kx, ® L|x,)
whenever t € Y\ Z¢. Here, note that Zg = X \ X (&) C Z.
LEMMA 5.1 (cf. [14, Lem. 22.1)). For any t € Y\ 2z, we have inclusions

HO(XtaKXt ®L‘Xt ®j(h’|Xt)) C Et - HO(XtﬂKXt ®L|Xt)
Here, we can immediately see that the two subspaces

HO(Xt,KXt ®L‘Xt ®J(h|Xt)) g Et
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are equal for almost everywhere t € Y\ Zz. But unless £ =0, the two subspaces are different,
for example, at points where h|x, is identically equal to +oc.

On each E; with t € Y\ Z¢, we can define a singular Hermitian metric H as follows.
For any element a € E; C H(X;, Kx, ® L|x,), we can integrate over the compact complex
manifold X; and define the inner product of o with respect to H by

a2 (t) = /X a2 € [0, +00].

Clearly, |a|g(t) < +oo if and only if a € H*(X;, Kx, ® L|x, ® #(h|x,)). By Ehresmann’s
fibration theorem and Fubini’s theorem, the function ¢+ |s|g(t) is measurable for any local
holomorphic section s of FE.

From the discussion in [14], the singular Hermitian metric H over Y\ 2% is well defined
on the entire open set Y (€). Then we say that this extended metric H on E over Y (£) is
a canonical singular Hermitian metric of £.

DEFINITION 5.2. We define the set X on Y related to the unboundedness of H by
Spi={teY |& < H (Xy,Kx,®L|x,)}.

Here, for any t € Y\ 2%, if .Z(h|x,) = Ox,, then t ¢ ¥ and H (t) is bounded by th e <
+00, where h = e™% on local. Let ¥ := {t € Y | [ e™% = +oo} be a set related to the
unboundedness of h, then we have that ¥y \ Z¢ C ¥ \ Z¢.

ExamMpLE 5.3. If X is a compact Kéhler and L — X is nef and big, then there exists a
singular Hermitian metric A on L such that X5 C Z¢ for the canonical singular Hermitian
metric H induced by h.

In fact, from the analytical characterization of nef and big line bundles (see [8, Chap. 6]),
there exists a singular Hermitian metric h on L such that . (h) = Ox and iOp, j, > ew in the
sense of currents for some € > 0, where w is a Kahler metric on X. Therefore, from Lemma
5.1and & := f*(KX/Y ®L®j(h)) = f*(Kx/y ®L), we have g’t = Et = HO(Xt,KXt ®L|Xt)
for any te Y\ Z%¢.

5.2 Locally L?-type Nakano (semi)-positivity of H

Recall that f: X — Y is a projective surjective morphism between two connected complex
manifolds. For the canonical singular Hermitian metric H on the direct image sheaf £ =
[«(Kx/y ® L® .Z(h)) induced by the singular Hermitian metric i which is pseudo-effective,
the following theorem is known with respect to the positivity property.

THEOREM 5.4 (cf. [14, Th. 21.1]). The direct image sheaf € = f.(Kx/y ® L& F(h)) has
a canonical singular Hermitian metric H. This metric is Griffiths semi-positive and satisfies
the minimal extension property.

In this subsection, we show that this metric H on & has locally Nakano (semi)-positivity.
This proof is inspired by the proof of the smooth case using L?-estimates in [11, Th. 1.6].

THEOREM 5.5. Let H be a canonical singular Hermitian metric on £ = f.(wx/y ® L®
S (h)) which is induced by h. If X is projective and there exists an analytic subset ACY
such that Y C A, then H is full locally L*>-type Nakano semi-positive on Y (£).

Proof. First, we prove that H is locally L?-type Nakano semi-positive, that is, for any
t €Y\ Z, there exists a Stein open neighborhood U C Y\ Z¢ of ¢t such that H has the
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optimal L?-estimate on U. Here, E := & ly\z¢ is a holomorphic vector bundle, and f is
proper submersion over U from the construction of Z%.

By projectivity of X, there exists an analytic subset D such that S := X\ D is Stein and
that L|g is trivial. Let ¢ := —logh|g, then ¢ is plurisubharmonic function on S and h=e~¥
on S. By [12, Th. 5.5], there exist a sequence of smooth plurisubharmonic functions (¢, ),en
on S decreasing to ¢ almost everywhere pointwise. Here, there is a smooth exhaustive
strictly plurisubharmonic function ¥ on S such that supgvy = +o00.

Let Xy = f~1(U), then X\ D is also Stein by f is holomorphic. In fact, there is a
strictly plurisubharmonic function @ on U which is exhaustive and smooth by Stein-ness
of U. Thus, the function ¥+ f*® on Xy \ D is strictly plurisubharmonic, smooth, and
exhaustive. We take a local coordinate (t1,...,tm,21,...,2,) on Xy near f~1(t) = X;, where
t1,... b is the standard coordinate on U C C™. Let w =i i dt; Adt;+iy i ) dzj AdZ;
and w=14)_ 7" dt; \dt;.

For any srnooth strictly plurisubharmonic function @ on U and any section g €
9™ YU, E,he™",w) satisfying g =0 on U and fU ([100¢ @id g, Ay] " tg,9) we YdV,, <
+00, we can write g(t) = Y 7", g;(t)dt; Adt, with g;(t) € By C H(X,Kx, ® L|x,). We
can identify g as a smooth compact supported (n+m,1)-form g(t,z) := Z;nzlgj (t,z)dt; A\
dt on X, with g;(t,z) begin holomorphic section Kx, ® L|x,. We have the following
observations:

e 0.9;(t,2) =0 for any fixed t € U, since g;(t,2) are holomorphic sections of Ky, ® L|x,,
e 0:g; =0, since g is a 0-closed form on U.

Here, we obtain that
m

i00f Y=Y

7,k=1

0%y
0t;0ty,

dt; Adiy,

2
[i00 4, Ag) Zat ;bkgj(t 2)dt Adiy,

[100f*1h, Ag) Zwk (t,z)dt A diy,

([i0Df* ), A5) G, §)adVs = ZW ngi NGxCmdt AdE.
7,k

at any t € U, where (/%) = (atai%k )~L. By Fubini’s theorem, we have
J

/ ([100f*, A5G, 9 e—%—f*wdv@:/ Zzpjkcngj AGre~ P Ve dt AdE
Xu\D Xu\D
/ Zz/ﬂkcng ANgre 7~ Fe,dt AdE
XU

= / (gj,gk)H(t)Wke’wcmdt Adt
U

=/<[i33¢®idE,Aw]1g,g>H,we”’de
U
< +00,

where by (e,e)(t), we mean that pointwise inner product with respect to H.
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Note that, acting on /\ner’1 T% ®L|x,\p = /\ner’1 T% | x,\p> we have
100, +i0D f*b,Ag] > [i00f* 1, Az] > 0, (*)

over Xy \ D for any v € N.
From Hoérmander’s L2-estimate, that is, Theorem 2.5, there exists a solution v, €
L%er’O(XU \ D,e~%v,w) such that 0v, =g on Xy \ D and satisfies the following estimate:

/ |Fﬁu‘€7<pyif*wdvﬁ = / Cn-i—m:‘ju /\ﬁueiwyif*w
Xy\D Xu\D

</ ([100p, + 10D f*1h, Ay) 13, G)me ¢~ Y dVs
Xu\D
< / (100", As) G, G)ze?" T P aVs
Xuy\D
S/<[i00¢®idE,Aw]_1g,g>H,we‘dew < +o00.
U

Letting ¥, = 0 on D, then we have 0v,, = g on Xy by Lemma 5.6. Since e™%¥ increases
and converges to h =€~ ¥ on S as v tends to +oo, the sequence (v,),,<pen forms a
bounded sequence in L2 +m,0(X U,e ¥v1,w). Therefore, we can obtain a weakly convergence
subsequence in L2 +m.o(Xv,e”¥1,w). By using a diagonal argument, we get a subsequence
(Vv )ven of (Vy)y,<ven converging weakly in L2, (Xy,e ¥1,@) for any vy, where
Oy, € L2, 0(Xu,e”#v,@) C Ly, o( Xy, e 971, 0).

We denote by v the weakly limit of (7, )ren, then ¥ satisfies 99 = g on Xy and

/ BZe=em—F Y ay, < / (100, M)~ g, 6) 11 e #dVis, < 450
Xv\D U

for any k € N. Taking weakly limit k¥ — +o00 and using the monotone convergence theorem,
we have the following L?-estimate:

[, e [ i,
Xy XU\D

< / ([100%, Ny ™1 9, 9) b o€ VAV < +00,
U

that is, 0 € L2, o(Xv, L, h,w).
Here we write 0(t,2) = V (¢, 2)dz Adt, then % =0, that is, 99| x, = 0 for any fixed t € U,

since 90 = § on Xy. This means that V(t,-)dz € H°(X;,wx, ® L|x,). We can identify ¥ as
an (m,0)-form v(t) := V(t)dt on U, with V(t) =V (t,-)dz € H*(X;,wx, ® L|x,)-

Fubini’s theorem implies the following:
/ [Blre=1"VdV, =
Xu

Therefore, we obtain that

i@ Te 5 = [ [folfreav,
Xu U

/ HUH%IMOG_deVwO < / <[i35w,AWO]_lg,g>H7wOe_¢de0 < +o0.
U U
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Here, by the boundedness of the integral of ||v||%, for any almost everywhere ¢ € U, we have
that ||v]|% () < +oo, that is, V() € H*(X, Kx, @ L|x, ® #(hlx,)) C &.

Form the assumption Xz C A, replacing v =0, that is, V' =10, on A then for any t € U we
get V(t) € H°(X;, Kx, ® L|x,) = &. By the Lebesgue measure of 4 is zero, this means that
v E L%O(U,E,H,wo) and Ov =g on U\ A. From Lemma 5.6, we get v =g on U. Hence,
we showed that H satisfies the optimal L2-estimate on U.

Finally, we prove that H is full locally L?-type Nakano semi-positive on Y (£). By Zg :=
Y\Y(€) and Zg C Z¢, there exists an analytic subset B such that 2¢ = Z¢|J B. Therefore,
it is sufficient to show that for any ¢t € B\ Zg, there exists a open neighborhood U C Y (£)
of t such that H has the optimal L?-estimate on U. This can be shown in the same way as
above by using Lemma 5.6. 1

LEMMA 5.6 (cf. [6, Lem. 6.9]). Let Q2 be an open subset of C", and let Z be a complex
analytic subset of Q. Assume that u is a (p,q— 1)-form with L} . coefficients and g is a
(p,q)-form with L}, coefficients such that du=g on Q\ Z (in the sense of currents). Then
Ou=g on Q.

LEMMA 5.7 (cf. [6, Th. 1.5]). Let X be a Kdhler manifold, and let Z be an analytic
subset of X. Assume that Q is a relatively open subset of X possessing a complete Kdahler

metric. Then Q\ Z carries a complete Kahler metric.

By using Lemma 5.7 and Demailly’s approximation theorem (see [7]), the following can
be shown similarly as above. Here, we do not use Demailly’s approximation theorem in
the proof of Theorem 5.5 because the left term of (%) is not necessarily semi-positive and
Hérmander’s L2-estimate cannot be used.

THEOREM 5.8. Let H be a canonical singular Hermitian metric on € := f.(Kx/y ® L®
J(h)) which is induced by h. We assume that X is compact Kihler and h is big. If there
exists an analytic subset A CY such that X C A, then the H is full locally L?-type Nakano
positive on Y (E).

Here, the L?-subsheaf &(H) of H is a subsheaf of E = &|y (g) over Y (). For the natural
inclusion j: Y \ Zg = Y(€) < Y, the natural extended L?-subsheaf with respect to H over
Y is defined by &y (H) := j.&(H) as in Definition 4.8.

THEOREM 5.9. Let f: X =Y be a projective surjective morphism between two connected
complex manifolds, and let L be a holomorphic line bundle on X equipped with a pseudo-
effective metric h. Let H be a canonical singular Hermitian metric on f.(Kx/y ® L® . (h)).
If X is projective and there exists an analytic subset A CY such that Xy C A, then the
natural extended L?-subsheaf & (H) over Y is coherent.

Proof. From Theorem 5.5 and [17, Prop. 4.4], the L2-subsheaf &(H) over Y (£) is
coherent. For the natural inclusion j: Y\ Zg =Y (£) — Y, we are already known j, Oy z, =
Oy since the analytic set Zg :=Y \ Y (&) is codimension > 2. By Riemann’s extension
theorem, the sheaf j.&(H) = &y (H) is also coherent. 0

COROLLARY 5.10. Let H be a canonical singular Hermitian metric on € = f.(Kx/y ®
L® .7 (h)) which is induced by a pseudo-effective metric h on L. Let By CY(E)\Xn be
an open subset. Here, E|y gy = E is holomorphic vector bundle. If X is projective, then for
any local Stein open subset U C By, the metric H satisfies the optimal L?-estimate on U.
Moreover, the L?-subsheaf & (H) is coherent on Byy.
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REMARK 5.11. This theorem and corollary hold even if the situation is that X is
compact Kéhler and h is big by Theorem 5.8.

COROLLARY 5.12. Let % be a torsion-free coherent sheaf on complex manifold X
equipped with a singular Hermitian metric h. If b is full locally L?-type Nakano semi-positive
on X(.F), then the natural extended L?-subsheaf &x (h) is coherent.

Here, when L is nef and big, the following is known from [30].

REMARK 5.13 (cf. [30, Th. 1.3 and Cor. 1.4]). Let f: X — Y be a smooth fibration of
smooth projective varieties with connected fibers. If a holomorphic line bundle L on X is
nef and big, then the holomorphic vector bundle f.(Kx,y ® L) is also nef and Viehweg-big
and has a canonical singular Hermitian metric H induced by a nef and big singular metric
h as in Example 5.3 and there exists a proper analytic subset Z such that H is smooth and
Nakano positive on Y\ Z.

Moreover, we have the following cohomology vanishing

HY(Y, fo(Kx®L)) =0
for any integers ¢ < 1. Here, we have X = () by Example 5.3.

§6. The minimal extension property and Nakano semi-positivity

In this section, we study the relation between the minimal extension property and Nakano
semi-positivity and prove the following theorem. For holomorphic line bundles, the two
properties are equivalent from the optimal Ohsawa-Takegoshi L2-extension theorem (see
[4], [13]) and the proof of [14, Th. 21.1]. In the case of holomorphic vector bundles, the
Ohsawa~Takegoshi L2-extension theorem follows from Nakano semi-positivity, so it is likely
to have the minimal extension property if it is Nakano semi-positive. However, it turns
out that in general the converse does not hold true. This phenomenon is first mentioned
in [16] for the positivity called weak Ohsawa—Takegoshi in a close concept instead of the
minimal extension property. The previous result pertains to smooth metrics, and we have
shown that the following analogous result does not hold even when extended to singular
Hermitian metrics.

THEOREM 6.1. Let F be a torsion-free coherent sheaf on a complexr manifold X. Even
if # has a singular Hermitian metric satisfying the minimal extension property, it does not
necessarily have a singular Hermitian metric h which is globally Nakano semi-positive and
satisfying v(—logdeth,x) < 2 for any point x € X (F).

Here, this symbol v denotes the Lelong number and is defined by

v(p,x) :=liminf _olz)
z—a log|z — x|

for a plurisubharmonic function ¢ and some coordinate (z1,...,2,) around z. It is already
known that if v(—logdeth,z) < 2 then & (h); = O(E),.

6.1 Exact sequences of torsion-free coherent sheaves and positivity
Consider the inheritance of positivity in exact sequences. The following is already known
for the minimal extension property.
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PROPOSITION 6.2 (cf. [19, Props. 6 and 7]). Let
0—7%7%9 0

be an exact sequence of torsion-free coherent sheaves. Then we have the following.

(a) Let h be a singular Hermitian metric on . which satisfies the minimal extension
property. If j is generically an isomorphism, then h extends to a singular Hermitian
metric hg on & satisfying the minimal extension property,

(b) If F has a singular Hermitian metric satisfying the minimal extension property, then
the induced metric hg has also the minimal extension property.

For Griffiths and Nakano positivity of smooth metrics, the following is known.

PROPOSITION 6.3 (cf. [9, Chap. VII, Prop. 6.10]). Let0— S — E — Q — 0 be an exact
sequence of hermitian vector bundles. Then we have the following

(@) E>Grif 0= Q >¢rif 0, (b) E <grif 0 =5 <grif 0, (¢) £ <nar 0 = 5 <nax 0,
and analogous implications hold true for strictly positivity.

In particular, a Nakano semi-positive metric of E does not necessarily induce a Nakano
semi-positive metric of Q.

Here, for the inheritance of semi-positivity from E to @), Nakano semi-positivity has a
counterexample (see Proposition 6.7), but by rephrasing condition (¢), we find the following
with respect to dual Nakano positivity.

COROLLARY 6.4. Let g: E — @ be a quotient onto a holomorphic vector bundle. Then
if E is dual Nakano (semi)-positive then @ is also dual Nakano (semi)-positive.

Proof. There exists a holomorphic vector bundle S such that 0 -5 — E — @ — 0 is an
exact sequence of holomorphic vector bundles. Then the sequence 0 —» Q* —» E* — 5" — 0
is also exact. Here, E* is Nakano (semi)-negative by the assumption. By (¢) of Proposition
6.3, Q* is Nakano (semi)-negative. U

We consider the positivity of singular Hermitian metrics. For Griffiths positivity, [14,
Prop. 19.3] is already known, and we obtain the following proposition for (dual) Nakano
positivity.

PROPOSITION 6.5 (cf. [14, Prop. 19.3]). Let ¢ :.% — 4 be a morphism between two
torsion-free coherent sheaves that is generically an isomorphism. If F has a singular
Griffiths semi-positive Hermitian metric, then so does 4.

PROPOSITION 6.6. Let0— S — E — Q — 0 be an exact sequence of holomorphic vector

bundles. Let h be a singular Hermitian metric on E. Then we have:

(a) If h is Nakano semi-negative, then S has a natural induced singular Hermitian metric
which is Nakano semi-negative.

(b) If h is dual Nakano semi-positive, then @ has a natural induced singular Hermitian
metric which is dual Nakano semi-positive.

In particular, Proposition 6.3 and Corollary 6.4 follow from this proposition.

Proof. (a) We define the natural singular Hermitian metric hg of S induced from h
by |u|ns = |julp for any section w of S. By the assumption, for any local holomorphic

section s; € O(E), the (n—1,n—1)-form T/ = Z(sj,sk)deEk is plurisubharmonic,
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that is, 09T > 0. For any local holomorphic section uy € O(S), image juy is also a local
holomorphic section of E, that is, juy € O(E). Then, from the equality
TS = (g, ur)nsdz; Adzi = > (jug, jur)ndz; Adz, =T},
we have that T"s is also plurisubharmonic, that is, hg is Nakano semi-negative.
(b) Here, the sequence 0 — Q* — E* — S* — 0 is also exact. Similarly to the proof of
(a), Q" has a Nakano semi-negative singular Hermitian metric. [

6.2 A concrete example
We consider the following exact sequence of holomorphic vector bundles:

00— Ope(—1) LV i=P" x C"* % Q= V/Opn (—1) — 0.
From this sequence, we get detV = det @ ® Oprn(—1) and get isomorphisms
det@Q = Opn (1), Tpr =Q®0pn(1) 2 Q®detQ,

where detV is also trivial. By Griffiths semi-positivity of ¥V and Corollary 6.4, the bundle
@ is dual Nakano semi-positive and then Griffiths semi-positive. Therefore, Tp» is Nakano
semi-positive from Demailly-Skoda’s theorem (see [10]), and is Griffiths positive from
Q >Grir 0 and det@ = Opn (1) > 0. But the tangent bundle 7p» has no smooth Nakano
positive metric. In fact, if Tprn >pnqx 0, then HI(P", Kprn @ Tpn) = 0 for any g > 1 by the
Nakano vanishing theorem. However, this contradicts the following;:

H" Y (P", Kpn @ Tpn ) = H'(P", T3) = HY*(P",C) = C.

PROPOSITION 6.7. We have that Q) has no smooth Griffiths-positive Hermitian metric
and no singular Hermitian metric which is globally Nakano semi-positive and satisfying
v(—logdeth,z) < 2 for any point x € P™.

Proof. First, if @ has a smooth Griffiths-positive Hermitian metric, then Tpr =2 Q ®det Q)
has a smooth Nakano-positive Hermitian metric by Demailly—Skoda’s theorem. Second, if Q)
has a smooth Nakano semi-positive Hermitian metric, then Tp» = Q) ® det ) has a smooth
Nakano-positive Hermitian metric by det @ = Opn (1) is positive line bundle. But these
contradict that Tp~ is not Nakano-positive.

Finally, if @ has a singular Hermitian metric 2 which is globally Nakano semi-positive
and satisfying v(—logdet h,z) < 2 for any point x € P, then from the vanishing theorem
(see [28, Th. 6.1]) for singular Nakano semi-positivity, we have

Hq(Pn,K]pn X O]Pm(].) ®(ga(h)) =0

for ¢ > 1. By the fact that if v(—logdet h,x) < 2, then &(h) = Opn (Q) (see the proof of [28,
Th. 6.2]), we get

0=HYP", Kprn @ Opn (1)@ &(h)) = HI(P", Kpr ®@det Q @ Q) = HY(P", Kpn @ Tpn).
But this vanishing contradicts that H"~1(P", Kp» @ Tpn) =2 C. 0

Proof of Theorem 6.1. Let Iy be a trivial Hermitian metric on V, then Iy has the
minimal extension property by the optimal Ohsawa-Takegoshi L2-extension theorem (see
[4], [13]). From Proposition 6.2, the induced Hermitian metric A’ on @ has the minimal
extension property. Then this theorem is shown by Proposition 6.7. 0
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Finally, we ascertain by concrete calculations that the naturally induced smooth metric
hg of @ has indeed the minimal extension property. Here, this metric h¢g induced from Iy
and g defined by |u|n, := |g*u|r, for any section u of Q.

Let a € P" be fixed. Choose an orthonormal basis (eg, €1, . . .,e,) of C"™1 such that a = [e)].
Consider the natural embedding C" < P" : 0 — a which sends z = (21,...,2,) — [e0 + 2161 +
oo+ zpey]. Then e(z) = eg+ z1€1 + -+ - + zp e, defines a nonzero hol section of Opn (—1)|cn.
The adjoint homomorphism ¢* : QQ — V is C"° and can be described as the orthogonal
splitting of the above exact sequence. The images (€é1,...,€,) of (e1,...,e,) in @ define a
local holomorphic frame of Q|c», and we already know that gg* =idy and

_ (ej,€) Zj
g*'ejzej_ ’;ig 626]'—1_‘_?2‘25:6]'—@6’

where put ¢; = 15#‘2 (see [9, Chap. V]). By g¢* =idy and € € kerg, we get é; = gg*é; =
g(ej — () = ge;. From these, the matrix representations of g and g* with respect to frames

(é1,...,6,) and (eq,...,e,) are as follows.
e
o 0 —G1z1 —Cn21
n
g9=1 : L. | 9*—<I>+G*, G=1 . .|
_Zn :
T
where we can write G* = (—(y&,-++,—(n€). In this setting, we prove the following.

PROPOSITION 6.8. There ezists a smooth Hermitian metric hg on Q =V /Opn(—1) such
that hg has the minimal extension property.

Proof. Let Iy be a trivial Hermitian metric on V, then Iy, has the minimal extension
property by the optimal Ohsawa—Takegoshi theorem. We define the natural smooth
Hermitian metric hg of @ induced from Iy by |u|n, := |g*u|r, for any section u of Q.
We show that hg has the minimal extension property. By the minimal extension property
of Iy, for any a € P™ and any v € Q, with |v|,, =|g*v|1,, = 1, there is a holomorphic section
s € H°(B,V) such that

‘ 1 2
S(O) =g and \/OI(B)/B |S|IvdVB S ].,

where g*v € V. From gg* = idy, then the composition gs is a holomorphic section, that
is, gs € H(B,Q), and gs(0) = gg*v = v. Hence, if \gs[%Q =lg*gsl, <|s|7, on B, then hq
has the minimal extension property.

We can write s = Z?:o sjej = ope+ Z?:o o;e; € H'(B,V), where 0g = so, 0; = 8; — S0zj,

and s; € O(B). Then we have that gs = Y7, 0g9¢; = Y7 0;¢; and

n n n n n
g gs = Zajg*gj = Zaj(ej —(je) = (Z Cjaj)eo +Z<Uj — 2 Z{kak) €j,
j=1 j=1 j=1 =1 k=1
2 2 n 2
+2_|os —%'ZCM‘
j=1 k=1

n 9 n 1 n
§(1+|Z|2)’ZCjaj +Z|O-j‘2: 1+’z‘2’22j0j
j=1 j=1 j=1

n
9 gsl3, =[G
j=1

2 n
+> oyl
=1
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= = 2 2 4 = 2 2 2
< o ([ sm sl ) o+ X (s + sll)

=1 j:l
EeS -
REENPE <Z|5j|2+ |So|2lz\2> +> " Isil* +1s0/?|2]
= =
120
TR (Z| 53+ [sol” ).
where Y7 Zj05 =31 (5575 — s0l2;]?) = 227, 85Zj — so|2|*. Therefore, if
14227 -
o (o lsoPF) < o, =3
=0

that is, [2[2 307, |s;]* < [so[*(1 —2|z|*), then we obtain |g*gs|7 < |s|7 .
Here, s; is expressed as a scalar multiple of s for any j. In fact, by the optimal Ohsawa—

.

Takegoshi extension theorem (see [4], [13]) for trivial line bundle, there is a holomorphic
function f € O(B) such that

1
f(0)=1 and W/B\fyZdVBgl.

We write g*v =7 jwje; € Vo where 1= [g*v|7, =37 |w;[* and w; € C. By changing
the subscript of the local trivial frame (e;), wo # 0 can be assumed. Therefore, we can
tal;e sji=wif =L f 62 O(B )2 Indeed, it is s(0) = >7_qw; f(0)e; = >i_qwje; = g*v and
|57, = (32— lw;l” W2 =12

Thus, the condition |z|? ijllsj\z < |sol?(1 —2|z]*) is sufficient for 2|z|? + |z|?(1 —
1/|wol?) —1 < 0. Since wyq is taken as one of the nonzeros in {wo,...,w,} that satisfy
E?:0|wj|2 =1, we get |wo|?> > 1+ . Hence, if the radius of B is taken to be smaller

than (—n++v/n2+8)/4 > 0, which is a solution of 2r? +nr —1 = 0, then we have that
| gs|%LQ =|g*gsl|i, <|s|7,, on B for any solution s of the optimal Ohsawa-Takegoshi extension
theorem for any g*v e V. 0
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