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Abstract

In the classical gambler’s ruin problem, the gambler plays an adversary with initial cap-
itals z and a — z, respectively, where a > 0 and 0 < z < a are integers. At each round, the
gambler wins or loses a dollar with probabilities p and 1 — p. The game continues until
one of the two players is ruined. For even a and 0 < z < a/2, the family of distributions
of the duration (total number of rounds) of the game indexed by p € [0, %] is shown to
have monotone (increasing) likelihood ratio, while for a/2 <z < a, the family of dis-
tributions of the duration indexed by p € [%, 1] has monotone (decreasing) likelihood
ratio. In particular, for z=a/2, in terms of the likelihood ratio order, the distribution of
the duration is maximized over p € [0, 1] by p = % The case of odd a is also consid-
ered in terms of the usual stochastic order. Furthermore, as a limit, the first exit time of
Brownian motion is briefly discussed.

Keywords: Brownian motion; first exit time; likelihood ratio order; monotone likelihood
ratio; usual stochastic order
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1. Introduction and main results

In [4, Chapter XIV], the classical gambler’s ruin problem is studied in detail, in which
the gambler plays an adversary with initial capitals z and a — z, respectively, where a > 0 and
0 <z < aare integers. At each round, the gambler wins or loses a dollar with probabilities p and
q (=1 — p). The game continues until one of the two players is ruined (and the other player’s
capital reaches the maximum value a). We use the symbol PP, ; , to denote the probability
measure with parameters p, z, and a. The duration (total number of rounds) of the game is
denoted by N, whose distribution depends on p, z, and @ and is denoted by £, ; ,(N). We are
concerned with stochastic ordering relations for the family of distributions {£, ; «(N): 0 <p <
1, 0<z<a}.

Letting I =0 if the gambler is ruined and / =1 otherwise, the generating function for N
admits the following explicit expression [4, (4.11) and (4.12), p. 351]:
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Furthermore, for even n — z and n > 1 [4, (5.7) and (5.8), pp. 353-354],

, A2(s) =

SV ATRN 22
Py aN =n, [ =0)=a 12" p1=9/24nt2)/2 Z cos" 1 gin T gin 22 (1)
I<v<a/2 a a a

and Py ; (N =n, I =0) =0 for odd n — z. By symmetry, forevenn —a+zandn > 1,
BpoaN =, I= 1) = g~ 127 plrtaa/2g0=at2/2 3 o ™o ™ in ”(a_—Z)V,

a a a
1<v<a/2

2
and P ; «(N=n,I=1)=0foroddn—a+z.

When a is an even integer, it is shown in [8] that L1 /2 4/2,4(V) is stochastically larger than
Lp.as2,a(N) for p # % In terms of the likelihood ratio order, which is stronger than the usual
stochastic order (see, e.g., [10]), a stronger version of their result may be derived as follows.
Let X, p,n=1,2, ..., be independent and identically distributed (i.i.d.) with

PXpp=D=p=1-PX,,=-1). 3)
ForO<z<aandn>1, let

Stm={w,...,one{-1,1}":0<z+w1+ - +wi<a,i=1,...,n—1,
itwr+---+o=al,
Sz_,a(n):{(wl,...,wn)e{—l,1}":O<z+w1+--~+wi<a,i:1,...,n—l,

4w+ +w,=0}.
Forze{0,a}andn>1,let S;L (n) =S, ,(n) = 0. Note that S, (n) = @ if n and z have opposite

,a
parity, while SZ ,(n) =0 if n and a — z have opposite parity. Assume ais even and 0 < z < a, so

that z and a — z are of the same parity. Then we have P, ; ,(N =n) =0 if n and z have opposite
parity; and for n = min{z, a — z}, min{z,a — z} + 2, .. .,

PpzalN=n)=P(X1p, ..., Xnp) €SI, () +P(X1p, ..., Xnp) €S ,(n)

:p(n+a_z)/2q(n_a+z)/2|Sz-t-a(n)| +p(”_Z)/2q(”+Z)/2|S£a(”)|

B /2 p (a—2)/2 N q z/2 B
=(pq) 4 IS ()] + » IS; (M|, 4
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where |S| denotes the cardinality of the set S. For z = a/2, we have |S;;2 A= |$a_/2 (M| by
symmetry, which together with (4) implies that

a/4 a/4
Py.as2,a(N=n)= (PCI)"/Z [(g) + (lg’) i| IS a2, a(”)|-

So, for p, p' €(0, 1) (withg'=1—-pHandn=a/2,a/2+2, ...,

N Eae|
Pp.aj2,a(N =n) pq q 14 q p 7

which is increasing in n if |p - %’ > ’p’ — %‘ Consequently, for even a and z=a/2, if p and
p' €0, 1] satisfy [p— 1| > |p — 3|,  ajp.a V) is larger than £5,.4/2 (V) in the likeli-
hood ratio order. For a family of distributions indexed by 6 € 7 (an interval) with probability
mass/density functions fp(-) on X (a subset of the real line), it is said to have monotone
(increasing) likelihood ratio if

Joo)fyr (X) = for ()fo (x') ®)

whenever x, X' € X and 0,0’ € Z satisfy x <x’ and 6 <6’, and is said to have monotone
(decreasing) likelihood ratio if the inequality (5) is reversed; see [6]. Indeed, we have shown
the following result.

Theorem 1. For even a > 4 and z = a/2, the family of distributions {,Cp,a/z,u(N): O<p< %
has monotone (increasing) likelihood ratio, and the family of distributions {ﬂp,u /2,a(N): %

p=< 1} has monotone (decreasing) likelihood ratio.

By Theorem 1, in terms of the likelihood ratio order, the distribution L, 4/2,4(N) is
maximized over p € [0, 1] by p= 2, implying the result of [8].

We next consider the more general case with a even and z # a/2. We need to establish a
crucial monotonicity result for p = % which is of independent interest. For p = %, note that

IP)p,z,a(N =nl=1)= | (”)l Pp,z,a(N =n,1=0)= | (n)|
Theorem 2. Forp = 2, evena>4,and 0 <z<a/2, asne{z, z+2,...} increases to oo,
PpraN=n1I=1) IS;fa(n)|
Py za(N =n) S + 1Sza(n)]

monotonically increases to % Equivalently, for p = % and 0 <z<a/2,

PpoaN=n1=1) |S,m)|
PpralW=n,1=0) |8 ()

monotonically increases to I asn € {z, z+ 2, ...} increases to cc.

With the help of Theorem 2, the next theorem can be readily shown, which is an extension
of Theorem 1 from z=a/2 to z % a/2.

Theorem 3. Forevena > 4 and 0 < z < a/2, the family of distributions {Ep,zya(N): O<p< %}
has monotone (increasing) likelihood ratio, and for a/2 < z < a, the family of distributions
{Ep,w(N): % <p< 1} has monotone (decreasing) likelihood ratio.
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For the case of odd a, analogous results do not hold unless the likelihood ratio order is
replaced by a weaker stochastic order. To see this, consider odd @ > 3 and 0 < z < a. Then z and
a — z have opposite parity. So, for all n, either S;a(n) =P or S;fa(n) =@.Forevenn —z>0,

z/2
_ _ q _
P[?,Z,G(N =n) :p(i’l Z)/2q(n+2)/2|81’a(n)| — (pq)n/2 <;) |Sz,a(n)|s
while forevenn —a+z>0,
2 2 L(P\“T
Py (N =n) =pHe9R2q0=at02 (St (n)| = (pg)"/ (5> 1Sl

We have

7N\ /2 I\ 2/2
P, (N=n) (pq) (g) forn=z,z4+2,...,

pza _J\prg o2 rq (o) (6)
]P) N:n /] / —3Z
p.z.al ) (p_q) (11{) forn=a—-z,a—z+2,...
P4q rq

Consider0<p<p’§%and0<z<%.By(6),forallnza—z(>z),

|:]P’p/’z‘a(N =n+ 2)] |:]P’p/’z’a(N= n)] B lﬂ

= > 1,
PpzaN=n+2) PpzaN=n) pq

i.e. the likelihood ratio ]P’p/ .o =n)/Pp - o(N =n) increases by a factor of p'q'/pq when n
increases by 2. On the other hand, by (6) again, we have, forn=a—z,a—z+2, ...,

p,z.a p,z.a

Pp.z,a(N =n+1) IP>p,z,a(N= n)
_ |:(p/q/>(n+l)/2 <p_q/>z/2i|/|:<p/q/>n/2(pﬁ>(a—z)/2i|
Pq r'q P4q rd
(p )(al)/2<q/>(a+l)/2
=\ = —_ < 1,
)4 q

showing that the likelihood ratio ]P’p/ i JN=n /Pp.z,a(N = n) is not monotonically increasing
in n. The next theorem gives stochastic ordering results for the odd a case in terms of the usual
stochastic order.

|:IP’/ (N:n—i—l)} |:IP’/ (N:n)i|

Theorem 4. Let a >3 be an odd integer. For 0 <z<a/2 and 0<p <p' <1, Lp.za(N) is
stochastically smaller than Ep/ . ), and for a/2 <z <a and % <p<p' =1, Ly uN) is
stochastically larger than Ep/ . L.

The long and technical proof of Theorem 2 is given in Section 2, while Sections 3 and 4
present the proofs of Theorems 3 and 4, respectively. We close this section with a number of
remarks on some implications of the above results and a conjecture for odd a related to the
work of [8].
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Remark 1. For p = % the conditional distributions of N given / =0 and I =1, denoted by
Li1/2,2,a(N|I1=0)and L12 ;«(N | I = 1), have respective probability mass functions

a
P]/z’z,a(N=n|I=0)= <a—)P1/2’Z,a(N=n,]=O), n=z,z+2,...,
—Z

a
P]/zgzya(NZnH:l):(—)Pl/z’zga(Nzn,IZI), n=a—z,a—2z+2,...
Z

So, for even a and 0 < z < a/2, Theorem 2 is equivalent to saying that Ly/2 ;N |1 =1) is
larger than L1 /2 ; (N | I = 0) in the likelihood ratio order.

Remark 2. For even a, Theorem 3 does not cover the case a/2 <z <aand p < % In fact, for

a/2<z<aand 0<p<p < %, Lp.z,a(N) is neither stochastically smaller nor stochastically
larger than ]Lp/ . a(N). To see this, note that

PpoalN<a—2)=P,, i(N=a—-2)=p" <@ *=P, (N=a—xz)

p .z.a

= Pp/,z,a(N <a-—2).

On the other hand, P, ; 4(N < n) > IP’P/ . JN=n) for large n, as shown below. Since |SZ‘ ()| =
1S—..a(M and |S; ,(n)| = ISJ_Z,a(n)L it follows from Theorem 2 that |Sz”a(n)|/|82a(n)| =

|S;r_z,a(n)|/|81;_z,a(n)| increases to 1 as n€{z,z+2, ...} increases to co. By (4), as n€
{z,z+2, ...} increases to co,

( ra )”/ 2<Pp/,z,a(N = ">> W )
Pr'q Ppza(N=n) /@2 +(q/p)/?*

Since pg < p'q’, we have lim,,_, oo P, ; o(N > n)/]P’p/ LN =n)=0by (7). So Py, o(N <n) >
Pp/ . LV = n) for large n.

@)

Remark 3. In view of (6) and (7), it can be shown that for 0 < z <a and p, p’ € (0, 1),

. 1 Ppl,z,a(N zn) 1 r'qd
lim —log|( ————— | =< log .
n—>00 Ppra@N=n)) 2 pq

Thus, £;.;,q(N) has much lighter tails than £, . (V) for [p — 5| > |p’ — 3.

Remark 4. For even a and z=a/2, it is shown in [8] that the distribution £, ; () is
stochastically maximized over p € [0, 1] by p= % Can an analogous result hold for odd
a? For odd a, it seems natural to consider a random initial state z that takes on the two
middle values (a+ 1)/2 and (@ — 1)/2 with equal probabilities. Then the distribution of
the duration N is a mixture of the two distributions L, at1y/2,a(N) and L, a—1y/2,a(N)
with equal weights, denoted by %ﬁp,(a+1)/2,a(N)+ %E,,,(a_l)/g,a(N). Note that for p= %,
L1/2,(a+1)/2,aN) = L1/2,(a—1)/2,a(N), and for p + p' =1,

1 1 1 1
5L @r12aMN) + 2 Lpa-12aMN) = 5L (1 W 5L 10,0

We conjecture that %pr(ﬁl) /2,a(N) + %pr(a,l) /2,a(N) is stochastically maximized over
pel0, 1] by p= %, which can be shown to hold for small odd a. Moreover, this conjecture
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is equivalent to saying that %]P’p’(ﬁ 1/2,a(N >n)+ %IF’[,,(G_ 1/2,aN > n) is maximized over
p [0, 1]1by p =1 for all n. It may be verified directly for small n.

Remark 5. [5, I1.7] introduces a model of randomized random walks where instead of suc-
cessive jumps occurring at epochs 1, 2, ..., the time intervals between successive jumps are
assumed to be i.i.d. exponential random variables with mean 1. This model is a compound
Poisson process Z; = ZSZ’] Xnp, t>0, where X, , (n=1,2,...) are i.i.d. as defined in (3),
and I, is a Poisson process of constant rate 1 (independent of the X, ,). (For a discussion of
compound Poisson processes, see, e.g., [7, 16.9].) ForO <z <a, let T := inf{t>0: z+ Z; ¢
(0, @)}, the first exit time of the process z + Z; from the interval (0,a). We denote the distribu-
tion of 7 by L, ; +(T), which is the same as the distribution of Zf\;l & where N is the duration
of the gambler’s ruin game and 5 (i=1,2,...) are i.i.d. exponential with mean 1 (indepen-
dent of N). We write L, - o(T) = Lp,z.a( ¥, 5 ;). In view of this, if £,, ; 4(N) is stochastically
smaller than £ . ,(N), then £}, - 4(T) is stochastically smaller than E /. ,(T). In other words,

the usual stochastlc order relation concerning the distribution of N carrles over to 7. However,

the likelihood ratio order relation does not carry over. It follows from Theorems 3 and 4 that,
forO<p<p < % and 0 <z<a/2, L, . 4(T) is stochastically smaller than ﬁp/’w(T).

Remark 6. [4, XIV.6] discusses the connection of the gambler’s ruin game with Brownian
motion as a limit, which is briefly described below. To have Brownian motion as a limit, the
time and step size for the random walk in the gambler’s ruin problem may be rescaled such
that there are r steps per unit time and each step causes a displacement equal to £-§. Given real
values cand 0 < & < «, let

1
§—>0, r->o0, p—>=, 7500, a—>xX (8)

2
in such a way that

(»—q)r—c, 4pq82r—>1, 26— &, ad— a. )

Then the duration N of the gambler’s ruin game with initial state z becomes, in the limit,
the first exit time 7 := inf{t > 0: & 4+ ct+ B; ¢ (0, @)} from the interval (0, «), where B; is
standard Brownian motion and & + ct + B; is Brownian motion with drift parameter ¢ and
initial state £. Denote the density function of t by ucg «(#), which may be decomposed
as ucgo(t) =u, £ oD+ uc £ o(0. Here, u, £ o() and uC £ o(1) denote, respectively, the den-
sity functions of T when the Brownian motion process exits through the lower and upper
boundaries, i.e., for t > 0,

t
P(r <t, é—i—ct—i—Bf:O):/ u;sa(s)ds,
) of

t
Pt <t, E+ctT +BT:a):/ Cga(s)ds
0

S1nce u, b oD and u CE (1) are the continuous-time counterparts of P, ; o(N =n, I =0) and
Py z.a(N =n,1=1) as given in (1) and (2), applying a standard limiting argument to (1) and
(2) yields

o0
(1) = o 2ee20/2 3 o2 Gy TEV. (10)

Ueta o

v=I
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(1) = a2 RN S e iy T )

L’Sa o

v=1

where (10) is [4, (6.15) (with D =1), p. 359] and (11) is due to ”Is,a(t) = ”:c,a—s,a(t) by
symmetry. In [4, Problem 22, p. 370], (10) and (11) are given in the following alternative

form:
1 e 2
M_ ([) — e—C(Ct+2é)/2 (E + 2ka)e—(§+2ka) /2t’ (12)
cb.a V213 k;oo
1 - 2
+ _ c(—ct+2a—2£)/2 —(a—&+2ka)* /2t
u ()= ——e¢ (¢ — & + 2ka)e . (13)
o5 V23 kgoo

(See also [3] for the Laplace transforms of u_, ,(f) and ut b (1).) Since a can be taken
to be an even number as a increases to oo in (8) and (9), the monotonicity property of

PyoaN=n,1=1)/Ppo(N=n,1=0)withp=5 Land0 <z < a/2 in Theorem 2 carries over
to the continuous-time counterpart u:fs‘a(t) / 7 E,a(t) withc=0and 0 < £ < «/2. Moreover, in

(10) and (11), the term with v = 1 is dominant for large #, so that lim,_, o “(—)F £ o« D/ug £ =1
On the other hand, in (12) and (13), the term with k=0 is dominant for small ¢, so that
lim;_, o4 u(“;g’o[(t)/u(;é .0 =0for 0 <& <a/2. Hence, for 0 <& <a/2, as ¢ increases from

0 to oo, u(J)fé’ ./ Uy, . () monotonically increases from 0 to 1. (Equivalently, for ¢ =0 and
0 < & < /2, the conditional distribution of T given & 4+ B; = 0 (which has probability density
(o/(x — & ))’46, S,a(t)) is smaller, in the likelihood ratio order, than the conditional distribu-
tion of t given & 4+ B; = « (which has probability density («/& )uaf S,a(t))') Furthermore, the
monotone likelihood ratio property for NV in Theorem 3 also carries over to t. Specifically, for
0 <& <a/2, the family of distributions {L. ¢ «(7): ¢ € (—o0, 0]} has monotone (increasing)
likelihood ratio, while for o/2 < & < «, the family of distributions {L. ¢ (7): ¢ € [0, 00)} has
monotone (decreasing) likelihood ratio. In particular, in terms of the likelihood ratio order,
the distribution L. 4/2,+(7) is maximized over c € (—oo, 00) by ¢=0. The first exit time
T of Brownian motion is a special case of the two-sided barrier problem in the subject of
level-crossing problems for random processes. It is one of a limited number of cases where
an explicit solution is available. See the survey articles [1, 2] for discussion of the related
literature.

2. Proof of Theorem 2

To prove Theorem 2, we need to introduce some notation and establish a few lemmas.
Let a >4 be an even integer. For 0 <z <a and n > 1, let T;:a(n) | ()| and T, ,(n) :=
|S. 4(n)|. Forn>2 and 0 < z < a, since

St =[S, N (=1} x {=1, 1P HIUISTm N (1) x (=1, 1",
we have

Trm =18 =18, (= DI+|S5, (= DI=T (n—=D+T, (n—1). (14)
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Let TZa(O) =1 or 0 according as z=a or 0 <z < a. Then (14) also holds forn=1and 0 < z <

a. That is,

T, m=T  (n—D)+T (n—1) forn>1and0<z<a. (15)
Similarly,

T;a(n)zTZ__l,a(n— 1)+Tz_+l,a(”_ 1) forn>1and 0 <z <a, (16)

where Tzfa(O) =1lorOaccordingasz=00r0<z<a.LetT,,(n) = T;fa(n) + T;a(n) forn>0
and 0 <z <a. By (15) and (16), we have

T,am)=T,—1,s(n—1)+T;114,(n—1) forn>1land0<z<a. (17)
Applying (15) twice yields
T, ()= T;r_l,a(n — D+ T;La(n -1
= T;r_z,a(n —2)+ 2T  (n—2)+ T;M(n —2) forn>2and2<z<a—2. (18)
Similarly,
T,a)=T;2,(n—=2)+2T, ;(n —2)+ T;424(n—2) forn>2and2<z<a-2. (19)
We have, by symmetry,
T, (n)= TZ/’a(n) forz+7 =a. (20)

Below we adopt the convention that 0/0 := 0 and ¢/0 := oo for ¢ > 0.
We are now ready to state and prove four lemmas. In particular, the inequality (21) given in
Lemma 1 is a key observation for the proof of Theorem 2.

Lemma 1. Forevena>6and2 <z<a/2 — 1,

T, q(n) < Tov2,4(n)

> for n > 0. 21)
Tzf2,a(n) + Tz+2,a(”) Tz,a(n) + Tz+4,a(”)

Proof. By (20),

Tay2-1,0(n) _ Tys2+1,a(n)

= forn >0, 22)
Tap2-3,a0) +Toppr1,am)  Tapp—1,am) + Tap243,0(0)

from which it follows that (21) holds for z=a/2 — 1.

We now prove (21) by induction on n. Since T2 4(0) =T;42 4(1)=0for2 <z <a/2 -1,
(21) holds for n=0 and n=1. Suppose (21) holds for 2 <z <a/2 — 1 and for n <m with
some m > 1. We need to show that

T;a(m+1) > Toyo,a(m+1)
T2am+ D)+ Top2am+1) — Tpam+ 1) + Toqa q(m+ 1)

(23)
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for2 <z<a/2—1. By (22), (23) holds for z=a/2 — 1. By (17), for 3 <z <a/2 — 2, (23) is
equivalent to

Tzfl,a(m) + Tz+1,a(m)
T:—3,a(m) + Tp—1,a(m) + To1,a(m) + Tpy 3, a(m)

T+ ,a(m) + Tz+3,a(m)

> . (24
Tz—l,a(m) + Tz+1,a(m) + Tz+3,a(m) + Tz+5,a(m)
For 3 <z <a/2 —2, we have, by the induction hypothesis,
Tzfl,a(m) > Ty ,a(m) ’ (25)
Tz—3,a(m) + Tz+l,a(m) Tz—l,a(m) + Tz+3,a(m)
T4 ,a(m) > Tz+3,a(m) (26)

T 1,am) + Tyq3,0(m) — Top1,a(m) + Trqs,4(m) ’

Note that the right-hand side of (25) and the left-hand side of (26) are the same. Since for
ci,of >0(=1,2),c1/cy > cl/ch implies
a_ctd d

’

¢ b T A

it follows from (25) and (26) that the left-hand side of (24) is greater than or equal to the right-
hand side of (25) while the right-hand side of (24) is less than or equal to the left-hand side of
(26). This establishes (24) (and hence (23)) for3 <z <a/2 — 2.

It remains to prove (23) for z =2; i.e.,

Taa(m+1) . Tia(m+1)
To.am+ 1)+ Taqm+1) = Taam+ 1)+ Tea(m+ 1)

27)

Note that Tp ,(m + 1) = 0 and that, for a = 6, (27) is an equality (since 7> (m + 1) = T4 (m +
1) and Te 6(m + 1) = 0). By (19), for (even) a > 8, (27) is equivalent to

Toa(m — 1)+ 215 a(m — 1) + Ty o(m — 1)
T2,a(m — 1)+ 2T4 o(m — 1) + T o(m — 1)

- T q(m— 1)+ 2Ty o(m — 1) + Tg o(m — 1)
- TO,a(m -+ 2T2,a(m -+ 2T4,a(m -+ 2T6,a(m -+ TS,a(m -1 .

(28)

Since Tp,y(m — 1) =Ty o(m — 1) =Tg o(m —1)=0form=1and a > 8, (28) holds for m = 1.
We now assume m > 1 (implying that Ty ,(m — 1) = T, ,(m — 1) = 0). By (20), for a =8, (28)

reduces to
2To3(m =D+ Tagm—1) _ Togm—1) +Tas(m—1) 29)
2Ty 8(m — 1)+ 2Ty g(m — 1) = 2Tag(m — 1) + Ty g(m — 1)’
The induction hypothesis applied to a = 8 and z =2 yields
T g(m—1) T2 8(m—1) - T4 8(m—1) _ Tyg(m—1)

Tagm—1) Togm—1)+Tagm—1) " Togm—1)+Tegm—1) 2Trg(m—1)’
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which implies (or more precisely, is equivalent to) (29). To show (28) for (even) a > 10, by the
induction hypothesis appliedtoa > 10and z =2, 4 (<a/2 — 1), we have A| > A, > A3, where

T2k,a(m - 1)

A=
Tok—2,a(m — 1) + Topy2, q(m — 1)

fork=1, 2, 3.

Note that
Ta,q(m — 1) _ Taum—1)

C Toam =1+ Tag(m—1)  Tyam—1)
If T5,4(m —1)=0, then necessarily m—1 (>1) is odd and T4 ,(m—1)=Tg.(m—1)=
13,4(m — 1) =0, so that (28) holds trivially. Suppose 7> ,(m — 1) > 0. Then each of the two

sides of (28) is a weighted average of A1, Az, and A3. Indeed, the left-hand side of (28) equals
c1A1 + c2A, with weights

Ay

2Ty o(m — 1)

Ccl = .

YT Toam — D) 2T gm— D)+ Toalm— 1)
To,o(m — 1) + Tg.a(m — 1)

(&9)

T Toa(m— 1)+ 24 g(m — ) + Teum— 1)’

while the right-hand side of (28) equals c]A] + chAs + c3A3 with weights

e Ty alm — 1)
2T2,4(m — 1) 4 2T4 o(m — 1) + 2T o(m — 1) + Tg o(m — 1)’
b = 2T2,a(m -+ 2T6,a(m -1
2T 2Tham— 1)+ 2T4a(m — 1) + 2T6 o(m — 1) + Tg.a(m — 1)’
. Tya(m— 1)+ Tg o(m — 1)

T 270 — 1)+ 2Ty o(m — 1)+ 2Tg o(m — 1) + Tg o(m — 1)’

Since c¢; >}, it follows from A; > A > A3z that cjA; + c2A> > clAy + Ay + c3A3. This
shows (28) for a > 10 and completes the induction proof.

Remark 7. The proof of Lemma 1 makes use of the induction method on n with the help of the
recursion (17), which is related to first-step analysis in Markov chains (see, e.g., [9]). After the
first step, the initial state z moves either down to z — 1 or up to z + 1. To apply the induction
hypothesis, it is necessary to consider the boundary cases z=2 and z=a/2 — 1 separately
from 3 <z <a/2 — 2. (The induction hypothesis is applicable neither in the case that z=2
moves down to 1 nor in the case that z=a/2 — 1 moves up to a/2.) The proofs of Lemmas 2
and 3 and Theorem 2 also make use of the recursions (15), (18), and (19). Again, the boundary
cases need to be treated separately.

Lemma 2. Forevenn > 2, TZ‘a(n)/Tz,a(n) isincreasinginz € {2,4,...,a—2}. Foroddn> 1,

T;fa(n)/Tz,a(n) is increasing inze€ {1,3,...,a—1}.

Proof. Let p(n)=1 or 2 according as n is odd or even. We show that, for n>1,
T (n)/T; q(n) is increasing in z € {p(n), p(n) +2, ..., a— p(n)};ie., forn>1,

+
T, . (n) - T (n)
TZ+2,a(”) - Tz,a(n)

forz=pn), p(n)+2,...,a— p(n)—2. (30)

https://doi.org/10.1017/jpr.2023.62 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.62

On the duration of the gambler’s ruin game 613

We proceed by induction on n. Since T;’La(l)/Tz,a(l)zo for z<a—1, and
T+ (1)/Ty=1,4(1)=1, (30) holds for n=1. Suppose (30) holds for n <m with some

a—1,a
m > 1. We need to show that

T, m+1) _ T m+D
Tz+2,a(m+ I~ Tz,a(m+ 1)

forz=pm+1), o(m+1)+2,...,a—pm+1)—2.

(31
Consider the case that m is even. Then m >2 and p(m+1)=1. Forz=1,3,...,a— 3, we
have, by (15) and (17),
Th D) TE )+ TE o) o)
T, q(m+1) T, 1,0m) + Ty q,q(m) '
+ + +
TZ+2,a(m +1 _ TZ+1,a(m) + TZ+3,a(m) (33)

To2am+1)  Toptam)+ Toyz o(m)

The right-hand side of (32) equals T;l’ M)/ Tz11,4(m) for z=1 and is less than or equal to

T;_La(m)/TH],a(m) for z > 1 since, by the induction hypothesis, forz=3,...,a — 3,

+ +
Tz+1,a(m) - Tz—l,a(m)
TZ+1,a(m) - Tzfl,a(m)

The right-hand side of (33) equals T (m)/T;+1,4(m) for z=a —3 and is greater than

z+1l.a
or equal to T:H M)/ Tz41,4(m) for z <a— 3 since, by the induction hypothesis, for z=
1,...,a-—25,

+ +
TZ+3,a(m) - TZ+1,a(m)
Tz+3,a(m) N TZ-H,a(m)
This proves (31) for the case of even m. The case of odd m can be treated similarly.

Lemma 3. For even a >4 and n > 0,

T ,(n+2) . T, )
Tl,a(n +2) Tl‘a(n)’

(34)

T;a(n +2) . T;fa(n)

> . (35)
T2a(n+2) ~ T 4(n)

Proof. Note that (34) holds trivially for even n since both sides of (34) are 0/0 for even n.
We now prove (34) for odd n > 1. By (15),

Tlfa(n +2)= T(;fa(n + D+ Tza(n +1)= T;a(n +1)= Tlfa(n) + T;a(n). (36)

Similarly, by (17), Ty 4(n 4+ 2) = T1 4(n) + T3 4(n), which together with (36) implies that

T ,(n+2) _ T+ T () . T,
Tl,a(n +2) Tl,a(n) + TS,a(n) - Tl,a(n) ’

where the inequality follows from T3 (7)/T1 4(n) < T§ ,()/T5 4(n) (by Lemma 2).
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Next, to prove (35), it suffices to consider the case of even n. For n = 0, the right-hand side
of (35) is 0, so (35) holds. For even n > 2 and a = 4, both sides of (35) equal % by symmetry.
For even n > 2 and a > 6, we have, by (18) and (19),

TS (n+2) Ty, + 2T () + T, ,(n)
Toa(n+2)  To.a(n)+ 2T24(n) + T4 4(n)

_ ZTZu(n) + Tj:u(n) _ TZu(n)
2T5 a(n) + T4,a(n) ~ T a(n)’

where the inequality follows from TZ M/ T2.q(n) < Tifa(n) /T4 4(n) (by Lemma 2). The proof
is complete.

Lemmad. Letay >0and a; > 5; >0,i=1, 2, 3, 4. Suppose

B _ BL Bitbs_ B PotBs_ B @ o
s o arto3 "y atos a3 aj+a3 o toag
Then
B1+ Ba >,32+,33

al+os "o taz

Proof. If apy =0 then a3 = 0 since ap /(a1 + @3) > a3 /(a2 + aq). So

B1 + B4 >O_,32+ﬂ3
a) +ag (x2+a3'

If a3 =0, then
Po B _PBith B
a4~ o] a)+a3  wp
implying that
BitBs_B_Poths

ajtay " ortaz

Now suppose oy > 0 and 3 > 0. We have

a3 [ﬂ2+ﬂ4 /33] [ﬂ1+ﬂ3 ,32]

= 2
a1 t+az|lor+ags a3 a] + a3 %)

_ oo + ag)B1 + a3 fs — (a0 + g0y + a304) 2
(a1 + a3)(o2 + o)

a3 [ﬂ1+ﬁ3 ,32] [,32-1-,34 /33]
-2t =

= 3
ay+oq | o] +a3 [0%) ay+oa4 o3

)

_wa3fi +asz(ar +o3)fs — (an + o104 + azos)pfs
(a1 + a3)(o2 + o4)

)

implying that

az(an +ag)p1 + a3 Ba > by a3 B1 + az(ag + o3)pBs -

a0 + ooy + azoy a0 + oo + azog
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So C > B, + B3, where

ax(ap + a3 +ag)f1 +az(ar +az +a3)Ba
a0 + oo + a30g '

To show (B + Ba)/(a1 + o) = (B2 + B3) /(a2 + @3), since C > B, + B3 it suffices to verify
that
= (2 +o3)(B1 + P4) — (a1 + a4)C = 0. (37)

We have
Ci(aran + a0y + azas) = aglaz(ar + o3) — ooz + ag)lpi
+ ooz +ou) —ar(on +a3)1ps
= [on(az + a4) — az(on + @3)l(@1 s —aaf1) > 0,

since an /(a1 + @3) > o3 /(o2 + oeq) and Ba/os > B1 /1. This proves (37), and completes the
proof.

Proof of Theorem 2. We claim that, forevena >4 and 0 <z < a/2,
Tz't'a(n +2) - Tz't'a(n)
Tz,a(n +2) Tz,a(n) '

By Lemma 3, (38) holds for z=1 and z =2. Consequently, (38) holds for a=4 and a = 6.
Note also that

n>0. (38)

a/2 a(n +2) T;/Z a(n)
a/2,a(n + 2) a/2,a(n) '
(If n and a/2 have opposite parity, both sides of (39) are 0/0 = 0. For n and a/2 of the same
parity, T;r/z’a(n)/Ta/z,a(n) =0or % according as n < a/2 or > a/2. This shows (39).)
We now prove (38) for a > 8 and 3 <z < a/2 by induction on n. For n =0 and n =1, the
right-hand side of (38) equals 0 since TZQ(O) = TZ‘a(l) =0 for 0 <z <a/2. So (38) holds for
n < 1. Suppose (38) holds for n < m with some m > 1. We need to show that

n>0. (39)

T;’a(m—}- 3) - Tgf‘a(m+ 1)
T, a(m+3) T, ,(m+1)

forevenazSand3§z<g.

By (15) and (17), this is equivalent to

Z la(m+2)+ z+1, a(m+2) T;la(m)+T+l a(m)

T 1,am~+2)+Toq1,0(m~+ 2) T:—1,a(m) + Ty11,4(m)

for a>8 and 3 <z<a/2. By (18) and (19) applied to the left-hand side of (40), (40) is
equivalent to

(40)

TF 5 (m)+ 3T (m)+3T1, (m)+ z+3a(m) Tr, )+ TE (m)
T, 3, a(m) + 3Tz 1 a(m) + 3Tz+l a(m) + Tz+3 a(m) T, a(m) + Tz+1 a(m)

(41)

for a>8 and 3 <z <a/2. Note that (41) holds trivially if z and m are of the same parity.
Suppose z and m have opposite parity. If 7, ,(m+2)=0,then m+2 <z—1(<a/2 - 1),
so that both sides of (40) (and hence (41)) are 0.
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Now suppose T;—1 4(m + 2) > 0. We first prove (41) for z =3 (and even m), in which case
we have T;_3 ,(m) = T; 3 (M) =0, so that (41) becomes

B3T3 (m) + 3T, (m) + T¢ (m) - Ty m) + T (m)
3T5,a(m) + 3T4,4(m) + Te,a(m) ~ T2,a(m) + T q(m)

This inequality holds since, by Lemma 2,

TEm T T,
2 > - > . .
T6,a(m) - T4,a(m) - T2,a(m)

We now prove (41) for 4 <z < a/2 (in which case necessarily a > 10). Note that T, ,(m +
2) > 0 implies T;_3 4(m) > 0. By the induction hypothesis together with (39), we have
thl,a(m+2) - T—l,a(m) T:!—l,a(m_'_z) - T;—l,a(m)

Z

T, 1,am+2) Tz—l,a(my Top1,am+2) — Tz+1,a(m)‘

By (18) and (19) applied to the left-hand sides of each of these inequalities, we have
T+ 217, ) + 7 ) T2 o)

T, 3,0(m) + 2T, 1,a(m) + Ty 1,a(m) — Ty 1 o(m) ’

(42)

T Jom)+2T5 (m)+ T, (m) _ T, 1.a(m)
Tzfl,a(m) + 2Tz+1,a(m) + Tz+3,u(m) - Tz+1,u(m)

Noting that the left-hand side of (42) equals

C(thg,aom + thl,a(m)) e C)<Tj_1,a<m>)
Tzf?;,a(m) + Tz+l,a(m) Tzfl,a(m) ’

(43)

where

T:—3.4(m)+ Toy1,4(m) -
T;—3,0(m) + 2T, q(m) + Ty41,4(m)
the inequality in (42) implies that

CcC=

’

T3+ T m) T2 m)
To3,a(m) + Ty 1.a0m) = Tot,alm)’

(44)

Similarly, if 7,1 4(m) > 0, then the inequality in (43) implies that

+ + +
Tz—l,a(m) + Tz+3,a(m) - Tz+1,a(m)
Tzfl,a(m) + Tz+3,a(m) - Tz+1,a(m)

If T,—1,4(m)=0, then T,41,4(m)=T,134,(m)=0 (since z—1 <z+3 <a—(z— 1)), so the
inequality in (45) holds trivially.
Let

(45)

ay =T,_3,4(m), oy =T, 1,4(m), az =T;11,4(m), o4 =T,13 4(m),

Bi=T 5 ,m, Bo=Tr (m), B=T, (m), Ba=TI; (m).
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Since T,—1 4(m +2) > 0, we have o] = T;_3 4(m) > 0. By (44) and (45),

Bith_ B Prtha B3

al+az " a’ o +as T a3

Furthermore, by Lemma 1,

o T:—1,a(m) - To41,a(m) a3
o1+ o3 Tz—3,a(m) + Tz+1,a(m) - Tz—l,a(m) + Tz+3,a(m) o) + oy ’

and by Lemma 2,

+ +
B _ T 5 (m) - T/ 5 ,(m) _ B4
a; T 3.m) " Tq3a0m) g

It follows from Lemma 4 that

B1+ Ba - B2+ B3

al+oas "o t+az’

implying that

T, Jm)+ T m) By + B

T 1,am)+Top1,00m) o2 +as
- B1+3B2+383+ B4
T oy + 3w + 303 + a4

B Th 3.0(m) + 3T () + 3T;1’a(m) + T;_ia(m)
TZ—3,a(m) + 3Tz—l,a(m) + 3Tz+l,a(m) + TZ+3,a(m) ’

proving (41) for 4 < z < a/2. This completes the proof of (38), which implies that

S ) _THm
ST + 1Sca(m)|  Toa(n)

is increasing as n € {z,z+ 2, ...} increases. Finally, as n€{z,z+2, ...} tends to oo, it
follows from (1) and (2) (with p = %) that

IS )l Py N=nl=1) D l<vea) cos"~! (wv/a) sin (wv/a) sin (7w (a — z)v/a)
ISa)|  PpoaN=n,1=0) D i<vear 08" (7w /a) sin (wv/a) sin (wzv/a)

approaches 1, implying that |SZ‘ Z(ml/ (IS;: M| +18,,(n)]) increases to % in the limit. The
proof of Theorem 2 is complete.
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3. Proof of Theorem 3
Theorem 2 plays a key role in the following proof of Theorem 3.

Proof of Theorem 3. By (4),forO<z<a/2andn=2z,z+2,...,

[ (P (a—2)/2 q 2
Frza=m=Gaf" [(5) 1S2aml + (;) IS;a<n>I]
WIRTE ) S0 THM
= n2f (P z,a i]) (1 T >1|T
vo |:<‘1> T, q4(n) + (p T..a(n) z.a(n)

(a—2)/2 /29 17+ z/2
{0 T (1)
4q p T;q(n) P

So,for0<p<p’§%,0<z<a/2,andn=z,z~|—2,...,

= 2
Pp/,z,a(N_n) _ (p/q/>n/ o (Tz""a(n)>’ 46)
Py za(N=n) 2] PpBa\ T o(n)
where
! Na—2)/2 () 1/ N2/ 2 ! 11/ \2/2
H o, = /4 (q'/P)"Ix+(d'/P) forO<x<1.
pp e [P/ @) “=97% = (q/p)*1x + (q/p)*/>
Note that
d
dx o 20
(a—2)/2 z/2 7/2y -2 7\ 2/2 aj2 a/2
G -C) GG L) () e
q p p pp q

(47)

Since, by Theorem 2, T;r (n)/T;,q(n) is increasing in n € {z, z+ 2, ... }, it follows from (46)

,a

and (47) that Pp/ . JN=n)/Pp - «(N=n)is increasing in n € {z, z+ 2, . .. }. This proves that
{LpaN): 0<p< %} has monotone (increasing) likelihood ratio. For a/2 < z < a, note that
Lp.za(N)= Ep/’z/’a(N) withp’ =1 —pand ' = a — z, implying that {L,, ; 4(N): % <p<l}has
monotone (decreasing) likelihood ratio, completing the proof.

4. Proof of Theorem 4

Proof of Theorem 4. Fix 0 < z < a/2. We claim that, for n > 0,

f(p, n):= Py o(N > n) is increasing in p € [0, 1]. (48)

Let
S.(n):={(wq,...,0p)e{-1,1}":0<z+w+--+wij<a,i=1,...,n}, 49)
andlet (o1, ..., wp);:= (z,2+ w1, 24+ w1 + o2, ..., 2+ Y i; »;), which is the sample path
starting at z with successive increments wy, . . ., wy,. Since z is fixed, for convenience we may
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identify (w1, ..., w,) with the corresponding sample path (wq, ..., ®,);. In particular, we
refer to S, (n) as the collection of all sample paths starting at z and strictly staying between 0 and
a up to time n. (By abusing notation, for (wy, ..., ®,) € S;(n), we also write (w1, ..., ®,); €
Sz(n).)

We now prove (48) by induction on n. Plainly, (48) holds for n = 0. Suppose (48) holds for
n < m with some m > 0. We need to show that

f(p, m+ 1) is increasing in p € [0, %] (50)

By 49), fp.m+1):=PpoN>m+1)=P{(X1p, ..., Xut1,p) €S;(m+ 1)}, where the
Xip are defined as in (3). We partition the sample paths of S;(m+ 1) into subsets A;,
i=0,1,...,m+ 1, where Ag is the subset of those sample paths that always stay below
a—1,and A; (i=1,...,m+ 1) is the subset of those sample paths that visit a — 1 at time
i for the first time. (Note that for i > 1, A; =¥ if i and a — z — 1 have opposite parity.) Then
fp,m+1)= Z;-":JBI gp,m+1,i), where g(p, m+1,1):= P{(X1p, ..., Xiny1p); € Aj}. To
prove (50), it suffices to show that, for i=0,1,...,m+ 1, g(p, m+ 1, i) is increasing in
p €0, 1]. To show g(p, m + 1, 0) is increasing in p € [0, 1], we have
glp,m+1,0) ZP{(Xl,p, ooy Xint1,p)z € Ao}
=P{(X1p, ..., Xins1,p); stays strictly between 0 and a — 1}

= p,z,a—l(N> m+1),
which, by Theorems 1 and 3, is increasing in p € [0, %]

To show that g(p, m + 1, i) is increasing in p € [0, %] fori=1, ..., m+ 1, we further par-
tition the A; into A;; (i <j <m+ 1) where A;; is the subset of those sample paths that after
time i never revisit z, and A;; (j > i) is the subset of those sample paths that after time i
revisit z at time j for the first time. Let h(p, m+ 1, 1, j) :== P{(X1p, . . ., Xins1,p)z € A;j}. We
have g(p,m+1,1) = Z]":lrl h(p, m+ 1, i, j). It suffices to show that each h(p, m+ 1, i,j) is
increasing in p € [0, %]

Fori<j<m+1,let

Ajji= {(a)l,...,a)j)e{—l,1}j:0<z+w1+--~+wg <a—1,4=1,...,i—1;
ztor+- - towi=a—1;
z<a—- 14w+ twr<a, l=i+1,...,j—1;
w1+ +wj=—(a—z-1)},
and
Sym—+1—j):i= (@1, ..., Omy1-y) € (—1, 1)1
O<ztwr+---+weg<a, £=1,...,.m+1—j}
= (@1, - o) € (=1, 1

O<z4wjy1+--+wg<a, L=j+1,...,m+1}.
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Since (w1, ..., ®ut1); € Ajjif and only if (w1, .. ., Wmy1) €Ajj X S(m+1—)),

hp,m+ 1,0, ) =P{(Xip, .-, Xmt+1,p): € Aij}
=P{(Xip, - Xmt1,p) €Aij X Se(m+1—j)}
=P{Xi1p, ..., Xjp) €A} P{Xjr1,ps - - - s Xint1,p) € Sz(m+1 =)}
=P{(X1p, ..., Xjp) €A )Py a(N >m+1—)). (51)

By the induction hypothesis, P, . o(N > m + 1 — j) is increasing in p € [0, 3]. Also,

(pq)/?|A;j| if jis even,
IED{(Xl,pv cee Xj,p) eAi,j} = .
otherwise,

which is increasing in p € [0, 1]. By (51), h(p, m + 1. i, j) is increasing in p € [0, 1].

It remains to show that h(p, m + 1, i, i) is increasing in p € [O, %] Observe that each sample
path (w1, ..., @wut+1); € A;; ends above z at time m + 1, so that there are more +1 increments
than —1 increments. It follows that the probability of each sample path in A;; is increasing
inpe [O, %] Consequently, h(p, m+ 1, i, ) =P{(X1 p, ..., Xt1,p); € A;;} is increasing in
pE [O, %] This completes the induction proof of (48).

It follows from (48) that, for 0 < z < a/2, the distribution £, ; ,(N) is stochastically increas-
inginpe [0, %] Since Ly ; o(N) = ’Cp/,z/,a(N) for p'=1—p and 7 = a — z, it follows that

Lp.z,a(N) is stochastically decreasing in p € [%, 1] for a/2 < z < a. The proof is complete.
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