THE MAXIMUM TERM AND THE RANK OF AN
ENTIRE FUNCTION

V. SREENIVASULU

1. For an entire function f(2) = Y .20 a,2", let M(r,f), p(r,f), and »(r, f)
denote the maximum modulus, the maximum term, and the rank for |z| = 7,
respectively. Also, let
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and \(r) the lower proximate order relative to log M (7, f). For the properties
of the lower proximate order, we refer the reader to the paper by Shah (1).
2. We prove the following theorems.
THEOREM 1. For an entire function f(z) = Y aeo an2",
._sup u(r,f) .. sup w(r, f9)
et M0 ) = ™ inf MG 7

T T

where u(r, f1) and M(r, f') correspond to f'(z), the derivative of f(z), provided
(n 4+ 1)R, < nR,y1, when L(f) > 1.

It is well known that M, (r,f) < M(r,f). We now obtain an inequality in
the opposite direction.

THEOREM 2. Let € > 0. For an entire function f(2) of non-null and finite
order p,

(Ma(r, ))?*@2rete 4+ 1) + O(W(r, f)) =2 (W(r,/))* 2 (M(r, /)%
where W(r, f) = 2,20 |ay,|r?.

THEOREM 3. Let G(2) = G1(2)G2(2), where G1(2) = X oneo 2" and Gi(z) =
> e bu2™ are two entire functions, such that M(r, G) = O(M(r, G1)M(r, G3)).
If |an—1/ay| s a strictly increasing function of n, and L(G1) = 1, then

.ou(r,G)
m 36,6y = O
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TaEOREM 4. (i) If f(2) = X aeo 2" is an entive function of lower order
N =0, then

D
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(1) If f(2) = Dmeo @n2" is an entire funct'ion such that

_v(nf)

hmmf og M(r, f) = o,

then p = .

3. Proof of Theorem 1. Case 1. L(f) = 1. The maximum term u(r, f) =
Supy |a.|r™. Let n1, ns, . . ., n; be the values assumed by »(r, f). Hence, if n,;
denotes the rank of the maximum term for |z| = r, then it is obvious that

gn —mlogr = gy, — nlogr,

where g, = — log |an|, m 5 n;. Hence, on letting m = n; — 1, we have that
Ry, = r. Since the term which has the greatest rank is usually called the
maximum term (even when there is more than one term which is equal to it),
we obtain R, 1 > 7 by letting m = n; + 1. Hence, for R,, <7 < R, 41, we
have that u(r,f) = |au|r" and »(r, f) = n;. Clearly,

M(r, f) = (Z lax|’r 2")

Thus, for R,, =7 < Ry41, we have that

Coe) > G o+ ()

r \ ( 7’ >2
> <Rnk+l> + T + (Rnk+1)pL11’—l

p
> 5
since R,y1 < LiR, for n = n,, where L; > 1. Since L; can be chosen as close
to 1 as possible and p arbltrarlly large, we have that

My (r, f)

lim = o

750 u(f f)

Hence, a fortiori

. M@, f)
im 2 h) =

Furthermore, L(f!) = 1. Hence, proceeding as above, we have that

M(ff)

lim ©.
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Thus, the result is true when L(f) = 1.
Case 2. L(f) > 1. Clearly, for E; = Ry, <7 < Rpy1,

1 > V(rvf)“(ry f)
(3'1) ,u(f',f) = » .
Also, for Fy = ((me — 1)/m) Ry = 7 < (m/ (me + 1)) Ry,
. 1y y'(rrf)”(r)fl)
('3‘2) p,(f,f) = ’ .
Since L(f) > 1, t; is contained in E;F;, where

n
b = Rnk é r < nk—f'__anH_l.

Hence, for all points 7 in &, »(r,f!) = v(r,f) = n;. Thus, from (3.2) we
have that
. )
3.3) p(r, f) = " .

Let s; be the segment in which the variation of log 7 is less than Kv(R/k, f)—1/12
(r > R). Also, let S = X ;21 sz, and CS be the complement of S. For points
rin CS (2, p. 105),

(34) rM(r,fl) NM(?’,f)v(?’,f).

Clearly, the total variation of log 7 in ¢, tends to infinity with #. Let
T = Y 1 t. Thus, for all points » in TCS, (3.1), (3.3), and (3.4) hold.

Therefore, the result follows from (3.1), (38.3), and (3.4). Hence, this completes
the proof.

Proof of Theorem 2. From a well-known inequality of Cauchy we obtain

(3.5) (2_)0 |a,,12r2"> (n+1)= <2_30 !aplr”>2-
Therefore, ” -

[

((Mz(nf)f—pz lap12’2p>(n+1) ;<W<r,f)— > :apw)“.

=n+1 p=n+1

This yields
W, )= Ma(r, )’ (n+1) = (n + 1)< Z+1 |a,,}2/‘"’>

p=n

A Sl E o)+ (5 w).
p=0 +1 p=n+1

p=n

Using (3.5) we have that
(3.6) W, ) = (M, ) (n + 1)

+ (; 1 [apw)((z > lapir”> -3 mw) .
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Obviously, |a,|r? < p—?/¢t9r?, since

. nlog n
lim su =
N0 p 1 g 1/10’"‘
Hence,
© ra+e p/(p+e€) p+€ p/(p+€)
> lal < Z p = 3 =D :
p=n+1 p=n+ p=n+1 P p=n+1
Let n = 2[r#te], where [r**¢] denotes the integral part of »#*¢. Thus, we have
that
(3.7) Z la, | < Z 2770+ — o(1).
p"ﬂ
From (3.6) and (3.7) we obtain the requnred result.
Proof of Theorem 3. Let G(2) = Y gm0 ¢x2". Then
Co = botty + 010p—1 + . . . + byao.
Now,
leal?™ < Dol lanlr™ + |bal?|@nealr™ + ... + Ib,:|r"|ao|

= ;0 [bs]7°|an—s|?"°

< My(r, G1) Mo (r, Gz).

This is true for all #. Hence,
(3.8) w(r, G) < My(r, Gy) My(r, Gs).
Since R, = |az-1/a,| is a strictly increasing function of n, Gi(z) = P(2) +
A¢i(2), where 4 is a constant, P(z) a polynomial, and

$1(z) = Z 2"¢/RiRy . . . Ry.
Thus,
(3.9)  M(r,Gy) ~ M(r, ¢1)|A| and M.(r, Gy) ~ Ms(r, $1)|A|.
Let ¢(2) = > pe18"/RiRs ... R,. For this function,

© © 1/2
M(?’, ¢) = Z Tn/Rle ...R, and Mz(?’, d)) = (Z fzn/(Rle [P Rn)2> .
—1

n=

Hence,

. Mi(r, ) _
(3.10) m ey = ©
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since R, ~ R,y1. Also, we observe that (Ms(r, ¢1))2 = M,(r?, k) and
(M(r, ¢1))2 = M(r2, k), if h(z) = X 12/ (RiR:. .. R,)% Hence,

, Mi(r, 61) _ <M2<r2, h))‘“
@11 M(r, 4 = \HCOR))
From (3.9), (3.10), and (3.11), we have that
. Mg(?’, G1) _
8-12) im 3¢, 6 = O
Therefore, from (3.8), (3.12), and the hypothesis, we have that
: ,u(?', G) _
e

This is the required result.
Proof of Theorem 4. (i) Let us suppose that
lim inf »(r, £) /7 = 4 > 0.

T
Thus, v(r,f) > (4 — & for r = r,. This yields lim,_, log u(r, f)/r" =
A/, since

log u(r, f) = J;r &;f—) dx.

Now,
lim inf log (7, ) /7" < lim inf log M (r, f) /7" = 1.
7> o0
Thus, N > 0. However, from the hypothesis, we have that A = 0. Hence the
result is proved.

(ii) Let us suppose that p < «. We can choose a positive number a > p
such that f:o v(x, f)/x* dx is convergent. Also, from the hypothesis, we have
that v(r, f) > o(r) log M(r, f) for r = 7y, where o(r) — », as r — «. Inte-
grating from 7, to 7, with respect to r, we obtain, after dividing by 7,
M/a(r) > log M(ro, )/ (@ — 1)re*"t, where 7, is large but suitably fixed.
Clearly, a = 1; otherwise, f,"; v(x, f)/x*dx is divergent. Letting » — « we
obtain a contradiction, and hence the result is proved.
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