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ON THE MILNOR FIBRATION OF CERTAIN NEWTON
DEGENERATE FUNCTIONS

CHRISTOPHE EYRAL® anp MUTSUO OKA

Abstract. It is well known that the diffeomorphism type of the Milnor fibra-
tion of a (Newton) nondegenerate polynomial function f is uniquely determined
by the Newton boundary of f. In the present paper, we generalize this result to
certain degenerate functions, namely we show that the diffeomorphism type of
the Milnor fibration of a (possibly degenerate) polynomial function of the form
f=f'-- f*o is uniquely determined by the Newton boundaries of f*,..., f*o if
{fk1 == fhm = 0} is a nondegenerate complete intersection variety for any
ki,....km € {1,...7](:0}.

81. Introduction

Let f(z) and g(z) be two nonconstant polynomial functions of n complex variables
z=(z1,...,2,) such that f(0) =g¢(0) =0. (Here, f and ¢ may have a nonisolated singularity
at 0.) The goal of this paper is to find easy-to-check conditions on the functions f and g that
guarantee that their Milnor fibrations at 0 are isomorphic (i.e., there is a fiber-preserving
diffeomorphism from the total space of the Milnor fibration of f onto that of g). In [9],
the second named author proved that if f and ¢ are (Newton) nondegenerate and have
the same Newton boundary, then necessarily they have isomorphic Milnor fibrations (the
special cases where, in addition, f is weighted homogeneous or has an isolated singularity
at 0 were first proved in [8] and [7], respectively). The crucial step in the proof of this
result is a similar assertion, also proved in [9], for one-parameter families of functions. It
says that if 7o > 0 and if {f;}¢/<, is a family of nondegenerate polynomial functions with
the same Newton boundary, then the Milnor fibrations of f; and fy at 0 are isomorphic
for any ¢, |t| < 7p. This theorem, in turn, is a consequence of another important result, still
proved in [9], which asserts that any family {f;};<r, satisfying the above conditions has a
so-called uniform stable radius for the Milnor fibrations of its elements f;.

Although the scope of the abovementioned theorems is relatively wide, it does not
include, for instance, the following quite common situation. Suppose that f(z) is the
product of ky > 2 polynomial functions f*(z),..., f¥(z) on C* with n >3 (so, in particular,
we have dimo(V (f*)NV(f*)) >n—2 > 1, where, as usual, V(f*) and V(f*) denote
the hypersurfaces defined by f* and fk/, respectively; here, the upper index denotes an
index, not a power). Then we claim that f is never nondegenerate (and hence the results
of [9] do not apply to this situation). If f is convenient (i.e., if its Newton boundary
intersects each coordinate axis), then our claim is an immediate consequence of a theorem
of Kouchnirenko [5], which asserts that a convenient nondegenerate function always has an
isolated singularity at the origin. In the above situation, since for k # k’ the intersection
V(fF)NV(f*) is contained in the singular locus of V(f), if the function f is convenient,
then Kouchnirenko’s theorem implies that it must be degenerate (i.e., not nondegenerate).
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In the case where f is not a convenient function, our claim follows from a theorem of
Bernstein [1] and Proposition 2.3 in Chapter 4 of [10], which imply that for k # k' the
intersection V(fX)NV(f¥)NC*" is nonempty whenever w € N** is such that f¥ and f¥
are not monomials and the dimension of the Minkowski sum A(w; f*) + A(w; f*') is > 2.
Here, A(w; f*) (resp. f¥) denotes the face of the Newton polyhedron of f* (resp. the face
function of f*) with respect to w; similarly for the function f K (see §2 for the definitions).
Of course, this implies that the face function fy of f with respect to w has a critical point
in V(fw)NC*™, that is, f is degenerate.

In the present paper, we generalize the results of [9] to a class of polynomial functions
that includes the “degenerate” examples mentioned above. A first class of such functions
was already given by the authors in [2] in the case of one-parameter families of functions
of the form fi(z) = f}(z)--- f/*(z) under a condition called Newton-admissibility. This
condition says that the Newton boundaries of the functions fF which appear in the
product must be independent of ¢ and the (germs at 0 of the) varieties V/(fF*,..., fFm) =
{ ftk1 == ffm =0} must be nondegenerate, uniformly locally tame, complete intersection
varieties for any ki,...,kn, € {1,...,ko}. The uniform local tameness is a nondegeneracy-
type condition with respect to the variables corresponding to the “compact directions”
of the noncompact faces of the Newton polyhedron, the variables corresponding to the
“noncompact directions” being fixed in a small ball independent of ¢ (for a precise definition,
see [2]).

In fact, under the Newton-admissibility condition, we proved in [2] a much stronger
result on the local geometry of the family of hypersurfaces V(f;): we showed that any
Newton-admissible family is Whitney equisingular and satisfies Thom’s condition. Then,
as a consequence of these two results, we easily obtained that the Milnor fibrations
of f; and fy at the origin are isomorphic for all small ¢. Note that in the case of
nonisolated singularities, the Newton-admissibility condition is a crucial assumption when
we want to study geometric properties like Whitney equisingularity or Thom’s condition.
However, if our goal is only to investigate the Milnor fibrations of the family members
ft, then, as we are going to show it in the present work, the uniform local tameness
condition (which appears through the Newton-admissibility condition) can be completely
dropped.

Our first main theorem here says that if the Newton boundaries of the functions fF
(1 <k < ko) are independent of ¢ and if the varieties V(fF',..., fF™) are nondegenerate
complete intersection varieties for any ki,...,k, € {1,...,ko}, then the Milnor fibrations
of f; and fy at 0 are isomorphic for all small ¢ (see Theorem 4.5). The main step to
prove this theorem is the following assertion, which is interesting itself. It says that, under
the same assumptions, the family {f;} has a uniform stable radius (see Theorem 4.3 and
Corollary 4.4). In the course of the proof of this assertion, we also show how a stable radius
for the Milnor fibration of a function of the form f(z) = f!(z)--- f*°(z) can be obtained
when the corresponding varieties V(f*1,..., f¥=) are nondegenerate complete intersection
varieties for any k1,...,kn, € {1,...,ko} (see Theorem 3.5).

Our second main theorem, which is deduced from the first one, asserts that given two
polynomial functions f(z) = f!(z)--- f*(z) and g(z) = g'(z)--- g~ (2), if V(fF,..., f*)
and V(g*t,...,g") are nondegenerate complete intersection varieties for any ki,...,k,, €
{1,...,ko}, and if for each 1 < k < kg, the Newton boundaries of f* and g* coincide, then
the Milnor fibrations of f and g at O are isomorphic (see Theorem 5.2).
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Note that in the special case where kg = 1 (for which the functions under consideration
are necessarily nondegenerate), we recover all the results of [9]—a paper from which the
present work is inspired.

82. Nondegenerate complete intersection varieties

Let z := (21,...,%,) be coordinates for C", and let f(z) =), c.2z® be a nonconstant
polynomial function which vanishes at the origin. Here, o := (v, ...,a,) € N", ¢, € C, and
z% is a notation for the monomial z{* --- 2%, For any I C {1,...,n}, we denote by C’ (resp.

C*I) the set of points (z1,...,2,) € C" such that z; =0 if i ¢ I (resp. z; = 0 if and only if
i ¢ I). In particular, we have C? = C*? = {0} and C*{}"} = C*" where C* := C\ {0}.
Throughout this paper, we are only interested in a local situation, that is, in (arbitrarily
small representatives of) germs at the origin.

To start with, let us recall the definition of a nondegenerate complete intersection variety,
which is a key notion in this paper. (A standard reference for this is [10].)

The Newton polyhedron Ty (f) of the germ of f at the origin 0 € C™ (with respect to the
coordinates z = (21,...,2y,)) is the convex hull in R} of the set

U (a+RY).
ca#0

The Newton boundary of f (denoted by I'(f)) is the union of the compact faces of I'; (f). For
any weight vector w := (wq,...,w,) € N let d(w; f) be the minimal value of the restriction
to I'4(f) of the linear map

n
X =(T1,...,2Tp) ER”b—)Zmiwi eR,
i=1

and let A(w; f) be the (possibly noncompact) face of I';(f) defined as
Awi) = {x € T S = dtwi ) .
i=1

Note that if all the w;’s are positive, then A(w; f) is a (compact) face of T'(f), and if w =0,
then A(w; f) =T4(f). The face function of f with respect to w is the function

zeC"— Z cq 2% € C.
acA(w;f)

Hereafter, this function will be denoted by fw or fa(w;y)-

Now, consider the set Z(f) consisting of all subsets I C {1,...,n} such that the restriction
of f to C! (denoted by f!) does not identically vanishes. Clearly, I € Z(f) if and only if
I'(f1) =T(f)NR! is not empty, where R! is defined in a similar way as C’. Hereafter, for
any weight vector w € N, we shall use the simplified following notation:

(Of course, N is defined in a similar way as C! and RZ.) Note that for all w € N/, we have

vav = fi(w;ff) = fA(w;fI)'
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DEFINITION 2.1 (See [5]). The germ at O of the hypersurface V(f) := f~1(0) CC" is
called nondegenerate if for any “positive” weight vector w € N*"* (i.e., w; > 0 for all 7), the
hypersurface

Vi(fw) ={z€C™"| fw(2) = 0}

is a reduced, nonsingular hypersurface in the complex torus C**. This means that fy, has
no critical point in V*(fw), that is, the 1-form dfy, is nowhere vanishing in V*(fy). We
emphasize that V*(fy) is globally defined in C*™.

Now, consider ko nonconstant polynomial functions f1(z),..., f*(z) which all vanish at
the origin.

DEFINITION 2.2 (See [10]). We say that the germ at O of the variety
V(f'...,ff)={zeC"| fi(z) == f*(z) =0}

is a germ of a nondegenerate complete intersection variety if for any positive weight vector
w € N*"_ the variety

V¥ (fareoos fa) = {2 €C™ | fo(2) = - = f32(2) = 0}
is a reduced, nonsingular, complete intersection variety in C*", that is, the ko-form
dfge - Ndf

is nowhere vanishing in V*(fl,...,fk0). Again, we emphasize that V*(fL,...,fk0) is
globally defined in C*".

REMARK 2.3. If V(f',...,f*) is a germ of a nondegenerate complete intersection
variety, then, by [10, Chap. III, Lem. 2.2], for any I € Z(f!)N---NZ(f*), the germ at
0 of the variety

VI ) ={zeCl| fHl(z) = = f*'(2) = 0}

is a germ of a nondegenerate complete intersection variety too. In other words, for any
w € N*I_ the ko-form d 3‘;1 Ne-e /\df",f,o’l is nowhere vanishing in

VA (fareon &) =12 CY | [l (2) = - = [T (2) = 0}
(As usual, %7 is the restriction of f* to C! and fF! is the face function (f*!)y =
(F*D) Atwiprry-)
83. Stable radius for the Milnor fibration

Let again f1(z),..., f*(z) be nonconstant polynomial functions of n complex variables
z=(z1,...,2,) such that f¥(0) =0 for all 1 <k < k.

AsSUMPTIONS 3.1. Throughout this section, we assume that for any ki,...,k, €
{1,...,ko}, the germ of the variety V(f*:,...,f¥=) at 0 is the germ of a nondegenerate
complete intersection variety.

REMARK 3.2. Note that, by Remark 2.3, Assumptions 3.1 imply that for any
kiy.ookm € {1,...,ko}, any I € Z(f*)n---NZ(f*=), and any w € N*!/| the following
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inclusion holds true:
SR ey VI (fR L ey C {z eCli[[z= }
i€l
where YI(fk .. fkm) is the critical set of the restriction to C! of the mapping
(flr .. fmy.Ccm—cCm.

We start with the following lemma which is crucial for the paper. Note that in the special
case where ko = 1, the function f! (or the hypersurface V(f!)) is nondegenerate, and the
lemma below coincides with Lemma 1 of [9].

LEMMA 3.3. Under Assumptions 3.1, there exists € > 0 such that for any ki,...,km €
{1,...,ko}, any I C {1,...,n} with I € Z(f*)N---NZ(f*), any weight vector
w = (wy,...,w,) €N!, and any (possibly zero) \ € C, if a= (ai,...,a,) is a point in
C! satisfying the following two conditions:

(1) farf(@) == fim(a)=0;
(2) there exists an m-tuple (fg, ..., K, ) € C™\{0} such that for all i€ I:

i afv’w( ) Aai, if ielInI(w),
. a) =
"9, 0, if iel\I(w),

where a; is the complex conjugate of a; and I(w):={i € {1,...,n}; w; =0};
then we must have
a¢ {Z cC*; Z |zi]? < 52}.
ieInI(w)

REMARK 3.4. Lemma 3.3 amounts to saying that, under Assumptions 3.1, there exists
e > 0 such that for any ki,...,kn € {1,...,ko}, any I € Z(f*)N---NZ(f*), and any w € N7,
the intersection

VIl far )OS (fad s fam s ow) N{z € T 0w (2) < €7}
is contained in the set {z € C'; [[;.; 2 = 0}, where
(@i= Yl
ieInl(w)
and I (fF .. fEm o4) is the critical set of the restriction to C! of the mapping
(fE L fEn ow): C" — C™ xR.

We shall prove Lemma 3.3 at the end of this section. First, let us use it in order to prove
the following first important theorem.

THEOREM 3.5. Under Assumptions 5.1, if f(z):= f'(z)--- f*(z), then the number e
which appears in Lemma 3.3 is a stable radius for the Milnor fibration of f.

We recall that ¢ is called a stable radius for the Milnor fibration of f if for any 0 <¢&; <
g9 < ¢, there exists d(e1,e2) > 0 such that for any n € C with 0 < |n| < d(e1,e2), the
hypersurface f~1(n) C C" is nonsingular in B. := {z € C";||z|| < €} and transversely
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intersects the spheres S. , := {z € C"; ||z|| = €12} for any 1 < e12 < £2. (Equivalently,
S(f,0) N (B, \ Be,) CV(f) for any 0 < &) < ey <&, where o(z) := 7, |22, 2(f,0) is
the critical set of the mapping (f,0): C* - C xR, and B, :={z € C"; ||z|| <ez}.) The
existence of such a radius was proved by Hamm and Lé in [4, Lem. 2.1.4].

Note that Theorem 3.5 includes Theorem 1 of [9], which is obtained by taking ko = 1.

Proof of Theorem 3.5. We argue by contradiction. By [6, Cor. 2.8], for § > 0 small
enough, the fibers f~(n) N B, are nonsingular for any 1, 0 < || < 8. It follows that if the
assertion in Theorem 3.5 is not true, then, by the Curve Selection Lemma (see [3], [6]),
there exist a real analytic curve z(s) = (21(8),...,2,(s)) in C", 0 < s <1, and a family of
complex numbers A(s), 0 < s < 1, satisfying the following three conditions:

(i) g—zfi(z(s)) = A(s)Zi(s) for 1 <i<n and s #0.
(ii) f(z(0)) =0, but f(z(s)) is not constantly zero.
(iii) There exists ¢’ > 0 such that &’ < ||z(s)]| <e.

Note that, by (i) and (ii), A(s) # 0 and we can express it in a Laurent series
A(s) =Aos“+ -,

where A9 € C*. Throughout, the dots “---” stand for the higher-order terms. Let [ :=
{i; 2i(s) £0}. By (ii), I € Z(f), and hence I € Z(f')N---NZ(f*0). For each i € I, consider
the Taylor expansion

where a; € C* and w; € N.

CLAIM 3.6. There exists 1 <k < ko such that f&I(a) = (f*1)w(a) =0, where a and
w are the points in C*! and NI, respectively, whose ith coordinates (i € I) are a; and w,
respectively.

Hereafter, to simplify the notation, we shall assume that [ = {1,...,n}, so that the
function f%! is simply written as f*, the intersection IN1I(w) is written as I(w) (where,
as in Lemma 3.3, I(w) is the set of all indexes i € {1,...,n} for which w; =0), and so on.
The argument for a general I is completely similar.

Before proving Claim 3.6, let us first complete the proof of Theorem 3.5. For that purpose,
we look at the set consisting of all integers k for which f¥(a) =0, which is not empty by
Claim 3.6. For simplicity again, we shall assume

ff@)=0 for 1<k<Ek)<ko;
fE@)#£0 for kj+1<k<k.

Write f = f1--- fko.h, where h:= fkot1... fko if k{ < ko—1 and h:=1 if k) = ko. Then,
for all 1 <+¢ <n, we have

Ky, k
o) =3 (St wae) T et} + 5E o) TT et G
i k=1 v 1<e<k) v 1<k<k}
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For each 1 < k < k), if op = ord f¥(z(s)) denotes the order (in s) of f¥(z(s)) and if
e = d(w; f¥) —ox + 34 0p, then

k
d(%f (2(s))-hia(s) - [] ﬂ(z(s))) > d(w; h) —wi + e, (3.2)

1§£§k6
L#£k

and the equality holds if and only if %(a) # 0. Since oy, > d(w; f¥) for 1 < k < kj), we also

have
ord (gz (z(s))

for all 1 <k < k. Still for simplicity, let us assume that

ko

ko
. er(z(s))> >d(w;h) —w; + Zoz > d(w;h) —w; +ep (3.3)
{=1

{=1

emin::elz...:eké/<€k6/+1§"'sek6.

The relations (3.1)-(3.3) show that there exist p1,..., gy € C* such that for any 1 <i <n,

kKl
0 o OFfk
8f (a(s)) = ;;

( ) Uk .Sd(W;h)_wi+emin -+ .. ,

and hence, by multiplying both sides of the relation (i) by s*?,

k:ll
- 5fv]f, d(w;h)+emin — )7 cCcH2w;
Z (@) - s + o= Aoa;s +e (3.4)

Note that the coefficient \g@; of 2% on the right-hand side of (3.4) being nonzero, we
must have d(w;h) + emin < ¢+ 2w; for any 1 <i <n, and since I(w) # () (by (iii)), in fact,
we have d(w;h) + emin < c. It follows that for any i ¢ I(w), the sum

kll

k
5= gt

vanishes. (Indeed, if there exists ig ¢ I(w) such that S;, # 0, then c+2w;, = d(W; h) + emin <
¢, which is a contradiction.) Now, if we also have S; =0 for all ¢ € I(w), then the condition
(2) of Lemma 3.3 is satisfied. (Note that the complex number denoted by A in Lemma 3.3
may vanish.) However, the relation (iii) implies

ae {ZE(C*”; Z \zi|2§€2}, (3.5)
i€l(w)

which contradicts the conclusion of this lemma. If there exists ig € I(w) such that S;, # 0,
then it follows that S; # 0 for any i € I(w), so that for all such i’s,

k//

S Z 821 )\0 ;.
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Thus, the condition (2) of Lemma 3.3 is satisfied in this case too, and again the relation
(iii) (which implies (3.5)) leads to a contradiction with the conclusion of the lemma. So, up
to Claim 3.6, the theorem is proved.

To complete the proof of the theorem, it remains to prove Claim 3.6.

Proof of Claim 5.6. Again, to simplify, we assume I = {1,...,n}, so that f*!{ = f*
INI(w)=1(w), and so on. We argue by contradiction. Suppose fv’f,( )# 0 for all 1 <k < k.
Then d(w; f¥) = oy, for all 1 <k < kg, where oy, is the order of f*(z(s)). Furthermore, note
that, by (i), there exists 1 < k; < ko such that f*1(z(0)) =0. If I(w) = {1,...,n}, then
d(w; f¥1) =0 and

fF(z(s) = fo! () s* +

and therefore 0 = f*1(z(0)) = f¥1(a), which is a contradiction. So, from now on, suppose that
I(w) is a proper subset of {1,...,n} and d(w; f*1) #0. Put e := 220:1 or. Then, as above,
there exist nonzero complex numbers p1, ..., ik, (actually, here, for each &, px =[], fL(a))
such that for any 1 <i <n,

ko k
O a(s) =Y Uy py-s7wte o,

Zi Zj
Oz — 0z

and hence, by multiplying both sides of the relation (i) by s"¢,

o k
Z fv,v(a)'/lk-se—i----Z)\o@i86+2wi+"'

Again, since A\oa; # 0 and I(w) # ), we have e < ¢ and the sum 21120:1 Lk %ﬁ} (a) vanishes
for all i € I(w)¢:={1,...,n}\ I(w). As f¥ is weighted homogeneous, this, together with
the Euler identity, implies that

0= 3 an(E %) =3 (T e S %)

iel(w)e 1<I<k0 i€I(w)e
=0
ko kO
=§XiHl# ) (w; f*)- fi(a (Hﬂ )}j(ﬁ%#&
k=1 1<Z<k:0 k=1
which is a contradiction too. U

This completes the proof of Theorem 3.5 (up to Lemma 3.3).
Now, let us prove Lemma 3.3.

Proof of Lemma 3.3. First, observe that if the assertion fails for some kq,..., &k, I, and
A(w; fF), ... A(w; fFm) such that TN I(w) =0, then for any e > 0, the set

{zects ¥ Py
i€INI(w)=0

is nothing but C*! and there exists a point a in it that satisfies the conditions (1) and (2)
of the lemma; in particular, a € V*I(fE ... fkm) and the vectors z*1(a),...,z"=(a) € C!
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whose ith coordinates (i € I) are

opt | ofk
Oz (a)7' ] T(a)u

respectively, are linearly dependent, that is,

dfi-T(a) A+ Adfer(a) = 0.

However, since I € Z(f*1)N---NZ(f*) and INI(w) =0, this contradicts Assumptions 3.1,
which imply that

dfE-T(p) A+ AdfEmT(p) #0

for any p € V*I(fki ..., fFm) (see Remark 2.3).

Now, assume that the assertion in Lemma 3.3 fails for some ki,...,k,, [ and
A(w; f81), ... A(w; fF=) such that INI(w) # 0. Again, without loss of generality, and
in order to simplify the notation, we assume that I = {1,...,n}, so that f&I = fk

INI(w)=I(w), C*/ =C™, and so on. Then there is a sequence {p,}qen of points in
C*"™ and a sequence {\g}4en of complex numbers such that:

(1) fr(py)=---= fkm(p,) =0 for all g € N.
(2) There exists a sequence {(fik, q,-- -k, q) tqen Of points in C™\ {0} such that for all

g€ Nandall1<7<n,

iﬂk afw b= AgBgir if i€ I(w),
7 9z 0, if i¢I(w),

where, for each 1 <7 <n, p,; denotes the conjugate of the ith coordinate p,; of p,.
(3) Xicrw) [Pq,il* = 0 as g — cc.
For any ¢ € C and any z € C™, let (xz = (((*2)1,...,({*2),) be the point of C™ defined
by
_ zi, for ieI(w),
(C*z)i=C"izg =14 ) .
(Yiz,, for i¢ I(w).

Then pick a sequence {(;}4en of points in C* that converges to zero sufficiently fast so that
the sequence {(, * pq}qen converges to the origin of C™. Clearly, {(,* Py }qen also satisfies
the above properties (1)—(3). Indeed, for any 1 < j <m, we have
ks ek ks
I ((q *pq) = Cg(w’f ])fwj (pq) =0,

50 {(q *Pq}qen satisfies (1). For each 1 <i <n, we also have

O oW

3w (Ca*Pq) = Cd(wf 1w 8:, (Pg),

and since (;’* =1 for all i € I(w) and (;’* (which is nonzero) is independent of the index j
(1<j<m)forall i ¢ I(w), it follows that

i/wafv’?(g* ) P for i€ Tw),
— C;l(W;f’“j) Dz Pa 0, for ¢ I(w),
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so that the sequence {(, * pq}qen satisfies (2) with the complex numbers ,uk“q/cd(w 1)

(1 <j <m). Finally,

Z (Cq *Pg)il Z ‘qu‘2—>0

ieI(w) i€l(w)

as ¢ — 00, 80 {(,*Pq }qen also satisfies (3). Altogether, {{, *p,}qen satisfies the properties
(1)-(3). Therefore, we can apply the Curve Selection Lemma to this situation in order to

find a real analytic curve a(s) = (ai(s),...,a,(s)) in C*, 0 <s <1, and a family of complex
numbers A(s), 0 < s <1, such that:
(1) fl2(a(s) = -+ = fhm(a(s)) = 0 for all s 0.

(2') There exists a real analytic curve (g, (8),...,ux,, (s)) in C™\ {0}, 0 < s <1, such that
for all s#£ 0 and all 1 <i<n,

8fw ~JAs)ai(s), if e lI(w),
Z“’“ 0z ())_{07 it ¢ I(w).

(3) a(0) =0 and a(s) € C*™ for s # 0.

For each 1 <i <n, consider the Taylor expansion
ai(s) = bis" + -,

where b; € C* and v; € N*. Since the v;’s are all positive, for each 1 < j < m, the face

A(V;fv]f,j) is a compact face of A(w; f¥i), and hence A(v;f‘]fvj) is a face of I'(f*5), where v

is the point of N*™ whose ith coordinate is v;. Furthermore, note that for each j, we have
k; .

d(v; fwj) > 0, and since

0= f¥(a(s) = (£, (b)s* (i) 4 ...

for all s # 0, we also have (fvlf,j)v(b) =0, where b is the point of C*" whose ith coordinate

is b;. (As usual, ( ffvj )v is the face function of f‘]fvj with respect to v.)
Write jug; (s) = pr,; 8% +---, where pg; # 0. If jux;(s) =0, then g; = oo. Let

§:=min{d(v; fg!) + g1, d(Vs f) + g},

and put

ey i d(viA) g5 =0,

i, = , L

0, if d(v;fwj) +g; > 0.
. m o o)
CLAmM 3.7. There exists io € I(w) such that 3 i, fix;—5,—+(b) # 0. (We recall that

i, (s) Z0 for at least an index j.)

Proof. First, observe that for all 1 <j<m and all 1 <i<n,

Ofw Oy o v ) o
T () = S (p) st )
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Thus, if the assertion in Claim 3.7 fails, then the sum

i; 821) (b)

vanishes for all ¢ € I(w), and so, by (2’), it vanishes for all 1 <1 < n. In other words, if

kj,,...,k;, are the elements of the set {k1,...,k,,} for which d(v ) +g;,=0,1<0<p,
then the vectors

k k k k

(M(b),...,m(b)>v"’ (m(b),---vm(bo

0z1 0z 021 O0zp
of C™ are linearly dependent, that is,

(), (D) A---Ad(fu") (b) =0.

As ( ‘]fvj‘v’)v = f‘]f+yw for any sufficiently large integer v € N (so that ( vlf,j‘)v is the face

function of f*¢ with respect to the weight vector v+vw) and ( V]f, )v(b) =0for1 </ <p,
this contradicts the nondegeneracy of V(f¥i1,..., fkir) (see Assumptions 3.1). 0

Combined with (2') again, Claim 3.7 implies that A(s) is not constantly zero. Write it as
a Laurent series A(s) = Aos®+ -+, where Ao # 0. Then, still from (2"), we deduce that for

all 1 <i<n,
™o o(f Nobi T2V i e T(w),
ji, ( )V<b)s5+-~-: ’ £ ieliw) (3.6)
= 0z; 0, if i¢I(w).
k;
Put S; := Z;n:l ,&M%(b), and define
vo:=min{v;;i € I(w)} and Ip:={i€l(w);v; =10} (3.7)

Since the coefficient A\gb; on the right-hand side of (3.6) is nonzero and the set of indexes
i € I(w) such that S; # 0 is not empty (see Claim 3.7), we have d = ¢+ 2vy and S; # 0 for
any i € Iy. In fact, for any 1 <i <n, the following equality holds:

Xobs, if i€y,
S; = V 3.8
Z“k azz (b)= {o, if ¢ Io. (38)

Since Iy # () and (fvlf,j)v(b) =0 (1 <j<m), combined with the Euler identity, the relation
(3.8) implies

m n kj
0= Zﬂk i ) (58,00 = S, (S P e )

j=1 i=1
(fw')
~ W v
- zwbi(zukjazwm) —o- 3 wilbi? £0,
icly j=1 ' icly
which is a contradiction. This completes the proof of Lemma 3.3. O
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84. Uniformly stable family and uniform stable radius

Now, let fi(t,z),...,f*0(t,z) be nonconstant polynomial functions of n+ 1 complex
variables (t,z) = (t,21,...,2,) such that f¥(¢,0) =0 for all t € C and all 1 <k < ko. As
usual, for any t € C, we write fF(z) := f*(t,z).

AssuMPTIONS 4.1. Throughout this section, we suppose that for any sufficiently small
t (say, |t| < 7p for some 19 > 0), the following two conditions hold true:

(1) For any 1 <k < ko, the Newton boundary I'(f¥) is independent of . (We may still have
D(fF) # T(fE) for k # K.).

(2) For any ki,...,kn € {ki,...,ko}, the germ at O of the variety V(fI,...,fF™) is the
germ of a nondegenerate complete intersection variety.

Note that (1) implies that the set Z(fF) is independent of t.

4.1 Statements of the results of §4

By Lemma 3.3, we know that under Assumptions 4.1, there exists €y > 0 such that for
any ki,....km € {1,...,ko}, any I C{1,...,n} with I € Z(f¥*)n---nZ(fi™), any weight
vector w € N/ and any A € C, if a € C! satisfies the conditions (1) and (2) of this lemma

for the functions fok’lvz,l, ey &T"}V’I, then
a¢ {z cC*; Z |zi]? < 5(2)}.

ieInl(w)

(Here, fécvlv denotes the face function (fOk’I)w = ( Ok’I)A(w‘fk,I) of fé“l with respect to w.)

Once for all, let us fix such a number 3. Then we have the following result which asserts
that if ¢ is small enough, then Lemma 3.3 also holds for the functions ft]f ‘l,(,I, ey f ;”V’I with
the same number &j.

LEMMA 4.2. Under Assumptions /.1, there exists 7 with 0 < 1 < 79 such that for any
te Dy ={tecC;|t| <7}, any ki,....km € {1,....ko}, any I C{1,...,n} with I € Z(fF)n
--'ﬂI(ffm), any weight vector w € N, and any A € C, ifa= (a1,...,a,) € C! satisfies the
conditions (1) and (2) of Lemma 5.3 for the functions ftlf‘l,(,lj..., t’f;’;’l, that s, if:

(1) fiul@) == '@ =0;
(2) there exists an m-tuple (fgy ..k, ) € C™\ {0} such that for all i€ I,

" Of i, if ieInI(w),
2@ = e
i=1 i ;o if iel\I(w),
where again a; is the complex conjugate of a; and I[(w):={i € {1,...,n}; w; =0};
then we must have
agfects ¥ lapsa).
ieInl(w)

where g 1s the number set above.
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We shall prove Lemma 4.2 in §4.3. Note that it generalizes Lemma 3 of [9] (obtained by
taking ko = 1). Using Lemma 4.2, we shall prove the following second important theorem,
which recovers Theorem 2 of [9] (obtained for ko = 1).

Put f(t,z) := f'(t,2)--- f*(¢,2), and as usual, write f;(z) := f(t,2).

THEOREM 4.3. Under Assumptions /j.1, the family { f:}+cp. is a uniformly stable family
with uniform stable radius €o. (Here, T is the number that appears in Lemma 4.2 and €q is
the number that we have fized just before the statement of this lemma.)

We recall that the family {f;}iep, is said to be uniformly stable with uniform stable
radius eq if for any 0 < g1 < g9 < g9, there exists §(e1,£2) > 0 such that for any n € C with
0 < || < &(e1,e2), the hypersurface f;*(n) is nonsingular in B, :={z € C"; ||z|| < o} and
transversely intersects the sphere S, , :={z € C"; ||z|| = €12} for any e1 < &1 < &3 and any
teD;,.

We shall prove Theorem 4.3 in §4.2, but before giving the proof, let us state the first main
theorem of this paper (Theorem 4.5). For that purpose, we first observe that Theorem 4.3
has the following corollary, which generalizes Corollary 1 of [9] (obtained by taking ko =1).

€12

COROLLARY 4.4. Under Assumptions 4.1, the family {ft}teDTO is a uniformly stable
family.

Proof. By Lemma 3.3, for any ty € D,,, there exists ¢(t9) > 0 such that for any
kiy.oooikm€{1,...;ko}, any I C{1,...,n} with I € Z( Zf)l)ﬂ---ﬂI(f,i'”), any weight vector
w € NI and any A € C, if a € C! satisfies the conditions (1) and (2) of this lemma for the

k1,1 km, I

functions f; ', fr)w » then a does not belong to the set

{z ec”; N JulP< 5(t0)2}. (4.1)

teINI(w)

Then, by (the corresponding version of) Lemma 4.2, there exists 7(¢g) > 0 such that for
any t € D) (to) :={t € C; [t —to| < 7(to)}, any ki1,...,kpm € {1,...,ko}, any I C{1,...,n}
with I € Z(fF*Yn---NZ(fF™), any weight vector w € N/, and any A € C, if a € C! satisfies
the conditions (1) and (2) of Lemma 3.3 for the functions ft]fi,;f, ey ft]f{,”v’l, then a does not
belong to the set (4.1). Now, applying (the corresponding version of) Theorem 4.3 shows
that the family {ft}tepf(to

Corollary 4.4 then follows from the compactness of the disk D,. O

, is a uniformly stable family with uniform stable radius (%)

Now, by [9, Lem. 2], we know that if {f;}/ep, is a uniformly stable family—say, with
uniform stable radius e—then the Milnor fibrations of f; and fy at 0 are isomorphic for all
t € D,,, that is, for all such ¢’s, there exists a fiber-preserving diffeomorphism

B.nft (55(s,g)> BN fyt (Ss(e,g))7

where 0(e,5) is the number that appears in the definition of a wuniform stable family
given just after the statement of Theorem 4.3, and where S5 <) := {2z € C;[2[ =d(¢,5)}.
Combining this result with Corollary 4.4 gives our first main theorem, the statement of
which is as follows. Again, the special case kg =1 (for which the functions f; are necessarily
nondegenerate) is already contained in [9].

THEOREM 4.5. Under Assumptions /4.1, the Milnor fibrations of f; and fy at O are
isomorphic for allt € D, .
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The following two subsections (§8§4.2 and 4.3) are devoted to the proofs of Theorem 4.3
and Lemma 4.2, respectively.

4.2 Proof of Theorem 4.3
It is along the same lines as the proof of Theorem 3.5. We start with the following claim,
which plays a role similar to that of [6, Cor. 2.8] in the proof of Theorem 3.5.

CLAIM 4.6. There exists 0 > 0 such that for any n € C with 0 < |n| <4, the hypersurface
fr (n) is nonsingular in B, for anyt € D,. (Of course, we work under Assumptions /.1.)

We postpone the proof of this claim at the end of §4.2, and we first complete the proof of
Theorem 4.3. We argue by contradiction. By Claim 4.6, if the assertion in Theorem 4.3 is
false, then it follows from the Curve Selection Lemma that there exist a real analytic curve
(t(s),z(s)) = (t(s), 21(5), ..., zn(s)) in D; x B.,, 0 < s <1, and a family of complex numbers
A(s), 0 < s <1, such that the following three conditions hold:

(i) %(z(s)) = \(s)zi(s) for 1 <i<n and s #0.

(i) fi0)(2(0)) =0, but fy(5)(z(s)) # 0 for s #0.

(iii) There exists € > 0 such that e <||z(s)|| < &o.

By (i) and (ii), A(s) # 0, and we can express it as a Laurent series
A(s) = Aos+--,

where \g € C*. Let I := {i;z;(s) #0}. By (ii), I € Z(fy(s)), and hence I EI(ftl(S))ﬂ---ﬂ

Z( ff((?s)) For each i € I, consider the Taylor expansion

2i(5) = ais® 4o,
where a; € C* and w; € N. The following is the counterpart of Claim 3.6.

CLAIM 4.7. There exists 1 < k < kg such that ftk(’(f) w(@) =0, where again a and w are the

points in C*1 and N, respectively, whose ith coordinates (i € I) are a; and w;, respectively.

Again, we shall prove this claim later. First, we complete the proof of the theorem. Once
more, hereafter, to simplify the notation, we shall assume that I = {1,...,n}, so that the
function f! is simply written as fF, the intersection INI(w) is written as I(w) (where,
as in Lemma 4.2, I(w) is the set of all indexes i € {1,...,n} for which w; =0), and so on.

Look at the set consisting of all integers k for which ff(o) w(@) =0. By Claim 4.7, this
set is not empty. As in the proof of Theorem 3.5, we assume that ftk(O) w(@) vanishes for
1 <k < k{, and does not vanish for k), +1 < k < kg, and we write f = fl--~fk6 -h where
b= frotl... ko jf kl <ko—1 and h:=1if k{, = ko; finally, for each 1 <k < k{,, we put

ko
e = d(w: fiig)) —ord fi{,) (z(s)) + ) _ord fi ) (a(s))
=1

(where, as usual, ordff(s)(z(s)) means the order, in s, of the expression ff(s)(z(s)) =
fE(t(s),2(s))), and we suppose that

emin:zelz...:ek6/<€k6/+lS"‘§€k6.
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Note that the equality I'y (ff(s)) =T, (ftk(o)) implies A(w;ff(s)) = A(w; ftk(O)) and
d(w;ftk(s)) = d(W;ff(O)) = d(W; f*) for all s, where W = (wo,w) with wq defined by the
Taylor expansion t(s) := tps"° +---, top # 0. Still as in the proof of Theorem 3.5 (see (3.1)—
(3.4)), it follows from the relation (i) that there exist nonzero complex numbers p1, ..., ppy
such that for any 1 <i <mn,

Z aft(0)7 e Sd(v?/;h)—l-emin 4= Aoai80+2wi 4.
0z; ’

and since \oa; # 0 and I(w) # () (by (iii)), by the same argument as the one given after
(3.4), we deduce that the sum

ko aftk(O),w
i = Z,U/k 0z ( )
k=1 v

vanishes for all i ¢ I(w). If it also vanishes for all i € I(w), then we get a contradiction with
Lemma 4.2 because z(s) € Be,, and hence

Y lail>=]z(0)* <. (4.2)

1€l(w)

If there is an index iy € I(w) such that S;, # 0, then

S = kzg 8ft(0) Aoa;, for ZEI(W),
0z; o, for i¢ I(w),

and still by (4.2), we get a new contradiction with Lemma 4.2.
To complete the proof of Theorem 4.3, it remains to prove Claims 4.6 and 4.7. We start
with the proof of Claim 4.7.

Proof of Claim 4 7. It is similar to the proof of Claim 3.6. Again, we assume [ =
{1,...,n}, so that ft(O) = ftk(O),w' We argue by contradiction. Suppose that ft’“(0)7w(a) #0

for all 1 <k < ko. Then f% (t9,a) = ftk(o)7w(a) #0 and d(w; ftk(o)) =d(Ww; f*) = ordff(s) (z(s))
for all 1 <k <ky (where w and ty are defined as above), and by (ii), there exists 1 < k; < kg
such that f, (0)( z(0)) =0.If I(w) ={1,...,n}, then d(w;ftk(b)) =0 and

Fi @) = fn) (@) 804

so that 0 = ft(O)( z(0)) = ft(O) (a), which is a contradiction. If I(w) is a proper sub-
set of {1,...,n} and d( f(o)) # 0, then, exactly as in the proof of Claim 3.6, if
€= ZZ‘):lordftk(s)(z(s)), then for any 1 <i<n,

]
Z( I Fowm ) fgo)’ (@) -84 = Aoass“ 2 4 (4.3)

k=1 \1<t<kg
1+k
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As above, since \ga; # 0 and I(w) # (), this implies that the sum

Of{i0)w
Z( II o > a(z) (2)

k=1 1<£<k0

vanishes for all i ¢ I(w), and using the Euler identity, we get exactly the same contradiction
as in the proof of Claim 3.6. [

Now, we prove Claim 4.6.

Proof of Claim 3.6. The argument is very similar to that given in the proof of
Theorem 4.3. We argue by contradiction. If the assertion in the claim is false, then, by the
Curve Selection Lemma, there exists a real analytic curve (¢(s),z(s)) = (t(s),21(s),- .., zn(s))
in D, X éeo, 0 < s <1, such that the following two conditions hold:

(i) 224 (5(s)) =0 for 1 <i<n.
(i) fuo)(2(0)) =0, but fy(5)((s)) # 0 for s # 0.

Let I:={i; z;(s)#0}. By (ii), [ € I(ftl(s)) ﬂ---ﬂI(ff(‘;)). For each i € I, consider the Taylor
expansion

2i(5) = ags™ -
where a; € C* and w; € N.

Cramm 4.8. There exists 1 < k < ko such that f(o) (a) =0, where again a and w

are the points in C*! and NI, respectively, whose ith coordinates (i € I) are a; and w;,
respectively.

The proof of Claim 4.8 is completely similar to that of Claim 4.7. The only difference is
that the right-hand side of the equality (4.3) is now zero. However, this does not change
anything in the argument.

Once more, we assume I = {1,...,n}, so that ft(O) ftk(o),w and we look at the set

consisting of all integers k for which ftk(o) (@) =0. By Claim 4.8, this set is not empty. As
in the proof of Theorem 3.5 or 4.3, we assume that ftk(()) w(@) vanishes for 1 <k < k| and
does not vanish for kj+1 < k < ko, and we write f = f1.-- fk0 . h where h:= fFot1... fko if
kl <ko—1 and h:=1if k{, = ko; finally, for each 1 <k < k{,, we put
k/
ex = d(W; fiig)) — ord fii,) (2( +me@<»

and we suppose that

e

min ‘= €1 = = ey < ey S S ey

Still as in the proof of Theorem 3.5 or 4.3, it follows from the relation (i) that there exist

nonzero complex numbers p, ..., pugy such that for any 1 <i <n,
Z 8ft(0) {h - sd(Wih) temin 4. ()
0z; ’
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" o k
and hence 21120:1 ukfgigz""(a) = 0. In other words, the vectors

aftl(o) w 3ft1(o) w 6ftk(%) 8ff(%/)
T R )

of C™ are linearly dependent, that is,
kll
dftl(o)’w(a) SRR /\dft(%)yw(a) =0,

which contradicts the nondegeneracy of V( ftl(o),..., ftk(%)) if I(w)=10. In the case where
I(w) # 0, we cannot proceed like that. However, in this case, Lemma 4.2 (applied with
A =0) implies

agé{ze(C*”; Z \zi|2§5§},

iel(w)

and since z(s) € B,, we also have

> Iaz\2<Z!zz |* = [12(0)|I* < &5,

iel(w)
which is a contradiction. U

4.3 Proof of Lemma 4.2

If the assertion of this lemma fails for some ky,...,ky,, I and A(w; 0’“),...,A(w;fé“m)
such that INI(w) =0, then, as in the proof of Lemma 3.3, we get a contradiction with the
nondegeneracy condition (see Assumptions 4.1 and Remark 2.3).

Now, assume that the assertion fails for some k1,...,kp,, I and A(w; é“l), .. .,A(W;fé“m)
such that I'NI(w) # (. Again, without loss of generality, and in order to simplify the
notation, we assume that I ={1,...,n}, so that ffvi = ft’fw, INI(w)=1I(w), C* =C*,
and so on. Then there exist sequences {pg}qsen, {Aq}qen and {¢;}4en of points in C*”, C,
and C*, respectively, such that:

(1) fi)w(Pg) =+ = [, (Pg) = 0 for all g € N.
(2) There exists a sequence {(ftk,,q,-- -+ Hk,,,q) fqen Of points in C™\ {0} such that for all

g€ Nandall1<i<n,

zm: ftq, oy {Papass i i€ I(w),
Hhit =gz 0, if Q¢ I(w),

where, for each 1 <7 <n, p,; denotes the conjugate of the ith coordinate p,; of p,.
(3) Dicriw) Ipg.il* <3 and t, — 0 as ¢ — oo.

(Again, f,’,, denotes the face function (f;’)w = <fth>A(w;ffj) of f;” with respect to w.)

By an argument similar to that used in the proof of Lemma 3.3, we can assume that the
sequences {pq.;}qen converge to 0 for all i ¢ I(w), so that, once again, we can apply the
Curve Selection Lemma to get a real analytic curve (t(s),a(s)) = (t(s),a1($),...,a,(s)) in
CxC", 0<s<1,and a family of complex numbers A(s), 0 < s <1, such that:
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(1) J5) (als) = = £ . (as)) = 0 for all s £0.
(2') There exists a real analytic curve (g, (8),...,tx,, (s)) in C™\ {0}, 0 < s <1, such that
forall s#0 and all 1 <i<mn,

" Of sl As)ai(s), if i€ l(w),
Z”kj(s)T%(a(s)) B {0, it i I(w).

j=1
(3) Xicrw) la;(s)|? < &2, t(0) =0, a;(0) =0 for i ¢ I(w), and a(s) € C*" for s # 0.
For each 1 <14 <n, consider the Taylor expansion
ails) = bis% + -+

where b; € C* and v; € N, and put vy, := min{vy,...,v,}. Then we divide the proof into
two cases depending on whether vy, =0 or vy, > 0. Let us first assume vy, > 0. In
this case, the proof is similar to that of Lemma 3.3. Indeed, exactly as in this proof, for
each 1 < j <m, the face A(v;f(liiﬂ) is a (compact) face of F(f(]fj) and d(v;féﬁi‘,) > 0. Since
Iy ( ff 7)—and hence A(w; ftkj )—is independent of ¢, we have

0=f,() w(@($)) = fou v (b)- sd(vifo) 4 ..

for all s # 0, and hence féij;,v’v(b) = 0, where v and b are the points of N*" and
C*", respectively, whose ith coordinates are v; and b;, respectively. Here, according to
our notation, by f(])%v’v, we mean the face function ((f(lfj)w)v of f(]i{'v = (fgj)w with
respect to v.

Write jug; (s) = pr,; 8% +---, where pg; # 0. Again, if g, (s) =0, then g; = co. Put

0= min{d(v; c’f,lw) +917---7d(V§fc,i"vC) +9m}’

and define fiy; to be equal to py,; or 0 depending on whether d (v; f(]ii,v) +g; is equal to ¢
or not, respectively.

Cramv 4.9.  There exists io € I(w) such that 377", fix, 8f0 — "( ) # 0.

Proof. It is along the same lines as the proof of Claim 3.7. More precisely, since I' ;. ( ff J )
is independent of ¢, we have

k]‘ kj
8ft(s),w (a s)) = af(],w,v
822‘ N 821‘
for all 1 <j<m and all 1 <7 <n. Thus, if the assertion in Claim 4.9 fails, then the sum

Z ' gzl b)

(b) sd(vifoh) =i .

vanishes for all i € I(w), and so, by (2'), it vanishes for all 1 <i <mn. As in the proof of
Claim 3.7, this implies that
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where the k;,’s (1 < ¢ <p) are the elements of {ki,...,ky,} for which d(v; fécjw) +g;, =90.
Since f:;‘fh = fo v4vw for any sufficiently large integer v € N (so that fo w.v s the face
function of fo with respect to the weight vector v+vw) and fo,w,v(b) =0for1</¢<p,and

. k.
since v; +vw; > 0 for all 1 <4 < n, this contradicts the nondegeneracy of V( f(I; LU e ”)
(see Assumptions 4.1).

Combined with (2) again, Claim 4.9 implies that A(s) is not constantly zero. Write it as
a Laurent series A(s) = Aos®+ -+, where A\g # 0. Then, still from (2"), we deduce that for
all 1 <i<n,

i .8f0wv )86+---: AOB@‘SC+2U¢+...7 if ZEI(W),
9z 0, if i I(w).

ks
Now, put §; := Z;.n:lﬂkj afgi":"’ (b) and define vg € N and Iy C {1,...,n} as in (3.7), that
is, vo :=min{v;;i € I(w)} and Iy :={i € I(w);v; =vo}. (Note that, in general, vy > Vmin.)
Then, as in the proof of Lemma 3.3, since A\ob; # 0 and the set {i € I(w);S; # 0} is not
empty (see Claim 4.9), we have § = ¢+ 2vy and S; # 0 for any i € Ij. In fact, for any 1 <i <n,

the following holds:

moAfl Xobs, if i€ I,
Si = jip 2wV () = 44
P 9z P 0, if idl. (44

Since Iy # () and f:’jmv (b) =0 (1 <j<m), therelation (4.4) together with the Euler identity
imply

. m n ) k;
0= Z:U’k fO w) fé:,]w,v(b) = IEij (szbl fgj’v (b)>
=t Z (4.5)

m 0
—sz z<z Uk fOWV )):)‘OZ’U’L‘I%P#O’

1€lp i€lp

which is a contradiction. This completes the proof of Lemma 4.2 in the case vpi, > 0.
Let us now assume vy,;, = 0. Clearly, we still have f(li];N’v(b) =0for1<j<m.

CLAIM 410 Even  when Vg, = 0, there exists iy € I(w) such that

m ~ 8f W,V
Zj:1ﬂkj B ()#0

Proof. When vy, =0, the argument given in the proof of Claim 4.9 does not apply. In
fact, in this case, Claim 4.10 directly follows from Lemma 3.3 and our choice of 3. More
precisely, we know that b € C*", fgy@v’v(b) =0(1<j<m), and féii,v’v = féﬁiﬂww for veN
large enough. Therefore, arguing by contradiction, if
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for all ¢ € I(w) (and hence, by (2'), for all 1 <i <n), then Lemma 3.3 and our choice of &
show that

b%{ze@*”; Z ]zi\2§6(2)}.
el (v+rw)

However, since I(v+vw) C I(v), we have

Sl Y b= >0 1w < Y laP+ > Jai(0)? <&,

icel(v+vw) i€l(v) i€l(v) iel(w) iel(w)e
<eZ =0
which is a contradiction. (Here, I(w)°:={1,...,n}\ I(w).) 0

Combined with (2’), Claim 4.10 shows that A(s) is not constantly zero, and exactly as
above we deduce that the relation (4.4) holds true for vy, =0 too. (The subset I and the
number vy are defined as before; we also use the same Laurent expansion A(s) = Ags®+---.)
If vg =0, then Iy = I(w)NI(v) =I(v+vw), and since >,y ipw) |b;]?> < €3, then, once
again, we get a contradiction with Lemma 3.3 and our choice of gg. If vy # 0, then we
get a contradiction exactly as in (4.5). This completes the proof of Lemma 4.2 in the case
VUmin — 0.

85. The “nonfamily” case

In the previous section, we have studied the case of families of functions. Hereafter, we
investigate the “nonfamily” case. For that purpose, we consider 2k nonconstant polynomial
functions f!(z),...,f*(z) and g¢'(z),...,9"(z), each of them in n complex variables
z=(z1,...,2n), and as usual we assume that f*¥(0) = g¥(0) =0 for all 1 < k < k.

AssUMPTIONS 5.1. Throughout this section, we suppose that the following two
conditions hold true:

(1) For any 1 <k < kg, the Newton boundaries I'(f*) and I'(¢*) coincide.
(2) For any ki,...,kny € {ki,...,ko}, the germs at O of the varieties V(f*,..., f*=) and
V(g*,...,g") are the germs of nondegenerate complete intersection varieties.

Put f(z):= f(z)--- f¥(z) and g(z) := g*(z)--- g*°(z). The second main theorem of this
paper is stated as follows. Once more, note that when kg = 1, the functions f and g are
nondegenerate, and then we recover Theorem 3 of [9].

THEOREM 5.2. Under Assumptions 5.1, the Milnor fibrations of f and g at 0 are
isomorphic.

Proof. For any 1 <k <k and any t € Dy :={t € C; |t| < 1}, we consider the polynomial
functions

fFz) =1 —t)fF+tF* and g¢F(z):= (1 —-1t)g" +tG*,

where
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are the Newton principal parts of

:anz‘l and  ¢*( ZCZ

aeNn aeNn
respectively.
CrAaM 5.3. The Milnor fibrations of f'---fk and F'.--FFo (resp. of g'---gk and
Gl.--G*) at O are isomorphic. 0

Proof. First, observe that for any 1 < k < kg and any positive weight vector w, we have
frw(@) = (L=t f* +1F ) = (1 =t) fo +tFy = fo.

From this observation and Assumptions 5.1, we deduce that V/( t’“,..., ftk) is a nonde-
generate complete intersection variety for any t € Dl, and since T'(fF) =T(f*), it follows
from Theorem 4.8 that the functions f(z) := f}(z)--- f°(z) and fo(z) := f3(z)--- fi°(z) =
fY(z)--- f¥(z) have isomorphic Milnor fibrations for any t € D;. In particular, taking ¢t =1
gives that F'1... F*o and fl... f* have isomorphic Milnor fibrations as announced.

CLAIM 5.4. The Milnor fibrations of F'---F* and G'---G*0 at O are isomorphic.

The proof of this claim is given below. Of course, Theorem 5.2 follows from Claims 5.3
and 5.4. 0

Now, let us prove Claim 5.4.

Proof of Claim 5.4. For each 1 <k < ko, let vy 1,...,Vk,n, be the integral points of
I'(f*) =T (F*), and for any c; = (Ck1se-Chimy) € C™, put

Nk
h’ék (z) := Zc;w- VAL
i=1
Now, consider the set U of points (ci,...,cp,) in C™ x --- x C™*o such that:

(1) D(hE)=T(f*) for any 1 <k < ko.
(2) For any 1 <ki,...,ky < ko, the variety V (h%

k"L
o —sher ) is a nondegenerate complete

intersection variety.

CLAIM 5.5. The set U is a Zariski open subset of C™ x --- x C™ko ; in particular, it is
path-connected.

The special case kg =1 in Claim 5.5 is treated in the Appendix of [7]. Before proving
this claim in the general case, we complete the proof of Claim 5.4.
For each 1 <k <k, let

ci(FF) = (ck71(Fk),...,ck,nk (F¥)) and cx(GF):= (ck,l(Gk),...,ck,nk (G*))
be the points defined by

Nk

F*(z):=h ck(Fk) ZC’W (F*Yz"»i and GF(z):=h ck(Gk) Zc,] (G*)z"ri,
j=1 j=1

By Claim 5.5, we can choose a finite sequence of (say, pg) ko-tuples

(cl(l)v"'7cko(1))""7(c1(p0)""7ck0(p0))

https://doi.org/10.1017/nmj.2022.37 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.37

ON THE MILNOR FIBRATION OF CERTAIN NEWTON DEGENERATE FUNCTIONS 431

in U, starting at (c1(F1!),...,ck,(F*)) and ending at (c;(G1),...,ck, (G*0)), such that for
each 1 < p <pg—1, the straight-line segment
ép(t) = (1 _t) (Cl(p)v--'ackro(p))+t(cl(p+1)v-"7ckro(p+1))

(1 <t<1)is contained in U. For each 1 < p < py—1, we consider the family {hgp(t)}0<t<1
of polynomial functions defined by o

he, ) (2z) == h%;(t)( z) hkﬁo(t)( z),

where £5(t) := (1 —t)ck(p) +tek(p+1) is the kth coordinate of £,(t). By Theorem 4.8, the
Milnor fibrations of ) and hy, 1) at 0 are isomorphic. Claim 5.4 then follows from the
equalities

h’fl(o) :Fl..-FkO and hépo_l(l) :Gl..'GkO‘
This completes the proof of Claim 5.4 (up to Claim 5.5). U
Now, let us prove Claim 5.5

Proof of Claim 5.5. For any 1 < k < kg and any positive weight vector w defining a
(compact) face A(w; f*) of T'(f*) with maximal dimension, let us denote by 0 1,...,0k.q,
the integral points of A(w; f¥). Then, for any aj = (a 1,...,akq,) € C%*, put

dk
z) = a2’
j=1

Note that ¢§k is weighted homogeneous with respect to w. Now, consider the set U,
consisting of the points (ai,...,a,) in C? x ... x C%o satisfying the following two
properties:

(1) D(¢k,)=A(w; f*) for any 1 <k < ko.
(2) For any 1 <ki,...,kn, < ko, the variety V (¢k
intersection variety.

k .
a0 ,qﬁazlm) is a nondegenerate complete

To prove Claim 5.5, it suffices to show that U,, is a Zariski open set. To do that, we first
observe that since ¢§;’€j (1 <j<m) is weighted homogeneous, there exist Ay,..., A\, € N*
such that the polynomial

k,
(I)a?v(zl?" ) & ) ¢ak (Zl ’ e 727)1\?1)

is homogeneous. Then, since V(¢k
V(op

g, "

a0 ..,¢Fm ) is nondegenerate if and only if

@g;nm) is nondegenerate, we may assume that gbgij is homogeneous for any
1 < j < m. Now, observe that for any positive weight vector w’, the set A(w’; f£) is a
(compact) face of A(w;f¥), and then consider the set Vi (W) made up of all the points
(a1,...,ak,,z) in PO~ x ... x P~ x Pn~1 for which there exists a subset K C {1,...,ko}
such that

Vke K, ¢f o (2)=0 and )\ d¢f, . (2)

keK
where we still denote by aj,...,a,, and z the classes of aj,...,ax, and z in the projective

spaces P11—1 P90 ~! and P"~! respectively. (Once more, let us recall that gba w =

https://doi.org/10.1017/nmj.2022.37 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.37

432 C. EYRAL AND M. OKA

(¢ )w: denotes the face function of @& with respect to the weight vector w'.) Let Viy (w')
be the closure of V(W) := Vie (W) N {21+ 2, # 0} in P71 x ... x PO ~1 x P~ Then
Vi (W') is an algebraic set of dimension dim V*(w’) (see [12, Lem. 3.9]). Let

7 (PR x PTRo—h) x PPTL 5 PO L PR
be the standard projection, and let
W*

w o

n(Ve) and Wy i=n(Vay),
where

U Vaw) and Vo= [J Va(w).

w’EN*n w’/EeN*n

Clearly, Uy, is the complement of (py X -+ x pg, ) (W) U{0}, where py: C¥\ {0} — Pa+—1
is the standard canonical map. By the proper mapping theorem (see [11, Satz 23]), Wy, is an
algebraic set containing W . In fact, we are going to prove that W = Wy,, which implies
that Uy, is a Zariski open set. To show the equality W = Wy, we argue by contradiction.
Suppose that W} C Wy. Then there exists (ai,...,ay,,z) € V4 such that (ay,...,ax,) €
Ww \ WZ. By the Curve Selection Lemma, there exist a real analytic curve

p(s) = (ai(s),--,ax,(5),2(s)),

0 <s <1, and a positive weight vector w’ € N*" such that p(s) € Vis(w’) for s >0 and
p(0) = (a,...,ak,,z). For each 1 <k < ko, write

ay(s)=ap+ag15+--- and z(s) = (b1s™ +--- ... bys®n 4---).

By the assumption, b; € C*, w/ € N (1 <i <n) and max{w/ ;1 <7 <n} > 0. Moreover, for
any s # 0, there exists K (s) C {1,...,ko} such that

Vk € K(s), ak( )w(z(8)) =0 and /\ d¢ak( )w (2(8)) =0.
keK(s)

By looking at the leading terms (with respect to s) in the above expressions, it follows that
there exists a subset K(0) C {1,...,ko} such that

Vk € K(0), (¢4, w)a(0)=0 and  /\ d(¢s w)A(b)=0, (5.1)
ke K (0)

where b := (by,...,b,), A is the (compact) face of A(w’; f£) on which the linear form
ac AW fE)y— Zaiwf €ER

takes its minimal value, and (gf)’;k’w,) A 1s the corresponding face function. However,
since b; € C* for all 1 <i <n, the relations (5.1) imply (ai,...,ax,) € Wy, which is a
contradiction. O
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