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Abstract

The study of the sobriety of Scott spaces has got a relatively long history in domain theory. Lawson and
Hoffmann independently proved that the Scott space of every continuous directed complete poset (usually
called domain) is sober. Johnstone constructed the first directed complete poset whose Scott space is non-
sober. Soon after, Isbell gave a complete lattice with a non-sober Scott space. Based on Isbell’s example,
Xu, Xi, and Zhao showed that there is even a complete Heyting algebra whose Scott space is non-sober.
Achim Jung then asked whether every countable complete lattice has a sober Scott space. The main aim
of this paper is to answer Jung’s problem by constructing a countable complete lattice whose Scott space
is non-sober. This lattice is then modified to obtain a countable distributive complete lattice with a non-
sober Scott space. In addition, we prove that the topology of the product space £P x X Q coincides with
the Scott topology of the product poset P x Q if the set Id(P) and Id(Q) of all incremental ideals of posets
P and Q are both countable. Based on this, it is deduced that a directed complete poset P has a sober Scott
space, if Id(P) is countable and X P is coherent and well filtered. In particular, every complete lattice L with
Id(L) countable has a sober Scott space.
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1. Introduction

Sobriety is one of the earliest studied major properties of T topological spaces. It has been used in
the characterization of spectra spaces of commutative rings (Hochster 1969). In recent years, this
property and some of its weaker forms have been extensively investigated from various different
perspectives. The Scott topology is the most important topology in domain theory which bridges a
strong link between topological and order structures. Lawson (1979) and Hoffmann (1981) proved
independently that the Scott space of every domain (continuous directed complete poset) is sober.
At the early time, it was an open problem whether the Scott space of every directed complete
poset (dcpo, for short) is sober. Johnstone constructed the first counterexample to give a negative
answer (Johnstone 1981). Soon, Isbell (1982) came up with a complete lattice whose Scott space is
non-sober. However, Isbell’s complete lattice is neither distributive nor countable.

A poset P will be called sober if its Scott space X P is sober. In Jung (2018), Achim Jung posed
two problems. One of them is whether every distributive complete lattice is sober.

Using Isbell's complete lattice, Xu, Xi, and Zhao gave a negative answer to this problem
(Xu et al. 2021).
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The second problem by Jung (also mentioned by Xu and Zhao in 2020) is the following one:
Problem 1.1. Is there a non-sober countable complete lattice?

In the current paper, we will give an answer to this problem. The main structure we are going
to use is the poset N<N of all words (or, nonempty finite sequences) in the set N of all positive
integers. In Section 2, we shall list some properties of N<N to be used. In Section 3, we construct a
countable complete distributive lattice whose Scott space is non-sober; thus, we give an answer to
Problem 1.1.

In Section 4, we prove some positive results on the sobriety of Scott spaces. First, we prove that
the topology of the product space £P x £Q coincides with the Scott topology on the product
poset P x Q if the set Id(P) and Id(Q) of all incremental ideals of posets P and Q are both count-
able. Based on this result, we deduce that a directed complete poset P is sober if Id(P) is countable
and the space X P is coherent and well filtered. In particular, every complete lattice L with Id(L)
countable is sober.

2. Preliminaries

In this section, we recall some basic definitions and results to be used later. For more details on
them, we refer the reader to Gierz et al. (2003) and Goubault-Larrecq (2013).

Let P be a poset. A nonempty subset D of P is directed if every two elements of D have an upper
bound in D. If D is also a lower set (D = | D = {x € P: x < d for some d € D}), then D is called an
ideal. A poset is called a directed complete poset (dcpo, for short) if its every directed subset has a
supremum. A complete lattice is a poset in which every subset has a supremum and an infimum.
A subset U of a poset P is Scott open if (i) it is an upper set (U=4U ={x € P: u < x for some u €
U}) and (ii) for every directed subset D of P with sup D existing and sup D € U, it follows that
DN U # . The complements of Scott open sets are called Scott closed sets. The collection of all
Scott open subsets of P forms a topology on P, called the Scott topology of P, and is denoted by
o (P). The collection of all Scott closed subsets of P is denoted by I'(P). The space (P, o (P)) called
the Scott space of P is written as X P.

For two elements x, y in a poset P, x is way-below y, denoted by x < y, if for any directed
subset D of P for which sup D exists, y < sup D implies D N tx % (. A poset P is continuous if for
eachxe P, [x={yeL:y<x}is directed and x = sup |,x. A continuous dcpo is usually called a
domain.

An element x of P is compact if x < x. The set of all compact elements of P is denoted by K(P).
A poset P is algebraic if for every x € P, the set K(P) N | x is directed and x = sup (K(P) N | x).
For any compact element x € P, 1x € o (P). Every algebraic poset is continuous. If L is a complete
lattice such that K(L) = L (all elements are compact), then L is algebraic.

A subset K of a topological space X is compact if every open cover of K has a finite subcover.
A set K of a topological space is called saturated if it is the intersection of its open neighborhood
(K = 1K in its specialization order). The saturation satA of a set A is the intersection of all its open
neighborhoods.

Definition 2.1. (Gierz etal. 2003) (1) A topological space X is sober if it is T and every irreducible
closed subset of X is the closure of a (unique) point.

(2) A Ty space X is well filtered if for each filter base C of compact saturated sets and each open
set U with () C C U, thereisa K € C with K C U.

(3) A space X is coherent if the intersection of any two compact saturated sets is again compact.
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Remark 2.2. (1) The Scott space of every continuous dcpo is sober.
(2) Every sober space is well filtered. A retraction of a sober space is sober.
(3) If X is well filtered and {F; : i € I} is a filtered family of compact saturated subsets of X, then
({F;: i€ I} is a compact saturated set.

Lemma 2.3. Assume that L is a complete lattice such that K(L) = L. Let
L* = {1F:F C Lis finite}.
Then (L*, C) is a distributive complete lattice.

Proof. Since L is a complete lattice with K(L) =L, L is an algebraic lattice. Thus, XL is sober;
hence, it is well filtered.
For any 1F, 1G € L*, it is easy to verify that in L*,

sup{1F, 1G} = 1(FU G), inf{1F, 1G} = 1F A1G=(1F) N (1G) = {x Vy:x € F,y € G}.

Thus, L* is a lattice.

(1) L* is a distributive lattice.

For any two elements 1F,1G in L*, it is easy to see that inf{{1F,1G}=41FN1G and
sup{1F, 1G} = tFU 1G. Hence, the finite sup (inf) in L* is the set union (intersection), which
means that L* is a sublattice of the distributive powerset lattice P(L); thus, L* is distributive.

(2) L* is a complete lattice

Since L* is a lattice and has a top element 10;, in order to prove L* is a complete lattice, it
remains to show that every filtered subset of L* has an infimum. Let D = {{'F; : i € I} be a filtered
subset of L*. Then each 1F; is a compact saturated subset of L. Hence, by Remarks 2.2(3), the
intersection A =[\{1F;:i €I} is a compact saturated subset of L. For each x € A, x is compact,
so tx€o(L).

Now A = [ J{tx:x € A} (note that A is an upper set). As A is compact, there is a finite subset
G C A, such that A= J{?y:y € G} = 1G, which is in L*. Clearly inf D = 1G.

It follows that (L*, C ) is a complete lattice. O

An ideal I of a poset P is incremental if I is not a principal ideal (I # | x for any x € P). We use
Id(P) to denote the set of all incremental ideals of a poset P.

Proposition 2.4. (Gierz et al. 2003, Corollary II-1.12) If L is a dcpo and a sup semilattice such that
the sup operation is jointly Scott continuous, then XL is sober.

Let N be the set of all nonnegative integers. Then, N is a poset with the ordinary order < of
numbers. Let N<N be the set of all nonempty finite words (or, finite strings) over N. The prefix
order “<" on N<N is defined as follows:

Foranyx=aja;---a,y="0b1by-- - by in N=<N,

x<yifandonlyifn <manda;=b;foralll <i<n.

The poset N<N is countable and does not have infinite decreasing sequences. One can arrange
all the elements from N<N in a sequence such that larger elements appear later. Thus, we can
define a monotone injective function from N<N to N.

We shall make use of the following result, for its proof, see Remark 6.1.

Proposition 2.5. There is a monotone bijective function f : N<N — N,

Remark 2.6. Consider the set N. There exists a sequence {Ex}xen of disjoint infinite subsets of N.
For example, let E; = {2m:m e N}. Assume that we have defined disjoint subsets Ej(k=
1,2,- -, m)such that each E; is an infinite subset of N — ( J{Ej:j <i— 1} and N — [ J{E; :j < i} is
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Figure 1. The basic gadget of P.

infinite. Then choose E,;4; to be an infinite subset of N — | J{E; : i < m} such that N — [ J{E;:i <
m + 1} is infinite.

By induction, we can have a sequence {E }¢cn of disjoint infinite subsets of N.

Since N x N is a countable set, there exists a bijection h: N x N — N. Using & and the above
remarks, we see that there is an injective function i: N x N — P(N) such that each i(m, n) is an
infinite set and i(m, ny) N i(my, ny) = ) whenever (my, ny) # (my, nz). In addition, by subtracting
{1,2,--- ,m} from i(m, n), we can guarantee that all numbers in i(m, n) are strictly greater than m.

Now for each (m,n) e N x N, there is a monotone injection hy, , : N — i(m, n). Let fp, =
Hm,n o f. Then, fim n is a monotone injective function from N <N into i(m, n).

3. A Countable Complete Distributive Lattice Whose Scott Space is Non-sober

We now construct a countable complete distributive lattice whose Scott space is non-sober.

Let L = NUN<N U {T} with the order < such that both N<N and N are sub posets and T is the
top element.

The poset L can be depicted as Fig. 1.

Next, let P=N x L.

Let L, = {(n,x) € P: x € L}. In this section, for s € N<N with length equaling 1 sometimes is
considered as a natural number s. We first define the relations <1, <3, <3 and <4 on P as follows:

e (n,x) <y (m,y)if n=mand x < y holds in L;

o (n,x) <3 (m,y)ify=T,x € N<" and there exists k € N with k > n such that m € i(n, k) and
m = f, x(x). (In other words, (1, x) <2 (f,x(x), T) for all n < k).

e (n,x) <3(m,y) if y=T, x € N and there exists d € N with d < n such that m € i(d, n) and
m = f; ,(x). (In other words, (1, x) <3 (f3,,(x), T) foralld < n).

Here (n,x) € N x N, and in the definition of f; ,(x), x € N is taken as an element of N<N

with length equaling 1.

e (n,x) <4(m,y)ify=T, x € Nand there exists a, b € N, s € N with a < b such that f, ,(s) =
n and f, p(s.x) = m. (In other words, (f,(s), x) <4 (f1p(s.x), T) for all (a,b) € N x N with
a<b).

By the above definitions, it is clear that as subsets of P x P, <1, <3, <3 and <4 are disjoint. Here we
explain, in particular, why <3 and <4 are disjoint. In fact, suppose that ((f,(s), x), (fz,p(s.x), T))
isin <4. Let n =1, ,(s). Then by the definition of f, ;, n > b, hence, f, ,,(s.x) # f3,,(x) forany d e N
with d < n. Hence, ((f,,(s), x), (fo,5(s.x), T)) is not in <3.

Example 3.1. The following are some concrete examples illustrating the strict orders <; (i=
1,2,3,4).
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(n, T) (k) (frx(1),T) (Fnx(2),T) (fax(z), T)

(1) (n.2) (ne) (k1) (k2) (k)
n k Jnr(1) frk(2) frk(®)
Figure 2. The strict order <3.
(d, T) (n, T) (fan(1),T) (fan(2),T) (fan (), T)

@1 (42) (o)
d

n fan(1) fan(2) fan ()

Figure 3. The strict order <3.

(1) (2,3) <1 (2,3-1).

(2) (3,12-4) <2 (f3x(12-4), T) forall k > 3.

(3) (3,5) <3 (fz3(5), T) for all d < 3. Here, the 5 in f;3(5) is a member of N<N with length
equaling 1.

(4) (23(2:6),7) <4 (f3(2-6-7), T).

Now let < be the partial order on P generated by <; U <3 U <3 U <4 (the smallest partial
order relation containing all <; (i=1,2, 3,4)). Note that the partial order < coincides with <;
U(<1;<2)U(<1;<3)U(<1;<4), where < is the reflexive closure of <; and (R;S) denotes
the composition of two relations R and S, defined by x(R;S)y iff 3z : xRzSy.

If n = m, then the strict order <, is depicted as in Fig. 1. For n # m, the strict orders <, <3, <4
of P are depicted in the following figures, respectively.

When k > #, the red lines in Fig. 2 illustrate three specific cases: (1, 1) <2 (f,x(1), T), (1, 2) <2
(Fuk(2), T) and (n, %) <3 (fyi(), T).

The red lines in Fig. 3 illustrate the cases: (n,1) <3 (fz,(1), T), (n,2) <3 (f4,(2), T), and
(I’l, x) <3 (fd,n(x)> T)

The red lines in Fig. 4 illustrate the cases: (f;,(1),1) <4 (f5(1.1), T) and (f,,(1),x) <4

(fap(1.x), T).
The red lines in Fig. 5 illustrate the cases: (f;;(1),x) <4 (f,5(1.x), T) and (f;,(1.x),y) <4

(fap(l.xy), T).
The red lines in Fig. 6 illustrate the cases: (b, y) <3 (f1p(3)> T); (far(), 2) <4 (fap(r.2), T);

(fap(r2), w) <4 (fap(y.z.u), T).
In Fig. 7, the red lines are the same as Fig. 6 and the blue lines add the cases of <3: (a,y) <2

(o), T), (a,y.2) <2 (fap(y.2), T), and (a, y.z.u) <3 (fop(y.z.u), T).
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(a,T) (®,T) (fap(1),T) (fap(1.1),T) (fap(1.2), T)

—————e

(Fap(D, 1)
a b ' fap(1) fap(1.1) fap(l.z)

(fa,b(l)aT (fa,b(l"r'y)v—r)

iy

b Jap(1) fap(l.x) fap(lz.y)

———————a

Figure 5. The strict order <4
(a, T) (®,T) (fap(y), T) (fap(y-2), T) (fap(y-2.u), T)
AN AN
//" ‘\ N //" ‘\ N
o N [N
/2 UN /A U
7! \ \ o \
/I l’ \\ N /I n’ \ A
ro \ N i \
1 1 \
b fap(y) Jap(y-2) fap(y.z.u)

Figure 6. Assembling the strict orders <3 and <.

(fa,b(y*z)v T (fa,b(y'z'u)7—r)

LRI

b fan( fa(y-2) fap(y.z.u)

(fa,b(y)v T)

——————a

Figure 7. Assembling the strict orders <, <3 and <.
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(from (@) T) om (@ a)D

Tt @), a)

(mpr) U (@).a)

n, m, Sy, (@) Sy (ay.a2)

Figure 8. The proof of Lemma 3.2 (n < m).

Lemma 3.2. P is an irreducible subset of X P.

Proof. By the definition of irreducibility, it suffices to prove that U N V # ¢ for any two nonempty
Scott open sets U, V of P.

Since U and V are nonempty Scott open sets, there exist (ng, T) € U and (my, T) € V.

If ng = mg, then (ny, T) e UN V.

Next, assume that ng # mg. Without loss of generality, we just consider the case ny < my.

Since V is Scott open and \/{(my, k) : k € N} = (myg, T) € V, there exists a; € N such that
(H’I(), al) eV.

From the definition of <3, it follows that (m9, a1) <3 (fug,m,(a1), T). Whence, (fy5,m,(a1), T) €
V. By the similar reason for the existence of a;, there is a; € N such that (fy, m,(a1), a2) € V.

By the definition of <4, we have that (fu,m,(a1), a2) <4 (fug,me(a1.a2), T). It follows that
(frlo,mo ((11.@2), T) eV.

By induction on N, for any n €N, there exists (fym,(a1.a2.--- .a,), T) € V. Note that
{(no, a1.az. - - - .ax)) : k € N} is an increasing sequence in P and
\/{(no,ar.a2. -+ .ar)) : ke N} = (ng, T) € U.
Thus, there exists k € N such that (np,a;.--- .a¢) € U. By the definition of <,, we have that
(no, ai.- -+ .ax) <2 (fug.me(ar. - - - .ax), T) (see Fig. 8 for the process of the proof).
Hence, (fug,mo(a1. - - - .ax), T) € U, implying that (fg m,(a1.- -+ .ax), T) e UNV. I

Lemma 3.3. Let M ={(\,cp {x: ¥ # E C P}. Then (M, C ) is a bounded complete dcpo.

Proof. If {A;:ieI} € M hasan upper bound in M, where A; = ﬂeri $x (i € I) with E; C P, then
there is yp € P such that | J{A;:i€ I} C |yo. Hence, ({Jy: U{Ai:i€ I} C |y} is the supremum
of {A;:i eI} in M. It follows that M is bounded complete.

We now show that M is a dcpo. Let B= {(n, m) € N x N: n < m}. In order to determine what
the intersections of two principal ideals of P are, we first list all types of principal ideals | x of P.

TypeI : | (mo, so) = {(mo,s) : s < so} for some mp € N, 59 € N<N (see Fig. 9 for Type I ideals).
TypeII : | (my, ng) = {(mo, n) : n < ny} for some my, ny € N (see Fig. 10 for Type II ideals).
TypeIII : | (ng, T) = Ly, for some ny € N\ U(n’m)eB i(n, m) (see Fig. 11 for Type III ideals).
Type IV : | (fimgno(s0), T) = Lfmo,nO(SO) U {(my, s0)} U {(ng, n) : n < so} for some (my, ng) € B, sp €
N<N with |sg| =1 (see Fig. 12 for Type IV ideals).
TypeV i | (fmgme(S0), T) = Lme)nO (so) Ym0, 8) 15 <50} U {(fingno(sy) ) :n <mnj} for some
(mo, ng) € B, so = 5.1 € N<N with s; € N<N, ny € N (see Fig. 13 for Type V ideals).

The Types L, II, and III are easily understood.
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Figure 9. The Type | ideals.

Figure 10. The Type Il ideals.

Figure 11. The Type lll ideals.

(£.,4D.T)
A
™

m n Sl S (1)
Figure 12. The Type IV ideals.

For the Type IV principle ideal | (fun,(s0), T), clearly it contains the whole Lfmo,no(so)'

Also (mo, so) <2 (fng.ne(50)> T), where (myg,so) is taken as an element in N x N<N_ Thus,
(mo, $0) € 4 (fimg,no(S0)> T). Note that this (myg, so) is a minimal element of P. Next, (no, so) <3
(fimo,n0(S0)> T) where the s in (9, sp) is a member of N, thus we have | (no, so) = {(n9, 1) : n <
SO} g \L(fmo,no(so)) T)
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(foa.T)
A

N

(fan )

m n Sonn(D) Sowa(1D)

()

Figure 14. The Type | UlI? sets.

Now consider the Type V principle ideal | (fig.n,(s0), T), where sg e N<N, Trivially, it
contains the whole Lme’nO (so)- Next, (mo, s0) <2 (fmg,no(s0)> T), thus (o, so) = {(mo, s) :
s <50} S d(fmouno(50)> T). Furthermore, if sop=si.ny with njeN, then (fign,(s5)s n5) <4
(oo (55-15)> T) = (fimgune (50) T, hence Voo (55)> 115) = {(frmo,no (55), 1) i m < mg} <
3(fimo.no (50)> T). And these are all the elements in | (fyg,n,(50)> T).

These types of principle ideas are depicted as below (as the blue regions).

We now list all the subsets of P which are the intersections of two principal ideals in the

following table.
Typel Typell Typelll Type IV Type V
Type I /9 0 /9 /9 /0
Type 11 11/ 11/ 11/ 11/
Type I1I 11/9 U1/ /0
Type IV UI/IV/IVITYG - JI/IVITY/TUTE2 /9
Type V I/11/V/IUIT% /%

In the aforementioned table, Type IUII! sets are of the form {(mq, so)} U {(119, n) : n < ko} for
some (my, n9) € B, so € NN, ko € N with |so| = 1, ko < 50 (see Fig. 14 for Type IUII! ideals).

Type IUII? sets are of the form {(myo, s) | s < 50} U {(fing.ue (S0)> 1) : 1 < ko} for some (myo, ng) €
B, sop € N<N, ko € N (see Fig. 15 for Type IUII? ideals).

The two new types of subsets are depicted in Fig. 14, as the blue regions.
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[EARGRY) (£, T

(D) - (£, 01

m n Jasll) a1

Figure 15. The Type | U I sets.

For the intersections with Type I, Type II, and Type III principle ideals, the results are easily
seen. We now explain the intersections of two Type IV principle ideas, one Type IV and one Type
V principle ideals and two Type V principle ideals.

Intersections of two Type IV principle ideals

The corresponding cell for intersections of two Type IV ideals is indicated as I/II/TV/TUTI!,
@, meaning that intersection can be a Type I ideal, a Type II ideal, a Type IV ideal, a Type I U IT!
set, or the empty set.

Let I; and I, be two Type IV principle ideals, where I = (i n(s1),T)=
Lfml,nl(sl) U{(my,s)}U{(n,n):n<s;} for some (my,n;)€B,s; € NN with |s;]=1, and
L= (fnpny(52), T) =Ly, () U (2, $2)} U{(n2,m) :n < 53} for some (m, m3) € B, s e NN
with |s;| = 1.

We prove this by considering the following different cases for f;, 1, (s2).

(1) fmz,nz(SZ) < mj.
In this case, as my < 1y < fyy.n,(52) <M1 < 11 < fin; 0, (51), it follows that I} NI, = 0.
(2) fimyuny (s2) = my.
Then my < ny < fin, 0, (52) = M1 < 11 < fyny ;> 50 {(m1,51)} € I and
I NI = {(my, s1)}, which is a Type I ideal.
(3) M1 < fimy,ny(s2) < 1.
Let my #mj. Then I} NI, = .
Let my = m;.
If 51 #s5, then I) NI, = @. Otherwise, I) N I = {(my, s1)} = {(m2, 52)}, which is a Type I
ideal.
(4) fmz,nz (52) =ny.
Then, as my < 1y < fiu,.n, (s2) = 11, we have my < ny < ny < fin; 0, (51)-
If my # my, then I) NI, = {(ny, n) : n <s1}, which is a Type II ideal.
If my =m; and s; =sp, then I} NI = {(my, s1)} U {(n1, n) : n < 51}, which is a Type I
set.
If my = mj and 51 # s, then I} NI = {(n, n) : n < 51}, which is a Type II ideal.
(5) 11 < finyny (82) < frmymy (51)-
If my #£ my, ny #ny, thenl; NI, =0.
If my = my, n; # ny and 51 #£ s5.
Then 11 ﬂIz =0.
If my = my, n # ny and s; =s,, then I} NI = {(my, 51)}, which is a Type I ideal.
Now consider the case m; = my, n; = ny.
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BY finy,n, (52) < fimym, (51), we have s1 # 5. Hence, I} NI, = {(n1, n) : n < min{sy, s2}}.
For the case m; # my, n1 = ny, we have I} N I = {(n;, n) : n < min{s, s2}}, which is a Type
II ideal.

(6) fmz,ﬂz (52) mel,nl (51)
Then (my, n1) = (my, ny), s; = s, by the property of i and f,,,, ,, thus I} NI, =I;, which is a
type IV ideal.

(7) fml,nl(Sl) <fm2,n2(52)
By interchanging m; and mjy, n; and m, in the cases (1)-(5), we deduce again that I N I is
of Type I/11/TV/TUTI! /@.

Intersections of one Type IV and one Type V principle ideals

Let I; be a Type IV ideal and I, a Type V ideal.

Specifically, Iy = | (fin,,n,(51), T) = Lfml,nl(Sl) U{(my,s1)}U{(n,n):n<s;} for some
(my1,n1) €B,s; e NN with [sil=1, and L ={(fuyn(s2), T)= Lfmz,nz(sz) U{(my,s):s<
52} U{(finzn, (55), m) : n < n}} for some (my, ny) € B, s =s5.1n} € N<N with DS N<N, n; eN.

Note that in this case, s; # ;.

We prove this by considering the following cases for f,,,, , (s2).

(1) fmz,n2(52) <mj.
Then my < 1y < fiuy 0, (52) < M1 < 11 < fyn, 0, (1) and
fmz,i’lz (S;) <fm2,n2 (52)-
Hence,; NI, = 0.
(2) fmz,n2(52) =m;.
Then I) NI, = {(my, s1)}, which is a Type I ideal.
(3) mp <fm2,n2(52) <m
(3.1) my #my
LNL=0.
(3.2) my =m
Ifs; £s5,then; N L, = .
If s; <sp,then ) NI, = {(my, s1)}, which is a Type I ideal.
(4) fmz,ﬂz(SZ) =nm
(4.1) my #m
I} NI ={(n1,n) : n < s}, which is a Type II ideal.
(4.2) my =m
If s; £ s,, then we have the same result as in case m; 7 my.
If s; <sp,then I} NI, = {(my, s1)} U {(n1,s) :s <s1}, which is a Type TUIT! set.
(5) ni <fm2,n2(52) <fm1,n1(51)
(51) my ;ﬁ myp, ny #fmz,nz(si)
LNL=40.
(52) mp =my, Ny #fmz,nz(sz)
IfS] ﬁ $2, Il N 12 = @
If s) <s3, 11 NI, ={(my, s1)}, which is a Type I ideal.
(5.3) my =my, 1 = finy,n, (55)
Ifs; £ 55, then I; NI, = {(n1, n) : n < min(sy, n3}}, which is a Type II ideal. Otherwise
If sy <s7, then I} NI, = {(my, 1)} U {(n1, n) : n < min{sy, n}}}, which is a Type I U II!
set.
(5.4) my # ma, 11 = finymy (53)
I NI, = {(n1, n) : n < min{s, n3}}, which is a Type II ideal.
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(6) fmz,nz (52) =fm1,n1 (Sl)

Then (my, n1) = (my, n2),s1 =s2 by the property of i and f,, »,, which contradicts the
assumption that s; # s,. Thus, this case does not exist.
(7) fmz,nz (52) >fm1,n1 (Sl)
(71) fml,m(sl) <mp
Then 11 N Iz ={.
(7-2) fml,nl (51) =my
Then I) NI, = {(my,s) : s < s}, which is a Type I ideal.
(73) my <fm1,n1(51) <fm2,n2(5§)
Ifmz ;é miy, Il ﬂ[z = @
If my =mj and s; £ 55, then I, NI, = 0.
If my =mj and s; <sp, then I} N I, = {(my, s1)}, which is a Type I ideal.
(7.4) fml,nl (s1) :fmz,nz (53()
Then (my, n1) = (my, n2), s5 = s1 by the property of functions i and f;;,, , . This implies
that I; N I, = {(m1, 1)} U {(fin; 0, (51) 1) : 1 < n3} which is a Type I U 112 set.
(75) fmz,?’lz(sj) <fm1,n1 (Sl) <fm2,n2(52)
(7.5.1) my % my, 01 % finy oy (S;), then; NI, =0.
(752) my = mp, nj #fmz,nz(sz)
Ifsi £ 55, then; NI, = .
If s; <s3, 1 NI, ={(my, s1)}, which is a Type I ideal.
(7.5.3) my = ma, 11 = fiuy i, (55).
If s; £ 55, then I; NI, = {(n1, n) : n < min{sy, n}}}, which is a Type II ideal.
If 51 <s, then It N I = {(m2, 51)} U {(finy,n,(53), 1) : n < min{sy, n3}}, which is a
Type TUTI! set.
(754) ml # m2> ”1 zfmz,nz(sz)
Iy NI = {(n1, n) : n < min{sy, n}}}, which is a Type II ideal.

These cover all possible cases and we are done.

Intersections of two Type V principle ideals
Next, we show that the intersection of two Type V ideals has the form I/II/V/IUII?/, that is,

either a Type I ideal, a Type IT ideal, a Type V ideal, and a Type I U II? set or the empty set.

Let Iy, I, be two Type V ideals, where
1= L (50, TV =L, o) U (0m1,9) 75 <51} U (o (55, 1) 2 1 < 7} for some (my, 1) €
B,sy=sj.nj € N<N with st e N=<N, n} e N,and
L= (fmymy (52), T) =Ly, () U{(m2,9) 15 < 52} U {(fimmy (53), ) - n < n3} for some (my, ny) €
B,sy =s3.n5 € N<N with S5 € N<N, n; € N.

We prove for the case fi,n,(52) < fin;,n,(s1). The proof for the case fu, n, (1) < finy,n,(52) is
similar.

(1) fmz,nz(SZ) <m
Then 11 ﬂIz = @
(2) fmz,nz(SZ) =my
Then I) NI, ={(m;,s) : s <s;}, which is a Type I ideal.
(3) ml <fm2,n2(52) <fm1,n1 (ST)
(3.1) my #my
Then 1 NI =0.
(3.2) my = mj
IfJ,S] Nls, =0, then; NI, =@.
If |s1 N sy =0, then I} NI, = {(my,s) : s < inf{s;, s}, which is a Type I ideal.
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(4) fmz,l’lz (52) :fml,m (ST)
Then (my, ny) = (ma, nz), s} = sz by the property of i and f,,, ;.
Note that s, < s; in this case. We have

LNL={(m,s):5 <)} U{(fnyn,(52), 1) : 1 < nj}

which is a Type I U I1? set.
(5) fml,m (ST) <fm2,nz(52) <fm1,n1 (51)
(5.1) m # m2)fm1,n1(5)f) ?éfmz,nz (53)
Then I] N Iz =0.
(52) mp = m2>fm1,n1 (ST) #fmz,nz (Sj)
If{siNi}s; =0, then1 N =0.
If |s1 N sz #0, then ) NI, ={(my,s) : s <inf{sy, s2}}, which is a Type I ideal.
(53) mp = mZ)le],n] (ST) =fmz,n2 (53)
Then (my, n1) = (my, n),s{ =s5 by the property of i and fu, »,. Thus, 1 NI, =
{(m1,5) : s <57} U {(finy i, (57), 1) - 1 < min{nT, n3}}, which is a Type TU 112 set.
(54) mip 3& mZ;fml,nl (ST) zfmz,nz (Sj)
The second equality implies m; = my, contradicting the first inequality m; % m.
Thus, this case does not exist.
(6) fmz,nz(SZ) =fm1,n1 (s1)
Then (m;, n1) = (mgy, nz), s = sz by the property of i and f,,, ,,. This reveals that ; NI, =
I;, which is a type V ideal.

This covers all possible cases, and we have confirmed that the intersections of two Type V ideals
can be a Type I ideal, a Type II ideal, a Type V ideal, Type I U II? set, or the empty set.

Next, we consider the intersections of Type TuIr! (Type TUILZ, resp.) sets with Type TUILL, TUII?
sets, Type I, Type II, Type III, Type IV, and Type V ideals.

The results are shown in the following table.

Typel Typell Typelll  TypelV Type V Type IUII'  Type VI
Type IUIT' 1/ /¢ Vg yuauinyg Yijiont/g Y/auilt/g o J1yIuil/e
Type IUII"  1/¢) 1/ Ui/ YIIUIL/g YIVIUIE/G [/I1/1VIT/%

We now explain the aforementioned table.
We only consider the following nontrivial cases.

Intersections of a Type IV ideal and a Type IUIT" set

Let I} = {(my, s1)} U{(n1,n):n <k} for some (my,n;) €B,s; € N<N k; e N with Is1]=1,
ki <si1,and
L= (s (52, TV =L, () U{(m2,$2)} U{(n2,m) :n < 52} for some (m, m3) € B, s e NN
with |s;| = 1.

Then I is a Type IUII! set and I, is a type IV ideal.
We prove this by considering the following cases for fy,, 4, (s2).

(1) fmz,nz(SZ) < mi
Then Il N 12 =0.
(2) fmz,i’lz (52) =my
Then I) NI, = {(m;, s1)}, which is a Type I ideal.
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(3) mp <fm2,n2 (52) <m
(3.1) my £m
Then 1 NI, =0.
3.2) my=m
If sy sy, then; NI, =0.
If s, = 51, then I) N I, = {(m;, s1)}, which is a Type I ideal.
(4) fmz,nz (s2)=m
(41) my #m
Then I) NI, = {(ny, n) : n < k;}, which is a Type II ideal.
(4.2) my=m
If s; # s1, then we have the same result as in case my # m;.
If s; =51, then Iy NI = I, which is a Type IUIL set.
(5) fmz,nz (s2) >m
Ifmy #£my,ny #ny,then[NL =0.
If my # my, np = ny, then I} NI = {(n2, n) : n < min{ky, s2}}, which is a Type II ideal.
If my =my, ny #ny,and sy sy, then; NI, =0.
If my = my, ny # ny, and sy = s1, then I) N I = {(my, s2)}, which is a Type I ideal.
If my =my, ny =ny, and s, # 51, then I N[, = {(n2, n) : n < min{ky, s3}}, which is a Type
II ideal.
If my=my, ny=mn;, and s, =s1, then I} NI ={(my, s3)} U {(ny, n) : n < min{ky, s3}},
which is a Type TUTI! set.

These cover all possible cases and we are done.

Intersections of a Type V ideal and a Type IUIT' set

Let Iy = {(my, s1)} U {(n1,n):n <k;} for some (my,n;) €B,s; € N<N k; e N with Is1]=1,
ki <sp,and
L= (mum(52), T) =Ly, (s U{(m2,9) 15 < 52} U{(fimy.n, (53), ) : 1 < m3} for some (m3, n3) €
B,s;=s3.nj € N<N with s5 € N<N, n; € N.

Then I; is a Type IUII! set and I, is a type V ideal.
Note that in this case, s; # s because |s;| = 1 and |s;| > 1.
We prove this by considering the following cases for f, 4, (s2).

(1) fmz,n2(52) < mq
Then 11 N 12 =0.
(2) fmz,nz (52) =my
Then I) NI, = {(m;, s1)}, which is a Type I ideal.
(3) ml <fm2,n2(52) < nl
(3.1) my £m
Then 1 NI =0.
3.2) my=m
Ifs; £ 55, then; N L =¢.
If s; <sp,then I} NI, = {(my, s1)}, which is a Type I ideal.
(4) fmz,nz (52) =np
(4.1) my £m
Then I} NI, = {(n1, n) : n < k1}, which is a Type II ideal.
(4.2) my =my
If s; £ s,, then we have the same result as in case m, # m;.
If s <s;, then I} NI, =I;, which is a Type IUIT set.

https://doi.org/10.1017/5S0960129523000269 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129523000269

Mathematical Structures in Computer Science 823

(5) fmz,nz(sz) > n

(5.1) o £ my
If finyny (83) # 1, then Iy NI = .
If finyn,y (85) = n1, then It NI = {(fyny,n,(s3), 1) : n < min{ky, n3}}, which is a Type II
ideal.

(5.2) my =mg
If fonyn, (55) # 1 and s; £ 55, thenI; NI, = 0.
If finyn, (85) # 11 and 51 < 53, then It N I = {(my, s1)}, which is a Type I ideal.
Smyny (s3) =n1 and s, ﬁ 52, then It N I = {(fin, 1, (53), 1) : n < min{ky, n3}}, which is a
Type II ideal.
If fmz,nz(sz) =n; and s;<s;, then I1NL={(my,s)}VU {(fmz,nz (5;), n):n<
min{ki, #3}}, which is a Type IUIT! set.

These cover all possible cases and we are done.

Intersections of two Type IUII! sets

Let I, = {(my,s1)} U{(n1,n):n <k} for some (m;,n) €B,s; e NN k; eN with |s;] =1,
ki <s1,and
L, = {(m3, $2)} U {(1n2, n) : n < ky} for some (m3, n) € B, s, € NN ky e Nwith |s;| =1, ky < s5.

Then I, I, are both Type IUIT! sets.
We prove this by considering the following cases.

(1) my #my,ny #m
Then 11 N 12 =.
(2) my #my, ny =mny
Then I) NI, = {(n3, n) : n < min{ky, kz}}, which is a Type II ideal.
(3) my=my, ny #ny,and s, # 51
Then 11 N 12 =0.
(4) my =my, ny #ny,and s, =51
Then I) NI, = {(m3, s3)}, which is a Type I ideal.
(5) my =my, np =ny,and s # 51
then I) NI, = {(ny, n) : n < min{k,, kp}}, which is a Type II ideal.
(6) my =my,ny =ny,and s; =51
then I} NI, = {(my, s2)} U {(n2, n) : n < min{ky, ky}}, which is a Type TUII! set.
These cover all possible cases and we are done.

Intersections of a Type IUII! set and a IUII? set

Let I; = {(mq,s1)} U {(n1,n) : n <k} for some (mi,n;) €B,s; € N<N k; e N with Is1]=1,
ki1 <sp,and
I ={(m2,s) : s < s2} U{(fimy,n, (52), n) : n < ky} for some (my, nz) € B, sp € N<N k, eN.

Then I; is a Type IUIT! set and I is a Type IUII? set.
We prove this by considering the following cases.

(1) my #my
If frnyn, (52) #n1, then [T N L = 0.
If finy i, (52) = m1, then Iy N I = {(fyuy i, (52), m) : 1 < min{ky, k2}}, which is a Type II ideal.
(2) my=m
(21) fmz,nz(SZ) # ni
Ifs; £ 55, then; N L =¢.
If s; <s5, then I) NI, = {(m;, s1)}, which is a Type I ideal.
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(2-2) fmz,nz (52) =ny

If s; £ 52, then It N I = {(fymy,n, (52), 1) : 1 < min{ky, k}}, which is a Type II ideal.

Ifs; < sy, then I} N I = {(m1, s1)} U {(n1, n) : n < min{ky, k2}}, which is a Type IUIT' set.
These cover all possible cases and we are done.

Intersections of a Type IV ideal and a Type IUII? set
Let I} = {(m1,s) : s < s1)} U {(fim;,n, (51), 1) : 1 < k1 } for some (my,n;) € B,s; € N<N with k; €

N, and
L= (fmyny (52), T) =Ly, () U{(m2,52)} U{(n2,n) :n <55} for some (mz,n2) €B, s € N<N
with |s;| = 1.

Then I is a Type IUII? set and I is a Type IV ideal.
We prove this by considering the following cases for f, , (s2).

(1) fmz,n2(52) < mq
Then 11 N 12 =40.
(2) fmz,nz (52) =my
Then I) NI, ={(m;,s) : s <s;}, which is a Type I ideal.
(3) mp <fm2,n2(52) <fm1,n1(51)
(3.1) my #my
Then 1 NI, =@.
(3.2) my = my
Ifs; £s1, then; N L, =¢.
If s; <sp,then I} NI, = {(my, s3)}, which is a Type I ideal.
(4) fmz,nz (s2) =fm1,n1(51)
Then (my, ny) = (my, n1), s1 = sz by the property of i and fi,, , .
So I N I, = I, which is a Type IUII? set.
(5) fmz,nz(sz) >fm1,n1 (s1)
(5.1) my #my
If ny #fml,ﬂl (s1),then; NI, = (.
If ny = fin, 0, (1), then I} NI, = {(n2, n) : n < min{ky, s3}}, which is a Type II ideal.
(5.2) my=m
If ny % finy ., (1) and s, ﬁ s;,then 1 NI, =0@.
If 1y  finy 0, (s1) and s < s, then I} N I = {(my, 52)}, which is a Type I ideal.
If 1 = fyuy n, (s1) and s £ 51, then I} N I, = {(n2, n) : n < min{ky, s}}, which is a Type
11 ideal.
If 1y =fm n(s1), and sy <sj, then I) NI = {(my, s2)} U {(n2, n) : n < min{ky, sp}},
which is a Type IUIT! set.
These cover all possible cases and we are done.

Intersections of a Type V ideal and a Type IUII? set

Let I = {(m1, ) : s <51)} U{(finy,n, (51), n) : m < k1 } for some (my, n;) € B,s; € N<N with k; €
N, and
= (2 TV =Ly (6 U {(m2,9) 15 < 52} U {(fguns (30, 1) s 1 < 3] for some (mz, mz) €
B,s; =s3.n} € N<N with s5 € N=<N, n; e N.

Then I; is a Type IUII? set and I is a Type V ideal.
We prove this by considering the following cases for f,,,, , (s2).

(1) fmz,n2(52) <m
ThenI; NI, =¢.
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(2) fmz,nz (52) =m
ThenI) NI, ={(m1,s) : s <s1}, which is a Type I ideal.
(3) m <fm2,n2(52) <fm1,n1(51)
(3.1) my #m
Then I] N Iz =0.
(3.2) my =mg
If IsiNis; =0, then1 NI, =0.
If |s1 N sz #0, then ) NI, ={(m,s) : s < inf{s1, s2}}, which is a Type I ideal.
(4) fmz,nz(SZ) mel,nl(sl)
Then (my, ny) = (my, n1), s1 = s, by the property of i and f,;, »,. Thus I} N I, =I;, which is
a Type IUTI? set.
(5) fmZ,nz(Sz) >fm1,n1(51)
(5.1) my #m
Iffmz,nz (Sﬁ) 7+—fm1,n1 (s1),then; NI =0.
If finyny (53) = finy .y (1), then (ma, ny) = (my, ny), s =s1 by the property of i and
fmy,n» which contradicts my # my. Thus, this case does not occur.
(5.2) my =mj
If finyns (55) 7 finyny (s1) and sy N sy =¥, then [} N1 = 0.
If finyny(83) # frmym (1) and §sy N sy #6@, then I} NI ={(my,s) : s < inf{s1, s2}},
which is a Type I ideal.
Iffmz,ﬂz (5;) :fml,nl (Sl)s then (mZ) n2) = (mb nl)) S; =S1.
It follows that Iy N I = {(m1, 5) : s < 55} U {(finy,n,(55), n) : n < min{ky, n3}}, which is a
Type IUTI? set.
These cover all possible cases and we are done.

Intersections of two Type IUII? sets

Let I} = {(my,s) : s < s1} U {(fim;,n, (51), n) : n < k1 } for some (m;,n1) € B,s; € N<N with k; €
N, and
I ={(m2,s) : s < s2} U{(fimy,n, (52), m) : n < ky} for some (my, nz) € B, sy € N<N with k, e N.

Then Iy, I are both Type IUII? sets. We prove this by considering the following cases.

(1) my 75 ml;fmz,nz (52) #fml,nl (Sl)
Then 1 NI =@.
(2) my # ml:fmz,nz (52) =fm1,n1 (51)
Then (my, ny) = (my, n1), s, = s1, which contradicts the assumption that m, # m;. Hence,
this case does not occur.
(3) mz = m1>fm2,n2(52) #fml,nl (Sl)) and ‘LSZ m ‘LSI = @
Then Il N 12 =0.
(4) my = ml’fmz,nz(SZ) #fml,m (51)7 and \LSZ N \le # )
Then I) NI, = {(my, s) : s < min{sy, s, }}, which is a Type I ideal.
(5) my=my, finyn, (52) = finy iy (51), then (ma, ny) = (my, n1), s =s1.
It follows that I} N I, = {(m2,5) : s < 2} U {(fimy,n, (52)> 1) : 1 < min{ky, k»}}, which is a Type
TUII? set.

These cover all possible cases and we are done.

It follows that the intersection of finite number of principle ideals of P is either a principle ideal,
or a Type IUII! set, or a Type IUII? set, or the empty set.

Let

W = {all principle ideals of P} U {all Type TU IT! sets of P} U {all TypeIU 112 sets of P} U {#}.
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By the above arguments, we deduce that W is closed under finite non-nullary intersections. In
addition, since all elements of W are principal ideals or finite subsets of P, and P has no infinite
decreasing chains, we have that W does not contain an infinite decreasing chain.

For any nonempty E C P,

ﬂ{¢x x€E} = ﬂ{ﬂ{ix :x € F} : F is a finite subset of E}.

Each {}x:x € F} is a member of W, so {{{{x:x € F}:Fis a finite subset of E} is a filter of
members of W. Since ¥ does not have infinite decreasing chains, this family must have a smallest
member, which equals ({{x: x € E} and is in W. Therefore, M = W.

We now show that every directed subset of M has a supremum in M.

Let D={I;:i €I} be a directed subset of M. If D has a largest member, then its supremum
exists and equals the largest member. Now we assume that D does not have a largest member.
Then D contains an infinite chain. Since Type III ideals, Type IV ideals and Type V ideals are
maximal elements of M, we deduce that none of the I; is a Type III ideal, Type IV ideal, and Type
V ideal.

We consider the following two remaining cases.

Case 1: All members of {I; : i € I} are Type I ideals or Type II ideals.

Then, as a Type I ideal and a Type II ideal are not comparable, it follows that either all I; are
Type I ideals or they are all Type II ideals. Thus, sup,; I; exists because P is a dcpo.

Case 2: There exists io € I such that I;; is a Type [UII! set or a Type I U TI? set.

Then all members of {I; : I; > I, } are either Type IU IT! sets or Type I U II? sets. Note that there
exist no infinite increasing chains consisting of Type I UII' sets. Hence, there exists i; such that
Dy = {I;: I; > I} consists of only Type I U II? sets. In order to prove sup D exists, it is enough to
prove sup D; exists.

Let Dy = {I; : j € J}, where ] is a subset of I.

For each jeJ, let I;={(mj,s):s<sj}U {(fmj,nj(sj), n):n<k;j} for some (mj,n;)€B,s;j€
N<NkjeN.

Then f, 4, (si) :fmj,nj (sj) for all i,j € J, which implies that (m;, n;) = (mj, nj) and s; =s;. Let
mj = my, nj = ng and sj = so (j € J). Then, I; = {(mo, s) : s < s0} U {(fing,n (S0)> ) : 1 < k;j}. Since D
does not have a largest member, D1 has no a largest member either. It follows that the set {k; : j € J}
does not have a largest element.

We claim that sup D1 = | (fing,n,(S0)> T).

Clearly, | (fing,no(s0), T) is an upper bound of D;. For any upper bound I of D; in M,
we have that [ J{{(fu,n(s0), 1) :n <kj}:je]} CI. Note that I is a Scott closed set of P, and
U (Fmone (s0), 1) :n < kj} :j €]} is a directed subset of P. Therefore, sup (J{{(fo,n, (50), 1) : 1 <
k]} ] € ]} = (fmo,no(so)) T) el

All the above together show that sup D = sup D; = | (fing,n,(s0), T). Thus, M is a dcpo. O

Remark 3.4. From the structure of M, it is easy to see that the dcpo M does not contain an infinite
decreasing chain. Thus, in the dual poset M of M, every element is compact.

Theorem 3.5. M is a countable bounded complete dcpo whose Scott space £.M is not sober.

Proof. Because every element of M is a finite intersection of principal downsets of P, and P is
countable, M is countable. By Lemma 3.3, it remains to verify that ¥ M is not sober.

Define the mapping g : P — M by g(x) = | x for all x € P. By the last part of the proof of Lemma
3.3, we see easily that g is Scott continuous. By Lemma 3.2, P is irreducible; thus, g(P) is irreducible.
Clearly, the closure of g(P) equals M, so M is irreducible (with respect to the Scott topology). As
M does not have a top element, it is not the closure of a singleton set. It follows that XM is not
sober. O
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Let M = M U {T} be the poset obtained by adding a top element T to M. Then M is a countable
non-sober complete lattice.

Corollary 3.6. There exists a countable non-sober complete lattice.

Note that the non-sober complete lattice M constructed above is not distributive. Thus, it
remains to know whether there is a distributive countable non-sober complete lattice.
By applying the Lemma 2.3, we give a negative answer to the above problem.

Theorem 3.7. Let F ={|F:FCg, M. Then, (F, C) is a countable non-sober distributive com-
plete lattice.

Proof. First, every element in the dual M of the complete lattice M is compact. Now apply
Lemma 2.3 to M , we deduce that F ={|F:F Chin M } is a distributive complete lattice. It is
countable because M is countable. .

Define g: M — F by g(x) = |xand f : F — M by f(A) = sup A for any A € F. Clearly, both f
and g are monotone. In addition, for any x € M and | F € F, we have

fUF) <xiff \/ F<xiff |F C {x=g(x).

Hence, f is the left adjoint of g. Then f preserves all suprema, in particular the suprema of directed
subsets. Hence, it is Scott continuous. Also by the structure of M and F, we easily see that g also
preserves the suprema of directed subsets; hence, it is also Scott continuous. Note that f o g = id g

It thus follows that XM is a retraction of ¥ F. Since X M is non-sober, thus ©.F is non-sober. []

4. A Sufficient Condition for Complete Lattices to be Sober

In this section, we prove some positive results on the sobriety of Scott spaces of dcpos. One
immediate corollary is that every complete lattice L with Id(L) countable has a sober Scott space.
From the above section, we know that a countable complete lattice may not be sober in the Scott
topology. In this section, we show that the Scott space of a complete lattice with Id(P) countable
is sober.
The following lemma is critical for our later discussions.

Lemma 4.1. Let P, Q be two posets. If |Id(P)|, |1d(Q)| are both countable, then £(P x Q) = £P x
Q.

Proof. Obviously, o(P) x 6(Q) € o (P x Q). It remains to prove that o(P x Q) C o (P) x 6(Q).
Let U be a nonempty Scott open set and (a3, b;) € U. We denote Id(P) and Id(Q) by {I,f | n e N}
and {I,? | n € N}, respectively.

Forn=1,A; ={a1},B1 ={b1}.

For n = 2, we define A, and B, below:

If sup If € 1A, then (sup 1P, b)) € U. It follows that there exists df € If such that (dF, b)) e U
by the Scott openness of U. Let A, = {df } in this case, and A, = @ otherwise. Note that (A; U
Az) X Bl - U.

If sup I? € 1By, we have (A; UA;) x {sup I?} C U. For each a€ A; UA,, we can choose a
d, form I? satisfying (a,d;) € U by the Scott openness of U. Since A; U A; is finite and IIQ is
directed, there exists d? € I? such that (A; UAj) x {d?} CU. Let B, = {d?} in this case, and
B, = otherwise. We conclude that (A; UA;) x (B; UB,) C U.

For n = 3, we first consider the two index sets:
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E| = {i e {1} | supI,P ¢ 1A; and suleP € TAz} U {ie {2} | sup I,P € MA UAZ)} and

F = {i {1} |supI2 ¢ 1B and supIQ e TBZ} U {ie 2} [sup 12 € 1(B, UBZ)}.

However, if sup If ¢ 1A; and sup IlQ ¢ 1B;, then Ay =0 and B, = from the above step. In
this way, {i € {1} | sup IZP ¢ 1A and sup I}D I= TAz} and {i € {1} | sup IiQ ¢ 1B and sup IiQ c TBz}
must be empty.

Next, we define A3 and Bj; in the similar way as before.

If E; # 0, then E; = {2}. We have {sup If} x (B UB;) € U. Through the similar discussion
process, we can deduce that there exists dg € If such that {dlzD } x (B1 UB;) C U because By U B,
is finite and I; is directed. Let A3 = {dg } in this case, and A3 = (@ otherwise. Note that (A; U A, U
A3) X (Bl UBz) g U.

If F1 #0, then F; = {2}. Thus, (A1 UA; U A3) x {sup IS} C U. Note that AjUA, UA3z is a

finite set. It follows that there exists dg € 12Q such that (A} UA; U A3) x {d?} CU.LetB; = {dg}
in this case, and B3 = @ otherwise. We conclude that (A; U A, U A3) x (B1 UB, UB3) C U.
For n = 4, we also consider the two index sets:

i 3 3
E2=}ie{1,2}|sup1§’¢U¢Akand supIf e | ¢Ak}u{ie{3}|sup1{’eU¢Ak],
k=1 k=i+1 k=1

i 3 3
F2={ie{1,2}|supIiQ¢UTBkand supIiQe U TBk}U{ie{3}|supIiQeUTBk}.
k=1 k=i+1 k=1

Next, we define A4 and By in the following:

If E; # 0, then i € {1, 2} implies sup I” € Ui:i+1 1A € Uj_, 1Ap and i = 3 implies sup If e
Uzzl 1Ay. Thus, sup IIP € Uli:l 1Ay for all i € E;. So for each i € E;, {sup IIP} x (Bi UB, UB3) C
U implies that there exists df) € IIP such that {df} x (By UB, UB3) C U because B; UB, UB;3 is
finite and IIP is directed. Let A4 = {dfD | i € E,} in this case, and A4 = (J otherwise. Note that

(VEENR(VEEAE

If F, # @, then i € {1, 2} implies sup IiQ € Ui:i_H B C Ui:l 4By, and i = 3 implies sup IiQ €

3 _ 4By Thus, sup IS €| J>_, 1By forall i € F,. So for each i € Fy, (| Ji_, Ap) x {sup IS} C U

k=1 P k=1 k=1 p 1
implies that there exists de el lQ such that ( Uﬁ:l Ag) X {de} C U since Ui:l Ay is a finite set and
IlQ is directed. Let By = {de | i € F,} in this case, and B4 = ¥ otherwise. We conclude that

(QAk)X<QBk)gU.

For n > 4, we assume that

Then, we define A, and B,, inductively.
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We first consider the following two index sets:

En,zz{ie{l,...,n—2}|supl g_fUTAkand supI € U TAk}

k=i+1
U{ie{n—l}|suprEUTAk},
k=1
n—1
Fn_zz{ie{l,...,n—Z}|supIQ¢UTBkand supIQe U TBk}
k=1 k=i+1

n—1
U {ie{n— 1) sup e | TBk}.
k=1

Note that ’ie{l ...,n—2}|supIP¢U};_1 1A and sulePeUZ;ilJrl TAk} and {ie

{1,...,n—2}|sup IQ ¢ Uk | 1Bk and supIQ € Uk i1 TBk} may not be empty.

If E,—; # 0, similarly, we can deduce {sup If} ( k:l Bk) C U for any i € E,—,. Note that
U”_1 Bk is a finite set and each If is directed. Thus, there exists df eIlP such that {dfD } x
(U2, Bk) C U for any i € E,_,. Let A, = {d”|i € E,_>} in this case, and A, = otherwise. It
follows that

n—1

n
(Uae) < (Uni)ev
k=1 k=1
If Fu_p # 0, then ({Up_; Ax) x {sup IiQ} C U for any i € F,_. Note that | J;_, A is a finite
set. This means that there exists diQ € Il-Q such that ({Jj_; Ax) x {d,-Q} CUforanyieF, . Let
= {diQ | i € F,,—,} in this case, and B, = { otherwise. We conclude that

(gAk)x(QBk)gU.

Let A=,y Anand B=J,,cy Bs. Itis easy to see that (a1, b1) € Ay x By S tA x tBC U.It
suffices to prove that 1A, 1B are both Scott open.

Let D be a directed subset of P with sup D € $A. If supD € D, then DN 1A # (. If sup D ¢ D,
i.ls., D contains no maximal element, then | D € Id(P). Thus, there exists nyg € N such that | D =
i

OTherefore, sup D € 1A can imply that sup Iﬁo € 1A. Let ny =inf(n e N |sup I} » € TAn}. Then
sup IF o € TAn,. Now we need to distinguish between the following two cases for no, ny.

Case 1,nyg < n;.If ng = 1, n; = 2, then sup IP ¢ TAl implies A; = ¢, which contradicts the con-
dition sup I € 14,. So n; > 3. The fact that sup I} ¢ (J;°, 1Ay and sup I}, € Uz;n0+1 1Ay can
imply ng € E,,—1. This means that In0 NAy 41 # (?J. Hence, DN 1A # (.

Case 2, ng > ny. If ng = n; =1, then sup If € PA; implies If N Ay #0. If ng > 2, then sup If:o €
n S UL, tAr which implies ng € Eyy—1. It follows that 150 N Apg+1 # 9. Therefore, DN

rA £ 0.

Hence, 1A is Scott open, and 1B is Scott open by the similar proof. O
Theorem 4.2. Let L be a dcpo with Id(L) countable. If XL is coherent and well filtered, then XL is
sober.
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Proof. Let A be an irreducible closed subset of X L. It suffices to prove that A is directed, which
means that fx Nty NA #£ @ foranyx, y € A.

Write B={(a,b) € L x L|1aN b C L\A}. We claim that B is Scott open in L x L. Obviously,
B is an upper set. Let (x;, yi)icr be a directed subset of L x L with sup,;.; (x;, y;) € B. Then
(sup;cg xi> sup;c; ¥i) € B, which is equivalent to saying that 1 sup;.; x; N 1 sup,.; yi € L\A. It fol-
lows that (1);c; (1x; N 1y;) € L\A. Since XL is coherent and well filtered, we can find some index
i € I such that 1x; N 1y; € L\A. This implies that (x;, ;) € B. Thus, B is Scott open.

It is worth noting that Id(L) is countable. ¥(L x L) = XL x XL from Lemma 4.1. For the sake
of contradiction, we assume that there are x, y € A such that x4 N 1y N A = ¢J. The fact that (x, y) €
B C o (L x L) implies that we can find Uy, U, € o(L) such that (x, y) € Uy x U, C B. Note that x €
UxNAandy € U, N A. By the irreducibility of A, we have AN U, N U, # . Picka € AN U, N U,.
Then (a, a) € Uy x U, C B, that is, a € taN ta C L\A. It contradicts the assumption that a € A.
Hence, A is directed and sup A € A. So A = | sup A. O

Corollary 4.3. Let L be a complete lattice. If Id(L) is countable, then XL is sober.

Proof. From Jia et al. (2016) and Xi and Lawson (2017), we deduce that XL is well filtered and
coherent. The result is evident by Theorem 4.2. O

5. Conclusions

In this paper, we constructed a countable complete lattice whose Scott space is non-sober, thus
answering a problem posed by Achim Jung. Based on this complete lattice, we further obtained a
countable distributive complete lattice whose Scott space is not sober.

The countable complete lattice constructed here is not a frame (or complete Heyting algebra).
Thus, the following problem is still open.

Problem. Is there a countable frame whose Scott space is non-sober?
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Appendix

Remark 6.1. There exists a monotone bijection f : N<N — N,

In fact, consider the set of prime numbers P = {py, p2, - - - pp, - - - }, where p; < piy; foralli> 1.
For any element a = ny.ny. - - - . € NN, we set f(a) = p}* - p52 - - -pzk. Then f is monotone and
injective. Notice that image of f is orderly isomorphic to N.

The above explanation was suggested by one of the referees.
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