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Abstract

A new formula for continuum percolation on the Euclidean space R4 (d = 2), which
is analogous to Russo’s formula for bond or site percolation, is proved. Using this
formula, we prove the equivalence between uniqueness of the infinite cluster and
continuous differentiability of the mean number of clusters per Poisson point (or free
energy). This yields a new proof for uniqueness of the infinite cluster since the
continuous differentiability of free energy has been proved by Bezuidenhout, Grimmett
and Loffler (1998); a consequence of this new proof gives the continuity of connectivity
functions.
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1. Introduction

Russo’s formula first appeared in [7] and was rediscovered by Russo in [13] for site perco-
lation. This formula proved to be very useful in studying properties of bond or site percolation
(see, for example, [5, Section 2.4] and [6, Section 4.7]). In [15], Zuev derived an analogous
formula for Poisson random fields. It is easy to apply the formula in [15] to the probability of
an event in continuum percolation. With the idea from [15], we derive Russo’s formula for the
expectation of a random variable in continuum percolation. The extension of the formula from
the probability of an event to the expectation of a random variable in continuum percolation is
not straightforward since the number of sites in a bounded domain is not bounded in continuum
percolation.

Aizenman et al. [1] presented results dealing with three related issues in bond or site
percolation theory: (a) uniqueness of the infinite cluster, (b) continuity of the connectivity
functions, and (c) continuous differentiability of the mean number of clusters per site. They
proved the equivalence between (a) and (c), established (c), and then proved (b) by (a).
In continuum percolation, (a) was proved by Meester and Roy [8] and (c) was proved by
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Bezuidenhout et al. [2]. In this paper we prove results analogous to those in [1] (except for (¢))
for continuum percolation.

Next, we introduce the setup for our main results. The set of real numbers is denoted by R,
and the set of natural numbers {1, 2, . ..} is denoted by N. Given a point set X C R4, we denote
by G (X, 1) the undirected graph with vertex set X and undirected edges connecting all point
pairs {x, y} with |[x — y|| < 1. In this paper we restrict attention to the case where | - || is the
Euclidean norm (/2 norm), but usually its generalizations to other norms are straightforward.
Also, we use the same norm to define the diameter of subsets of Rd, that is, for A € RY, we set

diam(A) :=sup{|lx — y]l: x € A, y € A},

where ‘:=’ denotes a definition but ‘=" can also denote a definition when the context is clear.
The Lebesgue measure in R? is denoted by £(-). For any finite or countable subset A of R?,
we write | A| for the cardinality (number of elements) of A.

Let  denote the set of all countable subsets of RY. We call an element of w € Q a
configuration, and, abusing the terminology slightly, we call points of w € Q Poisson points.
For any nonnegative measurable function g on R?, we let P, denote the probability measure
on 2 associated with the nonhomogeneous Poisson point process with intensity g; we write
E, for the corresponding expectation. In the special case of a homogeneous Poisson process
g = A, we write P, and E;. We write #, for a homogeneous Poisson process of intensity A
on R4, i.e. P, -distributed random elements of Q. A component (or cluster) of a graph G is a
maximal connected subgraph of G. Continuum percolation can loosely be characterized as the
study of large clusters of the infinite random graph G (#,, 1). Equivalently, one may study the
connected components of the union of balls of radius % with centers in #€,, (see [10, Chapter 10]
for more details).

Let #, o denote the point process {0} U H),, where 0 is the origin in R?. For k € N,
let px (1) denote the probability that the component of G (#; o; 1) containing the origin is of
order k (here order means the number of Poisson points in this component). The percolation
probability p~ (1) is the probability that 0 lies in an infinite component of the graph G (# o; 1),
and is defined by

P =1=) " pr(h).

k=1

The critical intensity A is defined by
Ae = inf{A > 0: po(A) > 0}.

The value of . depends on the dimension d. The fundamental result of continuum percolation
says that 0 < A, < oo, provided that d > 2; see [S5, Theorem 12.35] or [9, Theorem 3.3].

For x,y € R?, we say that x and y are connected through #; and write x <> y through
F). if there exists a sequence of Poisson points uy, us, ..., u, of #, such that ||x —u;| <1,
lui —uiv1ll < 1,i =1,2,...,m —1,and ||ju;, — y|| < 1. For A, B C RY, we say that
A and B are connected through #, and write A <> B through J, if there exist x € A
and y € B such that x < y through #, (we write A < B if no such x and y exist).
The (two-point) connectivity function t(x, y) is the probability that x and y are connected
through #,. Similarly, for x1, ..., x, € R4, the n-point connectivity function, 7 (xy, ..., x,),
is the probability of the event that xi, ..., x, are connected through # (that is, x; < x;
through #, foranyi, j € {1,2,...,n}).
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For x € RY, if there is a Poisson point of #;, at x, we say that x is occupied (otherwise, we
say that x is vacant). We denote the cluster containing the Poisson point x by C(x).
The statements of our main results for continuum percolation are as follows.

Theorem 1.1. Let X be a nonnegative measurable function of #, N A for some bounded Borel
set A C RY. Suppose that, for any nonhomogeneous Poisson process with intensity function
g(x) that satisfies 0 < g(x) < Ao (for some fixed Ao € R and any x € A), anym > 1, and any

nonempty A C A, we have
m| Bg (X | By (A
lim sup M =0, (1.1)
m— 00 m!

where By, (A) denotes the event that A contains exactly m Poisson points, m = 0, 1, .... Then,
for any homogeneous Poisson process J) with intensity A € (0, Ag), we have
dE; X 1 .
=B with Y(w)= Y [X(w)— X(wy)] forweQ,
xewNA

where wy denotes w \ {x}, i.e. wy is w with x deleted.

Remark 1.1. If (1.1) is replaced by

5 n|Eg(X | Bu(A))
imsup / —————

m—00 m!

< M for some fixed M € (0, 00),

then Theorem 1.1 holds with A replaced by 1/M¥{(A) by a similar argument.

Remark 1.2. The conditions which lead to Theorem 1.1 may seem a little complicated, but for
most random variables which play important roles in continuum percolation, these conditions
are satisfied. For example, they are satisfied for the number of Poisson points in A and the
number of clusters in A. (See Section 3 for a strict definition of the number of clusters.)

Let C(0, #, o) be the cluster of 0 in the graph G(#, o, 1) (note that a Poisson point is
inserted at the origin). A key quantity in our analysis is

o0

_ 1
F=10) =E(C0. #.0™) = > - pd). (1.2)

k=1 k
Note that one can also define f in terms of the Palm measure (for more details, see pages 39
and 117 of [14]). The function f represents the mean number of clusters per Poisson point (or

free energy in statistical mechanics).

Theorem 1.2. In the continuum percolation model G(#,,, 1), the following two statements are
equivalent.

(a) For X in (0, 00), either there is no infinite cluster with probability 1 or there is exactly
one infinite cluster with probability 1.

(b) f is a continuously differentiable function of A on (0, 00).

Remark 1.3. Since the continuous differentiability of f has been proved in Theorem (3.6)
of [2], Theorem 1.2 gives a new proof for uniqueness of the infinite cluster. (See, e.g. [8] for a
traditional proof.)
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Theorem 1.3. If the infinite cluster is unique then, for any fixed n and fixed xi, ..., Xp,
(X1, ..., Xn) depends continuously on A.

We denote by N°(x) the number of distinct clusters to which the Poisson neighbors of x
(i.e. Poisson points in the unit-radius ball with center x) belong, after x is set to be vacant. We
define Nt (x) similarly except that at most one infinite cluster is counted, i.e.

Nt(x) = NO(x) — [N*(x) — NI (N*(x) > 1),

where N#(x) is the number of distinct infinite clusters to which the Poisson neighbors of x
belong, after x is set to be vacant, and / (-) denotes the indicator function. Let 6 be the volume
(Lebesgue measure) of the unit ball.

Theorem 1.4. Let f be defined by (1.2). Then Af + 012/2 is a convex function of A, and so
Af + 0% /2 has one-sided derivatives for all A in (0, 00). They are given by

d(Af +622/2)

o (A —0) =1+ 10 —E, N°(0), (1.3)

d(Af +622%/2
%QHO):HM—EA N*(0). (1.4)
Thus, the derivative of Af 4+ 012 /2 exists at some ) in (0, 00) if and only if. for that value of X,
E.(IN*(0) — 111 (N*(0) > 1)) = 0. (L5)

Remark 1.4. The basic continuum percolation model readily lends itself to generalizations,
such as balls of random radius. Our results about Russo’s formula and the continuity of
connectivity functions still hold for a random radius by the same arguments.

2. The proof of Russo’s formula

In this section we prove Theorem 1.1 and present a corollary of it. An important step in the
proof of Theorem 1.1 is the following lemma which will be used several times in this paper.

Lemma 2.1. Let X be a measurable function of 5, N A for some bounded Borel set A € RY,
and, for some fixed 1y > 0,

E,,(|X| | Bn(A
hmsup,\n/ (X1 Bn(A) _

m— 00 m!
where By, () denotes the event that A contains exactly m Poisson points, m =0, 1, .... Then
E,. X is an infinitely differentiable function of A on (0, 00).

Proof. By conditioning on By, (A) we obtain

o]

E, X = Z Ex(X | Bn(A)) Py(Bp(A))

m=0

= ZEA(X I B,,,(A))%(M(A))%—M(A)

m=0

> 1
= e MW Y TENX | Bu(A)— (MM 2.1

m=0
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Note that the conditional expectations E; (X | B, (A)) do not depend on A since the number
of Poisson points in the set A is fixed. Moreover,

w[IEL (X1 B ()] _

o |Eso (X | B (M)

lim sup lim su
m— 00 m! m— 00 m!
m Eag X | B (A
Shmsup\/ 2o (X1 | Bu(A))
m— o0 m!
=0. 2.2)

Viewing the sum in (2.1) as a power series in A, by (2.2) and the root test for power series
(see, e.g. Theorem 3.39 of [12]), the radius of convergence for this series is +0o. By the
differentiability theorem for power series (see Theorem 8.1 and its corollary in [12]), E; X is
an infinitely differentiable function of A.

Proof of Theorem 1.1. By Lemma 2.1, E; X is an infinitely differentiable function of A on
(0, 00). We follow the basic setup in the proof of Theorem 2.2 of [15]. Since A is a bounded
Borel subset of R?, there exists a sequence D, of partitions of the set A into disjoint Borel

subsets Ay 1, Ap 2, ..., Ak, such that the diameter of the partitions
d(Dy) = rlnaxk diam(A, ;)
i=l1,..., n

tends to 0 as n — o0o. Then, by the continuity of the Lebesgue measure we have

) I}laX L(Ani) > 0 asn — oo. 2.3)

i=l,..., n
Consider the following family of functions g, on A:
k}l
gn(x) =Y Aila,,(x) forxeA.
i=1

Here A1, A2, ..., A, are positive parameters less than or equal to Ao and

1 ifx e An,

I AX) =
B (%) 0 otherwise.

We denote by P;, where A=, A, .., Ak,), the probability measure associated with the
nonhomogeneous Poisson process on A with intensity function g,. Obviously, P; coincides
withPy if A\ = Ay =+ = A, = A

Fix n for the moment, sufficiently large so that A;£(A;) < % for all i (which we may do
by (2.3)), where, to ease notation, we have omitted the index n, which we do for the rest of this
proof. Denote by B, (A;) the event that A; contains exactly m Poisson points, m =0, 1, .. ..
Similarly to the proof of Lemma 2.1, we have

JE; X
or;

a [e¢)
= o ZOE;(X | B (Ai)) P (B (A)

g = . o
= _8)\‘1‘ X;)EX(X | BM(AI))%()HE(A,))’"G (A
m=

I RWTN s - W W
—8—M[e HUADS TBR X ] B (8i) — (A1) } (2.4)

m=0
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Note that the conditional expectations E; (X | B, (A;)) do not depend on A; and

. mf [E5 (X'| B (D)) . m B3 (X | B (Ai))
lim sup =limsup / =—— =0
m— 00 m! m—00 m!

by the conditions in the theorem. Thus, if we view the sum in (2.4) as a power series in A;
then, for A; € (0, 0o0), by the differentiability theorem for power series (see Theorem 8.1 and
its corollary in [12]), (2.4) equals

—C(A)E; (X | Bo(Ap))e 4B
o0
_ | BN
+ Z[Ex(x | B (A GmAT ™ (€AY = A7 €A™ —e WM]. 2.5)
m=1 ’
Furthermore, (1.1) implies that there exists an M € R such that

E; (X | Bn(Ai)) -
m! -

M

for any m > 1. Recalling that we pick n large enough such that A; £(A;) < % for all i, we have
(note that X > 0)

o0
1

S B (X | Bu(A)mAl T (0(A))" — e M)
m!

m=2

= e AN (0(AN) D Ef(X | Buya(A) (i l(A))"

m=0

(m+1)!

< e HHADL AN Y M(m 4 2) (it (M)
m=0
2 — Ail(A))
(1 — X l(A))?
8MAio(L(A))?, (2.6)

= e M AN M

IA

where we have used the fact that A; < A¢ for all i in the last inequality.
Similarly, we can prove that

> E;(X|Bm(A»)(A;"(e(m))’”“)i,e*f“f) <2Mio(C(A))?. 27
m.
m=1

Therefore, (2.4), (2.5), (2.6), and (2.7) give

IE; X 1 5
TV E; (XI(B1(A))) — Ex(XI(Bo(A))E(A) + Ci(E(A))7, (2.8)

where |C;| < 10M ).
Next, we define a random variable X|;} as X[;j(w) = X (w(;}), where wj;; = w \ A;. Since
X[ is independent of whether or not Poisson points exist in A;, we have

E; (Xp1 | B1(Ay)) = Ex (X1 | Bo(A;)) = E; X5
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Thus,
E; (X151 | B1(A) P(B1(A))) = Ai€(A) Ex(X(i7 | Bo(A)) P7(Bo(A))),
and, thus,
1
W E; (X1 (B1(A)))) = Ef (X111 (Bo(A)D)L(A)). 2.9

Noting that X = X — X;; + Xp;) and E; (X — X7i))1 (Bo(A;))) = 0, and substituting (2.9)
into (2.8), we deduce that

0E; X 1 5
o A—iEx((X — XiipI (Bi(Ai)) + Ci(€(A))”. (2.10)

Set
Yiw)= > [X(w)— Xwy)l,

xewNA;

with the convention that an empty sum is 0. Recalling the definition of Y in Theorem 1.1, we

obtain
kll

Em:ZEA Y;. 2.11)
i=1

If we pick n larg_e enough such that A0(A;) < % for all i (which we may do since & < Ap),
then, for some |C;| < 8M )2, we have

EpYi =Y E(Yi | Bu(A)Pi(Bu(A))
m=0

= E,(Yi1(Bo(Ai))) + Ex(YiI(B1(A))))

+ Z Ex(Yi | Bu(Ai)) Pi(Bu(Ai))

m=2
= E,(Y: 1 (B1(A)) + Ci(L(A))? (2.12)
=E, (X — Xl (Bi1(A))) + Ci(£(A)))?, (2.13)

where (2.12) follows because E, (Y;I(Bo(A;))) = 0 by the definition of ¥; and the same
reasoning as in (2.6) (note that |E, (Y; | B,y (A;))| < mEy(X | B, (A;)) by the nonnegativity
of X).

Substituting (2.13) into (2.11) and taking limits on both sides of (2.11) yields

kn
ErY = lim 3 [E((X — Xp)I (Bi(A)) + Ci(¢(A:))°]. (2.14)
i=1
Moreover, by (2.3) we have
kn kn
0(A))? < (A, 0(A;) = (A (A, 0 .
> @A) < max£( ) D e(A) =L ), max £(A) >0 asn— o0

i=1 i=1
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Thus,
kn k”
- ) MW= i s )2
lim ;‘c,(z(Al)) =0=lim ;‘CZ(M,)) : (2.15)
1= 1=
since |C;| < 10MAg and |C;| < 8M)3.
Finally, if Ay = A, = --- = A, = A then P and E, respectively coincide with P; and Ej.
By the chain rule,
dE,X  dE;X
da da A=A, )
_ i 0 EX X
i=1 dA 2=00 ke A)
k}l 1
2
= Z[E E; (X = XppI (Bi(AD)[5_;. ., + Ci(€(A)) } (2.16)
i=1
gy 2.17)
== A’ )“ 5 .

where (2.16) follows from (2.10), and (2.17) follows from taking limits on both sides of (2.16),
(2.14), and (2.15).

In the rest of this section, we will give a corollary of Theorem 1.1. This corollary gives the
formula for the derivative of the probability of a certain kind of event. In fact, one can also get
this formula as a special case of Theorem 2.1 of [15]; see also Lemma 1 of [4].

For two configurations wl, w? € Q, we define a partial ordering ‘<’ by wl < w?if
and only if w! € w? Anevent A € F is said to be increasing if, for every w! < w?,
I(A)(w') < I(A)(w?). (Recall that I (A) is the indicator function of the event A.)

A point x € R is called (+)pivotal for an event A in configuration w if x € w and w € A,
but w, ¢ A. Denote by N(A) the random variable such that N(A)(w) equals the number of
(+)pivotal Poisson points for (A, w).

Corollary 2.1. Suppose that A is an increasing event and that I (A) is a measurable function
of #. N A for some bounded Borel set A C R?. Then

d
— Py, (A) = Ejy N(A). 2.18
T »(A) =ELN(A) (2.18)
Proof. Let X = I(A) in Theorem 1.1. Then X satisfies all the conditions of Theorem 1.1.
So we obtain
d
—E(I(A)=E Y.  Yw)= Y [IA)w)—I(A)(w)]
da
xewNA

Therefore, (2.18) follows since Y = N(A).

3. The connectivity functions and the mean number of clusters per Poisson point

In this section we will prove Theorems 1.3 and 1.4.
For any By = [—k/2, k/2]d, where k € N U {0}, we define clusters according to two
different boundary conditions: free and wired. The free or O-cluster of a Poisson point x,
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denoted by C%(x, By), is the cluster of x obtained when all points outside of By are set to
be vacant (i.e. there is no Poisson point outside of By). The wired or +-cluster of a Poisson
point x, denoted by C T (x, By), is the cluster obtained when all points outside By are set to be
occupied (i.e. y is a Poisson point for any y ¢ By). Note that if x is not a Poisson point then
both C%(x, By) and C*(x, By) are empty.

The above definitions have the following properties.

(P1) For x in By, C°(x, By) and C*(x, By) depend only on the number of Poisson points and
their positions in By.

(P2) For x in By, CO(x, By) is always finite, while C T (x, By) is infinite exactly when both x
is a Poisson point and x < B,ﬁ (the complement of By).

(P3) Two Poisson points in By are in the same O-cluster if they are connected within By,
whereas they are in the same +-cluster if they are either connected in By or both are
connected to By.

(P4) For a given point x € B, C O(x, By) is an increasing function of k, while C*(x, By) is
decreasing in k.

In the following we will use an asterisk to denote either 0 or 4. Let M°(By) and Mt (By)
denote the number of finite clusters after all points in B; are set to be vacant or, respectively,
occupied. Then, we have

M*(By)(w) = Z |IC*(x, By)|~! forw e Q.

xewNBy

Define
S, = 2"H(B) T By M*(By).

We have the following lemma.

Lemma 3.1. For either choice of boundary conditions, we have

lim f5 = f=Ey(C(@0, # 0.
k— 00 2

Remark 3.1. Note that we restrict the limit to a subsequence of N (i.e. {2%}, k € N) in order to
obtain the monotone property (see (3.1) below). We will use this method again in (3.9) below.

Proof of Lemma 3.1. By Palm theory (see, e.g. Theorem 1.6 of [10]),
[, = 2B Ex M*(By) = B, |C*(Ur, Up U 3, Bi)| ™",

where Uy, is a uniformly distributed random variable on By independent of #;, and

_ 1 _
|C*(Uy, Uy U ;. By)| 12@(3@ i |C*(x, {x} U #, Br)| " dx,
k

where C*(x, {x}U#,, By)is C*(x, By) after a Poisson point is inserted at x, thatis, C*(x, {x}U
H., By)(w) = C*(x, Br)(w U {x}) for w € Q.
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. . d P .

We partition Byk+1 into 2¢ boxes lek, ng, ey Bzzk such that each Bék is a translation of
B, (we do not need to consider the boundary since the Lebesgue measure of the boundary is
0). Then we have

E; |CO(Usis1, Uyt U Hy, Byrn)| ™!

1
- Z—EA/ 1CO(x, {x} U Hy, Borr1)| ™! dx
(Boyk+1) Byt
p
- EA/ 1COx, {x} U H;, Bor1)| " dx
£(Bok+1) ; B;k

2(1
1 .
< EA/ €O, (x) U 6., B~ d
€(Byis1) ; 8, 2%

£(Byx)

2d
= — 27 NE, 1CYUnk, Usk U Hs, Bop)| ™!
e(sz+.)§ A 1CO(Unk, Uy U Hs, By

= E; |CO(Up, Uk U #,., Byi)| ™! (3.1

for any k € N (the inequality follows by (P4) for the *-cluster). Therefore, E;, |CO(U2k, U U
Hs, sz)l_l decreases to E, |C0(Uoo, U U H5, R”l)|_1 = fask — oo.

Finally, E; |CT(Ust, Usk U 5, Bye)| ™' 1 Ej [CH (Uno, Uso U H5, R |7 = f as k —
oo by a similar argument.

We will now turn to the derivatives of f g‘k. For x € By, we define N°(x, By) and N*(x, By)
to be the number of distinct (finite or infinite) clusters obtained after setting x to be vacant
and setting all points in B,S to be vacant or, respectively, occupied, which contain a nearest
Poisson neighbor to x. Note that if N*(x, Br) = 0 then changing x from vacant to occupied
increases M*(By) by 1, but if N*(x, Bx) > 1, then such a change in x decreases M*(By) by

N*(x, By) — 1.
With the definition above and according to the definition of N*(x) given before Theorem 1.4,
we have

N*(x) = lim N*(x, By).
k—00
Next, we deduce the formula for (d/dA) (A f ;;k + 022 /2) by Russo’s formula in Section 1.

Lemma 3.2. For any k € N and either choice of boundary conditions, )»fg‘k +0A%/2 is a
convex function of A on (0, 00) with

d AfE +€A2 =2"%BY " E Y + 61,
da\"B T2

where
Yw)= > [1-N*(x,By)] forweQ.

xewNBy

Proof. By Theorem 1.1,

d * d —1 -1 *
afgk = a[)» £(Bi)”" EyM™(Bi)]

= —A720(By) " By M*(By) +A720(By) " Ey Y, (3.2)
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where

Yw)= > [M*(Bi)(w) — M*(Bi)(wy)]

xew, xeBy

= Z [/ (N*(x, Br) =0) + (1 = N*(x, Bi)I (N*(x, By) = 1)]
XEW, XEBy,

- Z [1 — N*(x, Bp)). (3.3)
xew, xeBy

Thus, by (3.2) we obtain

d A +€x2 = f3 +Aif§ +0r=2""¢Br) ' ELY + 6. (3.4)
dx ) kDT B

Next, we prove that A fgk +61%/2 is a convex function of A. For x € By, let us define
Npo(x) to be the number of Poisson neighbors of x. Let

1
Ni(Uy, U U Hy, By) = ——— Ni(x, {x} U F, Br) dx, (3.5)
£(Br) JB,

where Uy is a uniformly distributed random variable on By independent of #, and Ny (x, {x}U
H)., Br) = Npo(x). Then, by Fubini’s theorem (see page 407 of [3]) we have

E). Np(Uk, Uy U H,, By) = A0 (3.6)

for any k € N.
By (3.4), (3.3), Palm theory, (3.6), and Fubini’s theorem, we obtain

— —1
dk( o+ 3 )

=2"%B) " E Y + 6
=Ex(1 — N*(Ug, Ux U Hy,, By)) + Ey Ni(Ux, Up U #5., By)

=14 E)(Nx (U, Ux U Hy, By) — N*(Ux, Ur U Hy., Br)) (3.7
=1+ EA<; [Ne(x, {x}U Hs, Br) — N*(x, {x} U Hs, Bp)] dx>
£(By) Jp,
=1+ ! E; (Ni(x, {x}U #5, Br) — N*(x, {x} U #5, By)) dx, (3.8)
L(Bx) JB,

where N*(Uy, U U F)., By) is defined similarly to (3.5) and N*(x, {x}U #,, By) is N*(x, By)
after a Poisson point is inserted at x. Since Ny (x, {x}U#,, Bx) — N*(x, {x} U #,, Bx) cannot
decrease when a point is changed from vacant to occupied,

Eu (Ni(x, {x} U #o, Br) — N*(x, {x} U #3, By))

is increasing in A by a coupling argument (see page 28 of [9]). Therefore, (3.8) is increasing in
A, and, thus, )Lfl’;k + 0X2/2 is a convex function of A.

Theorem 1.4 is now a consequence of the previous two lemmas.
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Proof of Theorem 1.4. By Lemma 3.1 and Lemma 3.2, Af + 0A2/2 is the limit of convex
functions Afg . T 9)\2/2 (as k — 00). Furthermore, by (3.7) and (3.6),
2

4 A +9x2 =1+ 10 — Ex(N®(Usx, Uy U #,., By)).
da E)

By the same argument used for Lemma 3.1, we can prove that
Ei(NY(Uak, Uy U #3, Byi)) | Ex(N®(Uns, Uso U H5, RY)) = E; N°(0). (3.9)

By Fubini’s theorem,

Ej(N°(Uak, Usi U Hy, Box)) = EA< NO(x, {x} U H;, Bx) dx)

((By) i,

Ej(N°(x, {x} U #, By)) dx.

 U(By) Jpy

Since E; (N°(x, {x} U #;, Byt)) is continuous in A by Lemma 2.1, Ex(N® (U, Upk U H5., Byk))
is a continuous function of A. Moreover, by (3.6),

10 — E; N%(0) = E; (N (0, {0} U F5, RY) — NO(0, {0} U J&,, RY))

is increasing in A (see the reason below (3.8)). Thus, 1 + 160 —E, N 0(0) is the increasing limit
of continuous functions; therefore, it is lower semicontinuous. On the other hand, 1 + A6 —
E, N 0(0) is nondecreasing in X, and, thus, it is left continuous.

It follows, as in the proof of Proposition 1.4 of [1], that Af + 9%2/ 2 is convex with its left
derivative given by (1.3). The analogous argument with O substituted by + and left by right
yields (1.4).

From (1.3) and (1.4), we obtain the identity

d(Af +622/2 d(Af +622/2
QOS2 5 40y - S EOTD 5 o) — B, (INF @) - 1T N*@) > 1)),
da da
This completes the proof.
Finally, we will deal with the continuity of connectivity functions. For x, ..., x, € RY, we
define
rgk (x1,x2, ..., xp) :=Py(x1, x2, ..., x, are connected through the same *-cluster of By),
r+(x1 , X2, ..., Xp) = Py(x1, X2, ..., X, are connected through the same cluster or

C(x1), ..., C(xy) are all infinite),

and ¥ denotes the ordinary connectivity function .

Lemma 3.3. For either choice of boundary conditions and any fixed n,
rgk(xl,xz, e Xn) = TR(x1, X2, ..., x,) ask — oo.

Here t(x1, X2, ...,Xp) is a left continuous function of . while T+ (x1, X2, ..., Xxp) is right
continuous.
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Proof. We follow the proof of Lemma 2.3 of [1]. For fixed x, COx, By) is increasing in k
while CT(x, By) is decreasing in k and C%x, By) € CT(x, By). Furthermore, if C(x) is finite
then C(x) = C*(x, By) for sufficiently large k. If C(x) is infinite then CO%x, By) —» C(x),

while CT(x, By) — {y: |C(y)| = oo} as k — oo. It follows that, for fixed x1, x2, ..., X,
rgk(xl,xz, ce X)) ro(xl,xz, ...y Xp) ask t oo,
g (X2, %) T, X2, LX) ask oo (3.10)
Note that (3.10) holds for large enough k such that By contains x1, x2, ..., X,.

Moreover, by Lemma 2.1, ‘l,';k (x1,x2,...,x,) is a continuously differentiable function
of A. Thus, 7%(x1,x2,...,x,) is the increasing limit of continuous functions; therefore,
79(x1, x2, ..., x,,) is lower semicontinuous. On the other hand, t%(x1, x2, ..., x,) is non-
decreasing in A, and, thus, to(x1, X2, ..., Xy) is continuous from the left.

Similar arguments are valid for the right continuity of 77 (x1, x2, ..., X,).

Proof of Theorem 1.3. The uniqueness of the infinite cluster implies that
T(X1, ..., Xp) = r*(xl, e Xn).

Furthermore, by Lemma 3.3, T (x1, ..., x,) is aleft continuous function of A and tH(xg, ..., xn)
is right continuous. These facts yield the required result.

4. Proof of Theorem 1.2

In this section we explain the few extra arguments needed to obtain Theorem 1.2 from the
results of the last two sections.

Proof of Theorem 1.2. Part (a) implies part (b). If the infinite cluster is unique then, by
Theorem 1.4, A f +62/2 is convex and differentiable. Thus, by Corollary 25.5.1 of [11], Af +
o2 /2 is continuously differentiable on (0, co). Therefore, f is a continuously differentiable
function of A on (0, 00).

Part (b) implies part (a). We follow the arguments in the proof of Proposition 5.3 of [1].
Since f is differentiable, A f 4+ #A2/2 is differentiable. Then Theorem 1.4 implies that (1.5) is
always true and, thus, that

PL((N*(0)) = 2) = 0. 1)

To prove the implication (b) = (a), it suffices to assume that more than one infinite cluster
occurs with nonzero probability and derive a contradiction to (4.1). Under this assumption,
P, (G (By)) is positive for some large k, where G (By) is the event that at least two distinct infinite
clusters occur and intersect B. Itis easy to construct a mapping & on configuration w in G (By).
The mapping @ only changes the occupation status of points in By and @ (By) is contained in
the event that N¥(0) > 2. However, P; (®(By)) > 0 implies that P, ((N*(0)) > 2) > 0, which
contradicts (4.1).
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