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Abstract. Basic properties of equipotential surfaces in test perfect fluid tori with uniform
distribution of the specific angular momentum orbiting KdS black holes are summarized. The
central mass-densities of adiabatic non-relativistic tori, for which the approximation of test fluid
is adequate, are given and compared with the typical densities of Giant Molecular Clouds.
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Presence of a repulsive cosmological constant, Λ > 0, changes the asymptotic structure
of the black-hole backgrounds and implies strong consequences in the structure of thin
and thick discs around Kerr–de Sitter (KdS) black holes, see the review of Stuchĺık (2005).

KdS spacetimes are characterized by three parameters, M, a, y, representing the mass
and spin of the black hole, and the dimensionless “cosmological parameter” defined in
geometrical units (c = G = 1) as y = ΛM2/3. For simplicity, we put M = 1 hereafter.
Gravitational attraction of the black hole is just compensated by the cosmic repulsion
at the “static radius”, the only radius where the static geodesic observer resides: rs =
y−1/3 in the Boyer–Lindquist coordinates. Stationary discs exist only in the spacetimes
admitting stable circular geodesics. Beside the inner marginally stable (ms) and the inner
marginally bound (mb) circular geodesics located near the black-hole horizon, there are
the outer ms and mb circular geodesics near the static radius (Stuchĺık & Slaný (2004)).

Basic properties of geometrically thick discs are determined by the equilibrium config-
urations of test perfect fluid orbiting a black hole. Marginally stable thick discs are char-
acterized by uniform distribution of the specific angular momentum, �(r, θ) ≡ −Uϕ/Ut =
const. Solving the Euler equation for the fluid with 4-velocity Uµ = (U t, 0, 0, Uϕ), see,
e.g., AJS (1978), we obtain the relation for the potential W in the form

W (r, θ) = lnUt(r, θ) = ln

[
Σ
I2

· ∆r∆θ sin2 θ

∆θ sin2 θ (r2 + a2 − a�)2 − ∆r

(
� − a sin2 θ

)2

]1/2

∆r = r2−2r+a2−yr2
(
r2 + a2

)
, ∆θ = 1+ya2 cos2 θ, I = 1+ya2, Σ = r2+a2 cos2 θ.

The boundary of any torus is given by any closed equipotential surface, however the last
closed surface is critical enabling the outflows of matter from the disc through the cusp(s)
due to the violation of hydrostatic equilibrium. We can distinguish three kinds of discs:
accretion discs, marginally bound accretion discs and the excretion discs–completely new
kind of toroidal structures from which the outflows into the outer space are only possi-
ble, see Fig. 1. Repulsive cosmological constant causes the existence of the outer cusp
corresponding to the outer edge of the disc being located close to but bellow the static
radius, and the strong collimation of open equipotential surfaces along the rotational axis
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Figure 1. Typical behaviour of equipotential surfaces (meridional sections) in SdS and KdS
black-hole spacetimes. Light gray region contains closed equipotential surfaces. The last closed
surface is self-crossing in the cusp(s). Possible toroidal configurations correspond to: (a) accretion
discs, (b) marginally bound accretion discs and (c) excretion discs.

indicating some role of Λ > 0 for collimation of jets far away from the maternal galaxy.
For the current value of the cosmological constant, Λ0 ≈ 1.3× 10−56 cm−2, the maximal
dimensions of test disc-like structures around supermassive black holes are smaller but
comparable with the dimensions of large galaxies, see dimensions of rs in Table 1.

Relevance of test-fluid approxima-
tion can be tested by determin-
ing the central-mass density �c of
the torus for which the masses of
the disc and central black hole are
comparable. For an adiabatic non-
relativistic perfect fluid the total
mass-energy of the torus is given
by the relation bellow. The results
are presented in Table 1. Compar-
ing with the typical densities of
Giant Molecular Clouds (GMC),
�GMC ∼ 10−18 kg m−3, we see that
for diatomic GMC the limiting
�c � �GMC.

Table 1. Mass parameter (M), the static radius (rs)

and the central mass-density (�) of an adiabatic non-

relativistic perfect fluid torus corresponding to two

values of the adiabatic index γ = (5/3, 7/5), for

which mdisc ≈ MBH, in SdS and KdS (a = 0.9)

black-hole spacetimes with Λ0 ≈ 1.3 × 10−56 cm−2.

M rs �5/3 �7/5 �5/3 �7/5

[M�] [kpc] [kg m−3] [kg m−3] [kg m−3] [kg m−3]

106 10 10−22 10−13

107 22 10−22 10−14 10−21 10−12

108 50 10−22 10−15 10−22 10−13

109 110 10−23 10−16 10−22 10−14

m = 2π�c

∫
disc

[
1 + �Ω(r, θ)
1 − �Ω(r, θ)

] [
exp{Win − W (r, θ)} − 1

exp{Win − Wc} − 1

]n

(r2 + a2 cos2 θ) sin θdrdθ
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