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Abstract

The main purpose of this paper is to prove Hormander’s L’—L? boundedness of Fourier multipliers
on commutative hypergroups. We carry out this objective by establishing the Paley inequality and
Hausdorff—Young—Paley inequality for commutative hypergroups. We show the LP—L? boundedness of
the spectral multipliers for the generalised radial Laplacian by examining our results on Chébli-Trimeche
hypergroups. As a consequence, we obtain embedding theorems and time asymptotics for the LP—L?
norms of the heat kernel for generalised radial Laplacian.
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1. Introduction

In this paper, we establish P—L? boundedness of Fourier multipliers on commutative
hypergroups. As an application, we prove the boundedness result for spectral multi-
pliers in the context of Chébli-Trimeche hypergroups. Bloom and Xu [15] proved the
Hormander multiplier theorem concerning the L”-boundedness of Fourier mutlipliers
on Chébli-Trimeche hypergroups by using the techniques developed by Anker in his
seminal paper [6]. In particular, they extended the result of Stempak [40] proved for
Bessel-Kingman hypergroups, a particular class of Chébli—Trimeche hypergroups of
polynomial growth. After that, Gosselin and Stempak [25] proved an improved version
of the result in [40] using a similar method to the one used by Hormander in his
classical paper [26] for Bessel-Kingman hypergroups, which was later studied by
several researchers in many different settings, for example, [8, 23, 24, 35, 39]. Here,
we deal with L7—L? multipliers as opposed to the LP-multipliers for which theorems of
Mihlin and Hérmander or Marcinkiewicz type provide results for Fourier multipliers
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376 V. Kumar and M. Ruzhansky 2]

in different settings based on the regularity of the symbol. In the Lie group setting, the
Mihlin—-Hormander multiplier theorem was studied by many researchers. We cite here
[6, 20, 22, 26, 37] to mention a few of them.

The Paley-type inequality describes the growth of the Fourier transform of
a function in terms of its LP-norm. Interpolating the Paley-inequality with the
Hausdorff—Young inequality, one can obtain the following Hormander’s version of
the Hausdorff—Young—Paley inequality:

, 1/r
( 5 (Frn IEP(E) P Irdé:) <Wllr@ny, 1<p<r<p <co, 1<p<2.

Also, as a consequence of the Hausdorff—Young—Paley inequality, Hérmander [26,
page 106] proved that the condition

1 11

sup l{¢ € R" : m(&) 2 1}] < oo, =,
>0 p q b
where 1 < p <2 < g < oo implies the existence of a bounded extension of a Fourier
multiplier 7,, with symbol m from LP(R") to LY(R"). Recently, the second author
with R. Akylzhanov studied classical Hormander results for unimodular locally
compact groups and homogeneous spaces [3, 4]. In [4], the key idea behind the
extension of Hormander theorem is the reformulation of this theorem as

1/p=1/q
1Tl Lrrmy—Larry S SUP s(f df) = lml| pro@ny = Tl e (vNRr)) s
s>0 {EeR:m(E)>s)

where 1/r =1/p —1/q, |lm||r~®» is the Lorentz norm of m, and |||l r~vN®n) 18
the norm of the operator 7}, in the Lorentz space on the group von Neumann algebra
VN(R") of R". They use the Lorentz spaces and group von Neumann algebra technique
for extending it to general locally compact unimodular groups. The unimodularity
assumption has its own advantages such as existence of the canonical trace on
the group von Neumann algebra, and consequently the Plancherel formula and the
Hausdorff-Young inequality.

In this paper, we prove the Paley-type inequality, Hausdorff—Young—Paley inequal-
ity and Hormander multiplier theorem for commutative hypergroups. We refer to
Section 2 for more details and all the notation used here. The following theorem is
an analogue of the Paley inequality for commutative hypergroups.

THEOREM 1.1. Suppose that  is a positive function on H satisfying the condition

My = suptf dn(y) < oo.
>0 Xeﬁ
Y=t

Then for f € LP(H,dA), 1 < p <2,

— 1/
(ﬁ FoOr b0 dn)) < M Wl
H
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[3] Multipliers on commutative hypergroups 377

The following Hausdorff—Young—Paley inequality is shown for commutative hyper-
groups.

THEOREM 1.2. Let 1 <p<2andlet 1 <p<b<p’ <oo, where p"=p/(p-1). If
Y(y) is a positive function on H such that
My = suptf _dr(y)
X

>0 €H
Y=t

is finite, then for every f € LP(H,dJ),

— , 1/b o
( [aFeomeo ™ aneo) < MY Wl oan,
H

Next, we establish the following L”-L? boundedness result for Fourier multipliers
on commutative hypergroups.

THEOREM 1.3. Let 1 < p<2<g<oco and let H be a commutative hypergroup.
Suppose that T is a Fourier multiplier with symbol h. Then,

1/p-1/q
TNl Lr o, ary—race, day S sups[f R dn(y)
{xeH:|h(x)|>s}

s>0

Now, we establish a spectral multiplier theorem for the operator L, called the
generalised radial Laplacian, given by

> A'(x)d

L=1Ly, i=——— 2,
A A2 A®x) dx

where A is the Chébli-Trimeche function. Define p := % lim, . A’(x)/A(x). It is known
that this limit exists and is nonnegative (see Section 4.1 for more details and notation).
For some particular choices of the Chébli-Trimeche function, the operator L arises
as the radial part of Laplace—Beltrami operators on symmetric spaces of rank one
and on Euclidean space. It has been recently observed in [11] that L appeared as the
radial part of Laplace-Beltrami operators on simply connected harmonic manifolds
of purely exponential volume growth with A as the density function on the harmonic
manifold.

THEOREM 1.4. Let L be the generalised radial Laplacian and 1 < p <2 < g < oo.
Suppose that ¢ is a monotonically decreasing continuous function on [p?, o) such that
lim,_,c @(u) = 0. Then,

lle(Dllop < sup @(u)

u>p?

(M _p2)(a+l)(1/p—1/q) if (M _p2)1/2 < K,
[K2a+2 _ K2a+2 + (M _p2)(0+1)]1/p—1/q if (M _p2)1/2 > K,

where K, and a are constants appearing in the estimate of the c-function, in the
definition of Chébli-Triméche function A and in Condition (P) on A, respectively, and
II - llop denotes the operator norm from LP (R, A dx) to L1(R,, A dx).
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The precise values of K, @ and a and their appearance in the context of analysis on
Chébli-Triméche hypergroups is given in Section 4.1.

The above spectral multipliers theorem leads to very interesting results concerning
the LP—L9 norm of the heat kernel of L and embedding theorems for L, by a particular
choice of the function ¢.

COROLLARY 1.5. Let L be the generalised radial Laplacian. For any 1 < p <2 <
q < oo, there exists a positive constant C = Cq 4 4 x Such that

pmaxtear 01/ 0 < p < DK@t T l),

_ K? p
lle™ llop <
R P L VB P l(l _ l),
K2 \p ¢

where || - ||, denotes the operator norm from LP(R,, A dx) to LY(R,, A dx).
We also have the embeddings

Il Lo aan < CNCL+ L) fll o, aan)
provided thatb > (e + 1)(1/p—1/q), 1 <p<2<g<oco.

We organise the paper as follows: in Section 2, we present the basics of Fourier
analysis on commutative hypergroups. Section 3 is devoted to the study of LP-L9
Fourier multipliers on commutative hypergroups along with the proof of the key
inequalities needed to establish our main results. In Section 4, we analyse the results of
the previous section in the setting of Chébli—Triméche hypergroups and then use them
to obtain the main result of this section on LP—L? boundedness of spectral multipliers
of a generalised radial Laplacian and its important consequences.

Throughout the paper, we use the notation A < B to indicate A < ¢B for a suitable
constant ¢ > 0.

2. Fourier analysis on commutative hypergroups

In this section, we present the essentials of Fourier analysis on commutative
hypergroups. We begin this section with the definition of a hypergroup. In [27], Jewett
refers to hypergroups as convos.

DEFINITION 2.1. A hypergroup is a nonempty locally compact Hausdorff space H
with a weakly continuous, associative convolution * on the Banach space M(H) of all
bounded regular Borel measures on H such that (M(H), *) becomes a Banach algebra
and the following properties hold.

(i) For any x,y € H, the convolution 6, * 0, is a probability measure with com-
pact support, where J, is the point mass measure at x. Also, the mapping
(x,y) = supp(dy * 6,) is continuous from H X H to the space C(H) of all
nonempty compact subsets of H equipped with the Michael (Vietoris) topology
(see [36] for details).
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[5] Multipliers on commutative hypergroups 379

(i) There exists a unique element e € H such that ¢, * d, = 0, * d, = d, for every
x€H.

(iii)) There is a homeomophism x — X on H of order two that induces an involution
on M(H) where (E) = u(E) for any Borel set E, and e € supp(d, * 6,) if and
only if x = .

Note that the weak continuity assures that the convolution of bounded measures
on a hypergroup is uniquely determined by the convolution of point measures. A
hypergroup is called a commutative hypergroup if the convolution is commutative.
A hypergroup H is called hermitian if the involution on H is the identity map, that is,
X = x for all x € H. Note that a hermitian hypergroup is commutative. Every locally
compact abelian group is a trivial example of a commutative hypergroup. Other
important examples include Gelfand pairs, Bessel-Kingman hypergroups, Jacobi
hypergroups and Chébli-Trimeche hypergroups.

A left Haar measure A on H is a nonzero positive Radon measure A such that

fo(X*y)d/l(y) = ﬁf(y) dA(y) (forall xeH, f e C(H)),

where we use the notation f(x * y) = (0, * 6,)(f). It is well known that a Haar measure
is unique (up to scalar multiple) if it exists [27]. Throughout this article, a left Haar
measure is simply called a Haar measure. We would like to make a remark here that it
is still not known if a general hypergroup has a Haar measure but several important
classes of hypergroups including commutative hypergroups, compact hypergroups,
discrete hypergroups and nilpotent hypergroups possess a Haar measure; see, for
example, [5, 12, 29-31] for more details on harmonic analysis on hypergroups and
its applications.

Denote the space of all bounded continuous complex valued functions on H by
C’(H). The dual space of a commutative hypergroup H is defined by

H={yeCl(H) : y+0, y(¥ = x(x) and y(x * y) = y(x)x(y) for all x,y € H}.

The elements of H are called characters of H. We equip H also with the compact-open
topology so that H becomes a locally compact Hausdorff space. Note that H need not
possess a hypergroup structure. For example, see [27, Example 9.3C].

The Fourier transform of f € L'(H, A) is defined by

flp = f Fow() dA(x) forall y € H.
H
By [12, Theorem 2.2.4], the mapping f ]?is anorm-decreasing *-algebra homomor-
phism from L!(H, 1) into L*(H, rr). Furthermore, f vanishes at infinity. Also, as in the

case of locally compact abelian groups, there exists a unique positive Borel measure 7
on H such that

f IfF (01> dAx) = ﬁ IFOOP dn(y) forall fe L*(H, )N L (H,A).
H H

https://doi.org/10.1017/51446788723000125 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788723000125

380 V. Kumar and M. Ruzhansky [6]

In fact, the Fourier transform extends to a unitary operator from L*(H, 1) onto L2 (FI , 7).
We would like to remark here that the support of 7, denoted S, need not be equal to H
(see [12, Example 2.2.49]). When S = H, H is called a strong hypergroup.

The following theorem is the Hausdorff—Young inequality for commutative hyper-
groups [21].

THEOREM 2.2. Let p,p’ be such that 1 <p <2 and 1/p+1/p’ =1. Then for
feL*H, d)NLY(H, d), we have the inequality

”f”U"(ﬁ,d;r) < ”f”LP(H,d/I)-

3. Fourier multipliers for commutative hypergroups

3.1. Paley inequality for commutative hypergroups. In this subsection, we prove
the Paley inequality for commutative hypergroups. The Paley inequality has been
proved for many different settings, for example, compact homogeneous spaces [2,
3], compact quantum groups [1, 43], compact hypergroups [32], generalised Fourier
transforms [33] and locally compact groups [4].

The Paley inequality is an important inequality in itself but also plays a vital role
in obtaining the Hausdorff—Young—Paley inequality for commutative hypergroups. We
follow the strategy of the proof of the Paley inequality in [4] in the noncommutative
setting.

THEOREM 3.1. Let H be a commutative hypergroup equipped with a Haar measure
A and let H be the dual of H equipped with measure . Suppose that  is a positive
function on H satisfying the condition

My = suptf _dr(y) < oo,
X

>0 €H
U=t
Then for f € LP(H,dA), 1 < p <2,
" )4 2-p lip (2-p)/p
([ 1Foorueorrdne) ™ < M Uflwaan. (3-1)
H

PROOF. Let us consider a measure v on H given by
v(0) = ¥ dny). (3-2)

We define the corresponding L”(FI ,v)-space, 1< p<oo, as the space of all
complex-valued functions f defined by H such that

» ) l/p
i = [ 17008 0007 drto) <0
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We define a sublinear operator T for f € LP(H, d1) by

1= 10 ¢ 1 i,
Y
We show that T is well-defined and bounded from LP(H,dA) to Lp(ﬁ, y) for any

1 < p < 2. In other words, we claim the following estimate:

P
Al = ([ '%i'p

which gives us the required inequality (3-1) with My := sup,., f dn(1d). We show

¢W)>!

W) dr m) <MEPP lppan, (33)

that T is weak-type (2,2) and weak-type (1, 1). More precisely, with the distribution
function,
vosTH = | _ w0 drly),
x€H
Wl
o =
where v is given by (3-2), we show that
M 2
Vi TH) < (—2||f ” EUD) with norm M = 1, (3-4)
y
M
v(y; Tf) < M with norm M; = M,,. (3-5)

Then the estimate (3-3) follows from the Marcinkiewicz interpolation theorem. Now,
we show (3-4). Using the Plancherel identity,

VO TH) < supy Vs T = ITAR, . < ITAIE

v>0

f ('igg') W00 dry)

_ fﬁ FOOR dnt) = If1E.

Thus, T is type (2,2) with norm M, < 1. Further, we show that 7 is of weak type (1, 1)
with norm M; = M,; more precisely, we show that

{)( <7 If()()l ”f”Ll(H,d/i).
%) y

The left-hand side is an integral f Y(x) dn(y) taken over all those y € H for which

LFOOI/¥(x) > y. Since | f(x)] < IIf||1 forall y € H,

e T80 e e )

)’} <M, (3-6)
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for any y > 0 and, therefore,

V{XEE:E\%>)/}SV{X€?12%>)J}.

Now by setting w := |||l /y,

- Ui o
V{)(EH. 700 >y}$fl;§)iwlﬁ()() dn(y).

Now we claim that

f i Y)rdr(y) S Myw. (3-7)
Y(y)sw

Indeed, first we notice that

Wy
f)(Eﬁ lvl’(X)z dﬂ-(X) = f)(efl dﬂ'(X) f dr.
w(x)sw Y()<w 0

By interchanging the order of integration,

Yy w?
f)(eﬁ dﬂ(/\/) f dr = f dr f _ dﬂ'(/\/)
wo<w 0 0 el

2 <y()<w

Further, by making substitution 7 = #2,

fwd‘rf R dﬂ()()szwtdthdn()()
0 X€H 0 X€H

2 <y<w 1<y ()<w

szf tdtfﬁdﬂcy).
0 X€H

1<y(x)

Since

tf dn(y) < suptf dn(y) = M,
)(Gﬁ >0 Xeﬁ
1<p0) <P

is finite by the assumption that M,, < oo,

2[ tdtf dn(x) < Myw.
0 /\(Eﬁ

1<ur(y)
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This establishes our claim (3-7) and eventually proves (3-6). So, we have proved (3-4)
and (3-5). Then by using the Marcinkiewicz interpolation theorem with p; = 1 and
pr>=2,and 1/p =1- 6+ 6/2, we now obtain

IF)l )
(f ( 116%) ) W) dn (X)) =ITAl i,y S Ml(/,z PPl o any-

This completes the proof of the theorem. o

3.2. Hausdorff-Young-Paley inequality for commutative hypergroups. In this
subsection, we prove the Hausdorff—Young—Paley inequality for commutative hyper-
groups. The Hausdorff—Young—Paley inequality is an important inequality in itself but
it serves as an essential tool to prove the LP—L? Fourier multiplier for commutative
hypergroups. The following theorem [9] is useful to obtain our result.

THEOREM 3.2. Let duo(x) = wo(x)du’(x), dui(x) = wi(x)du’(x) and write LP(w) =
LP(wdu’) for the weight w. Suppose that 0 < pg, p; < co. Then,

(L (wo), L (w1))g,p = L7 (w),

p(l—9)/powp0/m'

where 0 <8 <1, 1/p=(1-6)/po+0/p1 and w = w, 1

The following corollary is immediate.

COROLLARY 3.3. Let duy(x) = wo(x)du’(x), dui(x) = w1(x)du’(x). Suppose that
0 < po, p1 <oo. If a continuous linear operator A admits bounded extensions,
A:LP(Y,u) = LP(wg) and A : LP(Y,u) — LP'(w;), then there exists a bounded

extension A : LP(Y, ) — LP(w) of A, where 0 <0< 1, 1/b=(1-8)/po + 0/p, and
— wg(l—g)/Puw?G/Pl.

Using the above corollary, we now present the Hausdorff—Young—Paley inequality.

THEOREM 3.4 (Hausdorff-Young-Paley inequality). Let H be a commutative hyper-
group equipped with a Haar measure A and let H be the dual of H equipped with
measure . Let 1 < p <2 andlet 1 <p <b<p' <oo, where p’ = p/(p—1). If Y(x)
is a positive function on H such that

My = suptf dn(x)
>0 Xeﬁ
Y(x)=t

is finite, then for every f € LP(H,dJ),

— , 1/b i
( ﬁ (f Ol o7 )"dﬂ(x)) <M NPl aran.
H

This naturally reduces to the Hausdorff—Young inequality when b = p’ and to the
Paley inequality (3-1) when b = p.
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PROOF. From Theorem 3.1, the operator defined by
Af00) = fOo0. x €H

is bounded from LP(H,dA) to LP(E, wodp’), where du'(x) = dn(x) and wo(y) =
Y(y)*>?. From Theorem 2.2, we deduce that A : L(H,d) — LP/(H,wld,u’) with
dy’(y) = dn(y), and w;(y) =1 admits a bounded extension. By using the real
interpolation (Corollary 3.3), we prove that A : LP(H,d1) — LY(H,wdi'), p<b<p,
is bounded, where the space L”(H, wdy’) is defined by the norm

1/b 1/b
111 = | fﬁ eolwndi o) = fﬁ el W) drtr)

and w(y) is a positive function over H to be determined. To compute w, we can
use Corollary 3.3 by fixing 6 € (0, 1) such that 1/b = (1 —6)/p + 6/p’. In this case,
6= (p—0b)/b(p—-2)and

b(1-0)/p  bO/p 1-b/p’
w=awy M =y
Thus, we finish the proof. o

3.3. LP-L? boundedness of Fourier multipliers on commutative hypergroups.
We begin with the definition of Fourier multipliers on commutative hypergroups. For
a function h € L™ (H, drn), define the operator T}, as

TifO0) = ho)f(x), x € H,

for all f belonging to a suitable function space on H. The operator T, is called the
Fourier multiplier on H with symbol A. It is clear that T}, is a bounded operator
on L*(H,dJ) by the Plancherel theorem. A Fourier multiplier commutes with the
translation operators. In fact, the Fourier multipliers can be characterised using
translation operators [12, 34, 38].

In the next result, we show that if the symbol % of a Fourier multiplier A defined on
C.(H) satisfies a certain Hormander’s condition, then 7}, can be extended as a bounded
linear operator from L?(H,dA) to LY(H,dA) for therange 1 < p <2 < g < oo.

THEOREM 3.5. Let 1 <p<2<qg<oo and let H be a commutative hypergroup.
Suppose that T is a Fourier multiplier with symbol h. Then,

I/p-1/q
T\l Lrce, ay—race, dry < sups[ f R dn(y) . (3-8)
{xeH:|h(y)|>s}

s>0

PROOF. Since for p = g =2 the inequality (3-8) always holds, we assume that
1 < p <2 < g < oo with p and g both not equal to 2. Let us first assume that p < ¢’,
where 1/g +1/q’" = 1. Since ¢’ < 2, dualising the Hausdorff—Young inequality gives
that

”Tf”L‘/(H,d/l) < “Tf“Lq’(ﬁ’dﬂ) = |Ihf||Lq’(17,dn)'
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The case ¢’ < (p’) = p can be reduced to the case p < ¢’ as follows. Using
the duality of LP-spaces, we have [Tl o, av—re,av = 1T o (11, any» a1, an)- The
symbol of adjoint operator 7* is equal to & and obviously we have |h| = |h| (see [2,
Theorem 4.2]). Now, we are in a position to apply Theorem 3.4. Set 1/p —1/q = 1/r.
Now, by applying Theorem 3.4 with ¢ = |A|” with b = ¢/,

— 1/r
1l ran < (sups f _dn0) Wl
>0 XE€EH
GOl >s

forall f € LP(H,d?),inviewof 1/p—1/q=1/q —1/p’ = 1/r.Thus,forl < p <2 <
g < o,

1/r
Tl < (sups [ ant0) Wi,
>0 xeH
[ROOIT>s

Further, the proof follows from the following easy identities:

1/r 1/r 1/r
(supsf _ dﬂ'(X)) = (supsf N dﬂ'(X)) = (sup s’f R dﬂ'(/\/))
s>0 xeH s>0 xeH >0 xeH

[hQI">s Iheol>sH T [hOOI>s
1/r
= sup s(f R dﬂ'()()) s
s>0 xeH
ks
proving Theorem 3.5. |

4. LP-L? multipliers on Chébli-Trimeche hypergroups

4.1. Interlude on Chébli-Trimeéche hypergroups. An important and motivating
example of a hypergroup is the algebra of finite radial measures on a noncompact
rank-one symmetric space under the usual convolution; as radial measures on a
noncompact symmetric space can be viewed as measures on R, := [0, 00), this endows
R, with a hypergroup structure with involution being the identity map. The hypergroup
structures arising in this way on R, are a particular case of a general class of hyper-
group structures on R, arising from the Strum-Liouville boundary value problems
where the solutions coincide with the characters of the hypergroup in question [13,
Section 3.5].

In this paper, we are interested in a special class of ‘one-dimensional hypergroups’
[44] on R, called Chébli—Trimeche hypergroups with the convolution structure related
to the following second-order differential operator:
> A(x)d

L=1Ly, = —— 2,
A A2 A®x) dx

@1
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where the function A, called a Chébli-Trimeche function, is continuous on R, twice
continuously differentiable on R} := (0, co) and satisfies the following properties:

(1) A(0) =0 and A is positive on R} ;

(i) A is an increasing function and A(x) — oo as x — oo;

(iii) A’/A is a decreasing C*-function on R}; hence p := %limx_,o0 A'(x)/A(x) = 0
exists;

(iv) A’'(x)/A(x) = Qa + 1)/x + B(x) on a neighbourhood of 0, where a > —% and B
is an odd C*-function on R.

Now, we define the main object of this section, namely, the Chébli-Trimeche
hypergroups. For a detailed study of these hypergroups, one can refer to [12, 19, 41].

DEFINITION 4.1. [13, 14, 44] A hypergroup (R,,*) is called a Chébli-Trimeche
hypergroup if there exists a Chébli-Trimeche function A such that for any real-valued
C>-function f on R, that is, the restriction of an even nonnegative C*-function on
R, the generalised translation u(x,y) = T, f(y) := fow f®d©, *6,)(1), yeR, is the
solution of the following Cauchy problem:

(Lax — Layu(x,y) =0,
u(x,0) = f(x), wuy(x,00=0, x>0.

The Chébli-Trimeche hypergroup associated with the Chébli-Trimeche function
A is denoted by (R, *(A)). The growth of (R,,*(A)) is determined by the number
p = % lim,_,., A’(x)/A(x). We say that (R,, *(A)) is of exponential growth if and only
if p > 0. Otherwise, we say that the hypergroup is of subexponential growth, which
also includes polynomial growth.

The class of Chébli-Trimeche hypergroups contains many important classes of
hypergroups. We discuss three of them here.

(i) If Ax) := x***! with 20 € N and @ > -1, then Ly, is the radial part of the
Laplace operator on the Euclidean space and (R., *(A)) is a Bessel-Kingman
hypergroup.

(i) If A(x) := (sinh x)***!(cosh x)***! with 2¢,28 €N, @>f> -5 and a # -1,
then L, is the radial part of the Laplace—Beltrami operator on a noncompact
Riemannian symmetric space of rank one (also of Damek—Ricci spaces) and
(R4, *(A)) is a Jacobi hypergroup [7, 12].

(iii)) If A is the density function on the simply connected harmonic manifold
X of purely exponential volume growth, then L4, is the radial part of the
Laplace—Beltrami operator on X and (R,,*(A)) is the ‘radial hypergroup’ of
X (see [11]).

The Chébli-Trimeche hypergroup (R,, *(A)) is a noncompact commutative hyper-
group with identity element 0 and involution as the identity map. The Haar measure m
on (R, *(A)) is given by m(x) := A(x) dx, where dx is the usual Lebesgue measure

https://doi.org/10.1017/51446788723000125 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788723000125

[13] Multipliers on commutative hypergroups 387

on R,. For any x,y € R,, the probability measure 6, * d, is absolutely continuous
with respect to m and supp(dx * ;) C [|x —y|,x +y]. For 1 < p < oo, the Lebesgue
space L’ (R,, m) on (R, x(A)) is defined as usual; we denote by ||f]|, 4 the LP-norm of
feLP(Ry,Adx).

For the Chébli-Trimeche hypergroup (R.,=*(A)), the multiplicative functions on
(R4, %(A)) are given by the eigenfunctions of the operator L := Ly, defined in (4-1).
For any A € C, the equation

Lu= 2+ pHu 4-2)

has a unique solution ¢, on R} that extends continuously to O and satisfies ¢;(0) = 1.
We point out here that since the coefficient A’/A of L is singular at x = 0 as A(0) = 0,
the existence of a solution continuous at 0 is not immediate. Since (4-2) reads the same
for A and —A, by uniqueness, we have ¢, = ¢_,. The multiplicative functions, that
is, semicharacters, on (R,, *(A)) are then exactly the functions ¢,, A € C. However,
a semicharacter ¢, is bounded, and therefore becomes a character, if and only if
[ImA| < p. Since the involution of (R, *(A)) is just the identity map, it follows that
the characters ¢, of the hypergroup (R, x(A)) are real-valued, which is the case for
every A € RU iR. Therefore, in view of the above discussion, the dual space R, of
(R4, *(A)) is described by {¢, : A € [0, c0) U [0, ip]}, which can be identified with the
parameter set R, U [0, ip]. . .
We define the Fourier transform f of f € L'(R,, A dx) at a point 1 € R, by

f 1=](; Sx) pa(x) A(x) dx.

It is worth noting that the aforementioned Fourier transform turns out to be a Jacobi
transform [28] when the hypergroup arises from convolution of radial measures on a
rank-one symmetric space or, equivalently, A(x) := (sinh x)***!(cosh x)*#*! with a >
B= —% and a # —%. The following theorem is the Levitan—Plancherel theorem for
R+, #(A)).

THEOREM 4.2 [12, Theorem 2.1]. There exists a unique nonnegative measure  on ﬁlir
with support [0, co) such that the Fourier transform induces an isometric isomorphism
from L*(R,, A dx) onto L*(R,., ) and for any f € L'(R,, A dx) N L>(R.,A dx),

fo If )P Ax) dx = fﬁ IF O dr(A).

In addition to the aforementioned theorem, we also have the following identity
known as Parseval’s identity. For fi, f» € L>(R,, A dx),

fo i) HE)A®) dx = f@ Fi() () dr().
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Condition (P): We say that a function f satisfies Condition (P) if for some a > 0, f
can be expressed as

612—

FNT

f&) = +4(x)

X
for all large x, where

f ) X DN (x)] dx < o0

Xo

for some xy > 0 and {(x) is bounded for x > x¢; here y(a) = a + % ifa > % and y(a) =1
otherwise.
Now consider the function G defined by

A’(x))2 L1d (A’(x))_ .

1
Gx) = Z(A(x) 2 dx\A(x)

It is possible to determine the Plancherel measure 7 explicitly. In fact, Bloom and Xu
[13] determined it by placing an extra growth condition on A described as follows.

THEOREM 4.3 [13, Proposition 3.17]. If the function G defined previously satisfies
Condition (P) with any of the following conditions:

i a>i
(1) a # |al, where « is the constant appearing in the definition of Chébli-Triméche
function;

(i) a=oa<1and [~ X 0@)o(0)AM)? dx # —2a My or
fooo X2 () o (0)A(x) /% dx = 0 where My = lim,_o- x 2*7'A(x) and
L) = G) + (5 — a®)/+,
then the Plancherel measure n is absolutely continuous with respect to the Lebesgue

measure and has density |c(1)|?, where the function c satisfies the following: there exist
positive constants Cy, Cy and K such that for any A € C with Im(1) <0,

CilA 2 < eI < G for A < K,

CIA" 2 < e < G2 for |A] > K.

In the following, we always assume that the function A (and so G) satisfies
Condition (P) of Theorem 4.3 for a > 0. Therefore, dr = Cp|c(2)|"2dA, where Cj is
a positive constant and c is a certain complex function on C\{0}. We also assume that
if p = 0, A also satisfies A(x) = O(x***!), as x — oo.

Note that the space of infinitely differentiable and compactly supported functions
on R,, denoted by C°(R.), is the space of all even f € C°(R) restricted to R,.
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We have the following Fourier inversion formula for f € C°(R;) :

£ = Co fo TG00 (D2 da.

For any 1€ C, ¢, is an even C*-function and A +— ¢,(x) is analytic. Also,
|[pa(x)| < 1 for all x € R, € C with [ImA| < p. For each 1 € C, ¢, has a Laplace
representation

Pa(x) = f Py (1) forx € Ry,

X

where v, is a probability measure on R supported in [—x, x]. Further, if A € C, then
lpal < C(1 + x)elmA-px,

4.2. LP-L? boundedness of multipliers on Chébli-Trimeche hypergroups. The
following theorem is an analogue of the Paley inequality for Chébli-Trimeche
hypergroups on half line.

THEOREM 4.4. Suppose that  is a positive function on R satisfying the condition

M, = suptf le(D)72dA < co.
AR,

>0
W)=t

Then for f € LP(Ry,Adx), 1 < p <2,

0~ 1/p
( fo FQOP () Ple()] cm) <M fll e Ado.

The following Hausdorff—Young—Paley inequality holds for the Chébli—Trimeche
hypergroups.

THEOREM 4.5. Let 1 <p<2andlet1 <p<b<p <oo, where p' =p/(p—1). If
() is a positive function on R, such that

M, = supt f le(D[2 dA
AeR,

>0
()=t

is finite, then for every f € LP(R,, A dx),

— , 1/b i
([ aFmw e da) < " I o
R,

Next, we establish the following LP—L? boundedness result for Fourier multipliers
on Chébli-Trimeche hypergroups.

THEOREM 4.6. Let 1 < p <2 < g < oo and let T be a Fourier multiplier with symbol
h. Then,

5 1/p-1/q
TNl Lr R, A d)—LoR, A dy) S SUD S[f lc(A)] d/l]
(AER, h(D)[2s)

s>0
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REMARK 1. It is well known that it is necessary for a Fourier multiplier 7, to be
bounded from L?(R,,A dx) to LP(R,, A dx) so that the symbol # must be holomorphic
in a strip in the complex plane (see [15]). It is evident from our theorem that
it is no longer a necessary condition for 7} to be bounded from L” to L9, for
l<p<2<g<oco.

4.3. Spectral multipliers of the generalised radial Laplacian. Now, we apply
Theorem 3.5 to prove the LP—L? boundedness of spectral multipliers for the operator
L:=Ls, If o € L”(R,,Adx), the spectral multiplier ¢(L), defined by ¢ coincides
with the Chébli-Triméche Fourier multiplier T, with A(1) = (4> + p?) for A1 € R,.
The LP-boundedness of spectral multipliers has been proved by several authors
in many different settings, for example, Bessel transforms [10], Dunkl harmonic
oscillators [42] and multidimesional Hankel transforms [24]. The LP—L? boundedness
of spectral multipliers for compact Lie groups, Heisenberg groups and graded Lie
groups has been proved by Akylzhanov and the second author [4]. Chatzakou and
the first author recently studied LP—L? boundedness of a spectral multiplier for the
anharmonic oscillator [17, 18] (see also [16]). Now, we state the main result of this
subsection.

THEOREM 4.7. Let 1 < p<2<qg<oco and let ¢ be a monotonically decreasing
continuous function on [p?, o) such that lim,_, ¢(u) = 0. Then,

lle(Dllop < sup @(u)

u>p?

(I/t _p2)(a+l)(1/p—l/q) lf(u _p2)1/2 < K,
[K2a+2 _ K2¢1+2 + (M _p2)(a+1)]1/p—1/q lf(u _p2)1/2 > K,

where K is a constant appearing in the estimate of the c-function and || - ||,, denotes
the operator norm from LP (R, A dx) to L1(R,, A dx).

PROOF. Since ¢(L) is a Fourier multiplier with the symbol (A% + p?), as an applica-
tion of Theorem 4.6,

5 1/p-1/q
llp(D)llop < sup S[f le(D) dﬂ]
(AR, p(A2+p?)>s}

s>0
1/p-1/q

= sup s[f Ic(/l)l_zd/l] ,
0<s<p(p?) {A€R,: (A2 +p2)>s}

since ¢ < @(p*). Now, as s € (0, p(p?)], we can write s = ¢(u) for some u € [p?, o)
and, therefore,

1/p-1/q

lelop < sup w(u)[ f |c<ﬂ>|—2cm] .
o(u)<p(p?) (AR, : @(A2+p?)=p(u)}
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Since ¢ is monotonically decreasing,

P 1/p-1/q
lle(Dllop < sup Sﬁ(u)[f le(D) d/l]
u>p? {

AR, AL (u—p?)1/2}

Now, we use the estimate of the c-function (see Theorem 4.3) to get

u—p?)2 1/p-1/q '
| eetaal if (u - p) 2 < K,
lle(D)llop < sup ¢(ue) g 1/p-1/q
R | W T e S if (- p)'2 > K
(l/t _p2)(a+1)(1/p—1/q) if (M _p2)1/2 < K,
=SUp QU | 2 riir  rasd INa+1)11/p=1/q 20172
o K2~ K292 4 (u = p2) @D Uplaif (u - p?)2 > K,
proving Theorem 4.7. |

4.3.1. Heat equation. Let us consider the L-heat equation
O+ Lu=0, wu0)=uyell(R,,Adx), 1<p<2. (4-3)

One can verify that for each r > 0, u(z,x) = e Ty is a solution of initial value problem
(4-3). To apply Theorem 4.7, we consider the function ¢(u) = e™™, which satisfies the
condition of Theorem 4.7 and therefore,

—tL —
lle ! “op <supe
u>p?

» (u _pZ)(u+1)(l/p—l/q) if (u _p2)1/2 <K,
[K2a+2 _ K2(l/+2 + (M _p2)(a+1)]1/p—1/q if (u _p2)1/2 > K,

by setting s = (u — p*)!/2,

2(a+1)(1/p-1/q) ifs<K
s ifs <K,
lle™ llop < €™ supe™ 8" L e L et (4-4)
50 [K2a+2 — g20t2 4 g2erD)lUp=llaif g > K.
Now, we first calculate e sup,., ™™ s2@*D/" where 1/r = 1/p — 1/q. Consider the
function
é(s) = o8 RlatDr
Then,

¢'(s) = e‘”z( _oy 20t D 1))s(2(“+1)/ Nt
r

So, the derivative ¢’ is zero only at so = V(a + 1)/rt and changes sign from positive to
negative at so. Thus, s is the point of maximum of ¢ if 5o < K, thatis, V(a + 1)/rt < K
implies that ¢ > (a + 1)/rK>. Thus,

2
1s s2(a+1)/r

e supe” < Cyr e i (4-5)

s>0

2 a+1
— e—tp e—(a+1)/r(

(a+1)/r
rt )
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Now, for s > K, consider the function y(s) = e~ [K24+2 — K20+2 4 s2@*+D]1/r Then it
is easy to see that

W (s) = 26 S[K22 _ K242 4 s2(a/+1)]1/r—1( K22 g2y Qe a+ 1S20z).
r

Now, we see that ¢’ (sg) = 0 at the point sy > K if s satisfies the equation

a+1
[[K2a+2 _ K2(1+2 + S2(a/+1)] — S2a,
r

that is, f[K**? — K22+2 4 SS(MI) l=(ax+1)/ rsg". Therefore, ¢’ changes sign from
positive to negative at sy and so it is a point of maximum. Thus,

2 )
e tp sup e ts [K2a+2 _ K2a+2 + S2(a+1)]1/r
s>0

_2_‘2(I+1 Lr 02 12 2
=e e tbo(_rt s%“) < Cogrie ™ 7100

_ 2
<t 1/r sup e ts s2(max{a,a+1l)/r.
s>K

Now, we compute sup,, e s2maleatiD/r  For this purpose, we set 7(s) =

et 2maxieatID/r - Agqin the derivative 1/(s) =0 for s = Vmax{a,a + 1}/rf > K,
that is, ¢ < max{@,a + 1}/K?r and changes its sign from positive to negative at

s = Vmax{a, a + 1}/rt. Therefore,

—t0? —¢2 _ 42

e tp sup e ts [K2a+2 _K2a/+2 +S2(a+1)]1/r <t 1/r sup e ts S2max{a,a+l]/r
s>0 s>K

max{a',a + 1})2max{a/,a+1}/r

t $ t*(max{a,a+l}+l)/r‘ (4'6)
7

< eftmax{a,aﬂ}/rttfl/r(

Next, by putting the estimates from (4-5) and (4-6) in (4-4),

t—(max{a,a+1}+1)(1/p—1/q) if0<t<

max{a,a + 1}(1 1)

_ K? P q
lle™ llop <
P g panpv pps OF l(l _ l),
K> \p ¢
Therefore,

—iL _iL
llee(t, M rar, A ax) < e uoll Lor,aany < lle™ Moplluoll r @, 4 ax)
max{cx,a+1}(1 1)

t—(max{a,a+1]+1)(l/p—1/q) if0<t<

K P q
Slluoll @ aaoy D . a+1/1 1
e ~at)(1/p=-1/q) ift > (___)'
K> \p ¢
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4.3.2. Sobolev type embeddings. Let 1 <p<2<g<oo. As an application of
Theorem 4.7, we obtain a Sobolev-type embedding theorem for operator L. Consider
the function ¢(u) = (1 + u)™?, u > p?, which ¢ satisfies the condition of Theorem 4.7.
Therefore, from Theorem 4.7,

(L + L) llop
cw (1 . u)—b (u _p2)(a+l)(1/p—1/q) lf (M _p2)1/2 < K,
S sup K2a+2 _ g2a+2 — o@D lp=la  if (- o)\2 > K
>p? [ + (u—p*)rY] if (u—p~)'* > K,

which is finite provided that b > (e + 1)(1/p — 1/9).
Therefore,

Il Lo aan < CNCL+ L) fll o, aan)

provided thatb > (¢ + 1)(1/p—1/qg), 1 < p <2< g < oo.
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