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Abstract In this paper, we consider blowup of solutions to the Cauchy problem for the following
biharmonic nonlinear Schrédinger equation (NLS),

i Oru = A%u — pAu — [u/* v in R x RY,

whered > 1, p e Rand 0 <o <0 if 1 <d<4and 0 <o < 4/(d—4)if d> 5. In the mass critical
and supercritical cases, we establish the existence of blowup solutions to the problem for cylindrically
symmetric data. The result extends the known ones with respect to blowup of solutions to the problem
for radially symmetric data.
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1. Introduction

In this paper, we are concerned with blowup of cylindrically symmetric solutions to the
Cauchy problem for the following biharmonic nonlinear Schrédinger equation NLS,

i Opu = A%u — pAu — |[u)* v in R x RY, (1.1)

whered > 1, peRand0 <o <o ifl <d<4and0<o<4/(d—4)if d > 5. The
first study of biharmonic NLS traces back to Karpman [14] and Karpman—Shagalov [15],
where the authors investigated the regularization and stabilization effect of the fourth-
order dispersion. Later, Fibich et al. [11] carried out a rigorous survey to biharmonic
NLS from mathematical point of views and proved global existence in time of solutions
to the Cauchy problem for (1.1). During recent years, there is a large number of literature
mainly devoted to the study of well-posedness and scattering of solutions to the Cauchy
problem for (1.1), see for example [9, 13, 17-21] and references therein. In [8], Boulenger
and Lenzmann rigorously and completely discussed the existence of blowup solutions

© The Author(s), 2024. Published by Cambridge University Press on Behalf

of The Edinburgh Mathematical Society. 1085

()]

Check f
https://doi.org/10.1017/5001309152400066X Published online by Cambridge University Press Updates.


mailto:tianxiang.gou@xjtu.edu.cn
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S001309152400066X&domain=pdf
https://doi.org/10.1017/S001309152400066X

1086 T. Gou

to the Cauchy problem for (1.1) with radially symmetric initial data, which in turn
confirms a series of numerical studies conducted in [1-4]. We also refer to the readers
to the papers due to Bonheure et al. [6, 7] with respect to orbital instability of radially
symmetric standing waves to (1.1). Inspired by the aforementioned works, the aim of the
present paper is to investigate blowup of solutions to the Cauchy problem for (1.1) with
cylindrically symmetric initial data, i.e. initial data belong to ¥, defined by

Sa={ue H*RY) : u(y, xq) = u(|yl|, zq), vqu € LQ(]Rd)} ,

where 2 = (y,74) € R? and y = (21, -+ ,24_1) € R¥7L
For further clarifications, we shall fix some notation. Let us define

S 1=

N

2
=

We refer to the cases s, < 0, s, = 0 and s. > 0 as mass subcritical, critical and
supercritical, respectively. The end case s, = 2 is energy critical. Note that the cases
sc = 0 and s. = 2 correspond to the exponents o = 4/d and o = 4/(d — 4), respectively.
For 1 < p < oo, we denote by L(R?) the usual Lebesgue space with the norm

»
el == ( / |u|pdx)
]Rd

The Sobolev space H?(R?) is equipped with the standard norm
[ull == [[Aullz + [|Vull2 + [[ul]2-

In addition, we denote by Q € H?(R?) a ground state to the following nonlinear elliptic
equation,

A’Q+Q—-|Q* Q=0 inR%

The main results of the present paper read as follows, which gives blowup criteria for
solutions to the Cauchy problem for (1.1) with cylindrically symmetric data.

Theorem 1.1. (Blowup for Mass-Supercritical Case) Let d > 5, 1 € R and 0 < s, < 2
with 0 < o < 1. Suppose that uy € X4 satisfies one of the following conditions.

(i) If u#0, we assume that

with some constant x = x(d,o) > 0.
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(i) If p=0, we assume that either Elug] <0 or if Elug] > 0, we suppose that
Blug]* Mluo]*~* < B[Q]* M[Q]*~*

and

2 g 2
1Auo |3 ]luolly™™ > IAQIIZ QI

Then the solution u € C([0,T), H*(R%)) to the Cauchy problem for (1.1) with initial
datum ugy blows up in finite time, i.e. 0 <T < 400 and lim, - ||Aulls = +o0.

Remark 1.1. The extra restriction on o comes from the use of the well-known radial
Sobolev inequality in R¢~1. Note that if 4/d < o < 1, then d > 5. This is the reason that
we need to assume that d > 5.

Theorem 1.2. (Blowup for Mass-Critical Case) Let d > 4, p > 0 and s, = 0. Let
ug € X4 be such that E(ug) < 0. Then the solution u € C([0,T), H?(R%)) to the Cauchy
problem for (1.1) satisfies the following.

(i) If u>0, then u(t) blows up in finite time.
(i) If w=0, then u(t) either blows up in finite time or u(t) blows up in infinite time.

To prove Theorems 1.1 and 1.2, the essential argument is to deduce the evolution
of the localized virial quantity M, ,[u(t)] defined by (2.2) along time, see Lemma 2.2.
To this end, we shall make use of ideas from [8, 16]. It is worth mentioning [4, 5, 10,
12], where blowup of solutions to NLS for cylindrically symmetric data has been inves-
tigated. Comparing with the existing works, we deal with the evolution of the localized
virial quantity to biharmonic NLS for cylindrically symmetric data and extra treatments
are needed in the cylindrically symmetric context, because of the presence of the bihar-
monic term. For cylindrically symmetric solutions, the radial Sobolev inequality is only
applicable in R4~!, which is different from the radially symmetric case handled in [8], we
shall take advantage of ingredients in [16] to estimate error terms due to the nonlinearity
in the process of discussion of the evolution of the localized virial quantity.

Remark 1.2. It seems possible to remove the condition that z4ug € L?(R?) to study
blowup of solutions to (1.1) for cylindrically symmetric data in the spirit of work due to
Martel [16]. In this case, more restrictive conditions should be imposed on o. This shall
be discussed in forthcoming publications.

2. Proofs of main results

In this section, we are going to prove Theorems 1.1 and 1.2. To do this, we first need
to introduce a localized virial quantity, which is inspired by [8] and [16]. For d > 2, let
¢ : R™1 — R be a radially symmetric and smooth function such that |V¢7| € L (R41)
for 1 <j <6 and
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— <
forr <1, " (r) <1 forr >0.

const. for r > 10,

For R >0 given, we define a radial function 1)z : R~! — R by

It follows from (3.3) in [8] that

Yr(r)
1—9h(r)>0, 1—-L22>0 d—1—-A¢p(r)>0, r>0 (2.1)
T
Let
$3 d—1
¢r(T) 5:1/)R(7“)+?a r=(y,rq) ER" xR, 7=yl
Define

Mo p[u] := 2Im /Rdﬂ(VgaR -Vu) dz. (2.2)

It is simple see that M, , [u] is well-defined for any u € 34. For later use, we shall give the

well-known radial Sobolev’s inequality in [22]. For every radial function f € H'(R9~1)
with d > 3, then

d—2 1 1
w2 [ fI <21 FIZ IV, y#0. (2.3)

We also present the well-known Gagliardo—Nirenberg’s inequality in one dimension. For
any f € H'(R) and p > 2, then

p—2

17l < CollISIAIE, o=P02 (2.0
P
Let f:R?! — C be a radial and smooth function, then
9, T\ Opf | TR 9
O f = (5kl - ) to oy f. (2.5)

Next we present the well-posedness of solutions to the Cauchy problem for (1.1) in
H?(R%), which was established by Pausader [18].

Lemma 2.1. [18, Proposition 4.1] Let d > 1, p € R and s, < 2. Then, for any
ug € H*(R?), there exist a constant T>0 and a unique solution u € C([0,T), H*(R%))
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to the Cauchy problem for (1.1) with initial datum wug. The solution has conserved mass
and energy in the sense that

where

and

1 " 1
Elu] = = Au|*dz + = 2dx — 2042 4.
] 2/M| ul x+2/Rd|vu| . 20+2/Rd|u| .

Moreover, blowup alternative holds, i.e. either T = +o00 or ||u(t)|| g2 = +o00 ast — T~
The solution map

ug € H*(R?) — u € C([0,T), H*(R?))

18 continuous.

In the following, we give the evolution of M [u(¢)] along time, which is the key argument
to prove Theorems 1.1 and 1.2.

Lemma 2.2. Letd >3, R>0 and 0 < o < 1. Suppose that u € C([0,T); H*(R?)) is
the solution to the Cauchy problem for (1.1) with initial datum ug € X4. Then, for any
t €[0,T), there holds that

20d
oc+1

L M) < 8/ |Au|2dm+4u/ Vul? de — / 27+ de + X [u]
dt Rrd Rd RrRd

+0 (R + R72|[Vull§ + R~ Vul3” + |u|R?)
= 440 E(ug) — (2dor — 8) | Aull§ — pu(2dor — 4) | V|3 + X, [u]
+0 (R + R2|[Vull§ + R Vul3” + [u|R?)

where

w<[® for >0,
U Ukl Vull3, for w<o.

Proof. To achieve this, we shall adapt some elements from [8] and [16]. In view of
Step 1 of the proof of [8, Lemma 3.1], we first have that
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d d
M =8 > (u,0} (9h.¢r) a;ku>+4k;1 (u, O (O Apr) Opu)

k,,m=1

d
—|—22 u, c'?k A%pp 8lu> <u (A?’@R) u>
k=1

S (a0 (3Rior) ) — s (D) )

k,l=1
(u,[|ul*’,Vor -V + V- Voglu),
= AR [u] + AL [u] + Brlu].

In what follows, we are going to estimate the terms Ag)[u], Ag) [u] and Bg[u]. The esti-
mates of dispersive terms Ag) [u] and Ag) [u] are inspired by the proof of [8, Lemma 3.1].

Let us begin with treating the term Ag) [u]. Using integration by parts and the definition
of g, we are able to derive that

d
Z Uakz 8lmS"R k“> Z / aklu 81m90R) (8mku) dz
k,l,m=1 k,,m=1
d—1
= 3 [ Ok @utn) @) da
b (2.6)

+ Z /Rd (050) (07 ¥R) (02,qu) dz

I,m=1

d—1
+ 921 (02,u) d +/ 2|’ dz.
kZl/Rd(kdu)(dku) €T Rd| ddu{ €z

We now compute each term in the right hand side of (2.6). Utilizing (2.5), we can derive
that

d—1

/d (0%m) (0, ¥R) (0% 4u) da

k,l,m=1

// 3sz 3lm¢R) (Q%m“) dydzq
k,l,m=1

d—20,
/ / <3f¢333u|2 +— VR |8ru|2> dydzg
R Jrd—1 T r
— / \Ayu|2 — (1 — 831/)3) |02u|? — (1 - 8T¢R) d
RrRd T

2.7)

ul|? da
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and

Z/ 8dzu azme)( mdu dx

l,m=1

d—1

/ 8 wR |8kdu| dx
RrRd
/ 02uf* — (1 — 02 |020u]” da

/ kdu adku) (1 - 331/13) |5,§du|2 dz.
(2.8)

In addition, applying integration by parts, we have that

/R (Ofa) (D) = /R L (02) (3Bm) (2.9)

As a consequence, coming back to (2.6) and using (2.1), (2.6), (2.7), (2.8) and (2.9), we
now conclude that

d
S (w0 (GRup) ) < [ 180 (2.10)
R

k,l,m=1

Furthermore, by the definitions of @i and g, there holds that

d d—1
D [, 0k (Order) Ou)| = Y [(u, O (GuAr) du)| S R72|[Vull3,
k=1 k=1

d d—1

Z |(u, Ok (A%pR) u)| = Z |(u, Ok (A%PR) u)| S R™2(|Vull3,
k=1 k=1

and

[(u, (A%0r) )| = |(u, (A%r) u)| S R~ |lull3.

This along with (2.10) and the conservation of mass implies that
AP <8 /d |Auf?dz + O (R™* + R7?||Vul3) .
R

We next deal with the term Ag) [u]. In virtue of integration by parts, the definition of
vr and (2.5), we can show that

Ag)[ ( = 4,u, Z / 6;.3’& 8lcl<PR) (8[’&) dx — /]Rd (A2<,0R) ‘u|2 dz

k,l=1
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=4y Z // i1 (0ku) (O71r) (D1u) dydxd+4u/ 0qul® dz

k=1
—ie [ (A%0) uf da
—4,u// (924r) |0- ul? dydxd+4u/ |Oqul? dx—u/d (A%)p) [ul?® dz
R
:4,u/ |Vyu| da:+Xu[u]+4u/ |Oqu)? dx—u/ (AQwR) u|? dz
Rd R4 Rd

= 4,u/ Vul® dz + Xu[u] — u/ (A%p) ul* dz
R4 RrRA
where

Xulu] == —4p /Rd (1—02¢R) |0rul? dz.

Due to ||A%YR]l00 < R72, then

AP (O] = an [ |90l do -+ X[l + Ol

We now turn to handle the term Bg[u]. Here we need some special treatments. Applying
integration by parts and the definition of pg, we first derive that

20

_ 2 . 20 — _ 2042
Belu =2 [ [uPVor- ¥ () = =205 [ (Al s
20

— _ A 2(r+2d
20| o s

2
g / |u|20+2 dz
o+ 1 R4

20d
=-22 /\u|20+2dx
RrRd

c+1
20
oc+1

/d (Avr — d +1) [u**2 da.
R

In virtue of the definition of ¢ r and (2.5), then there holds that AyYgr(r) —d+1 =0 for
0 < r < R. This further implies that

20d

/ / (AYr —d+ 1) [u|* 2 dydz,. (2.11)
o+ 1 ly|>R

https://doi.org/10.1017/5001309152400066X Published online by Cambridge University Press


https://doi.org/10.1017/S001309152400066X

Blowup of cylindrically symmetric solutions for biharmonic NLS 1093

In the following, we shall estimate the second term in the right hand side of (2.11).
Observe first that

//I>R |u|2o+2 dydxd /||uHLo<>(|y|>R)Hu||2L% dzg. (212)

To proceed the proof, we first consider the case that o =1. In this case, by (2.3), Holder’s
inequality and the conservation of mass, then

[ syt S B [l 19yl

< R Dull2|Vyullz £ RVl

(2.13)

On the other hand, by Hélder’s inequality and the conservation of mass, we know that

Td
||u||Loo RLQ(Rd 1)) = sup /]Rd—l |U|2dy = Sup /d—l/ 8d (|U’|2) dydxd

IdGR :EdGR
—2Re sup [ / 7 (9qu) dydza < 2lull2|gulls S |aulls
IdeR RrRd—1
(2.14)
Consequently, going back to (2.12) and using (2.13) and (2.14), we derive that
L[l dydes s ROV 0ol S BEEDIGu. (215)
ly[=R

We next consider the case that 0 < o < 1. In this case, from (2.12) and Hélder’s inequality,
it follows that

// |20+ dar < </ Hu||L0<>(|y\>R) dxd> </ ||uH dxd> . (2.16)
ly| =R

In view of (2.4) and the conservation of mass, we get that

e X (S e R T o
([l () )™

Furthermore, notice that

1 ) 1 _ 1
o (1) W = 5 o () | = 3 e [, 0 0| < glowmlghoz
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This means that

84 (lull2)| < = 10aull 2. (2.18)
Y 2 Y

As a result, via (2.17), we obtain that

2(1-0)
/Hull 7 dg < (/ 0aul2, dxd) — oull I (2.19)
R

Using (2.13) and (2.19), we then obtain from (2.16) that
// [ul**2 dz < B2V ull3 0aulls < R Vull3. (2.20)
lyI>R

To sum up, it then follows from (2.11), (2.15) and (2.20) that

20d

< _
Brlu] 5 oc+1

|u|2(r+2 dx+Rfo(d72)Hvu”20'
Rd ?

Accordingly, applying the estimates to Ag)[u], Ag) [u] and Brlu] and the conservation
of energy, we finally derive that

GMnl] <8 [ 18P ot [ 90 do— 25 [Pt

+0 (R + R72|[Vull§ + R Vu|3” + |ulR2)
= 4do B(ug) — (2do — 8)|| Au|3 — p(2do — 4)|Vul)3 + X, [u]
+0 (R + R™2|[Vull§ + R Vul3" + |u|R?) .

This completes the proof. O

Proof of Theorem 1.1. Noting that 0 < ¢ < 1 and applying Lemma 2.2, then the
proof can be completed by closely following the one of [8, Theorem 1]. O

Proof of Theorem 1.2. If >0, using Lemma 2.2 and arguing as the proof of
[8, Theorem 3], we can get the desired result. To complete the proof, we only need
to consider the case that p=0. In this case, we need to conduct a more refined analysis
to the evolution of MJu(t)] along time. From the proof of Lemma 2.2, (2.1) and (2.5),
we first have that

d

G Malu(t)] <165(ug) -8 /R (1= 0%n) |07 ul* do + /R (A% [ul* da

. (2.21)
_/ AR|8TU|2dJ)+/ BR|U|2+3 dl’,
R4 RN
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where

AR = 40?Ayp + 2A%)R(r), Bg: 8

= o (@1 Aug).

Thereinafter, we shall estimate the last two terms in the right hand side of (2.21). Using
(7.7) in [8] and the conservation of mass, we can derive that

/ Ag|0,ul? dz / / Ag|0yu|? dydzy
RrRA R d—1

< 8yR! / | ARd2ul2, dag
R Yy
b R [l da
R Yy
— 8R4 Apoull? + R,

where 1> 0 is an arbitrary constant. We now treat the other term. To do this, we first
consider the case that d =4. In this case, we have that

‘/ Bplu|*dz // Brlu|* dydzy
R4 R J]y|>R

1
S/R”uHi%HB}%uH%m(mzR)dxd

< Hu||2L°°(R,LZ2/(]RN*1))

1
/R||B§u||i<>0(‘y,2m dre,  (222)

because of B = 0 for 0 < r < R. In view of (2.3) with d =4 and the definition of Bg,
we are able to infer that

1 1 1
/R||B§u||ioo(‘y‘2m dig < R~ /R 1BEul319,(BRw)l 3 da
) (2.23)
SR [ ull IV, (BRw)] doa.
R Yy Yy
It follows from (7.9) with d =4 in [8] that

% S 1
IV, (BRI, < (w74 + R72) [ull?; + 801 BroZul.

~

By means of (2.23), the conservation of mass and Holder’s inequality, we then get that
J 1B Rl doa S 872 (07d 4 m2) srnd [l BedRul g de
SR (8 + R2) 48R 21| BroZulls. (2.24)
Going back to (2.22) and using (2.14) and (2.24), we then get that

1 1
/  Balul*de| S R (571 + B72) |Oaullo + 8B~ *nT | BroZulla||gull:
R
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_1 _ 4 1
<R? (77 1+ R 2) |0qulls + R™*n~ 2| 0qul|3 + 8| BrOFul|3.
Taking into account (2.21) and noting that ||A2¢g||s. < R72, we then obtain that

%MR[u(t)] < 16E(ug) — 8/ (1—02¢r —n (R*'A% + B})) |02u)? dz
Rd (2.25)

1 1
+ R (4 B2 ouulls + R4y 0l 40 R R

Next we consider the case that d > 5. In this case, by Holder’s inequality and the
definition of Bgr, we can obtain that

8 8
’/ Bglul*Td dz / / Brlu*Td dydzg
RN R Jly|>R

4 d—4
3 2 d 74 d
< B ) 5 .
= </R| RuHLy (|y|2R)dxd) </R ||UHL% d$d>

As an application of (2.4) leads to

_2
d

1 8 1
2 d 2
< [ 1Bl 4,101 153

2
u dz
Iz da

(2.26)

U
[\v]

2
_2d_ 2 d—a d—4
/}Ruu”g; deg < </Rd 9 (Jull )| dxd) </R lull2 dzd> . (227)

It then follows from (2.18), (2.27) and the conservation of mass that

S s 5 ([ Noaulzy ane) ™ = jom i (229)

Therefore, coming back to (2.26) and using (2.24) and (2.28), we derive that

1
< 21?0
~ (/R ||BRU||Ly (ly|>R) dl’d)

1 4 _4
o
SR [ 1Bl gz doa+ B T30,

QI

d
[[0aul|3

8
/ Brlu[**d dz
rN

1 1
<R (1 + R72) |Oaull2 + SR 01| BroPulz

__4 A
+ R &1 |9qull3

_1 _
SR (7% + B72) |0qulls + Sul| Brd?ul+

__4 2 s 1
R d=4||0qu|s~ " + R™*n~ 2.
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As a consequence, invoking (2.21), we finally derive that

%MR[u(t)] < 16E(u / (1—02¢r —n (R*A} + B})) |02u)? dz

0) —
1
R (744 ) Bl + -t (229)
L
R T o T+ R R4 R

At this point, using (2.25) and (2.29) and reasoning as the proof of [8, Theorem 3|, we
are able to finish the proof. This completes the proof. O
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