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In this paper we determine the homotopy types of the reduced suspension space of
certain connected orientable closed smooth five-manifolds. As applications, we
compute the reduced K-groups of M and show that the suspension map between the
third cohomotopy set 73(M) and the fourth cohomotopy set 74 (X M) is a bijection.
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1. Introduction

One of the goals of algebraic topology of manifolds is to determine the homotopy
type of the (reduced) suspension space XM of a given manifold M. This problem has
attracted a lot of attention since So and Theriault’s work [21], which showed how
the homotopy decompositions of the (double) suspension spaces of manifolds can
be used to characterize some important invariants in geometry and mathematical
physics, such as reduced K-groups and gauge groups. Several works have followed
this direction, such as [7, 9-12, 15]. The integral homology groups H.(M) serve
as the fundamental input for this topic. As shown by these papers, the 2-torsion of
H, (M) and potential obstructions from certain Whitehead products usually prevent
a complete homotopy classification of the (double) suspension space of a given
manifold M.

The main purpose of this paper is to investigate the homotopy types of the sus-
pension of a non-simply-connected orientable closed smooth five-manifold. Notice
that Huang [9] studied the suspension homotopy of five-manifolds M that are
Sl-principal bundles over a simply-connected oriented closed four-manifold. The
homotopy decompositions of 32M are successfully applied to determine the homo-
topy types of the pointed looped spaces of the gauge groups of a principal bundle

* Corresponding author.
This article has been updated since original publication. A notice detailing this has been
published.

(© The Author(s), 2024. Published by Cambridge University Press on behalf
of The Royal Society of Edinburgh

1

https://doi.org/10.1017/prm.2024.49 Published online by Cambridge University Press


mailto:lipcaty@outlook.com
mailto:zhuzhongjian@amss.ac.cn
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2024.49&domain=pdf
https://doi.org/10.1017/prm.2024.49

2 P. Liand Z. Zhu

over M. In this paper we greatly loosen the restriction on the homology groups
H,.(M) of the non-simply-connected five-manifold M by assuming that H; (M)
has a torsion subgroup that is not divided by 6 and Hs(M) contains a general
torsion part.

To state our main results, we need the following notion and notations. Let
n > 2. Denote by n =1, = X" 21 the iterated suspension of the first Hopf map
n: S — 5% Recall from (cf. [25]) that w3(S?) = Z(n), m,11(S™) =2 Z/2(n) for
n >3 and m,42(S™) = Z/2(n?). For an abelian group G, denote by P"T(G) the
Peterson space characterized by having a unique reduced cohomology group G in
dimension n + 1; in particular, denote by P"*1(k) = P"*1(Z/k) the mod k Moore
space of dimension n + 1, where Z/k is the group of integers modulo k, k > 2. There
is a canonical homotopy cofibration

g Ly g tn, pr(g) At gnet

where i,, is the inclusion of the bottom cell and ¢,y is the pinch map to the top
cell. Recall that for each prime p and integer r > 1, there are higher order Bockstein
operations (3, that detect the degree 2" map on spheres S™. For each r > 1, there
are canonical maps 7j,: S"t2 — P"T2(2") satisfying the relation g, 17, = 7, see
lemma 2.2. A finite CW-complex X is called an AZ-compler if it is (n — 1)-
connected and has dimension at most n + 2. In 1950, Chang [4] proved that for
n >3, every A2-complex X is homotopy equivalent to a wedge sum of finitely
many spheres and mod p” Moore spaces with p any primes and the following four
elementary (or indecomposable) Chang complezes:

Crt? = §" U, CS™ = ¥n2CPY, Ort = PR )y, , ST
O = 87 Uy CP™H(0), P2 = PR Uy, CP(20),

where C'X denotes the reduced cone on X and 7, s are positive integers. We
recommend [14, 26-29] for recent work on the homotopy theory of Chang
complexes.

Now it is prepared to state our main result. Let M be an orientable closed
five-manifold whose integral homology groups are given by

i 1 2 3 4 0,5 =6
H,(M) Z'¢H 7eT ZeH 7! Z 0 > (1.1)

where [, d are positive integers and H, T are finitely generated torsion abelian
groups.

THEOREM 1.1. Let M be an orientable smooth closed five-manifold with H.(M)
given by (1.1). Let Ty = @;2’:1 Z,)27 be the 2-primary component of T' and suppose
that H contains no 2- or 3-torsion. There exist integers cy, co that depend on M
and satisfy

0< ¢ <min{l,d}, 0<co <min{l —cy,ta}

and ¢1 = ¢o = 0 if and only if the Steenrod square Sq* acts trivially on H*(M;Z/2).
Denote Tlco] =T/ @52, Z/2"7.
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(1) Suppose M is spin, then there is a homotopy equivalence

l d—cq d l—c1—c2
M =~ (\/ 52> v ( \ 53> v (\/ s4> v ( \ 55> v P3(H)V P°(H)
i=1 i=1 i=1 i=1
(\/ C5> v PYT \/

(2) Suppose M is non-spin, then there are three possibilities for the homotopy
types of XM .

(a) If for any u, v € HY(XM;Z/2) satisfying Sq*(u) # 0 and Sq*(v) =0,

there holds uw+v ¢ im(B,) for any r > 1, then there is a homotopy

equivalence
1 d—Cl d
M ~ <\/S2> v <\/ 53> v (\/S"‘)
i=1 i=1 =2

Y ( _C\l/_q S5> vV P*(H)V P°(H)

i=1
<\/ C5> v PX(T \/ cro|ves:
i=1

(b) otherwise either there is a homotopy equivalence

v= (Ve (V) (v)

l—c1—co
\/( \/ S5> vV P3(H)V P°(H)

i=1

C1 C2 T[C2]
5 5 4 40omi Y1 ). 6
Vv <i_\/1077> viVer|vpe (Z/%) V(P2 Uy, e®),
or there is a homotopy equivalence
l d—cy d
M ~ (\/s2> \/(\/ 53> v (\/S4>
i=1 i=1 i=1

l—cy—co
Vv ( \V S5> v P}(H)V P°(H)

=1

((/ )\/F’4 T[ D\/ \/ 05 05 UiPﬁle 66),

J1#j=1
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4 P. Liand Z. Zhu

where ip: P3(271) — ngl is the canonical inclusion map; in both cases,
74, 18 the minimum of r; such that u + v € im(G;, ).

In Theorem 1.1 we characterize the homotopy types of XM by elementary com-
plexes of dimension at most six, up to certain indeterminate A2-complexes. Note
that wedge summands of the form \/;_, X with v < u are contractible and can
be removed from the homotopy decompositions of X M. More generally, if M is
a 5-dimensional Poincaré duality complex (i.e., a finite CW-complex whose inte-
gral cohomology satisfies the Poincaré duality theorem) satisfying the conditions
in Theorem 1.1, then Theorem 1.1 gives the homotopy types of XM, except that
there are two additional possibilities when the Steenrod square acts trivially on
H3(M;Z/2), See remark 4.5.

Due to lemma 2.3 (2), the 3-torsion of H can be well understood when studying
the homotopy types of the double suspension $2M.

THEOREM 1.2. Let M be an orientable smooth closed five-manifold with H,.(M)
given by (1.1), where H is a 2-torsion free group. Then the suspensions of the homo-

topy equivalences in Theorem 1.1 give the homotopy types of the double suspension
Y2M.

In addition to the characterization of the homotopy types of iterated loop spaces
of the gauge groups of principal bundles over M, as shown by Huang [9], we apply
the homotopy types of XM (or ¥2M) to study the reduced K-groups and the
cohomotopy sets 7% (M) = [M, S*] of the non-simply-connected manifold M.

COROLLARY 1.3 (See proposition 5.2). Let M be a five-manifold given by Theorems
1.1 or 1.2. Then the reduced complexr K-group and KO-group of M are given by

[?(M)'EZd-&-l@H@H, If(\é(M)%Zl@(Z/Q)H'd'H?.
The third cohomotopy set 73 (M) possess the following property.

COROLLARY 1.4 (See proposition 5.6). Let M be a five-manifold given by Theorems
1.1 or 1.2. Then the suspension X: w3 (M) — 74 (M) is a bijection.

We also apply the homotopy decompositions of XM to compute the group struc-
ture of m3(M) =2 (3 M), see proposition 5.6. The second cohomotopy set 72(M)
always admits an action of 73(M) induced by the Hopf map n: S* — S2, see lemma
5.3 or [13, Theorem 3]. Finally, it should be noting that when M is a 5-dimensional
Poincaré duality complex with H; (M) torsion free, similar results have been proved
independently and concurrently by Amelotte, Cutler and So [1].

This paper is organized as follows. Section 2 reviews some homotopy theory of
A2-complexes and introduces the basic analysis methods to study the homotopy
type of homotopy cofibres. In § 3 we study the homotopy types of the suspension
of the CW-complex M of M with its top cell removed. The basic method is the
homology decomposition of simply-connected spaces. Section 4 analyzes the homo-
topy types of M and contains the proofs of Theorems 1.1 and 1.2. As applications
of the homotopy decomposition of ¥M or £2M, we study the reduced K-groups
and the cohomotopy sets of the five-manifolds M in § 5.
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2. Preliminaries

Throughout the paper we shall use the following global conventions and notations.
All spaces are based CW-complexes, all maps are base-point-preserving and are
identified with their homotopy classes in notation. A strict equality is often treated
as a homotopy equality. Denote by 1x the identity map of a space X and sim-
plify 1,, = 1gn. For different X, we use the ambiguous notations i,: S¥ — X and
qr: X — S¥ to denote the possible canonical inclusion and pinch maps, respectively.
For instance, there are inclusions i, : S™ — C for each elementary Chang com-
plex C and there are inclusions i,1: S"™ — X for X = C"*25 and C?*2%, Let
ip: PPTY(27) — CP*? and i,: CpP? — C'F2 be the canonical inclusions. Denote
by C the homotopy cofibre of a map f: X — Y. For an abelian group G generated
by a1, -+, Tp, denote G = C1{(x1) & --- ® Cp(xy) if x; is a generator of the cyclic
direct summand C;, i =1, --- , n.

2.1. Some homotopy theory of A? ~-complexes

For each prime p and integers r, s > 1, n > 2, there exists a map (with n omitted
in notation)

B(x4): PP (p") — P H(pY)
satisfies XB(x%) = B(x%) and the relation formulas (cf. [3]):

where Y} is a self-map of spheres, x, =1 for r > s and x} = p*~" for r < s.

LEMMA 2.1. Let p be an odd prime and let n >3, r, s > 1 be integers, m =
min{r, s}. There hold isomorphisms:

(1) m3(P3(p")) = Z/p"(ign) and w11 (P"T(p")) = 0,7 =0, 1.

) ), = {ZE0G) O T . 1=
(3) [Pn+1( ) Pn( s)] o~ {OZ/pm<ﬁsB(Xg)>v ;iv where ’f)s: P4(ps) _}PB(ps)

satisfies nsiz = io1.

Proof. The group m3(P3(p")) refers to [21, Lemma 2.1] and the groups
Tni1(P™1) = 0 was proved in [11, Lemma 6.3 and 6.4]. The groups and generators
in (2) and (3) can be easily computed by applying the exact functor [—, P™(p®)] to
the canonical cofibrations for P""¢(p") with i = 0, 1, respectively; the details are
omitted here. (]

LEMMA 2.2 (cf. [3]). Let n >3, r > 1 be integers.
(1) e (PP1(20)) 2 22

(2) oo (PH(27)) = {%3@%’/2@, i), :;
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The generator 7, satisfies formulas
17y =1, 2 = inn2, B(x3)ir = Xy + 1ls- (2.2)
Z/4<]1P>7 7“:8:]_;

Z)2™(B(x%)) & Z/2{ing), otherwise,
where m = min{r, s}, ing = in,Ngn+1-

(3) [P7ri(2r), Prtl(29)] = {

LEMMA 2.3. The following hold:
(1) m5(P3(37)) 2 Z/3™, 75(P3(p")) = 0 for primes p > 5.

(2) The suspension X: 75(P3(37)) — 76(P*(3")) is trivial.

Proof. (1) Let F3{p"} be the homotopy fibre of g3: P3(p") — S and consider the
induced exact sequence of p-local groups:

ryy Ur) vy (33)
m6(5% p) — w5 (FH{p"}) =5 m5(P(p")) =2 m5(5%p) = 0.
By [18, Proposition 14.2] or [19, Theorem 3.1], there is a homotopy equivalence

QF*{p'} = 5 x [] S p Y X Q (\/ pre (p’")) ,

03

where S2"+1{p"} is the homotopy fibre of the mod p” degree map on S?"*+1 n, >4
and the equality holds for exactly one «. It follows that

- Sy o [ /3T p=3;
ms(F3{p'}) 2 my(S% 1 {pr+1}) { o 5

Thus 75(P3(p")) = 0 for p > 5. By [19, Theorem 2.10], 75(P3(3")) contains a direct
summand Z/3" !, therefore we have an isomorphism

(r)s: ms(F3{3"}) = ms(P3(3")) = /3.

(2) Firstly, by [6] for any prime p > 5 and [19] for p = 3, there is a homotopy
equivalence

QPY(p") = S*{p"} x Q <§7 P”Q’“(pr)) :

k=0

Second, for skeletal reasons, the suspension E: P3(p") — QP?*(p") factors as the

composite P3(p") LN S3{p"} J, QP*(p"), where i is the inclusion of the bottom

https://doi.org/10.1017/prm.2024.49 Published online by Cambridge University Press
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Moore space and j is the inclusion of a factor. Third, there is a homotopy fibration

diagram

E¥{p'} —— F*{p"} —— QS?

| [
E{py —— P3(p") —— S*{p"}

I |

S

that defines the space E3{p"}. By [5], for any prime p > 5 and [19] for p = 3, there
is a homotopy equivalence

QEp"} = W, x ﬁ S} x 0 <\/ pre (pr)> :

[e3

where W, is the homotopy fibre of the double suspension. This decomposition has
the property that the factor H;’il S0’ =1L 11 of QF3{p"} may be chosen to factor
through QE3{p"}.

Consequently, when p =3, as the Z/3"*! factor in 74(QP3(p")) came from
774(1_[;11 S§2P=1Lpr+11) it has the property that it composes trivially with the
map Qi: QP3(3") — QS53{3"}. Hence, as QF factors through i, the Z/3"+! factor
in 74(QP3(p")) composes trivially with QFE. Thus the Z/3"+! factor in m5(P3(p"))
suspends trivially. O

LEMMA 2.4 (cf. [14]). Let n > 3 and r > 1. There hold isomorphisms
(1> 7Tn+2(07771+2) = Z<€>) where g satisﬁes qn+2<~ =2 ]ln+2-
(2) 7Tn+2(07’?+2) = Z<’Ln§> ©® Z/2<1Pﬁr>

It follows that a map fo: S"*2 — C with C = 0777”2 or C"2 induces the trivial
homomorphism in integral homology if and only if

fo = 0 for C = Cp+2;
700 oripi,. for C=Cnt2,

where f =0 means f is null-homotopic.

The following Lemma can be found in [14, Theorem 3.1, (2)]; since it hasn’t been
published yet, we give a proof here.
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LEMMA 2.5. For integers n > 3 and r > 1, there exists a map
gr' Cn+2 _ Pn+1(2r+1)
° T
satisfying the homotopy commutative diagram of homotopy cofibrations

in 7' dn-+1
Sn C«:]L+2 y Cn+2 y Sn—i—l

| kb

qn . qn in N Pn+l(2r+l> ﬂ) qntl

27‘+1

Moreover, there hold formulas

&oip=B(Xu): BOCL(p) =i forr>s. (2.3)

Proof. Dual to the relation in lemma 2.4 (1), there exists a map (: C];“ — S
satisfying (i, = 2-1,. It follows that the first square in the Lemma is homo-
topy commutative, and hence the map &, in the Lemma exists. Recall we have
the composition

in =iy oin: 8" — CPT? — O3,
Then &y, = (&iy)in = (in()i, = 2i, implying that
&roip=B(Xr41) + € inNGnt1

for some ¢ € {0, 1}. If ¢ = 0, we are done; otherwise we replace &, by & + in1Gn 11
to make € = 0. Note that all the relations mentioned above still hold even if we
make such a replacement. Thus we prove the first formula in (2.3), which implies
the second one. O

2.2. Basic analysis methods

We give some auxiliary lemmas that are useful to study the homotopy types of
homotopy cofibres.

LEMMA 2.6. Let C¥ be the homotopy cofibre of fiX: X — P3(p®), where k €
Z/p™r st and v = oo for X = S,

X = {k~i2n7 X =53
7 k- dangs, X = P3(p").

Then the cup squares in H* (C,f;Z/pmin{r*s}) are given by
Up ~ Uup = k - Uy,

where u; € Hi(C;z,(;Z/pmi“{T’S}) are generators, i =2, 4. It follows that all cup
squares in H*(C; Z/p™ ™ 5}) are trivial if and only if k = 0.

Proof. 1t is well-known that the map k7 has Hopf invariant H (kn) = kH (1) = k. Let
m = min{r, s} and define us — uz = H(f;X) - uy for some H(f;X) € Z/p™, which is
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called the mod p™ Hopf invariant. Then by naturality it is easy to deduce the
formula

H(f)=H(kn) (modp™) =k,

which completes the proof of the Lemma. O

LEMMA 2.7. Let k € Z/pmin{r’s} and consider the homotopy cofibration

P4(pr) gr=Fk-7sB(x7) P3<ps) . Cgk-
Let v; be generators of H'(Cy,;Z/p*), i = 2, 4, then

Vg~ vy =Fk-v4 € H4(Cgk;Z/ps) o Z/pmin{’”’s}.
It follows that gy, is null-homotopic if and only if k = 0.

Proof. By lemma 2.1 (3), there is a homotopy commutative diagram of homotopy
cofibrations

53 kx5-i2n

Pi(pry 2B pssy s
llM l l
S4 N s §P

It follows that ¢ in the right-most column induces an isomorphism
H*(Cg,2/p") — H*(Cryy3 2/p*) = L/
and a monomorphism
H*(Cy,i;2/p%) = Zfp™™"*} o HY(Crar Z/p*) = Z/p°.

Let v; € H'(C,,;Z/p®) be generators, i = 2, 4; let us = 2*(v2) and uy be generators
of H? (Crxr;Z/p®) and H4(Ckxg; Z/p®), respectively. Let H(gx) be the mod p* Hopf
invariant of gi. By the naturality of cup products and lemma 2.6, we have

kX - ug = ug ~ ug = 1" (v~ va) = " (H(gr)va) = H(gr) - (X - ua)-
Thus H(gy) = k, which completes the proof. O

The method of proof for the following lemma is due to [7, Lemma 2.4].
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LEMMA 2.8. Let X1, Xo € {S?, P3(2"), C4} withr, s > 1. Let
11:2X1 - XX1VEXy, 12: XX - XX VEXy

be the canonical inclusion maps. Then any map u' in the composition

[t1,e2]

w: 85 Lowx, A X, 222l vx vnx,

is null-homotopic if and only if all cup products in H*(C.,; G) are trivial, where C,,
is the homotopy cofibre of u and G = Hy(X1) ® Ha(X3).

Proof. The ‘only if’ part is clear. For the ‘if’ part, consider the following homotopy
commutative diagram of homotopy cofibrations

55 L) ZXl AN X2 Z—/> Cu’
T
S5L>EX1\/EX2—Z>OU )

l Ik I

* — EXl X ZXQ _ EXl XEXQ

which induces the commutative diagram with exact rows and columns:

H(Cu; G) — D B5(X, A X &) — s 15 (S5,.G)

l J

HG(ZXl X 2X2,G> B H()(EXl X EXQ,G)

b !

HS(Cy;G) ———— HS(SX; VEXs:G) =0

Note that H5(XX; x ¥ X5;G) is generated by cup products, while all cup products
in H%(C,; G) are trivial by assumption. It follows that j* = 0 and hence §; is surjec-
tive. The homomorphism ds is obviously an isomorphism for X1, X, € {S?%, P3(2")}
because H®(XX; VX X9;G) =0; for Xo = C? X; =82 P3(27) or C2, we have
HI(C%G) =G for j =2, 3, 4, where G = Z/2° or Z/2™»{" s} By computations,

HY(SX, ACHLG) = P H(SXy; H (CH Q) = H (SX,; HA(CH G)),
i+j=5

HO(SX) x C2:G) = @D H(SXy; HY(C2:G)) = H¥(5Xy; HA(CF; G)).
i+j=6

Thus 09 is an isomorphism for all X, X5. The upper commutative square then
implies that (¢')* is surjective and therefore (u')* is the zero map by exactness.
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Since XX; A Xs is 4-connected, the universal coefficient theorem for cohomology
implies that

0= (u)s: H5(S®) — H5(2X1 A Xo).

Therefore v’ is null-homotopic, by the Hurewicz theorem. O

LEMMA 2.9. The Steenrod square Sq°: H"(C;7/2) — H""2(C;7/2) is an isomor-
phism for every (n + 2)-dimensional elementary Chang complex C.

Proof. Obvious or see [27]. O

For n > 3 and r > 1, we define homotopy cofibres
A3 (,) = P2 Uy, €2 AP (ipi,) = O Uiy, PR (2.4)

LEMMA 2.10. The Steenrod square Sq*: H"TY(X;Z/2) — H"3(X;7/2) is an
isomorphism for X = A"3(7,.) and A"T3(iph),.).

Proof. The statement for X = A"*3(7},) refers to [15, Lemma 2.6]. For X =
A"+3(ipf,.), consider the homotopy commutative diagram of homotopy cofibrations

qn+2 L) Pn+1(2r> N A”+3(?77«)

| L I

S s Ot AT i)

|

* Sn+2 Sn+2

From the first two rows of the homotopy commutative diagram, it is easy to compute
that

H" (A" T3(7,); 2/2) = H" (A" T3 (iph,); Z/2) 2 7Z/2  for i =1,3.

The third column homotopy cofibration implies that the induced homomorphisms ¢*
are monomorphisms of mod 2 homology groups of dimension n 4+ 1 and n 4 3, hence
it is an isomorphism. Then we complete the proof by the naturality of Sq2. O

LEMMA 2.11 (Lemma 6.4 of [12]). Let S N (VI A) V B %5 %C be a homotopy
cofibration of simply-connected CW-complexes. For each j =1, --- , n, let

pj: <\/A1>VB—>A], aB: (\/AZ>\/B—>B
i %

be the obvious projections. Suppose that the composite p;f is null-homotopic for
each j < n, then there is a homotopy equivalence

¥C ~ (\n/ Az) \/C'fo7
i=1

where Cy, 5 is the homotopy cofibre of the composite g f.
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LEmMMA 2.12. Let (\/]_, A;)V B 1,0 =D bea homotopy cofibration of CW-
complexes. If the restriction of f to A; is null-homotopic for each i =1, -+ n,
then there is a homotopy equivalence

D~ (\n/ EAZ-> VE,
i=1

where E is the homotopy cofibre of the restriction f|B: B — C.

Proof. Clear. g
Let X = XX', Y; = XY/ be suspensions, i =1, 2, - -+, n. Let
n n
Vi = \/ Y, pe: \/Yi—Yi
j=i i=1

be respectively the canonical inclusions and projections, 1 <k, < n. By the
Hilton—Milnor theorem, we may write a map f: X — \/?=1 Y; as

n
f=> ko fr+0,
k=1
where fy =pro f: X — Y, and 6 satisfies £ = 0. The first part Y ,_, i o fj is
usually represented by a vector uy = (f1, fo, -+, fn)'. We say that f is com-
pletely determined by its components f;, if 6 = 0; in this case, denote f = uys. Let
h = Zk,l ithikpr, be a self-map of \/!'_, Y; which is completely determined by its
components hy; = pr o hoi;: Y; — Y. Denote by

hll h12 e hln

h21 h22 T h2n
My = (hi)nxn = | . : . :

hnl hnl U hnn

Then the composition law h(f + g) ~ hf + hg implies that the product
Mh[f17f27' o 7fn]t

given by the matrix multiplication represents the composite h o f. Two maps f = uy
and g = ug are called equivalent, denoted by

[flvaa"' 7fn]t ~ [917927"' agn}ta

if there is a self-homotopy equivalence h of \/!'_, Y;, which can be represented by
the matrix Mjp, such that

Mh[fhf?a"' 7fn]t =~ [917927"' ?gn]t'

Note that the above matrix multiplication refers to elementary row operations
in matrix theory; and the homotopy cofibres of the maps f = uy and g = u, are
homotopy equivalent if f and g are equivalent.
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3. Homology decomposition of XM

Recall the homology decomposition of a simply-connected space X (cf. [8, Theorem
4H.3]). For n > 2, the nth homology section X,, of X is a CW-complex constructed
from X,,_; by attaching a cone on a Moore space M (H,X, n — 1); by definition,
X1 = *. Note that for each n > 2, there is a canonical map j, : X,, — X that induces
an isomorphism j,.: Hy(X,,) — H,(X) for r <n and H,(X,,) =0 for r > n.

Firstly we note that similar arguments to the proof of [21, Lemma 5.1] proves
the following lemma.

LEMMA 3.1. Let M be an orientable closed manifold with Hy(M) = Z! ® H, where
Il > 1 and H 1is a torsion abelian group. Then there is a homotopy equivalence

l
M~ \/ S*VEW,

i=1

1

where W = M/ \/2:1 St is the quotient space with Hy(W) = H.

By lemma 3.1 and (1.1), the homology groups of W is given by

i 2 3 4 5 0,6 otherwise
H,(XW) H Z'eT Z'eH 7' Z 0

(3.1)

Let W; be the ith homology section of XW. There are homotopy cofibrations in
which the attaching maps are homologically trivial (induce trivial homomorphisms
in integral homology):

d
<\/ 52> v P3(T) L P3(H) — W,
i=1

d
<\/ SS> vV PYH) - Wy — Wy, (3.2)

i=1

l
\/ st Wy — s, 8% W — S

i=1
From now on we assume that H = @?:1 z) q;j where ¢; are odd primes and s; > 1.

LEMMA 3.2. There is a homotopy equivalence

d
W ~ (\/ S3> vV P3(H) v PX(T).

i=1
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Proof. Tt suffices to show the map f in (3.2) is null-homotopic, or equivalently the
following components of f are null-homotopic:

d d
o\ 2= (\/ 52> v P3(T) L p3(m),
1=1 i=1
d
JT: PY(T) — (\/ 52> v P3(T) -1 P3(H),

i=1

where < denote the canonical inclusion maps. f is homologically trivial, so are f°
and fT. Then the Hurewicz theorem and lemma 2.1 (1) imply £ is null-homotopic.

Since [P3(p"), P3(¢°)] = 0 for different primes p, ¢, it suffices to consider the
case where T' and H have the same prime factors. Denote by Ty = j Z/q;j the
component of 7' that has the same prime factors with H. The canonical inclusion
13: W3 — XW induces an isomorphism with m; = min{r;, s;}:

vy HA(SW;Z/q)") — H*(Ws3 Z/q) 7).

It follows that all the cup squares of cohomology classes of H?(Ws; Z/q;nj), and

hence of H 2(C'fT; zZ/ q;n’) are trivial for any j. Let C'yr be the homotopy cofibre of
J

the compositions

ST P ) = P(T) L PO () PO,

where the unlabelled maps are the canonical inclusions and projections, respec-

tively. Then [21, Lemma 4.2] implies that all cup squares of cohomology classes of

H?(Cyr; Z/q;n") are trivial for any j and hence f]T is null-homotopic, by lemma, 2.6.
J

Therefore f7 is also null-homotopic and we complete the proof. O

LEMMA 3.3. There is a homotopy equivalence

d
Wy ~ (\/(53 Vv 54)> v P3(H) Vv P°(H) Vv PXT).

i=1

Proof. By (3.2) and lemma 3.2, Wy is the homotopy cofibre of a homologically
trivial map
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Consider the compositions

d d
S8 — (\/ s3> v PYH) -5 Wy — \[ §% — S°,

i=1 i=1

d
53 s <\/ S3> vV PA(H) -4 W5 — PXT),
1=1

d d
Pg) — (\/ s3> v PYH) Wy — \/ §° — 5%,
=1 =1
d
Pl(g;") = (\/ S3> v PY(H) % W3 — PYT) — P*(q}),
i=1

where the unlabelled maps are the canonical inclusions and projections. Since
[PY(p"), S?] =0, the Hurewicz theorem and lemma 2.1 (2) imply that all the
above compositions are null-homotopic. Hence by lemma 2.11 there is a homotopy
equivalence

d
Wy ~ (\/ S3> vV PYT)VvC,
=1

for some map ¢': (\/?:1 5’3) vV PYH) — P3(H).
By the homology decomposition for XW and the universal coeflicient theorem
for cohomology, the canonical map u4: Wy — XYW induces isomorphisms

v H(SW) — HY(Wy), i=2,4.

Consider the commutative diagram
H*(SW:Z/q) —— H' (SW;Z/q}’)

%lzz glzz )

H2(W4; Z/qj»]) —_— H4(W4; Z/qjj)
where 2 denotes the cup squares. All cup squares in H*(SW;Z/ q;j ) are trivial

implying that all cup squares in H*(Wy;Z/ qjj) are trivial. Let C’g; and C’g;j be the
homotopy cofibres of the compositions

d
g §* (\/ 53) v PAH) L PI(H) - PY(g),
=1
d

gi: PHg) = <\/ 53) v PYH) L PY(H) - PP(g)).
i=1
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By [21, Lemma 4.2], we get the triviality of cup squares in H*(Cg;;Z/q;j) and
H*(Cg;j;Z/q;j)). Then lemmas 2.6 and 2.7 imply that g7 and g;; are both null-
homotopic. Thus by lemma 2.12, there is a homotopy equivalence

d
Cyr =~ <\/ S4> v P3(H) Vv P°(H),

i=1

which completes the proof of the Lemma. O

PRrROPOSITION 3.4. There is a homotopy equivalence

d—cy d l—c1—c2
Wi =~ P3(H)V P°(H)V P*(Ti) V <\/ S3> (\/ >v< \V 5‘5)

c1
v (\/ C,?) v P4(279) ,
i=1 Jj= (‘2+1

where 0 < ¢; < mln{l d} and 0 < co < min{l — ¢, ta}; 1 = c2 =0 if and only if
SQQ(HQ(M Z[2)) =

Proof. By (3.2) and lemma 3.3, W5 is the homotopy cofibre of a map

l d
\/ st Wy~ (\/(53 Vv 54)> v P3(H)V P°(H) Vv PXT).

i=1 i=1

Similar arguments to that in the proof of lemma 3.3 show that there is a homotopy
equivalence

d
Wi ~ (\/ S4> vV P3(H)V P3(H)V P*(Ty2) V Ch, (3.3)
i=1

where 1': Vi, $' = (Vi 8%) v (Viz, P12m).
Since m4(P*(27)) = Z/2(i3n), we may represent the map h' by a (d+t2) x
[-matrix Mj, with entries 0,  or ¢3n. There hold homotopy equivalences

[]le ]IOJ L:?n] M St 53y pian),

ity 2) ([

B(xs) 1p] [isn 0
Then by elementary matrix operations we have an equivalence
D, 0]
M, ~ | O 0 ’
o %3]

where O denote suitable zero matrices, D,, is the diagonal matrix of rank ¢; whose
diagonal entries are 7, F,, is a ca X ca-matrix which has exactly one entry 37 in

https://doi.org/10.1017/prm.2024.49 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.49
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each row and column. It follows that there is a homotopy equivalence
l—Cl—Cz d—C1 tz C1 Cc2
Chr =~ ( \V s5> v ( \/ s3> v\ P v (\/ cﬁ) viVer
i=1 i=1 j=ca+1 i=1 j=1

The proof of the Lemma then follows by (3.3) and lemma 2.9. O

4. Proof of Theorems 1.1 and 1.2

Let M be the given five-manifold described in Theorem 1.1. By (3.2) there is a

homotopy cofibration S° R W5 — SW with W5 (and integers cq, ¢3) given by
proposition 3.4. Since ¢ is homologically trivial, so are the compositions

Gy 87 LWy — \/ €3 = C3,
¢Cj:55i}w5_» \/CE]’H;CEJ"

11j: S° L5 Wy — PY(H) — P3(g").

By lemma 2.4, ¢, is null-homotopic and ¢¢; = w; - ipf,, for some w; € Z/2. By
lemma 2.3, ¢ ; is null-homotopic for primes ¢; > 5 and X¢p ; are null-homotopic
for all odd primes g;. Write H = H3 @ Hys with H3 the 3-primary component of
H. Tt follows by lemmas 2.1 (2) and 2.11 that there are homotopy equivalences

l—c1—co Cc1
SW ~ P3(Hss) V PP(H) V P4 (Ti2) v ( \/ 55> Vv (\/ cg) VG, o (4.1)

i=1

l—c1—co c1
S2W ~ PYH)V PS(H) V P?(Tys) V ( \V 56> v <\/ Cf,) VCss  (42)

i=1 i=1
for some homologically trivial map
B d—cq d to ()
¢: S° — P3(H3) Vv <\/ S3> v (\/ S4> vi Vo Pem vV e
i=1 j=ca+1 j=1

From now on we assume that Hs = 0 to study the homotopy type of XW or the
homotopy cofibre Cz. By lemmas 2.2 and 2.4 we may put

d—cy d to c2
G= Y m "+ Y i+ D (i e ian’)+ Y wy-ipiy, +0, (4.3)
i=1 i=1 G=cat1 j=1

https://doi.org/10.1017/prm.2024.49 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.49
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where all coefficients belong to Z/2 and 6 is a linear combination of Whitehead
products. By the Hilton-Milnor theorem the domain Wh of 6 is given by

Wh= @ mESiasHe P ws(SS7APH2Y))

1<i,j<d—c1 1<i<d—cy
co+1<j<ta
& P mEsIachHe P mEPI2T)APRY))
1<i<d—cy co+1<4,j<ts
1<j<¢2
& P mEPEHAchHe P m(EChACH.
co+1<ist2 1<i,j<ce
1<j<ez

Note that all the spaces ¥.X; A X; are 4-connected and hence there are Hurewicz
isomorphisms 75(XX; A X;) = H5(XX; A X;). For different X, and X, we use the
ambiguous notations
t1: XX —» XX, VEX ), 19 XX — XX VEX;
to denote the natural inclusions. Then we can write
0 = ayj + bij + cij +eij + fij, (4.4)

where

0 65 U0 w2 p 52 1l g2y g2,

biy: S7 20 552 A PR(2r) L 5162y mps(am),

ciyi S 5,052 A cf el yerysor,

diy: 570, 5P (ary A PRy Ll s p3(ar) v mpR(a),

e 7 S0 mPR(2m) A cf el ypsonyvscs

fir8° L wot ot 1l et ysen

Since the homotopy cofibre of ¢ is XW, similar arguments to the proof of [7, Lemma
4.2] show the following lemma.

LEMMA 4.1. Let C,, be the homotopy cofibre of a map u with u given by (1) v = a;;,
(2) u=10b;j, (3) u=cij, (4) u=dij, (5)u=ce;j, (6)u=fi;. Then all cup products
in H*(Cy; R) are trivial for any principal ideal domain R.

By lemmas 4.1 and 2.8 we then get

COROLLARY 4.2. The Whitehead product component 0 (4.4) of ¢ is trivial.
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For each n > 2, let ©,, be secondary cohomology operation based on the null-
homotopy of the composition

2 1
an;[sq Sq ]

Sq on=I[8q",8q¢"] K
-

K, K3 X Ko n+4,
where K,,, = K(Z/2, m) denotes the Eilenberg-MacLane space of type (Z/2, m).

More concretely, O,,: S, (X) — T,,(X) is a cohomology operation with

S, (X) = ker(6,,); = ker(Sq?) N ker(Sq? Sq*)
T (X) = coker(Qpy,)y = H"3(X;2/2)/ im(Sq* + Sq?).

Note that ©,, detects the maps 7% € m,42(S™) and i,n? € 7,1 2(P"T1(27)) (cf. [15,
Section 2.4]). By the method outlined in [16, page 32|, the stable secondary oper-
ation © = {Oy}n>2 is spin trivial (cf. [24]), which means the following Lemma
holds.

LEMMA 4.3. The secondary operation ©: H*(M;Z/2) — H**3(M;Z/2) is trivial
for any orientable closed smooth spin manifold M .

Now we are prepared to classify the homotopy types of Cj. Note that for a
closed orientable smooth five-manifold M, the second Stiefel-Whitney class equals
the second Wu class o, which satisfies Sq*(x) = vy« x for all x € H3(M;Z/2)
[17, page 132]. Tt follows that the orientable smooth five-manifold M is spin if
and only if Sq® acts trivially on H 3(M;7Z/2), which is equivalent to Sq? acting
trivially on H*(XW;Z/2) or H*(Cy;Z/2), by lemma 3.1 and the homotopy
decomposition (4.1).

PROPOSITION 4.4. If M is a closed orientable smooth spin five-manifold, then there
18 a homotopy equivalence

d—cy d to C2
Cj~ <\/ S3) v <\/ 34) v\ Prev)viVe | vse
i=1 i=1 j=1

j=ca+1

Proof. The smooth spin condition on M, together with lemma 4.3, implies that z; =
€; = 0forall4, jin (4.3). By the comments above proposition 4.4, M is spin implies
that the Steenrod square Sq* acts trivially on H *(Cy;Z/2). Then lemmas 2.9 and
2.10 imply y; = z; = w; = 0 for all 4, j. Thus the map ¢ in (4.3) is null-homotopic
and therefore we get the homotopy equivalence in the Proposition. O

REMARK 4.5. If M is a general 5-dimensional connected Poincaré duality com-
plex such that Sq* acts trivially on H3(M;Z/2), then we have the following two
additional possibilities for the homotopy types of Cjg in terms of the secondary
cohomology operation ©:
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(1) If for any u € H*(M;7Z/2) with O(u) # 0 and any v € ker(©), there holds
Br(u+v) =0 for all r, then there is a homotopy equivalence

d—cy d to c2
Cy = (\/ s3> Vv (\/ S4> vV P v Ve v(sPu, €.
i=2 i=1 j=ca+1 j=1

(2) If there exist u € H3(M;Z/2) with ©(u) #0 and v € ker(©) such that
Br(u+v) # 0, then there is a homotopy equivalence

d—cy d to Cc2
Cj~ ( \/ 53> v (\/ S4> v\ Prem) v Cl | vAS@ien?),
i=1 i=1 JoAi=ca+1 j=1

where A®(270n?) = P*(270) U;yp2 €°, jo is the index such that rj, is the
maximum of r; satisfying 3, (u +v) # 0.

PROPOSITION 4.6. Suppose that Sq* acts non-trivially on H3(M;Z/2), or equiva-
lently Sq® acts non-trivially on H4(C¢;;Z/2).

(1) If for any u, v e H*(Cy;Z/2) satisfying Sq?(u) # 0 and Sq*(v) =0, there
holds u+ v ¢ im(5,) for any r > 1, then there is a homotopy equivalence

d—cq d to c2
Cj = ( \Y 53> v <\/ S4> v\ Prem vV ver
i=1 i=2 j=ca+1 j=1

(2) If there exist u, v € H*(Cy;Z/2) with Sq?(u) # 0 and v € ker(Sq?) such that
u+ v €im(B,.) for some r, then either there is a homotopy equivalence

d—cy d to c2
Cj~ < \/ 53> v (\/ S4> v\ Prem) vV el | vAS (i),
i=1 i=1 JiAi=cat1 j=1
or there is a homotopy equivalence
d—cy d to C2
Cy =~ < \ S3> Vv (\/ S4> v\ Pre) v R | vASGpi,),
i=1 i=1 j=co+1 J1#j=1

where the last two complexes are defined by (2.4) and r;, is the minimum of
r; such that v+ v € im(3,,).

Proof. Recall the equation for ¢ given by (4.3). Since Sq? acts non-trivially on
H4(C¢;;Z/2), at least one of y;, 2;, w; equals 1.

(1) The conditions in (1) implying that z; = w; = 0 for all j and hence y; =1
for some i. Clearly we may assume that y; =1 and y; = 0 for all 2 < i < d.
By the equivalences
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n M. o5 4 3 m ", o 4 4 (or
0[] 5= stvsn, [~ [l - s
we may further assume that x; = ¢; = 0 for all ¢ in (4.3). Thus we have
¢ =1: 85— 51,
which proves the homotopy equivalence in (1).

(2) The conditions in (2) implies that z; =1 or w; =1 for some j. For maps
firy i3n?: % — P4(27) and ipfjs: S° — C?, the formulas (2.1) and (2.2)
indicate the following equivalences

- [ o-vn (][]
-l ()] e

Mr
0
an} [’g]m em(PE)r 20, [T ~ 1.

It follows that we may assume that x; = y; = 0 for all i regardless of whether z; =1
or w; = 1.

(i) If z; =1 for some j, we assume that z; = 1 for exactly one j, say z;, = 1;
in this case, €; =0 for all j # j;. Note that 1p 4+ i3ngs is a self-homotopy
equivalence of P*(2") and

(Lp +i3094) (flr + i30%) = 7l + i3n* +i30° = 7,
we may assume that ¢;, = 1 and ¢; = 0 for j # j;.

(i) If w; =1 for some j, then w; = 1 for exactly one j, say w;, = 1; in this case,
e; = 0 for all j.

By (2.3) we have the equivalences for maps S° — P*(2") v C2:

{.nt}w[nr} if r < s [.ni]w{.({} if r > s.

LPT)s 0 1P1)s LpT)s

Thus we may assume that ¢ = Nr;, i 75, < 1jy; otherwise b=1i Pr;,, which prove
the homotopy equivalences in (2). O

Proof of Theorem 1.1. Combine lemma 3.1, the homotopy decomposition (4.1) and
propositions 4.4 and 4.6. O

Proof of Theorem 1.2. The homotopy types of the discussion of the suspension
¥y is totally similar to that of Cj. The Theorem then follows by lemma 3.1,
the homotopy decomposition (4.2) and the suspended version of propositions 4.4
and 4.6. (]
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5. Some applications

In this section we apply the homotopy decomposition of X2M given by Theorem
1.1 to study the reduced K-groups and the cohomotopy sets of M.

5.1. Reduced K-groups

To prove Corollary 1.3 we recall that the reduced complex K-group K (S™) is
isomorphic to Z if n is even, otherwise K(S™) = 0; the reduced KO-groups of
spheres are given by

i (mod8) 0 1 2 3 4 5 6 7

KO(S") Z Z/2 Z/2 0 Z 0 0 0- (5.1)

Using the reduced complex K-groups and K O-groups of spheres one can easily get
the following lemma, where the notations A7(7,) and A7 (ip7),) refer to (2.4).

LEMMA 5.1. Let m, r be positive integers and let p be a prime.
(1) K(P?"(p")) 2 Z/p" and K(P?"*1(pr)) = 0.
(2) K(C?™)=Z®Z and K(C2"+) =0.
(3) K(CS) = K(AT(ipi,)) 2 Z, K(A7(j,)) = 0.
(4) KO (P*i(pr)) = KO (CT) =0 forp >3 and i =0, 1, 2.
(5) KO'(P(2")) = KO (A(i,)) = Z/2.
(6) KO'(C8) = KO'(C) = KO (A" (ipil,) = Z& Z/2.

PROPOSITION 5.2. Let M be an orientable smooth closed five-manifold given by
Theorem 1.1 or 1.2. There hold isomorphisms

I?(M) > 79 o g H, I?(/?(M) ~ 7l g (2/2)l+d+t2.

Proof. We only give the proof of I/(\é(M) here, because the proof of I?(M) is similar
but simpler. By Theorem 1.1 we can write

l d—cy d l—c1—c2
$2M ~ (\/ S3> Vv (\/ S4> Vv (\/ S5> Vv ( \V S6> v PY(H) v PS(H)

=1

C1 T[CQ] C2
6 5 6 2
v(\/c,,>\/P(Z/2m)v \/ ¢ | veix,

i=1 =1
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where 22X ~ (8% Vv P°(271) v CP ) U e'. By lemma 5.1 and the table (5.1), there
is a chain of isomorphisms

KO(M) = KO (22M) = (D KO (5*) & @) KO (5) & @ KO (5°)
l d—cy d
e @ KO (5% e KO(P'(H) v P(H) & (D KO (CY)
l—c1—c2 c1

& KO (P° <Zj;[2cfjl ))ea P I?@z(cfj)@f?éz(EQX)
Je#j=1

o~ (Z/Q)lerfcl D Zl761762 D (Z o Z/z)@cl D (Z/Q)tgfcgfl

®(Z®7/2)@ D g KO (52X)
> 7 & (2/2) ",

—2
where KO (X2X) 2 Z®Z/2®Z/2 in all cases of Theorem 1.1 can be easily
computed by lemma 5.1. O

5.2. Cohomotopy sets
Let M be a closed five-manifold. It is clear that the cohomotopy Hurewicz maps
h': 7t (M) — HY(M), aw— a*(1)

with ¢; € H'(S?) a generator are isomorphisms for i = 1 or i > 5. For 7%(M), there
is a short exact sequence of abelian groups (cf. [22])

5(0]-
IQLZ2) gy 2 g an — o,
Saz(H?(M; Z))
which splits if and only if there holds an equality (cf. [23, Section 6.1])
Sz (H*(M;2)) = Sq*(H*(M; 2,/2)) € H*(M;Z/2).

The standard action of S on S% = S3/S1 by left translation induces a natural
action of 73(M) on m2(M). More concretely, the Hopf fibre sequence

St — g3 1,62 2, cp>® L, Hp>®
induces an exact sequence of sets
LM 2 73 (M) s 72(M) L5 H2(M) 2 74 (M), (5.2)

where [M, HP*] = 7*(M) because HP*> has the 6-skeleton S*, h = h? is the sec-
ond cohomotopy Hurewicz map. The homomorphism #, in (5.2) is given by the
following lemma.
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LEMMA 5.3 (cf. Theorem 3 of [13]). The natural action of w3(M) on w2(M) is
transitive on the fibres of h and the stabilizer of u € 72(M) equals the image of the
homomorphism

fy: THM) — 73(M),  ku(v) = K(u x ) Ay,

where An is the diagonal map on M, rk: S? x S' — S® is the conjugation
(gSt, t) — gtg~! by setting S? = S3/S1.

Thus, in a certain sense we only need to determine the third cohomotopy group
73(M). Recall the EHP fibre sequence (cf. [20, Corollary 4.4.3])

025t 0267 L g3 P gt g7

which induces an exact sequence

1,025 205 0287 — (M, 8] E5 (,0sY 0, (5.3)

where 0 = [M, QS7] = [¥M, S7] by dimensional reason.
LEMMA 5.4. Let M be a 5-manifold given by Theorem 1.1. Then

(1) [¥2M, S7] = Z{q7), where g7 is the canonical pinch map;

(2) [¥2M, S contains a direct summand Z{v4q7), where vy: ST — S* is the Hopf
map.

Proof. By Theorem 1.1, there is a homotopy decomposition
Y2M~UVYV,
where U is a 6-dimensional complex and V' belongs to the set
S={s", 077;7 A7(ﬁrjl) = P5(2m) Ui, e’, A7(7;pﬁ7-j1) = ijl Uipi,,, e’}

Let gy : ©>M — V be the pinch map onto V. Then it is clear that the pinch map g7

. 1
factors as the composite ©2M 25 v 22T, §7

of isomorphisms

. We immediately have the chain
!
[£*M, 87 <L [V, 57 2 Z{gr).

For the group [X2M, S*], we show that the direct summand [V, S*] (through the
homomorphism q‘n/) is isomorphic to Z{v4qr) & Z/12 for any V € S.
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= Z{vy) © Z/12. If V = CF, then from the

If V=287 we clearly have [S7, %]

homotopy cofibre sequence
56 g0 o of AT, g7 T, g6

we have an exact sequence
f
0 — mr(Sh) I [07 s -, 775(54) s me(S4).
Since n* is an isomorphism, zg is trivial and hence qg is an isomorphism. Thus we
(ar)*(m7(SY)) = Z{vagr) ® Z/12.

have
[Cy, 81 =
7. the homotopy cofibre sequence

IfV = AT(,) = PP(2") Uy, e
PP(2) 5 AT(i];) < 8T — PO(21)

SG g J1
implying an exact sequence
~§‘.
[PP(2771), 84 — m6(S*).

[A7 (71r) ‘94]

Z/2(ngs), the formula gs7,, =n in (2.2) then implying ﬁﬂjl

0 — mr(S%) 5

Since [P®(2"i1), §4] =

is an isomorphism. Thus
[A7(1r), 811 == (q7)*(w7(S")) = Zlvaqr) ® Z/12.
The computations for V = A”(ip7,) is similar. First, it is clear that
S = Z/2(ngs).

€8, 5 & priarn),
S5. Tt follows that the

54 L)u> -
(g7)% (m7(S)) = Z(vagr) © Z/12. O

Recall we have the composite g5: P°(271) — C°
(S%) is an isomorphism, and thus there is

homomorphism [CTG
an isomorphism

[A(ipir), §*) =
LEMMA 5.5. Let r > 1 be an integer. There hold isomorphisms
(1) [C5, S =0 and [C}, S*] = Z/27F .
(2) [AS(7),), S4 =2 Z/27~, where Z/1 =0 forr = 1.
(3) [AS(ipR,.), S = 7Z/2".
r [14].

Proof. (1) The groups in (1) refer to [2]
(2) The homotopy cofibre sequence for A%(),), as given in the proof of lemma

5.4, implying an exact sequence
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3:
=

[PA(27), 5% 2 [55, 59) — [4%7,), 5] 2 [PA(2), 5] 25 97, 5]

HZ

Thus (ip)* is a monomorphism and im(ip)* = ker () = Z/2"~1(2q4).

(3) The computation of the group [A®(ip7).), S*] is similar, by noting the
isomorphism [C?, S4] =2 Z/27 T (q,) (cf. [2]). O

PROPOSITION 5.6. Let M be a 5-manifold given by Theorems 1.1 or 1.2. The
homomorphism (QQH )y in (5.3) is surjective and hence there is an isomorphism

Y w3 (M) — 7 (ZM).

Moreover, let M be the 5-manifold, together with the integers ci, ca and rj,, given
by Theorem 1.1, then we have the following concrete results:

(1) if M is spin, then
(M) =728 @ (Z/2) "7 @ Tley] @ @Z/Q”“
(2) if M is non-spin and the conditions in (a) hold, then
(M) =27 & (Z/2)' " & Tca] @Z/ZT AR E

(3) if M is non-spin and the conditions in (b) hold, then w3 (M) is isomorphic to
one of the following groups:

0 e e Do EDZ/%“ o z/2m,

co2
(i) Z'o (Z/2) " oTlelo | @ z/27% | oz/27.
J1#j=1
Proof. We first apply the exact sequence (5.3) to show that the suspension

(M) =5 74(SM) is an isomorphism. By duality, it suffices to show the sec-
ond James-Hopf invariant H induces a surjection Hy: [S2M, S1] — [£2M, S7]. By
lemma 5.4, there hold isomorphisms

[EQM, S7] = Z<Q7> and [EzM, S4] = Z<V4Q7> e G

for some abelian group G. Then the surjectivity of Hy follows by the homotopy
equalities

H(vy) =17, H(vaqr) = H(va)q7 = q7.
Note the first statement only depends the homotopy type of the double suspension

Y2M, so we can also assume that M is the five-manifold satisfying conditions in
Theorem 1.1.
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The computations of the group [XM, S*] follows by Theorem 1.1, lemma 5.5:

(1) If M is spin, then

17617(;2

d
[2M, S = (@ [s* S4> ( >, [55,54}> & [PY(Tlca]), S°]

i=1

o (é[aﬁj,s‘*]) & [S°, 54

(2) If M is non-spin and XM is given by (a), then

d l—c1—c2
[SM, §4] = (@ (S S4> ( &P [S"’,S“}> ® [P*(Tca)), S

i=2 i=1

(@ cy 54) ®[CE, 5.

(3) If M is non-spin and XM is given by (b), then

P-

(M, 8% = ( [S%, 54]> (@ [55,54}> & [P < Zj;[;fjl ) , 5%

i=1 i=1

. ( : [CEJ’SA]) @ [A6(T7TJ'1)’S4]’

1

or

d l—c1—co
[EM, §% = (@ (S S4> ( b [55,54}> @ [PH(T[ca)), 5]

i=1

’ ( [cfj,s‘*]) & [A(ipiln, ), 5% O
J1 1

#i=
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