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In the present article, we study compact complex manifolds admitting a Hermitian
metric which is strong Kéhler with torsion (SKT) and Calabi—Yau with torsion
(CYT) and whose Bismut torsion is parallel. We first obtain a characterization of the
universal cover of such manifolds as a product of a Kéhler Ricci-flat manifold with a
Bismut flat one. Then, using a mapping torus construction, we provide non-Bismut
flat examples. The existence of generalized Kéhler structures is also investigated.
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1. Introduction

Let (M, J,g) be a Hermitian manifold of complex dimension n with fundamental
form w = g(J+,-). A connection V on TM is said to be Hermitian if Vg = 0 and
VJ = 0. In [19], an affine line of Hermitian connections is introduced. These are
known as Gauduchon or canonical connections and they can be written as
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oV Y. 2) = (VY. 2) + L (@) (X, ¥, 2) + o (@) (X, Y, 2), (L)

where d°w = —Jdw. We adopt the convention Jdw(X,Y, Z) := dw(JX,JY, JZ).

When (M, g,J) is Kéhler, d°w is zero, and the line collapses to a single point,
which is the Levi—-Civita connection. However, when (M, g, J) is not Kéhler, the
line is not trivial and the connections V* have non vanishing torsion. For particular
values of t € R, the Chern and the Bismut connections are recovered. More precisely,
V! =V and V-1 = V8 [6, 13]. Although V¢ VB V" are mutually different
connections, any one of them completely determines the other two.

The Bismut connection, also known as the Strominger connection [35], can
be characterized as the only Hermitian connection with totally skew-symmetric
torsion. It follows from (1.1) that its expression is given by

1
9(VEY, 2) = (VY. Z) - Sdw(X,Y, 2),
and its torsion three-form H is

H(X,Y,Z) = g(TB(X,Y), Z) = dw(JX,JY,]Z) = —d°w(X,Y, Z).

If the torsion three-form H is closed, i.e., dd°w = 0 or, equivalently, 90w = 0, the
metric g is said strong Kdhler with torsion (SKT in short) or pluriclosed.

The Hermitian metric g is said to be Calabi-Yau with torsion (CYT in short) if
the associated Bismut-Ricci curvature p?(g) vanishes, where p?(g) is given, up to a
constant factor, by tracing the Bismut curvature tensor R (g) in the endomorphism
components, i.e.,

1 2n
PP (X,Y) ZRB (X,Y, Jes, €),

=1

where {e;} is an orthonormal frame of the tangent space of M at a given point.
This is a natural Ricci-type curvature which coincides with the usual Ricci form
when the metric g is Kéhler. Since the connection V? is Hermitian, it determines
via its Ricci form a representative of the first Chern class in de Rham cohomology
of M. As a consequence, the existence of a CYT structure is obstructed by having
vanishing first Chern class.

An SKT structure (M, J, g) which is also CYT is known in literature as Bismut
Hermitian Einstein (BHE in short). Taking inspiration from the Calabi-Yau
Theorem [9, 10, 39, 40], Garcia—Fernandez, Jordan, and Streets investigated in [17]
whether the condition ¢; (M) = 0 guarantees the existence of a BHE metric. They
actually proved that the answer is far from being positive, showing that in every
complex dimension there exist infinitely many complex manifolds with vanishing
first Chern class which do not admit a BHE metric. An additional obstruction
for the existence of CYT metric on a compact complex manifold with vanishing
first Chern class arises from the Gauduchon’s plurigenera vanishing theorem. It is
noticed in [3], and in particular shows that a manifold which has Kodaira dimen-
sion at least one, cannot admit CYT metrics. Using the construction of T2-bundles
over complex surfaces of general type with negative Kéhler—Einstein metrics, one
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can provide infinite number of complex three-dimensional manifolds with vanishing
first Chern class which do not admit CYT metric.

In [33], Streets and Tian introduced the pluriclosed flow, an evolution equation
for Hermitian metrics preserving the SK'T condition and the existence of generalized
Kihler structures [34]. If (M, J) is a complex manifold and wg is a SKT metric on
M, the pluriclosed flow with initial data wq evolves as

2u(t) = —(pB ()"
w(0) = wo

and its static points are given by Hermitian structures such that

(pB)(l’l) =w for A € R. (1.2)

When a Hermitian structure is SKT and CYT, then (1.2) is satisfied with A=0,
motivating a huge interest in finding explicit non-trivial examples of BHE mani-
folds, where by non-trivial we mean not diffeomorphic to a product of a Kdhler—Ricci
flat manifold and a Bismut flat space. Moreover, up to now, no non-trivial exam-
ples of BHE manifolds are known. Non-Hermitian homogeneous examples which
are Bismut Ricci-flat, with closed torsion form and non-vanishing Bismut curva-
ture have been constructed in [29, 30], but no Hermitian homogeneous examples of
this type are known. Some negative results on compact semisimple Lie groups and
more in general on C-spaces have been given in [5, 15]. Furthermore, Ivanov and
Stanchev proved in [25] that a compact SKT and CYT 6-manifold is Bismut Ricci
flat if, and only if, either the torsion has constant norm or the Riemannian scalar
curvature is constant. In particular, the torsion is harmonic.

The Bismut flatness condition has been largely investigated in literature [2, 11,
12, 37, 38|, and Bismut flat compact manifolds and Bismut flat simply connected
manifolds were completely characterized by Wang, Yang, and Zheng in [36]. We
recall that a Samelson space is a Hermitian manifold (G’ = GxR", ¢’ = b+gg, J1),
where G is a compact, connected, and simply connected semisimple Lie group,
g = b+ gg is the bi-invariant metric on G given by the product of the bi-invariant
metric b on G and the euclidean metric gg, and Jy, is a left invariant complex
structure compatible with g/. A group homomorphism p : Z" — Isom(G) induces
a free and properly discontinuous action of Z™ on G’ as isometries via

m: (p7 t) = (p(m)p,t + m)

If Jp, is preserved by this action of Z™, then the compact quotient G’/Z™ inherits
the structure of a complex manifold by G'. In this case, G’ /Z™ is said to be a local
Samelson space.

By [36], if (M,g,J) is a compact Bismut flat Hermitian manifold, then there
exists a finite unbranched cover M~ of M which is a local Samelson space. Moreover,
if (M, g,J) is Bismut-flat simply connected Hermitian manifold, then there exists
a Samelson space (G’, ¢/, J’) such that M is an open complex submanifold of G’
and g = ¢'| .
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In this article, we will mainly focus on the case when the torsion of Bismut
connection is parallel with respect to the Bismut connection. According to [42], we
will call such a manifold (and sometimes also the Hermitian metric) Bismut torsion
parallel (BTP in short). In [41], it has been proved that a Hermitian metric is BTP
and SKT if, and only if, it is Bismut Kéhler-like, namely, if the Bismut curvature
satisfied the first Bianchi identity and the type condition (see §2 for further details).
The BTP condition was studied by several authors, e.g., [4, 31, 41, 42] and in the
references therein. In the non-Hermitian setting, it was proved in [1] that a complete
and simply connected Riemannian manifold admitting a connection with parallel
and closed skew-torsion is, up to products, a Lie group.

Our first main result characterizes the universal cover of SK'T and CYT manifolds
with parallel Bismut torsion. We prove the following

THEOREM 1.1 Let (M, I) be a compact complex manifold admitting a SKT and
CYT I-Hermitian metric h such that its Bismut torsion three-form H is parallel,
i.e., VEH = 0. Then, the Riemannian holomorphic universal cover (M,f, iz) of
(M, 1I,h) is holomorphically isometric to the product (My,J1,g1) X (Ma, 2, g2),
where (My, J1,q1) is a Kdhler Ricci flat manifold and (Ma, Ja, g2) is a Samelson
space.

In §3, we use the above characterization to construct non-trivial examples of
CYT and SKT Hermitian manifolds (propositions 3.3 and 4.2).

With a similar technique used by the first two authors in [7], in lemma 3.1,
we show the existence of a SKT structure (I, h) on mapping tori of type M; =
(K x $*)¢, with f = (¢, Idg3), where K is a compact Kéhler manifold and 1) is
a Kéhler isometry of K. We point out that such mapping tori do not admit any
Kiéhler metric as their first Betti numbers are odd (proposition 3.2). If in addition K
is Kéhler Ricci-flat and i preserves the Kihler Ricci-flat metric, the SKT structure
(I, h) is CYT. Furthermore, we observe that the above Hermitian structure (I, h)
is BTP (remark 3.1) and, whenever K is a K3 surface and ¢ # Idk, the mapping
tori My are non-trivial, i.e., they are not diffeomorphic to a global product of K
with the Hopf Surface (corollary 3.6). Hence, we provide the first known examples
of non-trivial BHE manifolds.

It is natural to ask the following

QUESTION 1.2. Does there exist a Bismut Hermitian Einstein manifold (M, g, J)
such that (g, J) is not Bismut Torsion Parallel?

On the examples (My,I,h), we also investigate the existence of generalized
Kihler structures. Let I_ be the complex structure I on the mapping torus My
([20, 21, 23, 24]). In theorem 5.3, we prove that (M, I_,h) admits another com-
plex structure I compatible with h and such that diw; = —d®w_, ie., (h,I1)
defines a generalized Kéhler structure on M. In the last section, we also give another
description of the mapping tori My as total spaces of holomorphic fibrations with
fibre K over the Hopf Surface. To such spaces it is always possible to associate the
Borel spectral sequence (theorem 6.2), which relates the Dolbeault cohomology of
M with the ones of K and S* x S*.
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Since the mapping tori My topologically corresponds to Z-quotient of K x S® x R,
i.e., Z-quotient of a product of a Kédhler manifold with the Samelson space S? x
R, taking inspiration from the local Samelson space construction, we provide a
generalization of the previous machinery to Z"-quotients of the product manifolds
K x G, where G’ = G xR"™ is any Samelson space (for a more detailed construction
see lemma 4.1 and proposition 4.2).

As in the case of mapping tori, these quotients admit a generalized Kahler struc-
ture (theorem 5.5). Moreover, in the case of G’ = S? x R, the generalized Kéhler
structure constructed is different from the one constructed in theorem 5.3. As we
point out, in the first case the complex structures of generalized Kéhler metric
induce opposite orientations, whereas in the second case the complex structures of
the Generalized Kdhler metric induce the same orientation.

2. Universal cover of BHE manifolds with parallel torsion

In this section, we obtain a characterization of the universal cover of compact
complex manifolds admitting a SKT and CYT metric whose Bismut connection
has parallel torsion.

Before stating the main result of the section, we recall some preliminary defi-
nitions and known results which will be useful in the article. Given a Hermitian
manifold. (M, g, J), a connection V on TM is said to be Hermitian if VJ = 0 and
Vg=0.

In [19], Gauduchon proved that there exists an affine line of canonical Hermitian
connections, passing through the Chern connection and the Bismut connection,
which are completely determined by their torsion. In this article, we are mainly
interested in the latter. Firstly introduced by Bismut in [6], the Bismut connection
is the unique Hermitian connection having totally skew-symmetric torsion, i.e., it is
the unique Hermitian connection such that H(-,-,-) = g(TZ(,-),-) is a three-form
on M. We recall the following

DEFINITION 2.1. A Hermitian manifold (M,g,J) is said to be

(1) Bismut torsion-parallel, or BTP in short, if VEH = 0;

(2) SKT or pluriclosed if dH= 0, or, equivalently, dd°w = 0;

(3) Bismut Kdéhler-like (BKL in short) if the Bismut curvature RP satisfies
the first Bianchi identity and the type condition, i.e., R®(X,Y,Z, W) =
REB(JX,JY,Z,W), for every vector fields X,Y,Z,W on M (we write
XY, Z,W € X(M)).

In [41], Zhao and Zheng proved that a Hermitian manifold is BKL if and only if
it is BTP and SKT. More precisely, the following theorem holds:

THEOREM 2.2 ([41]). A Hermitian manifold (M, g,J) is BKL if and only if VE
has parallel Bismut torsion and (g, J) is SKT.

The relations between the first Bianchi identity for the Bismut connection, the
SKT and the BTP conditions have been investigated by the second author and
Tardini in [16]. In particular, they proved the following
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THEOREM 2.3 ([16]). Let M be a complex manifold with a compatible SK'T metric g
such that the Bismut connection satisfies the first Bianchi identity. Then VEH = 0.

While in the Riemannian case there is only one natural trace of the Curvature
tensor (yielding the Ricci tensor), in the complex setting many different traces are
possible.

DEFINITION 2.4. Let (M,g,J) be a Hermitian manifold. Let

2n

1
pP(X,Y) = 5 > g(RP(X,Y)Jeie),
i=1

where {e;} is an orthonormal frame of the tangent space of M at a given point. The
tensor pP is also known in literature as the (first) Bismut Ricci curvature.

DEFINITION 2.5. Let (M,J,g) be a Hermitian manifold. If pP = 0 then the
Hermitian structure (J, g) is said to be Calabi—Yau with torsion (CYT in short).

When a Hermitian structure (g, J) is both CYT and SKT, it is called BHE. The
main purpose of this section is to investigate the universal cover of a BHE manifold
with parallel Bismut torsion. One of the main tool of our proof is given by the
following Theorem of Zhao and Zheng.

THEOREM 2.6 [43] Let (M,g,J) be a compact BKL Hermitian manifold without
any Kdhler de Rham factor. If the (first) Bismut Ricci curvature vanishes, then
(9, J) is Bismut flat.

REMARK 2.1. By theorem 2.2, the latter theorem could be equivalently reformu-
lated in the case of (M, g, J) being a compact BHE and BTP manifold without any
Kaéhler de Rham factor.

REMARK 2.2. The latter theorem holds with the same proof in the case of the
metric g being complete (and the manifold M not necessarily compact).

LEMMA 2.7. Let (M,h,I) be a complete Hermitian manifold with parallel Bismut
torsion H, i.e., VBH = 0. Let

Ki=kerH={X € X(M) | txH =1}

Then, K is an integrable distribution of M preserved by both the Levi-Civita V¢
and the Bismut connection V5.

Proof. Assume IC # 7 and consider an open set U in which its dimension is constant.
Let X be a local vector field in K and Y, Z, W any vector fields on M. Notice that

ViCz =vEBz - TB(v, 2)
and K = Ker(Y — T5(Y, Z)). From these assumptions, we have

0= (Vi H)(X,Y,Z) = —H(V{ X,Y, Z),
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soVE X € Kand VE X = V‘%VCX € K. This means that K is parallel with respect
to both connections. Then parallel transport along geodesics of an orthonormal
frame shows that it has constant dimension. The integrability follows from the fact
that it is parallel with respect to the Levi-Civita connection. O

Using the previous lemma, in the case of (M, I, h) being a compact non-Kéhler
complex manifold with Bismut parallel torsion H we may orthogonally decompose
TM as the orthogonal direct sum

TM =Ko K*,

where Kt is the orthogonal distribution of K. Since the Levi-Civita and the Bismut
connections are both metric, it then follows that Xt is preserved by both VZ and
vie,
It is straightforward to observe that since (I, h) is non-Kéhler, K is not trivial.
Let Fo be the maximal sub-distribution of X preserved by both VZ¢ = V5 and
by the complex structure I, i.e., [(Foo) = Foo. Then, we may further decompose K
as the direct sum

K=Fo@W,

where W is the orthogonal complement of F, inside K with respect to the restricted
metric h|x.

The tangent bundle isometrically splits as the direct sum of three mutually
orthogonal subbundles

TM=K&oKt=FudWa Kt =Fod Fe,

where Fo, and F¢ = W @ K+ are preserved by both VZ and V¢ and are also
I-invariant.
We mention also the following obvious:

LEMMA 2.8. Let (M, h,I) be a compact non-Kéhler complex manifold with parallel
Bismut torsion H. Consider the orthogonal splitting

TM = F @ Fe,

described above. Then Fe does not contain any (non-trivial) sub-distribution F5 C
Fe such that F5 C K, VECFs C F5 and I(Fs) = Fs.

Now notice that theorem 1.1 is trivially true when the metric h is Kdhler. Then
for its proof we only need the following:

THEOREM 2.9 Let (M, I) be a compact non-Kdhler complex manifold admitting a
SKT and CYT I-Hermitian metric h such that its Bismut torsion three-form H
is parallel, i.e., VBEH = 0. Then, the Riemannian holomorphic universal cover
(M,f, iz) of (M,I,h) is holomorphically isometric to the product (M, J1,g1) X
(Ms, Jo, g2), where (My, J1,g1) is a Kdhler Ricci flat manifold and (Ma, Ja, go) is
a Samelson space.
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Proof. Let M be the universal holomorphic Riemannian cover of M. By a standard
argument M is complete. Then the Bismut Hermitian Einstein structure (h, I) of M
with parallel torsion H lifts to a structure (h, I.H ) of the same kind on the cover
M. By the de Rham splitting theorem, (M, h, I) is holomorphically isometric to a
product (M, J1,g1) X (Ma, Ja,g2) such that the decomposition TM = Foo & Fe
pulls-back to the decomposition TM = TM; & TM,. This follows from the fact
that the two distributions Fo, and F¢ are I-invariant and that, by construction,
the complex structures on the distributions pull-back to complex structures J; and
J2 on TMy and T'M 5, respectively. Moreover, as h is complete, also h; and hy are
complete. The splitting of the metric A and the complex structure I gives a splitting
of the torsion H as H. 1 + Hs. Moreover, since F, is in the kernel distribution, we
must have Hy =0, and, so, (M, g1, J1) is a Kéhler Ricci-flat factor. Furthermore,
(M3, ha, J3) is a BHE structure with parallel Bismut-torsion and, by lemma 2.8,
(M3, ha, J3) does not contain any Kéhler de Rham factor. Hence, it must be Bismut
flat by theorem 2.2 stated in the complete case. The last statement follows by the
characterization of simply connected Bismut flat manifolds given in [36, theorem
5] and by the fact that the metric hy is complete. O

REMARK 2.3. If dim¢(Fs) < 00, then M is Bismut flat. Indeed, in such a case, M
does not have any Kahler de Rham factor of dimension bigger than 1 and so it is
Bismut flat, as follows by [43, theorem 3].

3. A construction via mapping tori

Given a smooth manifold M and a diffeomorphism f of M, the mapping torus (or
suspension) of f is defined to be the quotient My of the product M x R by the
Z-action defined by
(p,t) = (f"(p),t +n).

Topologically, a mapping torus is a fiber bundle over S' via the natural projection
7 My — S! defined by (p,t) — 2™,

In this section, we construct a SKT metric on the mapping torus of a product of
a Kéhler manifold (K, J, g) and the three-sphere S? via a diagonal diffeomorphism
f = (,Idg3), where v is a Kahler isometry of (K, J, g) (lemma 3.1). In proposition
3.3, we show that, if g is Ricci flat, then the SKT structure constructed on Mg
is also CYT. In particular, if g is not flat, then the SKT and CYT metric is not
Bismut flat.

LEMMA 3.1. Let (K, J,g) be a compact Kdihler manifold of complex dimension k
and let 1 be a Kdhler isometry, i.e., 1 is an holomorphic diffeomorphism of K
satisfying ¥*(g) = g. Then, the mapping torus

My = (K x 8%y,
with f = (¢, 1dg3), admits a SKT structure (I, h).

Proof. Let us fix on K x C*\{(0,0)} the product complex structure J x J_, where
J_ is the standard complex structure on C?\{(0,0)}. Consider the following free
and proper discontinuous Z-action on K x C?\{(0,0)}
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The associated automorphisms ¢, are manifestly holomorphic with respect to
J x J_, and so, J x J_ descends to a complex structure I on the quotient
K x C*\{(0,0)}/Z.

We claim that K x C?\{(0,0)}/Z is diffeomorphic to M; = (K x S?). Let

a: K xS xR— K xC\{(0,0)}, (p,q.t)~ (p,2" q)

with inverse

a ' K x C\{(0,0)} = K xS* xR, (p,z) — (p, Hgf;”,lo@ lz|])-

The induced maps on the quotient
a: My — K x CO\{(0,0)}/Z, o ':K xC*\{(0,0)}/Z — My,

are well defined and give the claimed identification K x C2\{(0,0)}/Z = M;y.
Therefore, My inherits from K x C2\{(0,0)}/Z the complex structure I.
Consider Q = w + w_, where in the coordinates (21, z2) on C?\{(0,0)}

1

:ﬁ(

w_ d2’1 A dfl + dZQ AN d?g), (32)
with R? = 2121 + 22%22.

Observe that €2 is a well-defined non-degenerate global two-form on
K x C*\{(0,0)}/Z = My, as it is preserved by ¢}, for each n in Z. Furthermore,
Q is of type (1,1) with respect to L

The Hermitian metric h = QI is hence given by

1

h= g + ﬁ(dzldﬁ + dZQdEQ). (33)

We compute d°€), where d® = —IdI, and dd°S2.

: 1 _ _ _
d°Q = — i [(ZQdZQ — ZQdZQ) ANdzy Ndz1 + (21d21 - Z1d§1) ANdzo A 6&2] R
(3.4)
1

d(dCQ) =d <R4 I:(EQdZQ — Zdeg) ANdzy NdzZy + (Zldzl — Z1d§1) Adzo A d72]> =0.

Therefore, (I, h) is a SKT structure on Mj. O

We investigate some cohomological properties of My. In the next proposition, we
prove that My is formal (in the sense of Sullivan) and non-Kéhler.

PROPOSITION 3.2. Let M; = (K x S®); be the mapping torus constructed as in
lemma 3.1. Then

(1) My is diffeomorphic to the product of My x S®, where My, is the mapping
torus of the Kdihler manifold K with respect to the Kdhler isometry i;
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(2) My is formal;
(8) My is non-Kdhler.

Proof. Consider the map

ﬂ : Mf — Mw X SS’ [(p7Q7t)] — ([(IL t)]7q)

with inverse
BY i My xS* = My, ([(p,t)],q) — [(p g, 1)].

It is immediate to observe that 8 and ' are well-defined diffeomorphisms. Indeed,

Bl(p,q,0)] = ([(p,0)],9) = ([(¥(p), 1], ¢) = Bl(¥(p), ¢, V)],
B H(p,0)],q) = [(p,q,0)] = [(¥(p),q. )] = B~ ([((p), 1)], @)

The second statement follows by the identification My = M,, x S® proved above. In
fact, by [26], the mapping tori of compact Kahler manifolds are compact co-Kahler
manifolds and so they are formal in the sense of Sullivan (see for instance [14]).
Since S* is formal, M is the product of formal manifolds and, hence, formal.

To prove that M; is non-Kéhler is suffices to show that the first Betti number
bi(My) = bi(My) is odd.

The cohomology groups of mapping tori can be computed as follows

H'(My) = N" & 0"

where N” := ker(¢} — Id) and C"~1 := coker(¢*_, — Id), where ¥} — Id is the map
induced by v at the level of the rth cohomology groups.
Clearly,

H°(M,)=K"=C°=R,

and therefore H'(M,) = N' @& C°. Hence, by (M) = dim(N') + 1. We claim that
dim(N1) is even.

Let [a] be in ker(y] — Id). Without loss of generality, we may assume that « is
the harmonic representative of its cohomology class, as K is compact by hypothesis.
As [a] is in ker(1p7 — Id), ¥5(a) = a+ dn for some smooth function n on K. Let us
denote by (-,-) the L? product defined on (K, g) where g is the Kahler metric on
K. We want dn to be zero. Indeed,

0= (¥"(Aa),dn) = (A(¢*a),dn) = (Ala + dn), dn) =
= (A(dn), dn) = (dd*dn, dn) = (d*dn, d*dn) = ||d*dn]]?,

where the second equality holds since the pullback by an isometry commutes with
the Laplacian operator.

Since d*dn = 0, then A(dn) = 0. Hence, a and « + dn are two harmonic
representatives of the same cohomology class. By uniqueness, dn = 0.

We just proved that, if [o] is in the ker(¢7 — Id) and « is the harmonic
representative, then ¥*a = a.
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Recall that on Kéhler manifolds, J induces a map
T HX(K) = HE(K), 7= T,

where Jvy(X) = v(JX) and H>*(K) is the vector space of harmonic one-form.
Observe that the latter map is well defined since on Kéhler manifolds J commutes
with the Laplacian operator.

We claim that if « is the harmonic representative of [a] € ker(¢f — Id), then also
[Ja] is in ker(¢)] — Id). In fact, if we apply ©* to Ja we get

P (Ja) = J(W a) = Ja.
Then the dimension of N! must be even. O

PROPOSITION 3.3. Let My be the mapping torus My = (K x S?’)f constructed as in
lemma 3.1. If the Kdhler metric g on (K, J) is (non-flat) Ricci flat, then the Bismut
connection associated with the SKT metric h on (My,I), constructed in lemma 3.1
is CYT with non-flat Bismut connection.

Proof. Consider the product metric §:= g + % on K x C?\{0}, with g being the
Kihler metric of K, g being the Euclidean metric of C2 and R? = 2% + 2270,
where (21, z2) are the standard coordinates of C2.

Since (J, g,w) is Kihler, the Bismut connection of (J,g,w) is the Levi-Civita
VIC. Analogously, we denote by V¥ the Bismut connection of the Hermitian
structure (%, J_,w_) on C?\{0}. V& is defined by the relation

9E 9gE Lo
ﬁ((sz)XY, Z) = ﬁ((szC)XY, Z) = 5d;_w-(X,Y,Z),
for any X,Y,Z € X(C?*\{0}). In the following, we will denote by Ho the torsion
three-form —d$ w_, which is actually closed, as already computed in the proof of
lemma 3.1.

It is straightforward to observe that the fundamental form @ = w + w_ of the
Hermitian manifold (K x C2\{0},J := J x J_, §) satisfies

d5(w+w-) =dj_w_ = —H,.

Consider the unique metric connection V on (K x C2\{0},§,J) with skew-
symmetric torsion Ho determined by

~ ~ 1
§(VxY, 2) = g(VECY, Z) = od_w (XY, Z), VXY, Z € X(K x C*\{0}),

9IE
. . R%
out that V is the Bismut connection of (K x C?\{0}, J, g), since d5w = dj_w-, as

where V€ is the Levi-Civita connection of the product metric g = g+ It turns

already remarked. Hence, from now on we set V = V5 and we will denote by H
the torsion three-form —d‘j&) of VB.

Let now compute the Bismut curvature tensor RB. When the torsion in a closed
three-form, we have a general formula to compute the Bismut curvature tensor R2
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in terms of the Riemannian curvature tensor REC (see for instance [18, proposition
3.18]).
For any quadruple (X,Y, Z, W) of vector fields on K x C?\{0}, it holds that:

~ ~ 1~ . 1= ~
RB(XaKZa W) = RLC(Xa}/aZ7 W) + ivgch(Y? Z7 W) - §V€’CH(Xa Z7 W)

—_
—_

— 7 HX, W), H(Y, Z)) + 7 g(H(Y, W), H(X, Z)).

Ny
B

Since X(K x C%\{0}) = X(K) @ X(C?\{0}) as C*°(K x C*\{0}) module, by the
C°° (K xC?\{0})-multi linearity of the curvature tensor we may compute RB on vec-
tor fields of the kind X+ X», where X; € X(K) and X» € X(C?\{0}). Furthermore,

by construction, H = Hy. Therefore, RB(X| + X5, Y1 + Yo, Zy 4+ Zo, W1 + W) is
given by

RE(Xy + Xo,Y1 + Yo, Zy + Zo, Wy + W)
= RLC(Xl + Xo, Y1+ Yo, Z1 + Zo, Wy + W)

+ VX1+X2H(Y1 +Ya, Z1 + Za, W1 + Wa)
VY1+Y2 (Xl +X27Z1 + ZQ,Wl + WQ)
VoA (X0 + Xou Wy £ Wa), FL(Y + Yas 70 + 7))

GUH (Y + Yo, W1 + Wa), H(X1 + Xa, Z1 + Z2)),

yb\r—* »JM

which reduces to

RE(Xy + Xo,Y1 + Yo, Zy + Zo, Wy + W)
= RFC(X, Y1, Z1,W1) + REC(Xy, Ya, Zo, Wa)

(Véc)XQ Hy(Yz, Zy, W3)

2

)Y Hy (X2, Z2, Wa)

" (Ho(X2, Wa), H(Ya, Z2))

+
I S N ORI NGR
:U\@ ?U‘Q

(Hz(Ym Ws), Hy (X2, Z2)).
Therefore

RB(Xl +X27}/1 + YQa Zl + Z27W1 + WQ)
= RfC(XhYl’Zl& Wl) + RZB(X27}/23 ZQa WQ)
= RfC(XthZla Wl)a
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where the last equality follows from the fact that the Bismut curvature tensor RZ,
of (‘%, J_, Hs) vanishes (for a reference see for instance [36, lemma 3]).

We are now ready to compute the Ricci form 5P of the Bismut connection
V5B, As already done before, without loss of generality, we may compute pP on

decomposable vector fields. By definition

PP (X1 + Xo, Y1 + Ya)

[ 2k
D) Z RB(Xl + X5, Y1 + Y5, Jey, e;)
i=1
1 o B LC
= 3 D RP(Xu Y1, Je ) = plC (X1, Y1) =0,
i=1
where pFC is the Ricci form of (K, g), {e1,...,ea} is a local orthonormal basis of
TK, and {eapi1,...,e2614} is a local orthonormal basis of TC?\{0}.

For each n € Z, the diffeomorphism ¢,, is a holomorphic isometry of the product
metric g, with respect to the product complex structure J. This suffices to show
that also the torsion form is preserved by ¢, as H = Jdo.

In particular, the triple (g,.J, H) descends to the mapping torus My to
(h,I,—dQ), where (h,I,Q) is the SKT structure constructed in lemma 3.1. We
then have that (Mg, h,I) is an SKT and CYT manifold with non-flat Bismut
connection. (]

REMARK 3.1. Observe that the torsion H = —d°() is always parallel with respect to
the Bismut connection. Since the Bismut curvature tensor satisfies the First Bianchi
Identity and the Hermitian structure is SK'T, the statement follows by theorem 2.3.

REMARK 3.2. Let K be a K3 surface. Then the Riemannian holomorphic universal
cover of (My = (K xS%)¢,1,h) is given by (K xS®* xR, g, J), where § is the product
metric g + ;—% and J is the product complex structure J x J_. In the notation of
the theorem 2.9, G = S? x R.

By proposition 3.3, we are mainly interested in the case of K being a K3 surface.
In particular, we want to show that when K is a K3 surface, the CYT and SKT
mapping tori My are not trivial, i.e., they do not split to a product of a Ricci flat
Kéhler manifold with a Bismut flat one. To do so, we briefly recall the following
renowned result in the Theory of K3 surfaces.

THEOREM 3.4 Torelli Theorem [8, 32] Let K, K’ be K3 surfaces and let Qpc, Qg

be nowhere vanishing holomorphic two-forms on K and K, respectively. Assume
that there exists an isometry of lattices

a: H*(K,7Z) — H*(K',Z)
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satisfying

(1) a([Q%]) = ¢ [Qg], for some ¢ € C*,
(2) « sends a Kdhler class of K to a Kdihler class of K.

Then there exists a unique isomorphism of K3 surfaces g : K' — K such that
g* =a on H*(K,Z).

We use the previous theorem to show the following proposition.

PROPOSITION 3.5. Let K be a K3 surface admitting an automorphism 1 # Idg.
Then dim(N7) < 22, where N = ker(y3 — Id).

Proof. By contradiction, assume that dim(N7) = 22, i.e., ¥* = Id on H*(K,R).
Then, the restriction *| m2kz) =1 de( K.7) satisfies the hypothesis of theorem
3.4. Hence, there exists a unique automorphism ¢ of K such that g*|H2(K,Z) =
IdH?(K-Z)' By uniqueness, g = Idg.

Moreover, since 9 is another automorphism of K which restricted to H?(K,Z)
is the identity, we must have 1) = Idy. The contradiction follows. O

COROLLARY 3.6. Assume that K is a K3 surface admitting a non-trivial Kdhler
isometry v, i.e., ¥ # Idg. Then the mapping torus My = (K x Sg)(w,fdsg)

constructed in lemma 3.1 is never trivial.

Proof. By the Kiinneth formula, H?(K x S® x S} R) = H?(K,Z) = R?2.

We claim that dim(H?(M¢,R)) < 22. Using proposition 3.2, My = M, x S3
and so, again by Kiinneth formula, H*(M;,R) = H*(My,Z) = N} @ C,, where
Ni = ker(¢5 — Id) and C’}p = coker(¢] — Id). Since ¢ is an automorphism of K
different from the identity, dim(Ni) < 22 by proposition 3.5, and dim(C}b) =0 as
H'(K,R) = 0. It then follows that dim(H?(My,R)) < 22, concluding the proof. [J

REMARK 3.3. Since any normal subgroup of m;(My) = Z of finite index is of the
kind kZ for some integer k>1, it follows that any finite cover of M; = (K x
S3)(¢»1dg3) corresponds to a quotient of K x C2\{(0,0)} by the action of kZ given
by

kn - (p,z) — (*"p, 2""x).

Moreover, since 9 has finite order, there exists a k > 1 such that QZJE = Id, i.e.,
there exists a finite cover of My which splits as a product of K and the Hopf surface
S3? x St

4. A generalization of local Samelson spaces

Let (G' = G xR", ¢’ = b+ gg,Jr) be a Samelson space, i.e., G is a compact,
connected, and simply connected semisimple Lie group, ¢ = b + gg is the bi-
invariant metric on G’ given by the product of the bi-invariant metric b on G and
the euclidean metric gg, and J, is a left invariant complex structure compatible
with ¢'. We assume that dim(G) > 3 and dim(G’) = 2r.
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Let p be a group homomorphism p : Z" — Isom(G). Then, for each m € Z" the
diffeomorphism m - (¢,t) = (p(m)q, t +m) is an isometry of ¢

Furthermore, consider a compact Kahler manifold (K, g, J) and a group homo-
morphism ¢ : Z" — Isomyp (K), where Isomyy (K) is the group of holomorphic
Kiéhler isometries of (K, g, J).

For the sake of clarity, we give an example of the group homomorphism . Let
© be a Kidhler isometry of K. We may consider the map

Y 2" = Isompe (K),m = (21,...,2n) — <p‘m| = pA1ttEn,

Then, 1(0) = ¢ = Id and (m +m') = p?1twit+mtwn — plm| o lm’|. Hence
1 is a group homomorphism.
We define the following Z"™-action on K x G x R" as

m - (p,q,t) = (b(m)p, p(m)g,t +m).

The action is clearly free, as

(Y(m)p, p(m)q,t +m) = (p,q,t) = t+m=1t <= m =0.

We claim that the action is also properly discontinuous. First, observe that the
action is manifestly smooth, as Z" acts by isometries. Moreover, it is also easy to
verify that the action is proper. Indeed, let (p,q,t), (p’,¢’,t") € K x G'. Since the
action (by translations) of Z™ on R™ is proper, there exist I, I’ open neighbourhood
of t and t respectively such that the set T' := {m € Z" | (m+ 1) NI’ # 0} is finite.

Consider U and U’ any open neighbourhoods of p and p/ and V and V' any
open neighbourhoods of ¢ and q,, respectively, and let m ¢ I". Then

(m-UxVxI)ﬁU’xV’x[’
= (@(m)U x p(m)V x (m+1)) NU" x V' x I'
= (m)UNT') x (p(m)V V') x ((m+1)nTI) =0.

It follows that
Ai={meZ" | (m-UxVxI)NU' xV'xI'#0} CT,
and therefore, since I' is finite, so is A.

LEMMA 4.1. Let (G' = G x R",¢' = b+ gg,Jr) be a Samelson space and let
p be a group homomorphism p : Z" — Isom(G) such that for each m € Z™ the
diffeomorphism

m:G — G, (q,t) = (p(m)q,t +m)
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is an holomorphic isometry of (¢', Jr). Let (K, g,J) be a compact Kdihler manifold
and let ¢ be a group homomorphism 1 : Z" — Isompe(K), where Isompq (K) is
the group of holomorphic Kdihler isometries of (K, g,J). Then the quotient

My,=(KxGxR")y,=KxGxR"/Z",
where Z™ acts freely and properly discontinuously on K x G x R™ as

admits a SKT structure (I, h).

Proof. We prove the result by constructing a SKT structure (g, J) on K x G x R"
preserved by the action of Z™.

Consider the Hermitian structure (j =JxJ,,g=9g+b+gr)on K x GxR"
with corresponding fundamental form @ = w 4 wy,. Using that dw = 0, then deJJ =
d?]LwL.

We compute dngL. Let us fix X,Y, Z left invariant vector fields on G'. Then,

using the integrability of J;, and the bi-invariance of the metric g/, we obtain
dswr(X,Y,Z) = ¢'([X,Y],Z) (for a more detailed computation of d$wy, see for
instance [21, example 2.25]).

Since d§wy, is Ad(G’) invariant, d§wy, is a bi-invariant form of G and, hence, it
is closed. Observe that dfwy, can be actually identified with a form on G, as the
factor R™ is abelian. Indeed, let X; 4+ Y; be decomposable vector fields on G/, ie.,
X; € X(G) and Y; € X(R™). Then,

Twr(X1 + Y1, Xo + Yo, X5+ Y3) =¢'([X1 + Y1, X2 + Vo], X3 + V3)
=¢'([X1, X2], X5 + Y3) = b([ X1, X2], X3).

To conclude the proof, we show that the Hermitian structure (¢ = g+ b+ gg, J =
J x Jr) is preserved by the action of Z™.

Consider the diffeomorphism induced by m € Z", i.e., the map m - (p,q,t) =
((m)p, p(m)q,t + m). We want to prove that the action is actually holomorphic
respect to J. By hypothesis, 1(m) is holomorphic with respect to J and p is such
that (p(m)q,t+m) is holomorphic with respect to Jy. Then the complex structure
J descends down on My, to a complex structure I. Moreover, since both the
group homomorphisms ¥ and p have image in the isometry group of K and G
respectively, and Z" acts on R™ by translations, the product metric g = g+b+gg is
manifestly preserved by Z™, and hence descends to a metric h which by construction
is compatible with I. Then, (/, k) is a SKT structure on My ,. O

PROPOSITION 4.2. Let My , = (K x G xR")y,, be constructed as in lemma 4.1
and we assume that (K, g) is a (non-flat) Ricci flat Kdhler manifold. Then the SKT
structure (I, h) is CYT and the Bismut connection is non-flat.

Proof. To prove the theorem, it suffices to prove that (g, J) is a non-flat CYT and
SKT structure on K x G x R". Indeed, with the same argument used in the end of
the proof of lemma 4.1, (g, J) descends on My, , to the SKT structure (I, h).
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Since (K, g, J) is Kahler, the Bismut connection of (g, J) is the Levi-Civita V£©.
Analogously, we denote by V# the Bismut connection of the Hermitian structure
(¢, Jr) on G . V¥ is defined by the relation

1
9((V2)xY. 2) = g (V59)xY, Z) = 5d5, @i (XY, 2),

for any XY, Z € X(G'). In the following, we will denote by Ho the torsion three-
form —df']LwL, and we have already shown that Ho is a bi-invariant (and hence
closed) form defined as —g'([, ], -) on left-invariant vector fields.

Consider the Hermitian manifold (K xG’, J, §). We have already proved in lemma
4.1, that the fundamental form w satisfies

d50 = d5(w+wr) = dj, w, = —Hs. (4.1)

Consider the unique metric connection V on (K x G, J, g) with skew-symmetric
torsion Ho determined by

- - 1
G(VxY,Z)=g(VieY, 72) — §d§LwL(X, Y,Z), VX,Y,Z € X(K x G'),

where VL€ is the Levi-Civita connection of the product metric §. It turns out that
V is the Bismut connection of (K x G/, J, ), by (4.1). From now on we set V = V5
and we will denote by H the torsion three-form fdfjw of V5.

Let now compute the Bismut curvature tensor R%. Using the same computation
of the proof of proposition 3.3, we get

RB(X) + X0, Y1 + Ya, Zy + Zo, W1 + Wa)
= RFY(X1, Y1, Z1, Wh) + RE (X2, Yo, Zo, Wo)

= R{(X1,Y1, 21, Wh),

where the last equality follows from the fact that the Bismut curvature tensor RZ,
of (¢, J1) vanishes, as ¢ is bi-invariant and J, is left-invariant (for a reference see
for instance [18, proposition 8.39]).

We are now ready to compute the Ricci form p® of the Bismut connection
VE. As already done before, without loss of generality, we may compute pZ
decomposable vector fields. By definition

2k+2r
PP+ X0 Vi 4 Y2) =5 Y RP(Xi+ Xo, Y1 + Y2, Jei )
=1
12k
:§ ZRlB(Xla}/lﬂ]eiaei) = p1LC(X17Yl) = 07
i=1
where pF¢ is the Ricci curvature form of (K,g,J), {e1,...,ea} is a local
orthonormal basis of TK and {esg41,...,€2r42-+ is a local orthonormal basis of

TG .
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The pair (J,§) descends on My, to (I,h), where (I,h) is the SKT structure
constructed in lemma 4.1, by previous remarks. We then have that (I, k) is CYT
structure with a non-flat Bismut connection. O

5. Generalized Kihler examples

DEFINITION 5.1. [20] A bi-Hermitian manifold (M, Iy, g) is said to be generalized
Kdbhler if g is I -compatible, dS wy = —d° w_ and ddSw; = 0, where dl = —Iydw.
and wy = gli.

As a trivial example, if (g, J) is a Kéhler structure on M, J = J and J_ = +J
is a solution of the above equations. Hence, the case of major interested is when
the generalized Kahler structure does not come from a Kéahler one. We refer to such
a generalized Kdhler structure as non-trivial. We recall the following

DEFINITION 5.2. A generalized Kdhler structure (I, g) is said to be twisted if
[dSwy] # 0 € H3(M) and untwisted otherwise.

Given a generalized Kahler manifold (M, g, J1), the closed three-form djw, =
—d® w_ is also called the torsion of the generalized Kéhler structure.

Consider the SKT structure (h,I_), with I_ = I, constructed in lemma 3.1.
In the next theorem, we prove that on (Mg, h) is always possible to find another
complex structure Iy compatible with h and satisfying dS wy = —d® w_. Therefore,
the triple (h, I+) defines a generalized Kéhler structure on M;.

THEOREM 5.3 Let (K, J,g) be a compact Kdihler manifold of complex dimension k
and let ¢ be a Kdhler isometry, i.e., ¥ : K — K is an holomorphic diffeomorphism
satisfying 1*(g) = g. Then, the mapping torus My = (K x S*)¢, with f = (¢, I1d3),
admits a split twisted generalized Kdhler structure (Ix,h,Qy). Moreover, I; and
I_ induce opposite orientations on Mj.

Proof. Let (I_ := I,h) the SKT structure constructed in lemma 3.1. We consider
on K x C2\{(0,0)} = K xS x R another product complex structure .J x .J; , where
J is the complex structure on C?\{(0,0)} obtained by changing the orientation of
the zo plane. More precisely, if (21, 22) and (¢!, (?) are the holomorphic coordinates
associated with Ji respectively, then (; = z; and (; = Z3.

The automorphisms ¢,, associated with the Z-action described in lemma 3.1 are
holomorphic also with respect to J xJ, implying that J x.J; descends to a complex
structure I on the quotient My = K x C*\{(0,0)}/Z, which satisfy [I;,I_] = 0.

We denote by Q; = w + w4 the fundamental form of the Hermitian structure
(I+,h), where h is the Riemannian metric explicitly given in (3.3) and w4 can be
written in the coordinates (¢1,{2) and (z1, 22), respectively, as

1

22 (le ANdzZy — dz A\ dzg)

Wi = %(dﬁ AN dCy +dCa A dCy) =
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We compute d €.

, 1 - _ . _ _
d5iQy =— T [((odCe — CodCy) A dCy AdCy + (CdG — GdCy) AdGo A dCs)
1
= ﬁ [(EQdZQ — 22d§2) A\ le A\ dfl + (Eldzl — Zldfl) AN dZQ AN dZQ]
=—d°Q_.

1

It follows that (h,I+) is a split generalized Kihler structure on My
K x C\{(0,0)}/Z.

We claim that (h, I1) is a twisted generalized Kéhler structure.

Let H = dS Q. If one considers the radial projection

7 K x CO\{(0,00}/Z - S*, [(p,z)] =~ ﬁ

then it is straightforward to observe that H = 2m*volgs.
By contradiction, let us assume that H is exact. Fixed any p € K and t € (0,1),
we define ¢, ¢ : S* — K x C*\{(0,0)}/Z, g+ [(p,2'-q)]. Then, by Stokes Theorem,

0= /S3 L;,tH = 2/5‘)3 L;t(w*volSS) =2 /SS (mo prt)*volsg, = 2/§3 volgs # 0.

Clearly, this leads to a contradiction.
Let us consider the volume forms associated with the pairs (h, I), which are

respectively
L ogrre Lk A dE A de A dz
E+20 " kIR Pofsr A e A e
1 k+2 __ 1 k - -
k+2!9+ == gre’ N dG A dG A dG A dCs.
Since d¢; = dz and d{; = dZy, 5" = 504" The last statement
follows. O

REMARK 5.1. By proposition 3.2, the generalized Kéhler structure constructed in
theorem 5.3 is not trivial.

We exhibit an explicit example fitting in the hypothesis of theorem 5.3.

ExAMPLE 5.4. Let K be the flat torus T* endowed with the standard Kahler
structure (g, J,w), defined as follows

i _i i = i _ 7.2 2 2 2
J<8x1)_az27 J<8I3)_ (91’47 g_d‘r1+dx2+d$3+dq;4’

w =dxi Ndxo — dxrs N dxy,

where (11, 72,23, 24) are the standard coordinates on T* = Z4\R*.
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Let 1 be the Ri-rotation (w1,2,23,24) + (79, —x1,74, —x3). Since 1 is
represented by an integer matrix, i descend to a diffeomorphism of the flat
torus T4.

It is immediate to observe that v is holomorphic with respect to J and preserves
the Kahler structure (g, J). Indeed, [¢),, J] =0 and ¢*g = 1/1*(2?21(619%)2) =g.

Then the mapping torus

Tt x S? x[0,1]
M= a0~ W) e D)’

is a generalized Kdhler manifold, by theorem 5.3.

We compute the cohomology of the example. Since My = My x S* one may
compute the cohomology of My, and then apply the Kiinneth formula.

As already mentioned in the proof of the proposition 3.2, the cohomology of My
is completely determined by the data Ny, = ker(¢; —Id) and CF4 = coker(y; —Id),
which are easily computable:

K%, = T4_<> Ny =Cly =0,

T
N§4 = C2y = ( [dw1a], [dz13 + daos), [dr1s — daas], [dwsy] ),
'JI‘4 = 03 O NT4 = 04 < [d$1234} >

The computation of H*®(M,) is now trivial,

=
5
I

<[dt]>, HQ(Mw) <[d1‘12] [d$13 + d$24], [d$14 — dl‘gg], [d$34]>7
Hg(Mw) = <[dt A dx12], [dt AN (d-T13 + d$24)], [dt A (d$14 — d$23)], [dt A dJC34]>,
HY(My) = ([dz1234]), H*(My) = ([dt A diza]).

Consider the 2r-dimensional Lie group G’ = G x R™ endowed with the bi-
invariant metric ¢’ = b+gg, where G is a compact, connected and simply connected
semisimple Lie group endowed with the bi-invariant metric b and gg is the Euclidean
metric on R™. We assume that dim(G) > 3. We denote by gZ(G’) and g®*(G’) the
left and right Lie algebras of G, respectively. Then

gL(G/) — gL @Rn _ gL(GW)7 gR(G/> _ gR @Rn _ gR(G«//)7

where G = G x T™. Therefore G inherits form G  the bi-invariant metric g,.
Since G is compact, it admits both a left and a right invariant complex structure,
namely J;, and Jg, which are compatible with the bi-invariant metric g'. As G and
G shares the same Lie algebras, then (¢, Jr,, Jg) is also a bi-Hermitian structure
on G/, where Jp, and Jp are left and right invariant complex structures, respectively.
In particular, (G’, Jr,,¢’) is a Samelson space.

THEOREM 5.5 Let (G' = G x R",¢',Jr,Jr) be as above. Let p be a group
homomorphism p : Z" — Isom(G) such that for each m € Z" the diffeomorphism

m-(g,t) = (p(m)g,t +m)
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is a holomorphic isometry ofg/ with respect to Ji, and Jg. Let (K, g, J) be a compact
Kdhler manifold and let ¢ be a group homomorphism i : Z™ — Isompe (K), where
Isompo(K) is the group of holomorphic Kdhler isometries of (K,g,J). Then the
quotient

My,=(KxGxR")y,=KxGxR"/Z",

where Z" acts freely and properly discontinuously on K x G x R" as

admits a generalized Kdhler structure.

Proof. As already seen in the proof of lemma 4.1, (§ = g + ¢/, J.=J=Jx Jr)
is a SKT structure on K x G x R™ preserved by the Z"-action m - (p,q,t) =
(¢(m)p, p(m)gq,t + m), which induces the SKT structure (h,I_ = I) on My, , (for
the notation, see lemma 4.1). Consider the following product complex structure
j+ = J x Jr which is compatible with g by construction and it is such that the
fundamental form of (g, J ) is

Wy =W+ WR.

Using that dw = 0, then d3~+dj+ = dj wr. Recalling that dj wy = g ([-,+],-) on

left invariant vector fields, we obtain d% W_ = d$ wr = —d§
J_ L R

Lie algebra is anti-isomorphic to the left one. To conclude the proof, it suffices
to show that J, is preserved by the Z"-action. Moreover, by hypothesis, p(m) is
holomorphic with respect to J and p is such that (p(m)q, t+m) is holomorphic with
respect to both Jz, and Jr. Then the complex structure J descends on My , to a
complex structure I;. Therefore, My , inherits from K x G' x R" the generalized
Kéhler structure. O

wRr, as the right

REMARK 5.2. If p is the trivial homomorphism, i.e., p(m) = Id, for each m € Z",
then the induced diffeomorphism (q,t) — (g,t+m) is necessarily holomorphic with
respect to J;, and Jg.

REMARK 5.3. The complex structures of generalized Kéhler metric (h, I1) induce
the same orientation. Indeed, It are induced by J_ = JxJg, and j+ =Jx Jgr and
J+ have the same orientation, as J;, and Jg are isomorphic as complex manifolds
via the inversion of the group. In the case G = SU(2) and n =1, then theorem 5.5
gives a different generalized Kahler structure on the mapping torus My with respect
to theorem 5.3.

COROLLARY 5.6. Let (My ,, h,I1) be the generalized Kdhler manifold constructed
as in theorem 5.5. Then the generalized Kdhler structure (h,Iy) is twisted, I+ and
I_ both fail to satisfy the ddS -Lemma and in particular they do not admit any
compatible Kédhler metric.

Proof. By contradiction, assume that the torsion three-form H of the generalized
Kéhler structure (h,I+) on My , is exact. Then, defined by 7 the covering map
T: K xGxR" = My, = (K xGxR")y ,, we have that 7*H is also exact. By
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construction m*H = ﬁ, where H = d3~+d)+ = dCJRoJR, and so H can be identified

with a three-form on G by previous remarks. By the exactness of H, [H] = 0 €
H3(G") = H3(G), by Kiinneth formula. Moreover, since G is compact, H3(G) =
Q;(@), where Q7(G) is the complex of bi-invariant forms. It then follows that H
must be the zero form on G and hence [X,Y] = 0 for any pair of left-invariant
vector fields in G. This would implies that the Lie algebra of G is abelian, but this
provides a contradiction, as G is semisimple. The result follows by applying [21,
corollary 2.19]. O

6. Dolbeault cohomology

We give now a description of My as the total space of a holomorphic fibre bundle
p: My — S*xS! with fibre K. To such fibre bundle it is always possible to associate
the Borel spectral sequence, which relates the Dolbeault cohomology of the total
space My with that of the base space S* x S! and that of the fibre K.

We first recall the following Theorem of Borel contained in [22, appendix II].

THEOREM 6.1 Let p : T — B be a holomorphic fibre bundle, with compact con-
nected fibre F and T and B connected. Assume that F is Kdhler. Then there exists
a spectral sequence (E,.,d,), with d, being the restriction of the debar operator 0 of
T to E,, satisfying the following properties:

(1) E, is four-graded by the fibre degree, the base degree and the type. Let P9 E¥-Y
be the subspace of elements of E,. of type (p, q), fibre degree u and base degree
v. We have that P1E*" =0 if p+q # u+v or if one of p,q,u, v is negative.
Moreover, d, maps PAE%Y into P4+l putrv=rtl

(2) Ifp+q=u+v

p’qE;L,ﬂ _ ZHg,ufk(B) ® Hgfk,Q*ﬂri’k(F)'
k

(3) The Borel spectral sequence converges to Hg(T).
Let us denote by 7 the well-defined projection
7 My —S* xSY [(p, g, )] = [(p,1)].

We always assume that M is endowed with the standard complex structure I,
which we recall to be induced by J = J x J_, and S® x S! is endowed with the
standard complex structure induced by J_, i.e., the standard complex structure
of its universal cover. With respect to such complex structures, the bundle map
is holomorphic. Now we exhibit a local trivialization around each point [(g,t)] of
S3? x St

First we consider points of the kind [(g,t)] with ¢t # 0,1. Let U = V x (t —¢, t+¢),
where V is an open neighbourhood of ¢ and ¢ is such that (t — e,¢ + ¢) does not
contain 0 and 1. Then 7= 3(U) = K x V x (t — ,t + ). We define the local
trivialization
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¢u 1 (U) = U x K, [(p,q,)] = ([(a, )], p),

which clearly is a biholomorphism.

Now we consider points of the kind [(¢g,0)]. An open neighbourhood of [(g,0)] is
given by U = 7'(V x [0,) UV x (1 —¢,1]) where V is an open neighbourhood of ¢
in S%, || < 1 and 7' : S* x R — S3 x S! is the standard quotient map induced by
the Z-action on R by translations.

Therefore, 771U = 7"(K x V x [0,e) UK x V x (1 — ¢,1]), where 7 is the
mapping torus map K x S* x S* — M. The local trivialization is defined on the
representatives as

oy U - UxK

([(g,0)],p) if t € [0,¢)

[(p,q,1)] = :
(g, )], (p)) if t € (1 — &, 1].

Although the definition of ¢y depends on the representative chosen, it is immediate
to prove that it is well posed. Indeed

Pul(p,¢,0)] = ([(¢,0)],p) = ([(¢, D], p) = v (4 (p), ¢, 1)]-

Moreover, since 1 is holomorphic respect to J, the holomorphy of ¢y follows. We
exhibit now the inverse for ¢y. We define

o Ux K =7 'U

[(p,q, )] if t € [0,¢)

7t )
(g, )], p) = [(Y(p), q.1)] if t € (1 —e,1].

Again, (b(_]l is well defined

o5 (1(¢,0)],p) = [(p,4,0)] = [(¥(p),a. D] = 65" ([(¢, V)], p),
and it is holomorphic since so is 1 ~'. It remains to prove that ¢y o qbal = Id and
¢yt o ¢y = Id. Although it is a straightforward check, we report it here for the

sake of completeness.

-1

(00,0 25 { (@0 p)ifE€(0.€) YU, ((py g, )]
(@D 6~ () if t € (1 -2, 1.
and
(g, t)p) 22 J (@Dl EC0) 2, (g, 1)],p)-

[W(P)a%t)] ift e (1 - &, 1]

The following result easily follows
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THEOREM 6.2 If My is the mapping torus constructed as in the theorems 5.3, then
(Mg, I) is the total space of the holomorphic fibre bundle

(K, J) — (Mg, I) — (S* xSt J-).

Then we have an associated Borel spectral sequence (E,.,d,.) satisfying the following
properties:

(1) Ifp+g=u+v

PaEyY = HE'R(S? x st @ HE R (E),
k

(2) The Borel spectral sequences converges to Hg'(Mf),

COROLLARY 6.3. The mapping tori (M, I) do not admit any balanced metrics.

Proof. The projection map p : (M, I) — (S* x S', J_) is an holomorphic submer-
sion, which is proper, as My is compact. Since (S* x S, J_) does not admit any
balanced metric, the result follows by applying [27, proposition 1.9]. O
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