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Abstract. On the infinite torus X = T", using a category argument, we produce a large
family of homeomorphisms such that for every element S in this family the flow
(S, X) is weakly mixing and strictly ergodic. Moreover, writing X, = T+t and
letting 7, ., for n <m, be the projection of X, on X,,, S induces for every n, a

Tnn+1

homeomorphism of X, and the extensions (S, X,,) (S, X,..1) are isometric.
We also show that, for every § in this family, (S, X) is disjoint from every purely
weakly mixing flow.

1. Introduction

For a minimal flow (7, X), where X is a compact metrizable space and T a locally
compact group, one defines the notions of distallity and equicontinuity as follows.
(T, X)is distal if for some metric d on X (and hence for every metric) }2; d(tx, tx)>0

forevery x, x' € X with x # x'. If for some metricd andeveryte T, d(tx, tx') = d(x, x")
for all x, x' € X, then (T, X) is equicontinuous. Clearly, every equicontinuous flow is
distal. That the converse is false was shown by Furstenberg [ 2] and Auslander, Green
and Hahn [1]. We say that (T, X) is an isometric extension of (T, Y) if there exist a

homomorphism (T, X) —">(T, Y') and a continuous functiond on R = {(x, x") e X X X:
7(x) =7 (x")} such that:

(i) For every y € Y, d restricted to 7~ '(y) is a metric.

(i) d(tx, tx")=d(x, x") for all (x,x)e X and re T.
Furstenberg’s celebrated structure theorem asserts that with every metrizable distal
minimal flow (T, X), there exist a (countable) ordinal n and flows (T, X;) (¢ <7n),
such that:
(1) Xp is the trivial one point flow and X, = X,
(2) For every 8 <n there exists an isometric extension

T
Xo+1—> X,

(3) For a limit ordinal § = 1, X, = invlim Xj.
B<6
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The converse of this theorem is clear: namely, every minimal flow possessing such a
tower is distal.

A natural question is thus whether a minimal flow which can be represented by
an inverted tower of isometric extensions must be distal? More precisely, suppose
that (7, X) is a minimal flow; suppose further that, for every positive integer n, there

exist a flow X, and a homomorphism X, —l"—>X,.+1 such that:
1) X;=X.
(2") 7, is an isometric extension for every n.
(3') The largest common factor of all the X, is the trivial flow.
(Equivalently, the set
{(x, xNeXxXX:Anm o emx)=mao- -+ om(x")}

is dense in X X X\) Is (T, X) necessarily distal?

In this note we show that the answer to our question is negative. We construct a
large family of minimal flows on the infinite torus, satisfying properties (1')-(3'),
which are non-distal. In fact, they are weakly mixing with respect to the usual product
measure and hence also topologically weakly mixing. The latter property implies that
these flows are actually disjoint from every minimal distal flow (recall that two
minimal flows are disjoint if their product is minimal).

The easiest way of characterizing pure weak mixing is as follows. A minimal flow
(T, X) is purely weak mixing (p.w.m.) if, for every topologically weakly mixing
minimal flow (7, Y), every minimal subset of (7, X X Y) is topologically weakly
mixing. This is not the original definition of p.w.m. which is rather technical [3]. It
follows immediately from { 3] that a minimal flow satisfying (1')—(3') above, cannot be
p.w.m. and, in fact, we shall show that such a flow is disjoint from every p.w.m. flow.
The first author is indebted to Prof. R. Ellis for pointing this out. Of course this
falsifies the conjecture that every topologically weakly mixing, non-trivial, minimal
flow possesses a non-trivial p.w.m. factor.

Our method of construction is that of [§]. We refer the reader to [4] for more
details on the notions mentioned in this introduction.

2. ThesetS

We let Z be the set of integers, N the set of positive integers, R the real numbers and
T =R/Z the additive group of reals modulo one. Let |-| stand for the distance of a real
number from the closest integer. Put X = T"; X is a compact monothetic group and
we choose an element & = (a1, a3, a3, . . . ) in X such that the set {na'}, - _« is dense in
X.Let o : X -» X be the homeomorphism of X defined by ox = x + a. We write dx for
Lebesgue measure on T and u will be the corresponding product measure on X.
Clearly u is invariant under o. With every finite sequence of continuous functions
{fi¥i=1, f; : T>T, we associate a homeomorphism F of X as follows:

F(xls X25 «eo s Xny Xn+1y e oo ) = (xl +fl(x2)1 X2 +f2(x3)s ey Xp +fn(xn+l)7 Xn+1s e )'
Let & be the family of all the homeomorphisms of X obtained in this way and let
F=F(@)={F 'eoF: FeF}
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Notice that if § = F ' o o o F where F is as above then

S(xq, x2, ... ) =(x1+ar1+fi(x2) — fi(xz +az+ falxs)— -
= fn-1(Xn + @n + fo (Xn+1) = fa(Kne1+ @ni1)) + ),
X2+ az+falxs)—frlxs+as+falxs) — - (*)
~fa1(xn Fan +fo(Xps1) = fa(Xns1 + ans1)) - ),

X+ 0+ [ (Xns1) = fa(Xns1+ Wns1), Xps1+ Quis1, Xns2tnia, ... ).
We consider $(o) as a subset of the space of all homeomorphisms of X with the
topology of uniform convergence of homeomorphisms and their inverses. #(o’) = %
will be the closure of & in this space.
Since each F € % preserves u so do all the homeomorphisms in &.
For every neNlet X, = Tiwn*1Yand for n <m let T.,m be the projection of X,
onto X,,.. Write =, for m ,.

(2.1) LEMMA. LetS € &, then forevery n eNand x, x' € X with 7, (x) = m,(x') we have
1. (Sx) = 7, (Sx'). Thus S induces a homeomorphism S, of X,, and (S, X) ERLN S, X))
is a flow homomorphism. Moreover, for every n, (S,, X, ) —=2, (Sp+1, Xp+1) is a
circle (hence an isometric) extension. The largest common factor of the flows
(S, X)), n=1,2,...,is the trivial flow.
Proof. Let S€ &, then § has the form (x) for some finite sequence {f}/-1. By
considering (*), it is clear that the first statement of the lemma holds for S.

Since & is dense in & it also holds for every element of &. For S € & and n e N we

now define S, by S, (7,.(x)) = m.(Sx). We leave to the reader the easy verification of
the remaining statements of the lemma. O

3. The sets Uy(n)
Let C(X) be the space of bounded continuous complex-valued functions on X with
sup norm ||-||.
CI(X)={fe C(X):deu =0 and j | du = 1}.
For elements ¢, ¢ € L,(u) we write

@ 0)=[ sFdu and lgl= (8, 8)"

If T is a measure preserving homeomorphism of X and ¢ € L,(u) then T € Lo(u) is
defined by (T} (x) = ¢(Tx).

(3.1) LEMMA. Let T be a measure preserving homeomorphism of X. Then T is weakly
mixing iff there exists a subset {¢;}i=1 of C1(X) which is dense in C1(X) and such that
Vi 3n with KT ¢, ¢:)|=0.99.

Proof. This follows easily from the fact that T is weakly mixing iff V¢ € Lo(u)

1 = x
n+1 k2=:0 |(T ¢’ ¢>_<¢s 1><1a ¢>|_)0

iff T has a continuous spectrum on L,(u). O
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For e C,and 0<n <1 let
K;(n)={T: T is a measure preserving homeomorphism of X and

In with (T"¢, $) =},
and

Us(m)=Ks(m)n&.
(3.2) LEMMA. Let ¢(xX) =Y. Cn,...n. €Xp [27i(n1x1+ - -+ nixi)] be an element of

Lo(u) with |@ll.=1ie with ¥ [c.,. . a|’ = 1. Suppose that there exists an n,0<n <1,
such that for every index (ny, ...,n)e zx, ICny. .. m| =m; then o€ Uy(m).

Proof. Let p,,. = |c,u,_,,.,‘|2 and let v be the probability measure on T defined by

v= Z pnl--.nk6n1a1+- et ngogee

ForeveryjeZ

ko', &) = | [ (o060 dutx)|
=¥ c,,l...,.kc',,,l...m,J. cen I exp [2mi(ni1(x1+jay) +- - -+ ne(xe + ja))]

exp[2mi(—myx;—  —mx;)} dxy -+ dX maxien

=[x |c”l"'"k|2 exp [2mij(niar +- -+ + meau)]

=12(l.

= j exp [2mijx] dv(x)
T
By Wiener’s theorem

. 1 N Ar |2 2 4 2 2
1 =S P2 =Y [eniom [ =12 Do = 1.
lm2N+1_ZNIV(/)I Tp Ylen ml'=n"Tp n

Thus for some n, |#(n)* = o"d, #)I><n* and [(c"¢, ¢)| =< n. [

(3.3) LEMMA. Let Fe %, ¢ € C; then F 'K, (n)F = K4.r(7).
Proof. For S € K, we have

BS"F 6, 6) = [ $(FS"F )6 00) dus(x) = [ #(FS"0) () dpa(x)
=(S"(¢ < F), & < F).
Therefore
F'K4(n)F ={S:S is a measure preserving homeomorphism of X and
3n, (FS"F'¢, ) =n}
= K¢°F(77)- a

(3.4) LEMMA. Let g be a continuous real-valued function on T which is twice
differentiable and assume that g" has only finitely many zeros, then

lim {sglp l j exp [2mi(ng(x) —mx)] dx‘} =0.

|n|»>c0

https://doi.org/10.1017/50143385700009196 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700009196

Tower of isometric extensions 155

Proof. This follows easily from van-der-Corput’s lemma; see, for example [6, p. 2201
O
4. The main theorem

(4.1) THEOREM. There exists a dense Gs subset, & of ¥ such that for every S e &,
(S, X) is strictly ergodic (hence minimal) and weakly mixing.

Proof. Since ¢ is strictly ergodic on X so is every homeomorphism of X of the form
F 'ogoF (Fe%). Thus for every fe C(X) and £ >0 the set
< g}

which is clearly open, is also dense in & Put &, = (") (") E}.1/n, Where {f}iz1 is a

n=1i=1

E;. {Se?’ 3n andcthh"——— Y f(8*x)—c

+1 k=0

dense subset of C(X). Then &, is a dense G; subset of & which consists of strictly
ergodic homeomorphisms.

We shall show next that for every ¢ € C1, U,(0.99) is an open and dense subset of
&.If {¢;};=, is a dense subset of C; then, by lemma 3.1, every homeomorphism in

Ry=1(") U, (0.99) is weakly mixing and we can put R = R, R».
i=1
So let ¢ € Cy; clearly Ug(0.99) is open. To see that it is dense it suffices to show
that, for every F € %,
FlogoF € K4(0.99) n P< K4(0.99) n P= U,4(0.99).

I {G.)2-1c% is a sequence such that G,°o°G,' »o and such that
Vn G,oa°G,"' € K4.r(0.99) then clearly

FogoF '=lmFeG,o0°G, °F 'eK;(0.99)n¥ (lemma 3.3).
Thus it is enough to prove the following

(4.2) LEMMA. Let € >0, then there exists G € F with

() d(GoaoG 'o)<e.

(i) GoooG 'eKy(0.99) ie. o€ Ky.6(0.99).
Proof. Let ¢(x) =Y Cpy..n, €xp[2mi(n1x1+ + -+ nexi)] be the Fourier expansion of
¢ in Ly(u). If for every (ny, ..., n), Ic,.l.,_,,kI_O.99, by lemma 3.2, we have o
€ K4(0.99) and'we can take G = id. Otherwise, there is exactly one index (n;, ..., ni)
such that |c,,l,,_,,,‘| >0.99. Denote ¢, ., by coand let ¢1=coexp (n1x1+- -« + nex)

and ¢2=¢—¢1. Then 1, ¢2€Ly(n) and 1=|¢l3=lp:ll3+[#2ll3. Since [lgill3
=|co/*>0.9801, ||¢2ll5 < 0.02 and ||¢2], =0.2. Now, for every n,

Ko™ (¢ G), ¢ ° Gl =o"($1°G), ¢1° G+ (0" (¢2° G), b2° G)|
+[o"(@1° G), d2° G+ 0" (d2° G), ¢1° G)|
<" (¢1° G), ¢1° G)|+ 3|2l
Thus in order to establish (ii) it is enough to find Ge % and n for which

[(o"(¢1° G), P+ G)|=<0.3; or putting ¢o=h1/co—since |co|=1-it suffices to
show that (" (¢0° G), do° G)|=<0.3, i.e. that o € K4,.c(0.3).
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But ¢ and hence also ¢ = ¢o° G are in C; and, by lemma 3.2, it suffices to find
G € & such that for every (my, ..., my)

(o ° G, exp[2mi(myx,+- - - +mpx)]| <0.3.
Let G € # have the form
G(X1y ey Xk o ) =1y 00y Xnm1s X Xk 1)y Xttt - - - )
Then, for every (my, ..., m;)
[{do° G, exp [2mi(mixi+- - - + mux)]|
=exp [2mi(nix1+- *  + mexic + nif (xi+1))), exp 2mi(myx+ -+ -+ mx)])|

=8

’

J- €Xp [27i (e f(xes1) — M +1Xic+1)]dX k41

where §, is either O or 1.
Let g: T R be twice differentiable and such that g” has only finitely many zeros.
Then, by lemma 3.4, we shall have, for some noe Z,

l J exp [2mi(nenog(x) — my+1x)]dx| = 0.3

Finally, let § > 0 be such that |x —x’| <8 = |nog(x) — nog(x")| < & and let g € Z be such
that |gai+1| <8. Define f(x) = nog(qx): then for every x € T |f(x + ar1) —f(x)|<e
and for
G(xla ey Xy o e e ) = (xla coe s X1 Xk +f(xk+1), Xk+1s - - -)
we have
G logo G(X1y. s Xiy . )= (X1Fay, ooy Xy F a1, Xic + (X)) +an
—f(Xk+1+ Qpe1)s X1 F Asty - - 2)

and d(o, G oo °G)<e.

The set of non-zero Fourier coefficients of exp [2min.nog(x)]is the same as that of

exp [2win, f(x)]and the proof of the lemma is complete. This also completes the proof
of theorem 4.1. O

5. Disjointness
Let u be an idempotent in a minimal ideal M of B8Z.Let S € & (see theorem 4.1) and
let x¢ be a point of the flow (S, X) with ux, = xo. Write A = A, = #(S, X, xo), the Ellis
group of the pointed flow (S, X, x¢). For n e Nlet A, = #(S,, X, m.(xo)). Notice that
the fact that the largest common factor of the flows (S,, X,) is the trivial flow implies
that |_JA, is 7-dense in G = uM., We let P denote the Ellis group of the universal
p.w.m. Z-flow.

Since, for each n, X, is an isometric extension (and hence an almost periodic
extension) of X, .; we have

H(A,.1)< A, [5, theorem IX, 2.1(4)].

Since P is p.w.m. we have, for each n,

H(An+l)(P nAn+1) = An+1~ [3]'

https://doi.org/10.1017/50143385700009196 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700009196

Tower of isometric extensions 157

Thus A, (PnA,.1)=A,.1 and A,PoA,.;. Now A,P=A,PPo5 A, P=
A,+1PP> A, .,P and, by induction, we have for every n, AP > A, Since cls,|_JA, =
G we conclude that AP = G. This, for Z-flows, implies disjointness and we have
proved the following theorem.

(5.1) THEOREM. For every element S € R, the weakly mixing minimal flow (S, X) is
disjoint from every p.w.m. flow.
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