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Abstract

We consider the minimum spanning tree problem on a weighted complete bipartite graph K,, ,, whose
n = ny + ng vertices are random, i.i.d. uniformly distributed points in the unit cube in d dimensions and
edge weights are the p-th power of their Euclidean distance, with p > 0. In the large # limit with 1z /n — o,
and 0 < ay < 1, we show that the maximum vertex degree of the tree grows logarithmically, in contrast
with the classical, non-bipartite, case, where a uniform bound holds depending on d only. Despite this
difference, for p < d, we are able to prove that the total edge costs normalized by the rate n'*/* converge
to a limiting constant that can be represented as a series of integrals, thus extending a classical result of
Avram and Bertsimas to the bipartite case and confirming a conjecture of Riva, Caracciolo and Malatesta.
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1. Introduction

The minimum spanning tree (MST) problem ranks among the simplest Combinatorial
Optimization problems, with many applications, well beyond its historical introduction for net-
work design [17] including approximation algorithms for more complex problems [13, 20] and
cluster analysis [4].

Its formulation is straightforward: given a weighted undirected graph G=(V,E, w) with
w:E— (0, 00), find a subgraph T C E that connects all nodes V and has a minimal total edge
cost

Y wee),

eeT

thus defining the MST cost functional Cyst(G). Minimality yields that redundant connections
can be discarded, so that the resulting subgraph T turns out to be a tree, i.e., connected and with-
out cycles. Several algorithms have been proposed for its solution, from classical greedy to more
efficient ones [12], possibly randomised [18].

Despite its apparent simplicity, a probabilistic analysis of the problem, i.e., assuming that
weights are random variables with a given joint law and studying the resulting random costs and
MST’s yields interesting results. Moreover, it may suggest mathematical tools to deal with more
complex problems, such as the Steiner tree problem or the travelling salesperson problem, where
one searches instead for a cycle connecting all points having minimum total edge weight.
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The most investigated random model is surely that of i.i.d. weights with a regular density,

as first studied by Frieze [16], who showed in particular the following law of large numbers: if

G" = (V", E", w"), with (V", E") = K,, the complete graph over n nodes and w" = (Wij)ijzl are
independent and uniformly distributed on [0, 1], then almost surely
1
lim Cust(G") =¢(3) = kzl = (1.1)

Another well studied setting is provided by Euclidean models, where nodes are i.i.d. sampled
points in a region (say uniformly on a cube [0, 1] € R for simplicity) and edge weights are
functions of their distance, e.g. w(x, y) = |x — y|P for some parameter p > 0. This setting dates
back at least to the seminal paper by Beardwood, Halton and Hammersley [8] where they focused
on the travelling salesperson problem, but stated that other problems may be as well considered,
including the MST one. A full analysis was later performed by Steele [28] who proved that, if the
Euclidean graph consists of 7 nodes, then for every 0 < p < d, almost sure convergence holds

n

Tim C“:ff—f,i) — Bust(p. ), (12)
where Bust(p, d) € (0, 00) is a constant. The rate nl=p/d ig intuitively clear due to the fact that
there are n — 1 edges in a tree over n points and the typical distance between two adjacent points
is expected to be of order n=1/4. The constraint p < d was removed by Aldous and Steele [3]
and Yukich [31], so that convergence holds in fact for any p > 0. This result can be seen as an
application of a general Euclidean additive functional theory [27, 32]. However, such general
methods that work for other combinatorial optimisation problems give not much insight on the
precise value of the limit constant Bysr(p, d). The MST problem is known to be exceptional, for
a (sort of) explicit series representation, analogue to (1.1), was obtained by Avram and Bertismas
[1], although only in the range 0 < p < d. The latter was used by Penrose [24], in connection
with continuum percolation, to study, among other things, the MST in the high dimensional
regime d — 00. An alternative approach towards explicit formulas was proposed by Steele [26],
but limited to the case of i.i.d. weights, based on Tutte polynomials.

The aim of this paper is to investigate analogous results for bipartite Euclidean random models,
i.e., when nodes correspond to two distinct families of sampled points (e.g., visually rendered by
red/blue colourings) and weights, still given by a power of the distance, are only defined between
points with different colours. Formally, we replace the underlying complete graph K,, with a
complete bipartite graph Ky, ,, with ng + np = n.

A similar question was formulated and essentially solved in the model with independent
weights by Frieze and McDiarmid [15]. In Euclidean models, however, it is known that such inno-
cent looking variant may in fact cause quantitative differences in the corresponding asymptotic
results. For example, in the Euclidean bipartite travelling salesperson problem with d =1 and
d =2, the correct asymptotic rates (for p = 1) are known to be respectively /7 [11] and \/nlogn
[9], larger than the natural n'~/¢ for the non-bipartite problem. Similar results are known for
other problems, such as the minimum matching problem [27] and its bipartite counterpart, also
related to the optimal transport problem [2, 5, 10, 29, 30]. Barthe and Bordenave proposed a bipar-
tite extension of the Euclidean additive functional theory [6] that allows to recover an analogue
of (1.2) for many relevant combinatorial optimisation problems on bipartite Euclidean random
models, although its range of applicability is restricted to 0 < p < d/2 (the cases p=1, d € {1, 2}
are indeed outside this range) and anyway the MST problem does not fit in the theory. The main
reason for the latter limitation is that there is no uniform bound on the maximum degree of
an MST on a bipartite Euclidean random graph - their theory instead applies to a variant of
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the problem where a uniform bound on the maximum degree is imposed, which is in fact algo-
rithmically more complex (if the bound is two it recovers essentially the travelling salesperson
problem).

1.1. Main results

Our first main result describes precisely the asymptotic maximum degree of an MST on a bipartite
Euclidean random graph, showing that it grows logarithmically in the total number of nodes, in
the asymptotic regime where a fraction of points ag € (0, 1) is red and the remainingap =1 — ag
is blue.

Theorem 1.1. Let d>1, let n>1 and R" = (X;)}X,, B"=(Y)}2, be (jointly) i.id. uniformly
distributed on [0, 1] with ng 4+ ng = n and

. nR . np
lim —=are(0,1), Ilim —=ap=1—ag.
n—oo n n—o0o n

Let T" denote the MST over the complete bipartite graph with independent sets R, B" and weights
w(X;, Y;) = |X; — Yj|, and let A(T") denote its maximum vertex degree. Then, there exists a constant

C=C(d, ag) > 0 such that
A(T"
lim P(C_l < (™ <C> =1.
n—00 log (n)

(Indeed, the structure of the MST does not depend on the specific choice of the exponent p > 0,
so we simply let p =1 above). The proof is detailed in Section 3.

Our second main result shows that, although the general theory of Barthe and Bordenave does
not apply and the maximum degree indeed grows, the total weight cost for the bipartite Euclidean
MST problem turns out to be much closer to the non-bipartite one, since no exceptional rates
appear in low dimensions. Before we give the complete statement, let us introduce the following
quantity, for d > 1, kg, kg > 1, ag € (0, 1),

Bwknan)= [ (e (102 [+ p(iatzy) )
: (%50(1‘1)01191 + %dr180(b1)> dry .. .drgdb, ... dby,,

where ag = 1 — ag and we write
O (kg ks) < (RY)™ x (R4, (1.3)

ks

for the set of (ordered) points ((r,-)fi 1> (bf)j:1) such that, in the associated Euclidean bipartite

graph with weights (Jr; — bjl)ij’ the subgraph with all edges having weight less than 1 is con-
nected (or equivalently, there exists a bipartite Euclidean spanning tree having all edges with

length weight less than 1), and for a set A C R¥, we write
D(4) = {x e RY dist(4,) = 1}, (1.4)
and |D(A)| for its Lebesgue measure. Notice also that the overall integration is performed with

respect to the d-dimensional Lebesgue measure over kg 4+ kg — 1 variables and one (either r; or
b1) is instead with respect to a Dirac measure at 0.
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These quantities enter in the explicit formula for the limit constant in the bipartite analogue of
(1.2), as our second main result shows.
Theorem 1.2. Let d> 1, let n>1 and R" = (Xy);X,, B"=(Y)}2, be (jointly) i.i.d. uniformly
distributed on [0, 1] with ng + ng = n and

. nR . np
lim —=age(0,1), Ilim —=ag=1—ag.
n—oo n n—oo n

Let T" denote the MST over the complete bipartite graph with independent sets R, B" and weights
w(X;, Y;) = |X; — Yj|. Then, for every p € (0, d), the following convergence holds

B[S yper - TiF]
nl>ngo nl-p/d

= Bomst(d, p), (1.5)
and the constant Bypps7(d, p) € (0, 00) is given by the series

i OtR OlB F((kR+kB)/d)

kg, kg, ar) - 1.6
kr! kg! kg + kg ( R B aR) (16)

Bomst(d, p) = p
kr.kp=1

Moreover, if p < d/2 for d € {1, 2} or p < d for d > 3, convergence is almost sure:

2 {xyler Xi— Yl
lim
11— 00 nl—p/d

= Bomst(d, p).

The proof is detailed in Section 4. The one-dimensional random bipartite Euclidean MST has
been recently theoretically investigated in the statistical physics literature by Riva, Caracciolo and
Malatesta [25], together with extensive numerical simulations also in higher dimensions, hinting
at the possibility of a non-exceptional rate n' /¢ also for d = 2. In particular, our result confirms
this asymptotic rate in the two dimensional case, with a.s. convergence if p < 1 and just conver-
gence of the expected costs if 1 <p <2 - in fact we also have a general upper bound if p > 2
(Lemma 4.5).

1.2. Further questions and conjectures

Several extensions of the results contained in this work may be devised, for example by general-
ising to k-partite models or more general block models, allowing for weights between the same
coloured points but possibly with a different function, e.g. the same power of the distance func-
tion, but multiplied by a different pre-factor according to pair of blocks. An interesting question,
also open for the non-bipartite case, is to extend the series representation for the limiting constant
to the case p > d. On the other side, we suspect that additivity techniques may yield convergence
in (1.5) also in the range p > d, without an explicit series, but we leave it for future explorations.
A further question, that has no counterpart in the non-bipartite case, is what happens if the laws
of different coloured points are different, say with densities fz and fp that are regular, uniformly
positive and bounded. Assuming that ng/n — 1/2, a natural conjecture is that the limit holds with
(1.6) obtained by replacing ag and ag with the ‘local’ fraction of points fr(x)/2, fr(x)/2 and then

integrating with respect to x € [0, 1]%, i.e.,

p i 1 F& f5 T((ke + kp)/d)
2kr-+kp [O,IdkR!kB~ kg + kg

E(kg. k. fr/2.f8/2). (1.7)

kr,kp=1

Furthermore, a central limit theorem is known for MST problem [14, 19] and it may be interesting
to understand the possible role played by the additional fluctuations introduced in bipartite setting
for analogue results.
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Finally, it may be of interest to strengthen Theorem 1.1, by establishing the limit (e.g. in
probability)

. AT
lim

n— 00 log n

=y(d),

for some constant y (d) € (0, 00), and further investigating the vertex degree distribution of T".

1.3. Structure of the paper

In Section 2 we collect useful notation and properties of general MST’s, together with crucial
observations in the metric setting (including the Euclidean one) and some useful probabilistic esti-
mates. We try here to keep separate as much as possible probabilistic from deterministic results,
to simplify the exposition. In Section 3 we prove Theorem 1.1 and in Section 4 we first extend
[1, Theorem 1] to the bipartite case and then apply it in the Euclidean setting. An intermediate
step requires to argue on the flat torus T to exploit further homogeneity. We finally use a concen-
tration result to obtain almost sure convergence: since the vertex degree is not uniformly bounded,
the standard inequalities were not sufficient to directly cover the case p < 1, so we prove a simple
variant of McDiarmid inequality in Appendix A that we did not find in the literature and may be
of independent interest.

2. Notation and preliminary results

We always consider the space R%, d > 1, endowed with the Euclidean distance, which we denote
with [x — y| forx, y € R. The volume of the unit ball is denoted with w,. We also use throughout
the letter C to denote constants that may depend upon parameters (such as the dimension d,
exponents p, etc.), warning the reader that to simplify the notation in some proofs, the same letter
may be used in different locations to denote possibly different constants.

2.1. Minimum spanning trees

Although our focus is on weighted graphs induced by points in the Euclidean space R?, the
following general definition of minimum spanning trees will be useful.

Definition 2.1. Given a weighted undirected finite graph G = (V, E, w), with w: E — [0, 00], the
MST cost functional is defined as

Cwmst(G) = inf { Z w(e) : T C E is a connected spanning subgraph} , (2.1)

ecT

Here and below, connected is in the sense that only edges with finite weight must be consid-
ered. We consider only minimisers T in (2.1) that are trees, i.e., connected and acyclic, otherwise
removing the most expensive edge in a cycle would give a competitor with smaller cost (since
we assume possibly null weights, there may be other minimisers). The following lemma is a spe-
cial case of the cut property of minimum spanning trees, but will play a crucial role in several
occasions, so we state it here.

Lemma 2.2. Let G=(V,E, w), v € V and assume that e € argmin {w(f) : v € f} is unique. Then, e
belongs to every minimum spanning tree of G.

Proof. Assume that e does not belong to a minimum spanning tree 7. Addition of e to T induces
a cycle that includes necessarily another edge f, with v € f and by assumption w(f) > w(e). By
removing f, the cost of the resulting connected graph is strictly smaller that the cost of T, a
contradiction. 0
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We write ng(v) € V, or simply n(v) if there are no ambiguities, for the closest node to v in G,
ie.,

e={v,n(v)} € argmin {w(f):vef},

assuming that such node is unique.
The subgraphs

G(z) .= {ecE:w(e)<z}, forz>0,

are strongly related to the minimum spanning tree on G, since the execution of Kruskal’s
algorithm yields the identity, already observed in [1],

Cost(G) = /0 (Coz) — 1) dz, (2.2)

where we write Cg denotes the number of connected components of a graph G. Indeed, the
function z +— Cg,) is piecewise constant and decreasing from | V| towards 1 (assuming that all
weights are strictly positive and G is connected). Assume for simplicity that all weights {w,}.cg
are different, so that z = Cg(;) has only unit jumps, on a set J_. An integration by parts gives the

identity

/000 (Coz) — 1) dz= Z z.

ze]_

To argue that the right hand side is the cost of an MST, e.g., obtained by Kruskal’s algorithm, we
may represent the connected components of G(z) as a function of z in a tree-like graph (see Fig. 1):
starting with components consisting of single nodes at z =0, whenever two components merge
(i.e., at values z € J_) we connect the corresponding segments. This yields a (continuous) tree with
leaves given by the nodes and a root at z = oc. Since Kruskal’s algorithm returns exactly the tree
consisting of the edges corresponding to such z € J_, we obtain (2.2).

Remark 2.3. The construction above also yields that the minimum spanning trees of G=
(V,E,w) are also minimum spanning trees associated to the graph G¥ =(V,E, ¥ ow), i.e.,
weights are ¥ (w(e)) where ¥ is an increasing function. In particular, assuming that v : [0, co)
is strictly increasing with ¥ (0) = 0, then GY (z) = G(y~!(z)), hence

[o.¢]

Cust(6) = [ (Covg=1)de= [ (Caro—1) dviw,

In particular, choosing ¥ (x) = x” and letting p — o0, we obtain that any minimum spanning tree
T is also a minimum bottleneck spanning tree, i.e., T minimises the functional

Chist(G) == inf {ma]g( w(e) : T C E is a connected spanning subgraph} . (2.3)
ec
A similar argument [1, Lemma 4] yields an upper bound for a similar quantity where Cg is
replaced with Cj g, the number of connected components having at least k nodes.

Lemma 2.4. Let G=(V, E, w) be connected with all distinct weights (w(e)).cg (if finite) and 2 <
k <|V|. Then, there exists a partition V =i, C; such that letting Gy, be the graph over the node
set {Cy, . .., Cp} with weights

w(C;, C)) =inf{w(e) re={x,y}eV,xeC,ye CJ} , forijefl,...,m}, (2.4)
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1 2 3 4 5 6 7 & 9 10

Figure 1. A weighted graph G and its tree-like representation of the connected components of G(z). Black dots correspond
to seeds for the construction of Cj’s with k = 3. Notice that regardless whether the node 7 is added to {1, 2, 3} or {4, 5, 6}, the
resulting (different) trees have always total weight 5+ 9 = 14.

then
o0
/ (Ceoe — 1) dz < Cast(Gy). 25)
0

Moreover, for every i=1,...,m, |Ci| >k, hence m <|V|/k, and there exists v € C; such that
ng(v) € C; and ng(ng(v)) = v.

Proof. The function z — Cy () is piecewise constant, with jumps of absolute size 1, with positive
sign on a set J; and negative sign on a set /_. An integration by parts gives

/000 (Ck’G(z)(z)—l)dz=Zz— sz Zz.

z€e]_ z€]4 z€]-

We interpret the right hand side above as Cpst(Gy) for a suitable graph Gg. To define the sets C;,
we let J; ={z1,...,2zn,} and define, for every z;, the ‘seed’ of C; as the set of nodes that gives an
additional component with at least k nodes, i.e., obtained by merging two components in G(z; ),
both having less that k nodes. Notice that, since C; will be then completed by adding nodes to
such seeds, the last statement is already fulfilled. Indeed, any seed contains at least k nodes we can
always choose v1, v, in a seed such that the paths from v;, v, merge first (among those from other
nodes in the same seed). This gives that v, = ng(v1) and v, = ng(vy).

To completely determine every C;, it is simpler to argue graphically on the the tree-like repre-
sentation (Fig. 1), where we highlight the ‘birth’ of C; at z; € J_ by thickening the shortest path
from the seed towards the root at z = 0o. At every z such that two thick paths merge, the corre-
sponding two connected components with at least k elements become one, hence Cy () jumps
downwards, i.e., z € J_. Given v € V, we introduce the following rule in order to determine the
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set C; to which v belongs. Consider the shortest path from the trivial component containing only
v at z =0 towards the root at z= 00 in the tree-like representation. We focus on the first point
where such path merges with a thick line and write z, for the corresponding value on the z-axis
and let S, denote the subset of ‘seeds’ among the C;’s that are located further from the root (i.e.,
with smaller z values) along the thick path, starting from such point (for example, in Fig. 1 we
report the construction for k = 3, where we have for v=7, z; =6 and S; = {{1, 2, 3}, {4, 5, 6}}).
If z, € J1, then v already becomes part of a seed of some C;, hence the situation is trivial, and we
let v € C;. Otherwise the node v will be assigned to a chosen cluster C; among those in S,. We
choose to add the vertex v to the C; € S, with smallest label index i. Our choice ensures that all the
connected component of v in the graph G(z;) is added to the same C;. We highlight that, as long
as it is consistent, other choices of C;’s would be possible, as such nodes play a role only later in the
construction of the MST, when the clusters are already merged. Anyway, the resulting C;’s thus
well-defined and moreover the induced weight between them defined via (2.4) actually coincides
with the weight between the original seeds. Using this fact, to prove (2.5) it is then elementary to
check that the graphical representation of Kruskal’s algorithm on the graph Gy gives exactly the
thickened tree. U

2.2. Metric MST problem

If (X, d) is a metric space and V C X, then a natural choice for a weight is w({x, y}) = d(x, y)?,
where p > 0 is fixed. If V, R, B C X, are finite sets and p > 0, we write

C{AST(V) and respectively CfAST(R, B),

for the the MST cost functional on the complete graph on V (and respectively, on the complete
bipartite graph with independent sets R, B) and edge weights w({x, y}) = d(x, y)?, for {x, y} € E.
Notice that, by Remark 2.3, the MST does not in fact depend on the choice of p, and moreover we
may let p — oo and obtain

1/p 1/p
(cise) " > GV, (st R B) " = (R B),

where Cyjcr is the minimum bottleneck spanning tree cost defined in (2.3) with edge weight given
by the distance.
We denote by

d(V,x) = inf d(v, x)
veV
and
d(R, B) = max {sup inf d(r, b), sup inf d(r, b)}
reR beB peB TER

respectively the distance function from V and the Hausdorff distance between R and B. Clearly,
C{,IST(R UB) < CI‘I:,IST(R, B). The following lemma provides a sort of converse inequality.

Lemma 2.5. Let p > 0. There exists a constant C = C(p) € (0, 00) such that, for finite sets R, B C X,

Chisr(RB) = C <C&5T<R) +Y dB P+ dR, b)P> ,

reR beB

and, for some constant C > 0,

Chtsr(R, B) < C(Chrsr(R) + d(R, B)) .
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Proof. For simplicity, we assume that all edge weights are different (otherwise a small perturba-
tion of the weights and a suitable limit gives the thesis). Let Tr denote the MST for the vertex set
R and fix 7 € R. For every r € R, there exists a unique path in Tg with minimal length connect-
ing r to 7. We associate to every r € R\ {r} the first edge e(r) of such path (so that r € e(r)). The
correspondence r — e(r) is a bijection.

We use this correspondence to define a connected spanning graph S (not necessarily a tree)
on the bipartite graph with independent sets R, B. For every r € R\ {7}, if e(r) = {r, 7’ }, we add
the edge {n(r), r } to S, where n(r) = ng(r) € B and G is the complete bipartite graph with inde-
pendent sets R, B. Moreover, for every r € R, b € B we also add the edges {r, n(r)}, {b, n(b)}. Sis
connected because every b € B is connected to R and the vertex set R is connected: any path on Tg
naturally corresponds to a path on S using the pair of edges {r, n(r)}, {n(r), '} instead of an edge
e(r) = {r,7'}. The triangle inequality gives

d(n(r), ¥ < (d(n(r), 1) + d(r, )P < C(d(n(r), )P +d(r, 7)),

for some constant C = C(p) > 1, hence

Do odnby<cl Y din)P 4+ dirnm)? + ) d(b,n(b))

{r.b}es {ry}eT reR beB

and the first claim follows. Taking the p-th root both sides and letting p — oo yields the second
inequality. O

Remark 2.6. In the Euclidean setting X = R4, it is known (see [28]) that, if p < d, there exists a
constant C = C(d, p) > 0 such that

Chisr (V) < CIV|1=P/4, (2.6)

for any V € [0,1]%. A similar uniform bound cannot be true in the bipartite case, as simple
examples show.

A second fundamental difference between the usual Euclidean MST and its bipartite variant
is that for the latter its maximum vertex degree does not need to be uniformly bounded by a
constant C = C(d) > 0 (again, examples are straightforward). The following result will be crucial

to provide an upper bound in the random case. We say that Q C R is a cube if Q = ]_[;1 1 (i, xi +
a) with x = (x,) € R? and a > 0 s its side length. The diameter of Q is then Vda and its volume

QI =a‘.

Lemma 2.7. Let R, BC X, let T be an MST on the bipartite graph with independent sets R, B
and edge weight w(x, y) =d(x, y) and let {r, b} e T with § := d(r,b) > d(R, B). Then SNR =1,
where

S={xeX: d(x,r) <8 —d(R,B) and d(x, b) <} .
In particular, when X = [0, 114, S contains a cube Q C [0, 1] with volume
e (3 —d(R,B))d
\ 2vd '

Proof. Assume by contradiction that there exists ¥’ € S N R, and consider the two connected com-
ponents of the disconnected graph T \ { r, b}. If 7 is in the same component as r, then adding

{r’ s b} to T'\ {r, b} yields a tree (hence, connected) with strictly smaller cost, since d(r', b) < §,
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hence a contradiction. If #’ is in the same component as b, then adding {n(r), r } to T\ {r, b}
again yields a tree with strictly smaller cost, since the triangle inequality gives

d(n(r), ) <d(n(r),r) +d(r,7) < d(R,B) + 6 — d(R, B) < 6.

To prove the last statement, notice first that by convexity of [0, 1]%, the point x on the segment
connecting r and b at (§ — d(R, B))/2 from r belongs to [0, 1]4. Moreover, the open ball centred at
x with radius (8 — d(R, B))/2 is entirely contained in S. Finally, intersection of any ball with radius
u > 0 and centre x € [0, 1] contains at least a cube of side length min{u/ Vv, 1} (the worst case is
in general when x is a vertex of [0, 119). O

2.3. Probabilistic estimates
In this section we collect some basic probabilistic bounds on distances between i.i.d. uniformly

distributed random variables (X;)!_, on a cube Q R?. Some of these facts are well known, espe-
cially for d =1, since they are related to order statistics, but we provide here short proofs for

completeness. The basic observation is that, for every x € R4 0< A< (|Q| /a)d)l/ d, we have

|Q\ B(x, )|

P(x—Xi| > 1) ="

>1—wa2/1Q, (2.7)

hence, by independence,

.....

n
P(lnlﬂn |x — Xi| > A) > (1 - wdkd/|Q|) , for everyxeRd.
1= n

If x € Q, we also have the upper bound (the worst case being x a vertex of Q)
P(lx— Xl > 2) <1 - 0a2729/|Ql,

hence,

dyd "
IP’(}rnin |x — X;| >A) < (1 —wg2 A /|Q|> , foreveryxeQ. (2.8)

i=1,...,n

Assume Q= [0, 1]. The standard layer-cake formula E[z¢] = fooo P(Z > X)prP~1d) yields,
for every p > 0, the existence of a constant C = C(d, p) > 0 such that, for every n > 1,

i=1,

Cln P < sup E[

min |x — X,»|P} <Cn P4, (2.9)
xefo,1]d  LEDLoon

For A C [0, 1]4, write N(A) = Y Ia(X;). Then N(A) has binomial law with parameters
(n,|Al). In particular, for every t > 0,

E[NW] = (1 + (¢t - 1)]AD"™
An application of Markov’s inequality yields that, letting

F(t) = (tlogt— t+ 1) fort >0, (2.10)
then, for every t > 1, it holds
P(N(A) > tn|A]) = IP’(tN(A) > tf”'A') < exp(—n|A|F(1)), 2.11)
and, fort <1,
P(N(A) < tn|A]) < exp(—n|A|F(1)) . (2.12)
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We need some uniform bounds on N(Q) for every cube Q C [0, 1] with sufficiently large or
small volume. We write for brevity, for v> 0,
N*(v) := sup {N(Q): Q < [0, 1% cube with |Q| < v} :
and

N, (v) = inf{N(Q) . Q< [0, 1] cube with [Q| > v} .

Lemma 2.8. Let (X;)!, be i.i.d. uniformly distributed on [0, 1]4. For every v € (0, 1), there exists
C=C(v,d) > 1 such that, for everyn > C, if t > 224 then

1 dp(yry—2d
]P’(N*(v) > tm/) < Y exp(—nvZ F(t2 )) , (2.13)
while, if t < 2-2d
22d
P(N.(v) < tnv) < — exp(—nvZ_ZdF(tZZd)) , (2.14)
v

with F as in (2.10).
Proof. We prove (2.13) first. Let k € Z be such that
g—k=2 _ J1/d _ 5—k-1

so that every cube Q with |Q| = v is contained in a dyadic cube ]_[Z=1 (ne27%, (ng + 1)27%), with

(ng)f.izl € {0, o2k l}d. It is then sufficient to consider the event N(Q) > tnv for at least one
such dyadic cube, i.e., using the union bound (2.11), we bound from above

P(N*(v) > tnv) < 2KP(N(Q) > tnv) .
Using that, for a dyadic cube with |Q| = 2_dk,
M <1/(2%) and Q2 <v<27qQl
it follows that (2.11) applies with 2727 instead of t, yielding
2PN(Q > ) < 24P(N(Q) > 27l Q)
! —2d
< YN exp(—n|Q|F(t2 ))
! dp(1n—2d
= exp(—nvz F(12 )) :
The argument for (2.14) is analogous. Let k € Z be such that

gkt o 1/d  p—kt2

hence every cube Q with |Q| > v contains at least one dyadic cube with volume Z_kd, and we are
reduced to consider the event that for such a cube N(Q) < tnv, i.e.,

P(N.(v) < tnv) < 2kd]P’(N(Q) < tnv).
Using that

2k <22y and  29]Q <v<2*|q),
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it follows that (2.12) applies with 229¢ instead of ¢, yielding

2KP(N(Q) < tnv) < 2kd]P’(N(Q) < 22dtn|Q|>

22d 2
< — exp(—n|Q|F(t2 ))
22d

< > exp(—nvZ_ZdF(tZZd)> .

In the following result we investigate the random variable (for n > 2)

.....

where n(X;) denotes the closest point to X; among {Xj }j 4> SO that
|X; — n(X;)| = min |X; — Xj].
j=n
J#i
Heuristically, since |X; — n(X;)| ~ n~1/4 and the random variables are almost independent, we
still expect that M, ~ n~1/4, up to logarithmic factors. This is indeed the case.

Proposition 2.9. Let n> 2, (X;)i, be i.i.d. uniformly distributed on |0, 1]9. Then, for every a > 0,
there exists a constant C = C(a, d) > 1 such that

P<C1<L<C>>1—£.
~ (log(n)/m)t/d = 7 ) ~ ne

In particular, for every q > 0, there exists C = C(d, q) > 0 such that, for every n > 2,

log n)q/d

n

E[(M,)1] < C( (2.15)

Proof. It is convenient to replace the Euclidean distance in the definition of M,, with the £*°
distance |x — y|oo = max;—;, 4 |xi — yil, i.e., we consider

M;°:= max min |X; — Xj|o.
i=1,...,n j#i

Using that |x — y|eo < |x —y| < Vd|x — Yloo> We have M;° <M, < «/:iMflo, hence the thesis for
the Euclidean case would follow once established for M;°, since we do not aim for a sharp
constant C.

For every n sufficiently large, we choose n=n(d, n) € ((a + 1)224+1 (g 4 1)224+2) such that,

defining § = (n log (n)/n)l/d, we have that 1/(38)¢ is an integer.
Consider a partition of [0, 1] into cubes {Qj }je ; of volume
Ql=v:= 87
with J={1,..., S_d}. Fix f large enough, in particular such that £ > 229y and n29F(27%¢ /) >
a+ 1. Lemma 2.8 entails that the event

E:==(){2=N(Q) <tlogn} 2 {N*(v) <tlogn} N {N.(v) > 2}.
i€l
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has probability larger than 1 — C/n® for some constant C = C(d,a). Indeed, since v=459 =
n log (n)/n, inequality (2.13) yields

P(N*(v) > tlog n) = P(N*(v) > t/nnv)

1

exp(— log (n)r]ZdF<52_2d/n>) < W -n 4

<274
- nlogn

where we used that log (1) > log (2).
Similarly, by (2.14), with t = 2/(log (n)n) (that is smaller than 2 X forn large enough) it holds

P(N(v) <2) = ]P’(N*(v) < (2/(log (n)n)) nv)

<2 exp(— log (2 E(224 (log () )

For n sufficiently large, it holds F(22d+1/(log (n)n)) > 1/2, hence

22d exp(— log (n)n2_2dF<22d+1/(log (n)n))) <2 . 1(:1

22d

_ —2d—1
nlogn n exp( log (n)i2 )

< .
nnt

using that n > (a + 1)224+1,

Hence, to prove the thesis, we can assume that E holds. In such a case, it follows immediately
that M° <, since the £>°-diameter of a cube Q; for j €] is v!/ 4 = § and each point belongs in
one such cube where at least one other point can be found. Hence, we deduce

MZO 1/d c £
P(—(log(n)/n)l/d > ) <P(E) < prt

Next, for each j € J, we introduce the random variables
Myj:= sup inf 1Xi — Xeloo
i<n t<n
XieQ 0<IXi—Xeloo=d
i.e., we maximise the minimum £°° distances between points in Q and those that are at £*° dis-

tance at most 8. These are not necessarily in Q; but must belong to the union of all cubes Q,
covering the set

Qjs = {xe [0,1]¢: min lx — y]oo < 5} .
y€Qj

and is easily seen to be a cube of side length 3§. Notice also that, since we argue in the event E,
each cube Q; contains at least two elements, hence

o0
M,” = max Mp,.
€/

We now use the following fact: for every f : {1,...,n} — J, conditioning upon the event
Ar={Xie Qyy foreveryi=1,...,n},

the random variables (X;)!_, are independent, each X; uniform on Qy(;). Thus, we further dis-

integrate upon the events Ay, and since E holds we consider only f’s such that, for every j €],

2§|{ie{1,...,n} :f(i):j|§flogn.
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We introduce then a subfamily K C J consisting of (38)_d cubes such that, for j, k € K, with j # k,
Qjs N Qx5 =, so that the random variables (M, x)rek are independent (after conditioning upon
Ay). Using

M;° = max M, ; > max M, ,
j€J keK

and independence we have, for every A > 0,
P(M, < A|Af) < P(rl?ax My < ,\|Af> =[ [ P(Myx < 214y)
ek
keK

The probability P(M,,x < A|As) clearly depends only on the number of elements in each set f~(j),
i.e., on the number of points in each Q;, for j € ], not their labels. We may therefore assume without
loss of generality that f(1) =k, i.e., X; € Qi and that

{XGHo N Qs = X1, Xe)
with
£=N(Qgs) < 3% log n. (2.16)
Then,

.....

hence, further conditioning upon X; and using independence,

IP’(Mn,k > )»|Af) IEDC_nZlinZ 1Xj — X|oo > AlAf, X1 = x> dx
3 Slaees

Z RS
1Q«kl Jao

£
1
> — IP’(|)(j—x|OO>A|Af,X1=x)dx
1l Jo, JLIZ

¢
1 d

— || 1 — wyA?%/|Qr; dx by (2.7),

| Qxl /ijzz( /] f(])|>+ * by (27)

=

N(Qgs)—1
+

> (1 - wd(,\/a)d) o u(N(Q) ),

where in the last equality we choose A =4((1 —e™%) Jwg)Y 4 with u=1 / (2 . 3df). Indeed, this

choice ensures that, by (2.16) we bound from above, for # sufficiently large,

- (38)~4 u \ /(3% log (n)
]P)(MZO S )\,|Af) S (1 _ e—u(3dt10g(n)—l)> S (1 _ #) ( ) S n_(;

Finally, (2.15) follows since M3° < 1, hence, choosing a = g/d, we bound from above

/d /d
E[(M2)] < p(M;o > C(log(n)/n)l/d) L (10%>q § C(loin)q |

for a (possibly different) constant C = C(d, q). U

A minor variation of the proof of the previous proposition yields the following bipartite
analogue, where we replace M,, with the (random) Hausdorff distance between R and B.
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Proposition 2.10. For n> 1, let R" = {X;}/%,, B" = {Y;}\"%| be (jointly) i.i.d. uniformly distributed
on [0, 1] with ng + ng = n and

. nR . np
lim — =age(0,1), lim —=ag=1—oag.
n—-oo n n—>oo n

Then, for every a> 0, there exists a constant C= C(d,ar,ap,a)>1 such that, for every n

sufficiently large,
n n
P(C_ISMSC) ZI_E-
(log (n)/n)1/d na
In particular, for every q > 0, there exists C= C(d, q,ar) > 0 such that, for every n sufficiently
large,

q/d
E[d(Rn,Bn)q] < C(log n) ‘

n

Proof. The proof follows the same argument as the previous one, so we briefly describe the needed
minor changes. It is again simpler to argue first in the £>° distance, hence we replace the variable
M° with

max min |X; — Yj|eo.
i=1,...,nR j=1,...,n

After considering the same partition of [0, 1] into cubes { Qi }je pwe replace the event E with

m {2 < Np:(Q)) <tlogn, 2 < Npi(Q)) < tlogn}
i€l
which has large probability, using first the independence between R”, B” and then arguing simi-

larly as in the previous proof. Once reduced to the event E, we repeat the same arguments replacing
the variables M, j, j € J, with

sup inf  |X;— Y¢|eo.
i<ng {<np
X;eQ; Xi—Yeloo=d
This eventually yields the bound
p(c < max;—1,.. nx Minj=1,. np |X; — Yl <cC ZI_E.
(log (n)/m)'/4 n‘

Finally, repeating the overall derivations with the roles of R” and B" exchanged, we obtain the
thesis, because

i=1,...,nR j=1,....,n j=1,..,np i=1,...,nR

d(R",B"):max{ max min |X;—Yj[, max min |1/j—Xi|}.
B

3. Proof of Theorem 1.1
Throughout this section, for n> 1, let R" = {X;}}X,, B" ={Y;};2, be (jointly) iid. uniformly
distributed on [0, 1] with ng + ng = n and

lim @zaRe(O,l), lim n—BzozB:I—ozR.

n—oo n n—oo n

Let T" denote the Euclidean bipartite MST on R", B”, and write A(T") be the maximum vertex
degree of T".
We split the proof into two separate results.
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Lemma 3.1. There exists € > 0 such that, as n — 00,
P(A(T") < e logn) — 0.

Proof. For n sufficiently large, we have ng > arn/2, np > agn/2. Fix any a> 0 and let C; =
C(d, a) > 1 be as in Proposition 2.9 applied to the variables (X;)!%,, so that the event E", such
that there exists X; € R" with

min X; = Xj| = ;" (log (n)/me) """ = €™ (log (m)/m) ',
JFi

(the second inequality being true if n is sufficiently large) has probability P(E") > 1 — C/n® as
n — 00, for a suitable constant C = C(d, ag, a) > 0. In particular, every point in the cube Q centred
at X; with side length

8 = (log (n)/n)'"* / (av/dC)
is strictly closer to X; than any other point in R". Notice that E” and such cube Q depend on the

random variables R" only. By Lemma 2.2, if E" holds, every Y; € Q will be adjacent in T" to X;,
hence, choosing

d
e=1/(2(avdC)"), sothat (4VdC) e=1/2,

and writing Np»(Q) for the number of elements in B N Q, we have
P(A(T,) < € log () <P((E")°) + P(Np:(Q) < nlQl/2, E")

< € wxfir (@ <t )]

By independence, the conditional law of Ng«(Q) is Binomial with parameters (nB, 8d), hence we
may use (2.12) to obtain

P(Np+(Q) < € log (m)] (X,}]2,) < exp(—nps*F(1/2)) .
Since np > agn/2, 8% =log (n)/(n(4«/EC)) and F(1/2) > 0, it follows that, as n — oo,
exp(—nBSdF(1/2)> — 0.
Lemma 3.2. For every a > 0, there exists C= C(d, a, ar) > 0 such that, for n sufficiently large,

P(A(T™") > Clog (n))

<—.
=
In particular, for every q > 0, there exists C = C(d, q, ar) > 0 such that, for every n large enough,

E[A(T™)1] < C(logn)?. (3.1)

Proof. For n sufficiently large, we have ng > arn/2, ng > apn/2. Fix a>0 and let C, =
C1(d, a,ar) > 1 be as in Proposition 2.10 applied to the variables (X,-)?le, (YJ‘)]’-;B1 so that, if n is
sufficiently large, the event

[a(r" B") > C1(10g (m)/m) )
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has probability smaller than C;/n® We claim that there exists A =A(d, a,ar) > 8C; and C=
C(d, a, ar) such that the following conditions hold, for # sufficiently large:

1. letting v; = (k/4)d log (n)/n, then

¢ C
IP’(NEn(Vl) > )4 log n) < ; and P(Nﬁn(vl) <4 log n) <=,

a

By

2. letting v, = [(A/S C1)) /(2\/_)] log (n)/n, then

C C
P((Nr#), (v2) =0) = —,  P((Np), (v2) =0) = —.
n n
Once the claim is proved, it is immediate to show that on the event
E= {d(R, B) > Cy(log (n)/m)"/?, max { N (v1), Nju(v1)} < 2% log n

min {(Ngn), (v2), (Npn), (v2)} = 1]

that satisfies P(E®) < C/n® (with a different constant C), it must be A(T") < 24 log (n). Indeed, if
A(T") > 2% log n assuming without loss of generality that X; € R" has degree larger than A9 log ,
it follows from N, (v;) < A4 log nn that there must be a node in Y; € B" adjacent to X; that does
not belong to the cube with volume v, centred at X;. In particular,

Y; — Xi| > % (log(n)/n)l/d > C; (log(n)/n)l/d > d(R",B”).

By Lemma 2.7, there exists a cube Q with QN R" =) and

d]
Q= [os-cn /v B oy,

contradicting (Ngn)«(v2) > 0.
To prove the claim, we apply Lemma 2.8. Indeed, (2.13) with t = 4%n/np > 224 gives

P(Nﬁn(vl) > 2% log n) = P(NEV!(Vl) > 4%(n/ng) - vlnR>

1
= 24y, eXP( nRV12dF(n/nR))
24y e C
< —Ad log (n) exP(— log (n)(ng/n) - 192 F(n/nR)> < —

provided that 7 is sufficiently large and A is sufficiently large so that A%ar2~9 " F(n/ng) > a + 1.

—d
Conversely, we use (2.14) with t = 1/ngpv, = [(A/S —C1) /(2«/3)] n/(nglog(n)) < 272 (ifn
is sufficiently large) so that

%Io

P(Ngi(v2) <1) <2* [(x/s — ) /(2\/21)]_’1 lo’g“ - exp<_nRV22—2dF<t22d>) -
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provided that we choose A large enough such that
d
(08— cy /(@Va)| 2722 z a4,

since for n sufficiently large, we have F <t22d) > 1/2. Naturally, the same argument works
replacing R” with B”, thus completing the proof of (1) and (2).
Finally, (3.1) follows since trivially A(T") < n, hence, choosing a = g, we bound from above

E[A(T")1] < niP(A(T") > Clogn) + (Clogn)? < C+ (Clogn)?. -

4. Proof of Theorem 1.2

We first extend [1, Theorem 1] to the bipartite case. Let G=(V, E, w) be a random weighted
graph, i.e., (We)ecp are random variables. To simplify, we assume throughout this section that G is
the complete graph over V ={1,.. ., m} for some m > 1, but allow weights w(e) € [0, co]. Recall
that connection between nodes is meant only along paths consisting of edges with finite weight:
we assume in particular that G is a.s. connected. The number of connected components of G(z)
can be written as

m
XikG
Com=Y_ Y = p @, (4.1)

k=1 i=1

where the random variable X; () € {0, 1} indicates whether i € V' belongs to a component of
G(z) having exactly k elements. Similarly, for the number of connected components having at
least k nodes,

o Xit,G)
CkG(z) = Z Z —7

=k i=1

To estimate the expectation of X g(,), in [1] it is assumed that (w,- J)ijev are exchangeable

random variables. To extend the validity of their results to the bipartite case we relax this condition
by requiring that the joint law of the weights is invariant with respect to the symmetries of an
underlying graph model (such as a complete bipartite graph). Let us give the following general
definition.

Definition 4.1. On a random weighted graph G = (V, E, w), nodes i,j € V are said equivalent in
law if there exists a bijection 7 : V. — V such that (i) =j and (wy) have the same joint law

as (Wn(k),n(é))k,eev‘

Clearly, this defines an equivalence relation, which is relevant for our purposes since, if i, j €
V are equivalent in law, then for every k, z> 0 the random variables X; G()> XjG(z) have the

kteV

same law. Therefore, when computing the expectation ]E[CG(Z)] using (4.1), we are reduced to
a summation upon k and the equivalence classes. If the weights are exchangeable, then there is
only one equivalence class, but this is also the case for a random Euclidean bipartite graph with
V' =RU B and |R| = |B|. To deal with bipartite graphs with |R| # |B| we consider the case of two
(non empty) equivalence classes R and B. We introduce the functions

Pk,R,G(z) = E[Xi,k,G(z)] fori e R, and Pk,B,G(z) = E[Xj,k,G(z)] fOI‘j € B,
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i.e., the probability that a given node in R (respectively in B) belongs to a connected component
of G(z) with exactly k elements. Taking the expectation in (2.2) and (4.1), we deduce that

Vi

0
1
ElCmsT(G)] = / Z % (IRIPkr,G(z) + |1BIPkB,G) — 1 | dz. (4.2)
0 \k=t

Consider now a sequence of random graphs (G")7>, = (V", E", w"))72,, each with two
equivalence classes V" = R" U B", and write, for brevity,

C'2) =Cor(z),  Ci(2) = Cign(z)s

PZ,R(Z) =Prrcr) and PZ,B(Z) = Pi.B,Gn(2)-

For a (pseudo-dimension) parameter d > 1 we introduce the following assumptions:
a) Foranyk>1,y>0,

Tim P (/m") =fir(), and  tim PEy ((/m?) = fin(y),

where convergence is pointwise and dominated in the following sense: for every k > 1 there
exists a function £; and ny > 1 such that, for every y > 0,

sup Py ((r/m') + Py (0/m"?) < 640

n>ng

and

00 1
/ (y)yd™ dy < oo.
0

b) It holds

lim lim sup
k—o00 n—soo

—

/000 (E[C{(2)] — 1) dz| =0.

n _d
The following result extends [1, Theorem 1] to the bipartite case.

Theorem 4.2. Let d > 1 and (G");2, be a sequence of random graphs, each with two equivalence
classes V" = R" U B", satisfying assumptions a), b),
n | n

lim =ar€(0,1) and lim
n—-oo n n—-oo n

=ag=1—oag.

and such that, for some constant z € (0, 00), it holds P-a.s.

sup sup w'(r,b) <z
n>1 reR",beB"

Then,

1 [ 1
k /0 (orfir(Y) + oBfi () yd ' dy.
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Proof. By (2.2), for any n > 1, k > 1, we decompose

- |Vn|
E[Cymsr(G")] 1 ‘ 1 "
A-d . i-i/d /0 > % ('Rn|Pk,R(Z) + |B"|PZ,B(Z)) —1)dz
k=1

Zk 1 I’l n
—nl/d/ ('R Pir(2) + s |P[B( ))
0

i nH/d ( Z*/OZ( [CGi@]-1) dZ>,

having used that, for z > z the integrand in (2.2) is identically zero. Assumption b) gives that in
the limit n — 0o, k — oo the last line gives no contribution in the limit. Hence, it is sufficient

to let n — 0o and then k — oo in first term. Actually, since n'~'/¢ — oo, we only need to prove
that
Rﬂ Bn
lim lim »'/ | p;; r(2) + upr(z) dz
k— 00 n—>00 0 Z 1 i n >
Ign1 [ 1/d—1
=7 > 7 / (arfer(y) + asfes() ¥/ dy.
=1 "0

For fixed k, the limit as n — oo follows by dominated convergence applied toeach ¢ =1, ...,k —
1, yielding

z R" B"
lim nl/d<' lPeR() |n|PZ’B(z)>dz

= Jim /0 (”:1' e (0rm') + lBTﬂPZB«)’/”)I/d))yl/d_ldy

=2 | e+ enin) 4y

after the change of variables z = (y/n)'/% and using Lebesgue’s dominated convergence Theorem,

as ensured by assumption a). Finally, the limit as k — oo follows by monotone convergence. U

We now apply the above theorem to the bipartite MST problem on the d-dimensional flat torus
T4 = R4 / 72 endowed with the flat distance

dpa(x, y) == inf [x —y+z|.
zeZ4

This can be seen as an intermediate step towards the proof of Theorem 1.2, where we exploit the
additional homogeneity of the torus. In particular, we use the fact that the uniform distribution
on T¢ is invariant with respect to translations. In practice, this means that compared to the case of
the cube [0, 1]%, one does not have to consider whether a point is close or far from the boundary
(of course T¢ has no boundary): a fact that in the limit plays no role also in [0, 1]%, but it could
make a direct derivation much more complicated.

Theorem 4.3. Letd> 1, n> 1, R" ={X; }1 B = {Yi}?:B1 be (jointly) i.i.d. uniformly distributed
on T% with ng + ng = n and

nR np

lim —=ap, lim —=ap=1—ag.
n—o0o n n—>o0o n
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Then, for every p € (0, d),

P
i E[CMST(RH’ B")
nLn;o nl—p/d

= Bomsr(d, p)

with Bppsr(d, p) as in Theorem 1.2.

Proof. We apply Theorem 4.2 to the random bipartite graph G" over V" =R"UB", and
w" (Xi, Y]) = dqa (Xi, Y])p , that can be naturally identified with a graph over {1, . . ., n} (recall that
we allow for infinite weights). We show separately that assumptions a) and b) hold with d/p > 1
instead of d.

We introduce some notation: for kg, kg € N, z > 0, let

Orpalk, ks, 2) € (T4)™ x (1)

denote the set of (ordered) points ((r,-)fi 1> (bj)fi 1) such that, in the associated bipartite graph

with weights (dpa(r;, bj)P);j, the subgraph with all edges having weight less than z is connected (or
equivalently, there exists a bipartite spanning tree having all edges with weight less than z). For a
set A C TY, 2 > 0, write

Dpa(A,2) = {x e T du(4, 2 <2} .

Recall that by definition Py, r(2) is the probability that a fixed vertex in R, say Xi, belongs to
a component of the subgraph G"(z) having exactly k nodes. We disintegrate upon the nodes in R
and in B belonging to such component. Clearly, only their numbers are relevant, not the precise
labels (except for X; that is fixed). Therefore, we compute the probability Ir(kg, kp, z) that X;

belongs to a component with kg nodes {Xi}fﬁl C R and kg nodes {YJ}J]Z1 C B, with kg + kg =k,
which is precisely described as follows:
k

1. the set ({Xi}fﬁl , {YJ'}]‘L) belongs to O a(kgr, kp, 2),

2. dpa <{Y]}]ki1 ,Xi) > z,1.e. X; ¢ Dpa ({Y]}JHZB1 ,z), for every i > kg,

3. dpa ({X,-}fi1 , YJ> >z,1.e. Yj ¢ Dra ({X,-}:-ci1 , z), for every j > kg.

Conditioning upon {Xi}fi b 1Y }Jki , and using independence for the events 2) and 3), we obtain

the following expression for the probability:

Ir(kg, kp, z) =
7 o ()

kg
/ (1= Dy (15112, )
(&)Td(kR,kB,z)
kg

where drdb stands for integration performed with respect to the variables {ri}fﬁl and { bj }j=

ng—kg
) drdb,  (4.3)

1

Summing upon all the (k " )<ZB> different choices of labellings (recall that X; is kept fixed)
rR—1 B

and upon kg > 1, kg with kg + kg = k gives

PZ,R(Z) = Z ( "R . ) <nB )I(kR, kg, z). (4.4)

kr+kp=k kR - kB
kr>1
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We now replace integration in (4.3) from (T9* to (Rd)k. This is possible provided that z is small
enough, so that only the local structure is relevant. We first notice that, since we are consider-
ing the flat torus T by exploiting the invariance with respect to translations of the uniform
distribution, we can always fix one variable, say r; = 0. We thus integrate upon the configura-

tions {ri}{%,, {B}2,
spanning tree T with edge weights smaller than z. Now, if z < 1/(4k), it follows that such tree is
contained in a ball of centre 0 € T¢ and radius 1/4, hence it can be isometrically lifted to a tree
on(—1/2, 1/2)d C R4, Similarly, both Dy ({bj }Jkil ,z), Dy ({r,-}fﬁl ,z) are then contained in
a ball of centre 0 and radius 1/2, hence their volumes computed on T¢ coincide with those of
their respective lifts on ( — 1/2,1/2)¢ € R¥. To parallel the notation, we therefore define the set

Opa(kr, k, z) C (Rd)kR X (Rd)kB, analogous to ®a(kg, kp, z). We notice that
®Rd (kR> kB) 1) - ®(kR) kB)

such that adding 0 to the set {ri}fﬁ2 yields a bipartite graph that contains a

as defined in (1.3). We write
Dga(A,2) = {x eRY:d(4, x) < z} ,

for A € R4, and notice that Dpa(A, 1) = D(A) as defined in (1.4). As noticed above, for z < 1/(4k),
we have the identity

Ir(kr, kB, 2) =

k nr—kg .
/® (ke k.2 (- ‘DRd (th2))™ (- ‘DR‘* (2, .2)
R \FRAB>

where here drdb denotes Lebesgue integration with respect to the remaining k — 1 variables in R,
Since for every A C R?and z > 0,

Dpa(A, z) = 2"/PDga (2P 4),

ng—kp
) 8o(r, )drdb,

a change of variable in the integration 7,2~ /7 > r;, biz /P > b; yields, for z < 1/(4k),

Ttk K 2) =010 /@(kR,kB) <1 -2 ‘D({bj}]]zl> >nR7kR '

(=2 (i ) )" sotrydra,

(notice the exponent k — 1 instead of k because of the different integration for r;). Given y > 0,
, so that z < 1/(4k) if n is sufficiently large, hence
(k=1)/d

set z:= (y/n)p/d
"’ <kR’ " (J’/”)p/d> ) y”T /®(kR,kB) (l - % )D<{bj};’=31) )nR_kR '

(1- % () \)nB_kB 8o(r1)drdb,

Since @(kR, kB) has finite measure (with respect to §(r1)drdb), by dominated convergence it

follows that
o 2 ) (12 o)) o

= /®(kR,kB) exp<—}/ (aR ‘D<{bj}]kil>‘ + ap |D<{ri}f§1)))> 8o(r1)drdb
=:Tg (kg k, g, y) -
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Moreover, we have the limit

kr—1 ks
. nR ng 1 o o
lim _- __"R 7B

-, 4.5
n—>00 \ ko — 1 kg nk=1 (kg — 1)! kp! (45)

so that for every y > 0 we have pointwise convergence

kr—1 kg
. 7 p/dy _ Z dp A" (k—1)/d
nll)ngopk,R((y/n) ) - (kR_ 1)| kB'y IR(kR,kB,OlR,y).
kr+kp=k
kr>1

We next prove that the convergence is dominated in the sense of assumption a), with d/p
instead of d. In view of (4.4) and the limit (4.5) it is sufficient to establish an inequality

sup n* g(kr, kg, (/') < LRty ), (4.6)

n=ng

for some n > 1 and a suitable function £k, r, such that

0
/ CR ks W)Yy < o0, (4.7)
0

We begin by noticing that, if A € T is not empty, then for 0 < z <27 we have |Dpa(A, z)| >
w2, while for 277 <z <+/d/2 it holds \DTd(A, z)| > wy2™% and for z>/d/2 we have
|DT'7’ (A, z)| = 1. Therefore, one can find a constant ¢ = ¢(d) > 0 such that

1— ’DTd(A, z)‘ <exp ( — czp/d) for every z > 0. (4.8)

Next, we argue that, for every z > 0, one has the inequality

k—1
Oa(ng, np, z)’ < [(k — l)da)dzd/p] . (4.9)

Indeed, every tree (even not necessarily bipartite) with edge weights smaller than z can be obtained
starting from any given ‘root’ x; and by recursively choosing a sequence of points such that

xi1 € Dpa ({}1_ ) S DaC, (= 1P2),

where the second inclusion follows by the triangle inequality and a simple induction. Hence,
conditionally upon x;, the set ®ra(ng, np,z) is contained in the Cartesian product {x;} x

Dqa (xl,(k— 1)Pz)(k_1), and (4.9) follows. Using the inequalities (4.8) and (4.9) and further
assuming that kg > 1 (recall that we already have kg > 1 by hypothesis), we have

IR(kr; kg, 2)
)" (1= ose (12, 2)

ks
= 1—‘Dd<b'._ ,Z)
/®Td<kk,k3,z> ( Ll

< / exp(—c(n — k)zp/d) drdb
O4 (kr.kp.2)

= |Opalkr, ks, 2)] exp(—c(n — K)29/7)

)"B_kB drdb

k—1
< [(k — 1)da)dzd/p] exp(—c(n — k)zd/P> .
Substituting z = (y/n)?/“ yields the domination (4.6) with

k—
Crn ) = [k = D] exp(—ey/2)
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for n> 2k, and clearly (4.7) holds using that ¢ > 0 and p/d < 1. Arguing similarly in the case
kg =0, kg = 1, we obtain

Ir(1,0,2) < exp(—(n - l)czd/p> ,

yielding a similar domination also in this case. Finally, in the cases kg = 0 and kg > 2, there is
actually nothing to prove, since O (kg, kp, z) is empty.
Performing similar arguments for P}’ , yields instead

kr kg—1
. d ap  Op k—1)/d
HE)I%OPZ,B((}’/V!)’)/)= E Fm)’( / Zp(kr, kg, ar, ),
kr+kp=k R-A%B ’
kp>1

with analogous definitions and dominations. Thus, the validity of assumption a) in this case is
fully established.
It is convenient to notice here that, by exchanging the order of integration, we have

o0
/ S DAL g ey s Y4 dy
0

- /@(kR,kB) /ooo eXp(_y (aR|D<{bf }Jl'cil> ‘JF“BD({’i}fil) D) Y4 dyo(ry)drdb

= I'(k/d) /@(k . (aR|D<{bj}JIZI> |+ ap ‘D({ri}f§1>‘>_k/d So(r1)drdb.

This identity, after some simple manipulations and taking into account also the analogous
contributions from the terms Zp (kR, kg, ag, y) eventually yields the claimed expression for
Bomst (P> d).-

We next prove that assumption b) holds. A lower bound is straightforward, since the maximum
weight of the edges is uniformly bounded (by some constant M = M(d, p) > 0, e.g. M = d/?), it
follows that C}/(z) = 1 if z > M and n is sufficiently large (recall that we must let first n — oo and
then k — 00, so we can assume n > k).

It follows that

1

1
n'=a

o0 M
f (E[Ci(@)] —1)dz> - T 0 asn— oo
0 n d
To obtain an upper bound we use Lemma 2.4 on each G" - we can assume k> 2 and n >
k. Given the sets C;, for i=1...,m with m <n/k, we choose elements r; € C; such that b; :=
ngn(ri) € Ci and ngn(b;) = r;. Without loss of generality, we can assume that r; € R”, b; € B*. We
consider the induced subgraph of G}’ C Gy obtained by restriction on the nodes R} := {r;}iL,,

B} := {bi}:il. With the notation of Lemma 2.4, we have
w(i, j) < dpa(ri, bj)P,
hence

1

1
n'l=a

/0 T (E[Cr@)] 1) dz < Cust (G).

We then use Lemma 2.5 (in fact applied on the metric space T%) to obtain that, for some constant
C=C(p) >0,

m
Cwmst (G}) < C<CMST (R}) + Z dra(rs, bi)P) ,

i=1
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where only one summation appears since nGZ(bi) = ng(b;) = r;. Bounding from above the dis-

tance on T with the Euclidean distance, and using Remark (2.6), we have the inequality, for some
constant C = C(d, p) > 0,

Cuse () + 3 <ol H1+3 i 15— .
i=1

where we also used that b; = ngn(r;). We finally apply (2. 9) with x=r; and the i.i.d. uniform
random variables (Y) * , to conclude that, again for some further constant C = C(d, p) > 0,

d
E [Cymst (RZ,BZ)]SC( 122/ 4 P/d) <C(<k)1 B +%n—P/d)_

Dividing by #n' /4 and letting first # — 0o and then k — oo gives the thesis. U
To transfer the result from the torus T¢ to the cube [0, 1]9, we use the fact that points in [0, 1]4
can be projected to T4, and dra(x, y) < |x — yl|, so that, forany p > 0, R, B C [0, l]d,
Chist (R BIT?) =< Clysr (R, B),
for any set of points R, B C [0, 1]%, where CMST (R, B|’]I‘d) denotes the MST cost functional on T¥.

Letting p — oo yields also Cypor (R, B|’]I‘d> < Cyist(R, B). A converse inequality is the following
one.

Lemma 4.4. If § € (0, 1/2) is such that C3{¢(R, B) < 6, then, for every p > 0,
Chist(R, B) < Chir (R, BIT?) + Cy o (Rs, By),
where Rs =R\ [8,1 —8]% Bs =B\ [5,1 —§]%.

Proof. Indeed, let T be an MST for R, B projected on T¢. The assumption gives that for every
{ b} € T, since |[r — b| <6, it must be da(r, b) = |[r — b| if r € R\ Rs or b € B\ B;. Therefore, the

only obstacle to bound C? Mst(R> B) from above by CMST (R Bl’]I‘d> is due to edges {r, b} e T with

r € Rs and b € Bs, for which dya(r, b) may be much smaller than |r — b|. However, removing all
these edges and adding all the edges of a bipartite Euclidean MST over R, Bs yields a connected
graph and the desired upper bound. u

We combine the above lemma with the following asymptotic upper bounds.

Lemma 4.5. For n> 1, let R" = {X; }l L B = {Yi}?jl be (jointly) i.i.d. uniformly distributed on
[0, 11 with ng 4+ ng = n and
lim @zaRe(O,l), lim n—Bzagzl—aR.
n—-oo n n—-oo n
Then, for every p > 0, there exists a constant C = C(d, p, ar) > 0 such that, for n large enough,
[Cﬁ,IST( )] <cn' P and E[CZI:,IST (R”,B”)] < cnlP/d,

as well as, for some constant C = C(d, p, ag) > 0,

sf(cii 7] =o(E) " i (] =c(20)"

n

and finally, for every a > 0, there exists C = C(d, a, ag) > 0, such that for n large enough,

C C
P(ﬁ'fw (R") > C(log (”)/”)l/d) =@ P<Ci’4°sT (R", B") > C(log (n)/n)l/d) =2 (410
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Proof. This follows from an application of the space-filling curve technique: consider y : [0, 1] —
[0, 1]¢ such that the push-forward of the uniform measure on [0, 1]4 is the uniform measure on
[0, l]d and it is Holder continuous with exponent 1/d, i.e.,

ly(t) —y(s)|

C, = su
Y |t — s|1/d

sF£t

While many constructions for d = 2 are historically well known, the case of general d is established
in detail e.g. in [23]. Let then (Z)!", be ii.d. uniform on [0, 1], so that (y(Z;))!, are i.i.d. on
[0, 1]%. Consider the order statistics

Z(l) = m1n Z; <Z(2) <. <Z(m) 1a.X Z;

and let T be the connected graph on {y (Z;)}, with edges

Hr o),y @an)}:i=1. . om =1},
We have

m—1 m—1

Chisr (D) < D7 Iy (Zarn) — v (Zo) < D | Zarny — Zo [

i=1 i=1

The law of each Z(; 1) — Z; is beta B(1, n), so that, for every g € N,

+1
E[|Z1) — Z)|'] 1_[ :_r+1 <C(gm™1.

Bounding the p/d-th moment with the [p/d]|-th moment gives that, for p > 0, there exists a
constant C(p) such that, for every m and i,

E[|Z<i+1> = Z) |p/d] < C(p)ym=P/

The first inequality of the thesis thus follows by summation upon i=1...,m — 1 and letting
m = ng. For the second inequality, we use Lemma 2.5 and (2.9). The remaining inequalities follow
analogously, noticing that

|Z(,+1)—Z(l)|— max_ |Zi — n(Z)| = M™,

with the notation of Proposition 2.9. U

The following result entails that the expectation of the bipartite Euclidean minimum spanning
tree cost on T¢ and on the cube [0, 1] are much closer than the rate n!=?/4,

Propos1t10n 4.6. For n> 1, let R" = {X; }l B = {Y} | be (jointly) i.i.d. uniformly distributed
on [0, 1] with ng + ng = n and

lim @zaRe(O,l), lim @z(xB:l—oeR.

n—oo mn n—oo n

Then, for every p > 0, there exists a constant C = C(p, d) > 0 such that, for n large enough,

E[Clise (R", B") | ~ B[ s (R", B'IT) | < on! =00/ (1og D/,
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In particular, for every p < d,

E[Clisr(R", B)
Jim By R Bomst(p» d)
with Bpymst(p, d) as in Theorem 1.2.

Proof. Let C > 0 be as in (4.10) with a > p/d and let § = C(log (n)/n)l/d. Since both ng and np
grow linearly with n — o0, an application of Lemma 2.8 as in the proof of Proposition 2.9 ensures
that with probability larger than 1 — C/n, for every fixed a > 0, in particular for a > p/d (and a
suitable constant C > 0) all cubes Q with |Q| = 8¢ have non- empty intersections both with R” and
B". Let E be the event where both these conditions occur as well as Cife(R", B") < é. In the event

E, we may apply Lemma 4.4, otherwise we simply bound Cf/IST(R”, B") < ndP/? and use the fact
that P(E) < C/n® for a arbitrary large.
We are then reduced to bound from above

E[CIIz/IST (Rg’ Bf{) IE]

where RI!=R"\[8,1—8]9, Bf=B"\[5,1—68]°. We decompose [0,1]%\[6,1—5]¢ into
(Q)!,, cubes with side length 8, w1th m < C8~@=1 for some C = C(d) > 0. We consider a bipar-
tite Euclidean minimum spanning tree T}’ on R := R" N Q;, B} := B" N Q; - both are non empty
if the event E occurs — and then add m — 1 edges, each with one node in a cube and an adjacent
one, to connect all these trees (again this is possible since E occurs). This construction leads to a
bipartite spanning tree on RY, B, so that, in E,

Chist (R, BY) ZCMST B}) +mé?.

Taking expectation and rescaling from the cube Q; to [0, 119, we bound each term in the sum
using Lemma 4.5, writing Nr(Q;) = |RY|, Np(Q;) = |B!|, that are independent random variables
with binomial laws with common parameters (n, 89). Tt follows that

P P
IE|:CMST (R?’ an) IE:I = 5PE|:CMST (R?’ an) I{NR(Qi)>0)NB(Qi)>0}]

< co# (B[ Na(Q)™#] + EIN5(Q)] E[Ne(@) ™ Iinia-01 )
< C8? logn,

having used that
E[Nr(Q)' /4] < E[Nx(@)]' ™/ < Cllog m)! /¢
and
]E[NR(Qi)ip/dI{NR(Q,-bO}] <1
It follows that, for some (other) constant C = C(p, d) > 0,
E[C{,IST (R?, BY) IE] < CmdP log n = C8P~ 1 log n,

that eventually gives the thesis. O
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We end the proof of Theorem 1.2 with a concentration result to improve from convergence of
expectations to almost sure convergence.

Proposition 4.7. Let d > 1. For n> 1, let R" = {X;}!X,, B" = {Y;}}2, be (jointly) i.i.d. uniformly
distributed on [0, 1] with ng + ng = n and

. hR . hp
lim —=are(0,1), lim —=ag=1—ag.
n—oo n n—oo n

Then, for every p € (0,d/2) if d € {1, 2} or any p > 0 if d > 3, almost sure convergenc holds:

Chist(R", BY) — B[l (R", B |

im =0.
n— 00 nl—p/d

Proof. Consider the function

nR+np np
([0, 1]d) S Y) =K1 s Xngs V1o - - > Yng) > f6,9) = CII\)/[ST ({xi}?ﬁ1 , {yf}j:1> .

nr+np
We argue separately for p < 1 and p > 1. In the former case, if (x, y), (¥, )') € <[O, l]d> dif-
fer only on a single coordinate, say for simplicity x; # x|, then, letting T denote the Euclidean
bipartite minimum spanning tree on {x;};% |, {y; }]”ZB b
fE ) <faey+ Y =P =Ly — x|
{yj,xl}eT
<f(x,y)+ Z |x; —x]|P (by the triangle inequality, since p < 1)
i ter

<f(x, ) + degy (x1)lx1 — X,/

<fxy) + A2,
where A(T) denote the maximum degree of T. Arguing symmetrically, we obtain

G y) = f(2 ) < ADP + AT,
By Lemma A.1 with E; = [0, 1]4 and gilx,y) = A(T)dP/? (for every i=1,...,n) we obtain, for
every q > 2, that there exists C = C(q) > 0 such that
B[ |cfisr (R B") — B [Cligy (R, B7)]|"] = ont B[ (a (102 ]
< C'n1?(log n)4,

where we used (3.1) and C' = C(d, g, ar, @) > 0 is a constant. Dividing both sides by na(1=p/d)
and using Markov’s inequality yields, for every € > 0,

P(|Chisr (R", B) — E[Chir (R",BY)]| /0 P/ > €) < C'em /4= 2 log ),

that is summable if p/d — 1/2 < 0, i.e., p < d/2, and q is sufficiently large.
In the case p > 1, we use the fact that f is Lipschitz (being minimum of Lipschitz functions)
with a.e. derivative given by

Vefy) = Y plxi—ylP 70—y,
j=1,....np
{Xi,yj}GT

Vyfoy= D plxi—ylP 2 =),

i=1,...,nR
{x,-,yj}eT
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We bound from above, using the Cauchy-Schwartz inequality

IVaf (6 )P <p2AT) D Jxi— y 207,
j=1,..,np
{xiyj}er

It follows that the (Euclidean) norm of the derivative is bounded above by
19/ )P < 20° ATy (,9) < 29> A(T) (CRisn ()"0,

where we used the fact that the minimum spanning tree T does not depend on the choice of p,
see Remark 2.3. For every g > 0 Lemma 3.2 and Lemma 4.5 yield that, for some constant C =
C(d, p, q) > 0 and n sufficiently large,

E[A(Tn)q/Z (C&OST(RH,BH))q(P*I)iI < E[A(Tn)q]l/z E[(C&OST(R”,B”))zq(p*l)]l/z
log n q(p—1/d
q/2 [ 28
< Clog(n) < " )

It follows that (possibly for a larger constant C)
E[|V/ (X > {¥idiz1) 7] < Clog (m)X1/2H(e=1/d) yal1/2=(=1/d),

Poincaré’s inequality for the uniform measure on the unit cube, see e.g. the argument in [21, Prop.
2.8], gives that, for some constant C = C(gq) > 0,

E[If (X » (Yidizy) = E[f (XL (Yidiz)]|] < CQ@E[IVF (XL > (Yidizt) 1]
thus using Markov’s inequality, for every € > 0, we have
(log n)d1/2+(p=1)/d)
eina1/2=1/d)  °

which is summable if g is large enough and d > 3. U

P(|chisr (R", B") — E[ Chygr (R, BY) || /' 714 > €) < C
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Appendix A. A concentration inequality in L4

McDiarmid inequality [22] is a simple but effective concentration inequality often used in ran-
dom combinatorial optimisation problems. An interpretation is that the oscillations of a function
of many independent random variables are bounded by its Lipschitz norm (with respect to a
Hamming-type distance). The usual proof relies on concentration inequalities for discrete time
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exponential martingales. In this appendix we show an analogous result where we replace the
Lipschitz condition with a ‘Sobolev’ one and use the Burkholder-Gundy inequalities instead.

Lemma A.1. Let ((E;, &), be measurable spaces, set E=[]!_, E; and let
f:E—>R, g:E—[0,00] fori=1,...,n
be such that, for everyi€ {1, ..., n}, for every x, X' € E with
X= (X1 s Xise s Xn) X = (X150 s X, Xn)
then
f (%) — f(x)] < gilx) + gi(x).

For every q>2, there exists C=C(q) > 0 such that, if X=(X;)]_, are independent random
variables, with X; : Q — E;, then

E[|f(0 - E[f(0)]|"] < C@n?>" > E[gi(0)7].

i=1
Proof. Write [E; for the conditional expectation with respect to the variables (X'j)j<i, i.e., condi-

tioned on the values of these variables. In particular, Eg = E and E,, is the identity operator. We
write f(X) — E[f(X)] as a sum of martingale differences

fOO—E[f0] =) E[f(X)] —Ei1 [fX)].
i=1

The Burkholder-Gundy inequality [7] gives, for some constant C = C(g) > 0,

q/2
E[|fC0) - E[f0]|"] = C(@E (Z\E [f)] - Eiy [f(X)]|2) L@

To simplify notation, we introduce a copy of the independent variables (X] ) defined on a dif-
ferent space €/, and write I’ for expectation with respect to such variables, so that, because of
independence, for everyi=0,...,n,

Ei [fQO]=FE [f(X1,.... X6 Xjyps. .. X))
This leads to
[E: [f0] = i [fOO]]
=|E[f(Xt,. . Xo X X)) - E [f(X1, ... Xicn, X X))
E[|f(Xts . X Xipps - X)) —f(X1 o X, X X)) |]
<E[g (Xt s X Xjp 0 X)) + & (XL X XG5 X)) ]
E

i[gi] +Eic1 [&]-
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Using these inequalities in (A.1) yields

q/2
E[|fX) —E[fX)]|?] < C(9E Z (Ei [gi] + Ei-y [&'])2)

i=1

< C(g)n¥/*1 2": E[(Ei [gi] + Ei-1 [gi])q]

i=1

< O E[E; [g]" + Eimi [g1]]

i=1

<2C(q)n?/?>7! Z E[glq] ,

i=1

hence the thesis. O
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