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Heat kernel asymptotics for real powers
of Laplacians

Cipriana Anghel

Abstract. We describe the small-time heat kernel asymptotics of real powers A", r € (0,1) of a non-
negative self-adjoint generalized Laplacian A acting on the sections of a Hermitian vector bundle
& over a closed oriented manifold M. First, we treat separately the asymptotic on the diagonal of
M x M and in a compact set away from it. Logarithmic terms appear only if 7 is odd and r is rational
with even denominator. We prove the non-triviality of the coefficients appearing in the diagonal
asymptotics, and also the non-locality of some of the coefficients. In the special case r = 1/2, we give
a simultaneous formula by proving that the heat kernel of A/? is a polyhomogeneous conormal
section in € ® &* on the standard blow-up space Mpeqt Of the diagonal at time t = 0 inside [0, 00 ) x
M x M.

1 Introduction

Let A be a self-adjoint generalized Laplacian acting on the sections of a Hermitian
vector bundle € over an oriented, compact Riemannian manifold M of dimension
n. Denote by p, the heat kernel of A, i.e., the Schwartz kernel of the operator e~* 4.
It is known since Minakshisundaram-Pleijel [21] that p;(x, y) has an asymptotic
expansion as t \ 0 near the diagonal

D

(LY pe(oy) X0 P S 0W(x, ),

j=0

where d(x, y) is the geodesic distance between x and y, and the ¥;’s are recursively
defined as solutions of certain ODE’s along geodesics (see, e.g., [4, 5]). This asymptotic
expansion applied to D* D, where D is a twisted Dirac operator, plays a leading role
in the heat kernel proofs of the Atiyah-Singer index theorem (see [6, 7, 12]).

Bdr and Moroianu [2] studied the short-time asymptotic behavior of the heat kernel
of AV™, m ¢ N*, for a strictly positive self-adjoint generalized Laplacian A. They give
explicit asymptotic formula separately in the case when t \ 0 along the diagonal
Diag c M x M, and when f goes to 0 in a compact set away from the diagonal. The
asymptotic behavior depends on the parity of the dimension n and of the root m.
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368 C. Anghel

More precisely, logarithmic terms appear when # is odd and m is even. They use the
Legendre duplication formula, and the more general Gauss multiplication formula for
the I' function (see, e.g., [22]). Another crucial argument in [2] is to use integration by
parts in order to show that the Schwartz kernel q_; of the pseudodifferential operator
A%, s € C, defines a meromorphic function when restricted to the diagonal in M x M.

1.1 Small-time heat asymptotic for real powers of A

The purpose of this paper is to study the short-time asymptotic of the Schwartz
kernel f, of the operator e~*~", where r € (0,1) and A is a non-negative self-adjoint
generalized Laplacian, like, for instance, A = D* D for a Dirac operator D. We give
separate formule as f goes to 0 in [0, 00) x Diag,and when ¢ \ 0in [0, 00) x K, where
K c M x M is a compact set disjoint from the diagonal. In Theorem 6.1, we obtain
that h4[9,00)xx € t - C* ([0, 00) x K) is a smooth function vanishing at least to order
1 at {¢ = 0}. The asymptotic along the diagonal depends on the parity of n (like in
[2]) and on the rationality of . In Theorem 7.1, the most interesting case occurs when

logarithmic terms appear. This happens only if # is odd, r = % is rational, and the

denominator f is even. In that case,

o (n-1)/2 ey © it
tDiag ~ Z t 2 A_"%J + Z:t 2r A%
j=0 j=1
(12) at2j+1
+3 A+ Yt logt - By.
j=1 I=1
B+j 1 odd

Similar expansions are proved in Theorem 71 in all the other cases. Furthermore,
we prove the non-triviality of the coeflicients appearing in the diagonal asymptotics
(Theorem 1.1), and also the non-locality of some of them (Theorem 1.3).

In the special case r = 1/2, Bir and Moroianu [2] described the small-time asymp-
totic behavior of h; on the diagonal and away from it separately. In Theorem 1.4,
we give an uniform description of the transition between the on- and off-diagonal
behavior by proving that the heat kernel of A% s a polyhomogeneous conormal
section in € ® £ on the standard blow-up space [[0,00) x M x M, {t = 0} x Diag].

1.2 Comparison to previous results

Fahrenwaldt [11] studied the off-diagonal short-time asymptotics of the heat kernel
of e/ (P) where f : [0, 00) —> [0, 00) is a smooth function with certain properties,
and Pisa positive self-adjoint generalized Laplacian. The function f(x) = x",7 € (0,1)
does not satisfy the third condition in [11, Hypothesis 3.3], which seems to be crucial
for the arguments and statements in that paper, so the results of [11] do not seem to
apply here.

Duistermaat and Guillemin [10] give the asymptotic expansion of the heat kernel of
e~'F, where P is a scalar positive elliptic self-adjoint pseudodifferential operator. The
order of P in [10] seems to be a positive integer. It is claimed in [1] that this asymptotic
holds true in the context of fiber bundles. Furthermore, Grubb [16, Theorem 4.2.2]
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studied the heat asymptotics for e™*¥ in the context of fiber bundles when the order

of P is positive, not necessary an integer. In Theorem 7.1, we obtain the vanishing of
some terms appearing in [16, Corollary 4.2.7] in our particular case when P = A" is a
real power of a self-adjoint non-negative generalized Laplacian A, r € (0,1). We also
show that the remaining terms do not vanish in general.

Theorem 1.1  For each r € (0,1), none of the coefficients in the small-time asymptotic
expansion of h; appearing in Theorem 7.1 vanishes identically for every generalized
Laplacian A.

The logarithmic coefficients B; and the coefficients A ; for j ¢ Z can be computed in
terms of the heat coefficients for e~** appearing in (1.1). It is well known that the heat
coefficients of a generalized Laplacian are locally computable in terms of the curvature
of the connection on &, the Riemannian metric of M and their derivatives (see, e.g.,
[5]). This is no longer the case for the coeflicients of positive integer powers of ¢ from
Theorem 7.1 as we shall see now.

By applying Theorem 7.1 for r € (0,1) and a set of geometric data, namely a
hermitic vector bundle € over an oriented, compact Riemannian manifold (M, g),
a metric connection V and an endomorphism F € End €, F* = F, we produce an
endomorphism A; (M, g, &, he,V,F) € C* (M,End €) for each index [ appearing
in (1.2).

Definition 1.1 (i) We say that a function A which associates to any set of geometric
data (M, g, &, he, V, F) a section in € (M, End €) is locally computable if for
any two sets of geometricdata (M, g, &, he, V, F), (M', ¢', &', hes, V', F') which
agree on an open set (i.e., there exist an isometry « : U — U’ between two open
sets U ¢ M, U’ ¢ M',and ametricisomorphism 8 : €, —> EI’U, which preserves

the connection and , o Fy o ﬁ;}x) = F;(x)), we have

BxoAxo ﬁ;tx) = Aa(x)

forany x € U.

(ii) A scalar function a defined on the set of all geometric data (M, g, &, he, V, F)
with values in C is called locally computable if there exists a locally computable
function Cas in (i) above such that a = [, Tr C dvol, forany (M, g, €, he, V, F).

(iii) A function A as in (i) is called cohomologically locally computable if there exists a
locally computable function C as in (i) such that for any (M, g, €, he, V, F),

[Tr Advolg]| = [Tr Cdvol,| € Hjp (M).

Remark12 (i) If a function A is locally computable, then the integral
a:= [,, Tr Advoly is locally computable.

(ii) A function A is cohomologically locally computable if and only if
a:= [,, Tr Advoly is locally computable.

Theorem 1.3  Ifris irrational, the heat coefficients A j in Theorem 7.1 (and in particular
in (1.2)) are not locally computable for integer j>1. If r = % is rational, then A; are

not locally computable for j € N\{I1B : | € N}. All the other coefficients can be written in
terms of the heat coefficients of e™* %, hence they are locally computable.
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Consider the asymptotic expansion in [10, Corollary 2.2°] for a scalar admissible
operator, i.e., an elliptic, self-adjoint, positive pseudodifferential operator P of positive
integer order d:

e_tp IEO ZAI(P)t(l_n)/d + ZBk(P)tk log t.
1=0 k=1

Gilkey and Grubb [14, Theorem 1.4] proved that the coefficients a;(P) for ! > 0 and
by (P) for k > 1 from the corresponding small-time heat trace expansion

(13) Tre 203 a;(P) e~/ 4 3 by (P)tF log t
=0 k=1

are generically non-zero in the above class of admissible operators. In Theorem 1.1,
we prove the same type of statement. However, in our case, the order of the operator
AT is 2r; thus, it is integer only for = 1/2. Even in this case, the non-vanishing result
in Theorem 1.1 is not a consequence of [14, Theorem 1.4] since, in our case, we do not
consider the whole class of admissible operators of fixed integer order d in the sense of
Gilkey and Grubb [14], but the smaller class of square roots of generalized Laplacians.

Furthermore, in [14, Theorem 1.7], it is proved that the coefficients a;(P) in (1.3)
corresponding to t(")/4 for (I — n)/d € N, are not locally computable. Remark that
the meaning of “locally computable” in [14] is different from our Definition 1.1. More
precisely, in the definition of Gilkey and Grubb, a locally computable function A has to
be a smooth function in the jets of the homogeneous components of the total symbol
of the operator. A locally computable coeflicient in the sense of Gilkey and Grubb [14]
is clearly locally computable in the sense of Definition 1.1(ii).

For r = 1/2, Bir and Moroianu [2] remark that for odd k = 1,3, .. ., the coeflicients
Ay in (1.2) corresponding to t* appear to be non-local. In Section 9, we clarify this
remark by proving that they are indeed non-local in the sense of Definition 1.1 (i)
(Theorem 1.3). In fact, we prove that the A}’s are not cohomologically local. By Remark
1.2 (ii), it also follows that the integrals ay := [}, Tr Ay dvol, are not locally computable
in the sense of Definition 1.1 (ii). Therefore, the a;’s for odd k are also not locally
computable in the sense of Gilkey and Grubb [14].

For d =1, the non-local coefficients in the heat expansion (1.3) in [14] are
Ap+1> Ans2s - - » Whereas in our case corresponding to r = d/2 =1/2, the non-local
coefficients are a;, a3, . . .. Despite some formal resemblances, it appears therefore that
the results of the present paper are quite different from those of [14].

1.3 The heat kernel as a conormal section

Recall that a smooth function f on the interior of a manifold with corners is said to
be polyhomogeneous conormal if for any boundary hypersurface given by a boundary
defining function 6, f has an expansion with terms of the form 6*log' 6 toward
{6 =0} (only natural powers [ are allowed). In [19], Melrose introduced the heat
space M%; by performing a parabolic blow-up of the diagonal in M x M at time ¢ = 0.
The new space is a manifold with corners with boundary hypersurfaces given by
the boundary defining functions p and w,. Then the heat kernel p; has the form
p "€ (M%), and it vanishes rapidly at {w, = 0} (see [19, Theorem 7.12]).
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In the special case r =1/2, we are able to give a simultaneous formula for the
asymptotic behavior of h, as t goes to zero both on the diagonal and away from it.
We can understand better the heat operator e ona homogeneous (rather than
parabolic) blow-up heat space Mpe,t, the usual blow-up of {0} x Diag in [0, c0) x
M x M. The new added face is called the front face and we denote it ff, whereas the
lift of the old boundary is the lateral boundary, denoted Ib.

. _t AV
Theorem 1.4 If n is even, then the Schwartz kernel h; of the operator e ta”

belongsto p™"wg - C (Mheat ), whileifnisodd, hy € p~™ wq - C*° (Mhpeat) + plogp - wo -
(Chad (Mheat)-

Theorem 1.4 improves the results of [2] twofold. First, it holds true for non-
negative generalized Laplacians. Second, while Bar-Moroianu describe the asymptotic
behavior of h; on the diagonal and away from it separately, this theorem also gives a
precise, uniform description of the transition between these two regions by showing
that h is a polyhomogeneous conormal section on My, with valuesin E ® E*.

Note that throughout the paper, integral kernels act on sections by integration with
respect to the fixed Riemannian density from M in the second variable, so h; does not
contain a density factor. We feel that in the present context this exhibits more clearly
the asymptotic behavior.

Based on the study of the case r = 1/2 and on the separate asymptotic expansions
of the heat kernel h; of A", r € (0,1) as t goes to 0 given in Theorems 6.1 and 7.1, we
can conjecture that the heat kernel 4, is a polyhomogeneous conormal function for
all r € (0,1) on a “transcendental” heat blow-up space M}, , depending on r. We leave
this as a future project.

2 The heat kernel of a generalized Laplacian

Let £ be a Hermitian vector bundle over a compact Riemannian manifold M of
dimension n. Consider A to be a generalized Laplacian, i.e., a second-order differential
operator which satisfies

a2 (8)(x,§) = [§]* - ide .

For example, if V is a connection on € and F € [(End &), F* = F, then V*V + Fis a
symmetric generalized Laplacian on €.

Suppose that A is self-adjoint. Since M is compact, the spectrum of A is discrete
and L?(M, &) splits as an orthogonal Hilbert direct sum

1
L*(M, &)= @ E,
AeSpec A

where E, is the eigenspace corresponding to the eigenvalue A of A. Moreover,
dim E, < oo and by elliptic regularity, the eigensections are smooth (see, e.g., [8]). Let
e~'2 be the heat operator defined as

e—tA® _ e—t)tqD)

forany ®@ € E,, A € Spec A.
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Definition 2.1 The heat kernel of a self-adjoint elliptic pseudodifferential operator P
acting on the sections of € is the Schwartz kernel of the operator e™*.

If we denote by {®;} an orthonormal Hilbert basis of A-eigensections, then the
heat kernel p;(x, y) satisfies

pi(xy) = 2 e H0;(x) ® 0 (y)
]

in €= ((0,00) x M x M).
Recall that the L?-product of two sections s, s, € ['(€) is given by

(sl,sz)Lz(g):/th(sl,sz)dvolg,

where g is the metric on M and h¢ is the Hermitian product on €.
Let y € M be a fixed point. We work in geodesic normal coordinates defined by the
exponential map

exp, : TyM — M.

Since M is compact, there exists a global injectivity radius ¢. For x close enough to y
(d(x,y) <€), take x € Ty M the unique tangent vector of length smaller than & such
that x = exp , x. Let

. _exp;dx
i) =—"

namely the pull-back of the volume form dx on M through the exponential map exp,,
is equal with j(x)d x. More precisely,

j(x) = | det (dy expr) | = det'/? (g,-j(x)) .

Denote by 7y : £, —> &, the parallel transport along the unique minimal geodesic
x; = exp,,(sx), where s € [0,1], which connects the points x and y. The heat kernel

pe(x, ) belongs to the space €= ((0,00) x M x M, €, ® 8;) and p(x, y) satisfies
the heat equation

(0¢ + Ay) pe(x,y) = 0.

Furthermore, lim;_,¢ P;s = s, in | - ||o, for any smooth section s € T(M, &), where

(P)(x)= [ pil.)s()dg(y),

where dg(y) is the Riemannian density of the metric g. The next theorem is due to
Minakshisundaram and Pleijel (see, for instance, [4, 21]).

Theorem 2.1 The heat kernel p, has the following asymptotic expansion near the
diagonal:

d(x

2N &
i Zt"l’,-(x,y),
i=0

pi(x,y) =7 (4mt) e
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where ¥; : €, — & are C* sections defined near the diagonal. Moreover, the ¥;’s are
given by the following explicit formulee:

¥ (x,y) =i 2 (x)1},
.
¥(x,y) = —j_l/z(x) fo s’_lj_l/z(xs)rfés Ay Wi (x5, y)ds.

The asymptotic sum in Theorem 2.1 can be understood using truncation and
bounds of derivatives as in [5]. We prefer the interpretation given in [19], where the
heat kernel p; is shown to belong to p™" > (M%) on the parabolic blow-up space M
and to vanish rapidly at the temporal boundary face {wo = 0} (see Section 10).

Example 2.2 Let T" = (Sl)n =R"/(2nZ)" be the n-dimensional torus with the
standard product metric g = d6f ® - ® d0%. Consider the trivial bundle & = C over
T" with the standard metric k¢, the trivial connection V = d, and the zero endomor-
phism F. Let A; be the Laplacian on T" given by the metric g. The eigenvalues of A;
are {k} +-+k%:ky,....k, € Z}. Let 9, (&) = \/%e”f be the standard orthonormal
basis ofelgenfunctlons of each Agi. Then, for 0 = (6y,...,0,) € T", the heat kernel p;
of A, is the following:

pi(6,0)= Y e R o (01) 9k (61) - 9k, (B4) 9k, (Bn).

Since ¢;(§)¢:(&)

| |

5"
=

5
=

e
m

“«
=

I}
ogQ

o)

—t

pt(e,e) _ ﬁ Z e—t(k1+-~~+k,,)‘

Remark that the Fourier transform of the function f; : R" — R, f;(x) = el s
given by

n/2 f|

Jo(§) = e

Using the multidimensional Poisson formula (see, for instance, [3]), we obtain that

n —n n/2 —n _
pt(e 6) = (2ﬂ)n Z ff(k) = Z ft(ZHk) = (27-[)n /24 (zﬂ)nt /2 Z e

kezn keZ"\{0}

"2|k‘2
t

Since the last sum is of order O (e_%) as t — 0, it follows that the first coefficient in

. . . . n/2 .
the asymptotic expansion at small-time ¢ of p; is (gT)n and all the others vanish.

From now on, suppose that A is non-negative (i.e., he (A f, f) >0, for any f €
C>(M, &)). For s € C, we define the complex powers A™ € ¥~ (M, ) of A as

_ A0, if®eE), 10
S _ > > >
A CD_{O, if © e KerA.

Remark that (A*)sc is a holomorphic family of pseudodifferential operators. Let
r € (0,1). We denote by h; the heat kernel of A", namely the Schwartz kernel of the
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operator e~*2". We have seen that
50 =
(2.1) pe(x,x) 'R0 2 Y taj(x,x),
=0
with smooth sections a;(x,x) € £, ® €.

3 The link between the heat kernel and complex powers of the
Laplacian

Proposition 1 (Mellin Formula) ~ With the notations above, for Rs > 0, we have

1 oo
A5 = m ﬁ t’571 (eitA - PKerA) dt,

where Pxer a is the orthogonal projection onto the kernel of A.

Proof Itisstraightforward to check that both sides coincide on eigensections @ € E,
A € Spec A. Since {®;} ; is a Hilbert basis, the result follows. ]

We will write Pxer a (%, y) for the Schwartz kernel 3 ¢i(x) ® ¢ (), where {¢}
is an orthonormal basis in Ker A. Denote by g_, the Schwartz kernel of the operator
A™°. Let us first study the poles and the zeros of q_; away from the diagonal.

Proposition 2 Let K be a compact in M x M\ Diag. Then, for (x,y) € K, the func-
tion s — g, € C% (K, Ew &) is entire. Moreover, q-s), vanishes at each negative
integer s.

Proof ForQRs>0,let fy,(s) = [, 7 (pe(x, y) — Prera(x, y)) dt. Remark that
Feor@) = [T E (pix3) = Prera (5, 9)) dt
= [ il y) ~ Prera () dt

1 1
+ / 7 pi(x, y)dt — Prera(x, y) - f t*71dt.
0 0

Since p¢(x, ¥) — Pxera(x, y) decays exponentially fast as ¢ goes to oo, the first integral
is absolutely convergent in C* norms. The heat kernel p; vanishes with all of its
derivatives as ¢ \ 0 in the compact K, thus the second integral is also absolutely
convergent. The last integral term is well-defined for s > 0, and it extends to a
meromorphic function on C with a simple pole in s = 0. Therefore, s > f , (s) extends
to a meromorphic function on C. By Proposition 1 and the identity theorem, the
equality of meromorphic functions

[(s)g-s(x,¥) = fa,y(s)

holds for any s € C. In particular, we obtain go(x, ¥) = — Pxera (%, y). Furthermore,
q-s|, is an entire function and vanishes ins = -1,-2, .. .. [

Remark 3.1 'The fact that g_;, vanishes for negative integers s also follows from the
fact that then A™* is a differential operator.
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Now we check the behavior of g_; along the diagonal. It is no longer holomorphic
there, and the coefficients a;(x, x) from (2.1) appear as residues of g_(x, x).

Proposition 3 Let x € M. Then the function s = I'(s)q-s(x,x) has a meromorphic
extension from the set {s € C:Rs > 7} to C with simple polesins e {0y u {5 —j:je
N}. The residue of T(s)q—s(x,x) ins= 5 —j, j# 5, is aj(x, x). If n is even, then the
residue of T(s)q-s(x,x) in s=0is as(x,x) - Pkera(x,x). If n is odd, the residue
in s=0 is —Pgera(x,x) and the meromorphic extension of q_s(x,x) vanishes at
se{-1,-2,...}.

Proof Consider the function fi.(s) = [~ £ (pe(x,x) = Prera(x,x)) dt for
PRs > 7. We have

fears) = [0 (pul %) = Prera (5,2
:fl £ (pe(%, %) - Piera (x, %)) dt
1 1
s-1 _ 3 s—1
+/0t pe(x,x)dt — Pgera(x, x) [Ot dt.

The first integral is absolutely convergent, as seen in the proof of Proposition 2. The last
integral term is meromorphic with a simple pole at s = 0 with residue — Pger a (%, x).

Let us analyze the behavior of the second term A, (s) = fol 7 pe(x, x)dt.
Using (2.1), we have that for N > 0,

N
"2 p,(x,x) = > ta;(x,x) + Rys(t, x),
=0

where Ry, is of order O(tN*1) as t — 0. Furthermore, we obtain

1 N 1 . o,
Ax(s):/o tS_Tlﬁpt(x,x)dt:Z/o ts_f_lt’aj(x,x)dt+/0 575 Ry (8, x)dit
j=0
N 1 U w
:Zaj(x,x)?+[ "2 'Ry (t, x)dt.
j=0 S=at) S0

Thus s — A, (s) extends to a meromorphic function on C with simple poles in
2 —jt j=0,N +1}. Using again Proposition 1 and the identity theorem, we deduce
the equality

F(s)q_s(x,x) = fx,x(s)’

for any s € C. It follows that I'(s)g_s(x, x) is meromorphic on C with simple poles
inse {0} u{% ~j:jeN}. Moreover, the residue of [(s)q_s(x, x) in a pole § — jis
aj(x,x), and the conclusion follows. ]

For p e Cand ¢ > 0, let B,(p) be the open disk centered in p of radius . We need
the following technical result.
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Proposition 4 Consider o < 3, and let ¢ > 0, ] € N.

o If K is a compact set disjoint from the diagonal, then the function s — F(s)q_5|K is
uniformly bounded in {s € C : & < Rs < B}\B.(0) in the €' norm on K.

« The function s — T'(s)q-s,, defined on {s € C: a <MRs < B\ Ujenuz) Be(5 -
j) — €' (Diag, & ® £*) is uniformly bounded.

Proof With the same argument as in the proof of Proposition 2, the restriction of
the €' norm on K of the function s ~ f,,(s) is absolutely convergent in {s € C : & <
Rs < B}\B.(0), hence it is uniformly bounded.

As in the proof of Proposition 3, the €' norm along Diag of s — f, .(s) con-
verges absolutely in {s € C: a <QRs < B} Ujenu(zy Be(5 - j), thus the conclusion
follows. [ ]

4 The behavior of quotients of Gamma functions along
vertical lines

A fundamental result used in [2] is the Legendre duplication formula

I'(s) 23,%r(s+1)

r(;) v 2

together with the rapid decay of the Gamma function in vertical lines fis = 7 (see, e.g.,
[22]). These results are replaced in our case by the following estimate.

Proposition 5 The function s — % decreases in vertical lines faster than |s| %, for

any k > 0, uniformly in each strip {s € C: « <R(s) < p}, forany a, B € R.

Proof For z € C\R_, recall the Stirling formula (see, for instance, [23])

1 1
logI'(z) = (z - i)logz -z+ Elog(Zﬂ) +Q(z),

where log is defined on its principal branch, and Q is an analytic function of z. For
|argz| < m and |z| > oo, Q) can be written as

N-1 sz

Q(z) = —————— + Ry(2),
]Z:; 2j(2j—1)z%1
where B,; are the Bernoulli numbers (B, = £, By=—5, Bs = 45, etc.). Moreover,
the error term satisfies
B sec?N (282
Ra(2)| < o -

AINQN-1) [N

thus, Ry(z) is of order O (|z|‘2N“) as |z| > oo (see, for instance, [22, equation
(2.1.6)]). For s ¢ (—00,0), it follows that

r(S) _ S—s(r—l)es(r—l)r%—rseﬂ(s)—(}(rs).
[(rs)
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Let s=a+ib, aeR fixed. As |b| - oo, the difference |Q(s) - Q(rs)| > 0; thus,

|e2()=2(r9)| _, 1. Note that |r2 "] = |r277%| and |e(""D%| = ("D, 50 these terms are

bounded. We show in Lemma 4.1 that for any k > 0, |s|¥|s°| goes to 0 as Rs = a is fixed
T'(s)

and | Im s| tends to co. It follows that the quotient el indeed decreases in vertical

lines faster than |s| ™%, for any k > 0, uniformly in vertical strips. [ ]

Lemma 4.1 Let k > 0. If a € R is fixed and |b| — oo, then |(a + ib)****| tends to
zero.

Proof Lets=a+ib¢ (-00,0)andsetlog(a+ ib) =x+ iy. Thenx =log\a? + b?,
y = args € (-, m); hence,

|Ss+k| _ |e(k+a+ib) 10g(a+ib)| _ e(k+a)x—by _ e(k+a)10g Va2+b2-bargs

Since b = tanargs - g, the exponent is equal to

(4.1) (k+a)logva?+b?>-bargs

k+a

=(k+a)loga+ log (1+tan®args) — atanargs - args.

Ifa >0, thenargs ~ 7 orargs \ —7,and in both cases  := tanarg s tends to co. The
exponent (4.1) behaves as the function t — log(1 + t?) — t; therefore, as t — oo, the
exponent goes to —oo and the statement of the claim follows.

If a <0, thenargs \ 7 orargs / —7. In the first case when args 7, it follows
that t = tanargs — —oco. The exponent (4.1) behaves as +log(1 + t*) + t; hence, the

conclusion follows. While if args 7 —7, then t — oo, and the exponent (4.1) behaves
as +log(1+ t?) — t; thus, the exponent tends again to —oo. Therefore, |s**¢| goes to

zero, which ends the proof. [ ]
5 Link between the complex powers of A and the heat kernel of A"

Proposition 6 (Inverse Mellin Formula) ~ For Rt > 0, the operators e™*~" and A~ are
related by the following formula:

—tA"

e — Pgera = t°T(s) A" ds.

2mi JRs=t

Proof The equality holds on each eigensection ®; corresponding to an eigenvalue
Aj € Spec A. Since {®;}; is a Hilbert basis, the result follows. ]

Set T > -*. Then the Schwartz kernel q_, of A™" is continuous and by the inverse
Mellin formula, we get an identity which relates the Schwartz kernels /i, and q_,;:

hi(x) = Prca(6,9) = 5 [ 7T()q-r(x,y)ds

1 —$ F(s)
= 5 - < r —rs > .
2mi 9%3=Tt F(?’S) (T’S)q (X )’)ds

Now let k > 0. By changing 7 to 7 + ¢ (for a small ¢ > 0) if needed, we can assume that
T-k¢{5—j:jeN}u{0}. Using Propositions 4 and 5, we can apply the residue
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formula and move the line of integration to the left:

h (X y) 2711 L?s:r k 1—1;(( )) F(rs)q TS(x )’)dS

+ Z Res, (17°T(5)g-rs(x, %)) + Pxera(x, ¥).
se-NU{ 22 jeN}

(5.1)

Notice that -Nu { 2] jeN} is the set of all possible poles of s = I'(s)g_rs(x, ¥),
but some of them mlght actually be regular points. We will study the sum (5.1) in detail
in Theorems 6.1 and 7.1.

Let K be a compact set in M x M\ Diag and I € N. Remark that the integral term
in (5.1) is of order O (t*77) in €/ (K, € ® €*). Indeed,

tT(s)g_rs. ds|| 1 < t_”k-f
HAS:T—k ( )q "k ! s=1—k+iu

and using again Propositions 4 and 5, the claim follows. Furthermore, when k goes to
00, we get

I'(s)
I'(rs)

1du,

T(rs)q-rs),

0 o0
(52) ht|1( t\:' Z fa . ResS:_a (F(S)q_rle) + to . PKEI’A|K’
a=0

The meaning of the asymptotic sign in (5.2) is that if we set 4 to be the right-hand side
in (5.2) restricted to a < N, then the difference |9 (ht‘K — h¥)|is of order O(¢N*177)
in C"(K,E®&*), forany N, j e N.

Remark that using again Propositions 4 and 5, the integral term in (5.1) is of order
V] (tk_T) in ' (Diag, € ® £*). Therefore when k tends to co, we obtain

0 —
(5.3) Rt tb > * . Res;—q (F(s)q_“IDiag) +1° " PRer Alpiag>
ae(-N)u{ 5 JsN}

in the sense of the following:

Definition 5.1 Consider [ € N and let A, B c R. We say that hy, Fa0 Yaeatca +
Y peB tPlogt- cg if for any k, N € N, the difference

htlDlag PRI t# logt-cg
as<N B<N
is of order O(tN*"7logt) in ' (Diag, & ® £*).
6 The asymptotic expansion of i, away from the diagonal
Theorem 6.1 'The Schwartz kernel h, of the operator e™'%" is €= on [0,00) x

(M x M\ Diag). Furthermore, let K ¢ M x M\ Diag be a compact set. Then the Taylor
series of hy| ast 0 is the following:

0o -1 ]
e, 0 Z tjqrj\K( ) :

=1 !
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Moreover, if r = & is rational with «, B coprime, then the coefficient of t/ vanishes for

j e PN

Proof Let jeN. Using Propositions 4 and 5, (-s)(-s—1)...(-s—j+
1)t~ F(s) F(rs)q - is L! integrable on s = 7 — kin €' (K, & ® £*), for sufficiently

large k and for any I € N. It follows that h; is €= on (0, 00) x (M x M\ Diag). By
Proposition 2, the function s+~ q_,s(x,y) is entire for any (x,y) € K. Since

=

Res,—_; T(s) =& =i ,us1ng(52)weget
0w -1)/
By % Zf’qrfx(j.)”KerAu-
j=0 -

We obtained in the proof of Proposition 2 that o = —Pxera,s thus,
1NO X (-1)/
hth ~ Zt]qrﬂ,( a0
j=1 J:

and therefore hy is €% also at f = 0, and vanishes at order 1. Moreover, using again
Proposition 2, if r = % is rational and j is a non-zero multiple of 3, then qrj, =0 and
the conclusion follows. ]

7 The asymptotic expansion of /; along the diagonal

To obtain the coeflicients in the asymptotic of h; along the diagonal as ¢ \ 0, we
need to compute the residues from (5.3). Some of them are related to the heat
coefficients a;’s of p; due to Proposition 3. We will distinguish three cases. If  is even,
I'(s)q-rs(x) has simple poles in {2, 22, ..., 2} U {0,-1,...} and the residues will
give rise to real powers of t. If n is odd and either r is 1rrat10nal or r is rational with
odd denominator, I'(s)q-,s(x) has simple poles in {0,-1,...} U {";—rz] 1§=0,1,...}.
Otherwise, if # is odd and r is rational with even denominator, then there exist some
double poles which give rise to logarithmic terms in the asymptotic expansion of h;.

Theorem 7.1 Let aj(x,x) be the coefficients in (2.1) of the heat kernel p; of the non-
negative self-adjoint generalized Laplacian A. The asymptotic expansion of the Schwartz
kernel h, of the operator e™*~", r € (0,1) along the diagonal when t N 0 is the following:

(1) Ifnis even, then

o)
v LA nz,+an/2+2t
j=1

n/2-
t\O _
t‘Dlag Z

If r:% is rational, for j=1B, 1€N*, we obtain that q,j(x,x) = (-1)/- !

an1a(x, x), and the coefficient of t'P can be described more precisely as

Alp=aznyq.

https://doi.org/10.4153/50008414X23000068 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000068

380 C. Anghel

(2) Ifnis odd and either r € R\Q or the denominator of r is odd, then

o "R2 as S X 2y
htlDiag ~ Z oo 'A_n%fj"'zt 'Aj+zt2' A%
j=0 j=1 j=1

Moreover, if r = % is rational and B is odd, then A;g = 0 for any | € N*.

(3) Ifnisodd, r = zs rational and its denominator 3 is even, then
(n-1)/2 n-2j O 2j+1 .
]’lthmg 0 Z 7 A -*—ZlfT s Aajn +Zt]~A]
j:0 2r ].:' 2r j:
af2j+l By
+SH logt-B .
Z; 15 Z g g
I odd todd

In all these cases, the coefficients are

_ _ (=
_T_—Z"). r-aj(x,x), Aj(x)—T-qrj(x,x),

2

(-2 . N
A2j+l(x):(;;-~an+ij+l(x,x), Blg(x): ﬁ( ) ; .a%(x’x))

4 r(_ > ) r r(lz)'r(_lzr)
g
(—1)17 F(s) aL""(x,x)
Ap(x)=———"-FP_ s (T(rs)q-rs(x,x)) +FP__ 5 2 :
13 B B s==15 s==15%

(1ENr(-ri£) I'(rs) r

Proof We compute the coefficients from (5.3) by using Proposition 3. ]

7.1 The case when n is even

For j€{0,1,...,n/2 -1}, we have

—2j o ajix,x
(71)  Res_ny (t l“r(( ))F(rs)q rs(X, x)) T ll:Eanzji ](r )

The residue in s = 0 is given by

o)
I'(rs)

1
=r- ;(a;(x,x)— Pyera(x,x)) =az(x,x)— Pgera(x, %),

Ress—o (£ °T(s)g-rs(x,x)) = Ressg (t_s F(rs)q_rs(x,x))

thus the coefficient of ¢ in the asymptotic expansion (5.3) is ax(x,x).
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7.1.1 The case when n is even and r is irrational
Let j e N*. Then

(- 1)

(7.2) Res,__j (t°T(s)qrs(x,x)) =/ “qrj(x,x).

Therefore, in this case, the asymptotic expansion of h; is the following:

n/z_ nz r n;rzj a(xX,Xx
he(x,x) X0 Z £ jFE":]; J(r )”’z’("’x)*Zt](J) (%)
j=1

2

7.1.2 The case when n is even and r = 3 is rational with (a, ) =1

Some of the coefﬁcients grj(x,x) from (7.2) can be expressed in terms of the a;’s from
(2. 1) Remark that — r( ) has simple poles in {-1,-2,.. . }\{= ...}.ForjeN* s:

—; € {-1,-2,...} ifand only ifj is a multiple of &, which is equ1valent tos = % =-If
for some [ € N*. In this case, we obtain

I(s)
I(rs)

1
=t'hr. ;a§+la(x,x) = tlﬁagﬂa(x,x).

Resoe_1 (°T(5)q_rs(, %)) = Ress=m( T 116y i, x>)

Hence, for rational r = %, if j = 1, I e N*, we conclude that
(7.3) 4rj(x,%) = (1) - j1- an e (x, %),

and h,(x, x) has the following asymptotic expansion as ¢ \ 0:

n=2j r(n%,zj) aj(x,x)

n/2-1
£ ——~ +an(x,x)+ ¢
2 () (%) Z

2
ﬁ+1

(-1

Qr](x x) + Z t ﬂa"-*—la(x x)

' I=1

7.2 The case when n is odd

For j€{0,1,...,(n—-1)/2}, the coefficient of 5 s computed as in (7.1). Further-
more, in s = 0,

T
I(rs)

-1
=r- 7 'PKerA(x)x) = _PKerA(xax);

Ress—g (t°T(s)g-rs(x,x)) = Resso (t -T(rs)q-rs(x, x))

hence, there is no free term in the asymptotic expansion of h; as t goes to zero.
Now we have to compute the residues of the function t°T(s)g_,s(x,x) in
se{-1,-2,...}andse{5,5,...}.
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7.2.1 The case when n is odd and r is irrational

Then these sets are disjoint; thus, all poles of the function I'(s)g-s (x) are simple. For
j € N, the coefficient of t/ is obtained as in (7.2). Furthermore, for j € N, we get

I(s) un T(- 21“) am,H(x x)

(74)  Res_ _ym (t ﬁ T(rs)q-rs(x, x))—th " 21:1) ;

Therefore, the small-time asymptotic expansion of 4, is the following:

nj2-1 r(r=2 a:(x. x o (_1)j
2 (2;), ) By (D
r(=¥) r & 7
i o r (—ZZI) @nian (x,x)
+ 2r . - .
= or(-%)
7.2.2 The case when nis odd and r = % is rational
Consider the sets
A={-1,-2,...}, B:={5.32,...}, C:={=4,2,...}
Remark that A is the set of negative poles of s —> t™*T'(s)q_,s(x, x), and A\C is the

set of poles of the function s — rr ((:5)) . Clearly B and C are disjoint. Moreover, An C =

{~1B: 1 € N*}. Furthermore, if § is odd, then A n B = &, and otherwise if 8 is even,
then AnB={-15: 1€2N+1}. Suchans = -2 = 1 ¢ An B is a double pole for

L(s)grs(x).

7.2.3 Suppose that j3 is odd

Then A and B are disjoint. Thus, for s= 2”1 €B, jeN, the residue of
t7°T(s)grs(x, x) is the one computed in (7.4).

Fors = —j € A\C (which means that j € N*, 8 4 j), the residue of t°T(s)g_,s(x, x)
in s is the one computed in (7.2).

Ifs=-If= —17"‘ € AnC for some I € N¥, then I'(s) has a simple pole in s and by
Proposition 3, (the meromorphic extension of) q_,s(x, x) vanishes at s = —I 3. Hence,
the product t™*T(s)q_,s(x, x) is holomorphic in s = —I and t'#, I € N*, does not
appear in the asymptotic expansion.

Therefore, if r = % is rational and J3 is odd, we obtain

i 2j+1
n/2-1 iy F(”er) aj(x)x) +§: 241 F(— Z ) an+22,-+1(x,x)

he(x, x 0 [T - ter -

A (=) e T R
+Zt’( q,](x x).
ﬁﬂ

https://doi.org/10.4153/50008414X23000068 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000068

Heat asymptotic of powers of Laplacians 383

7.2.4 Assume now that  is even

For s = —% € B\A (j € N with a 4 2j+1), the residue is computed as in (7.4). For
s=—je A\ (BuUC) (namely j € N*, g + j), the residue is computed as in (7.2).

For s € Cn A (namely s = -1, I € N*), the residue is again 0. Indeed, T'(s) has a
simple pole in —I1f and by Proposition 3, (the meromorphic extension of) g_,s(x, x)
vanishes in —, thus t'# does not appear in the asymptotic expansion of h;.

Finally, if SZ—%I—I%EAHB, le2N+1, then s is a double pole for

['(s)g-rs(x,x). We write the Laurent expansions of the functions ¢, rr((:s))’ and
['(rs)g-rs(x, x), respectively, in s = —12—? = —lg = —k:
= = tF — tFlogt + O(s + k),
I'(s) (-D* -
- k
I(rs) k!-T(-kr) (s+k)™+
1
T(75)(qors(%,X)) = ~@nsta (X, x) (s + k)" 4+ e,
r 2
Thus, we finally obtain that
s TI(s ~1)k
Resccs (1 18 1090 m) ) = - L B (109000 00)
Antla
+ tk FPS:—k F(S) . 2 ( > )
I'(rs) r
k (-DF G
t“logt-
Ties k'T(-kr) r

8 Non-triviality of the coefficients

Let us prove Theorem 1.1. Recall the definition of the zeta function of a non-negative
self-adjoint generalized Laplacian A:

GO)= X A= [ g(anx)dg(s).

AeSpec A\{0}

This series is absolutely convergent for s > 5 and extends meromorphically to C
with possible simple poles in the set

(g-sem()
(see, for instance, [13]).

Consider the trivial bundle C over a compact Riemannian manifold M. As in [17],
let (A+&) ., be a family of generalized Laplacians indexed by & > 0, and denote by

g, the Schwartz kernels of the operators (A +&)~*. Note that for Rs > %

(8.1) [Mqis(x,x)dszr(A%)*:Cma(s): > (7.

AjeSpec A
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Since for Rs > 7 the sum is absolutely convergent, we obtain

dif(A+£(5):_5' Z (Aj+£)737l:—5'(A+5(5+1).

AjeSpec A
By induction, it follows that for s > Z,

d

(8.2) difk

(aae(s) = (D) s(s+1) . (s + k=1) - {p (s + k).
Using the identity theorem, (8.2) holds true on C as an equality of meromorphic
functions. Consider s € R\(~N) and k € N large enough such that s + k > 7. Since
{a+¢(s+ k) is a convergent sum of strictly positive numbers, the right-hand side is
non-zero. Thus, for any fixed s € R\(-N), on any open set U c (0, o0), the function
&+ (5 .£(s) is not identically zero on U, and by (8.1), 4°,(x, x) cannot be constant
zero on M. Hence, for s = —rj ¢ —N, there exist & € (0, 00) and x¢ € M such that
the coeflicient qf;’ (x0, x0) of the asymptotic expansion of the Schwartz kernel h; of
e~"(2+8)" is non-zero.

Now suppose that rj € N. Then r = % is rational and j is a multiple of B, j := . If
n is odd, we already proved in Theorem 7.1 that ' does not appear in the asymptotic
expansion of &, as t 0. Furthermore, if n is even, by (7.3), q,;(x, x) is a non-zero
multiple of the coefficient ax,;,(x, x) in the asymptotic expansion (2.1) of the heat
kernel p;. It is well known that the heat coefficients in (2.1) are non-trivial (see, for
instance, [13]). It follows that all coefficients obtained in Theorem 7.1 indeed appear in
the asymptotic expansion, proving Theorem 1.1.

9 Non-locality of the coefficients A;(x) in the asymptotic
expansions

Let us prove Theorem 1.3. We give an example of an n-dimensional manifold and a
Laplacian for which the coefficients A;(x) = (_j—l!)jqrj(x’x), je N, rj ¢ N appearing
in Theorem 7.1 are not locally computable in the sense of Definition 1.1 (i). Let
T" =R"/(2nZ)" be the n-dimensional torus from Example 2.2. Let A, be the
Laplacian on T” given by the metric g = d67 + .- + d§>.

Remark that the eigenvalues of A, are {ki+--+kj:ki,...,k,€Z}. Let
¢1(t) = —=e'!" be the standard orthonormal basis of eigenfunctions of each Ag:.

NE
Then, for %is > 7 and 6 = (61,...,0,) € T", the Schwartz kernel of A? is given by

L0.0)= Y (Bt k) 0u(8)9m 0 - 90 () r (Br):
(K, kn)eZm\{0}

Consider the n-dimensional zeta function

Cu(s) = 3 (K + -+ k2) " = Sk~ Ra(k),

(Kiserrk)€Zm\ {0} keN*

https://doi.org/10.4153/50008414X23000068 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000068

Heat asymptotic of powers of Laplacians 385

where R, (k) is the number of representations of k as a sum of #n squares. Since
@1(£)9i(t) = 5= forany ¢ € S, it follows that

(9.1) 025 (60,0) = ——Cu(s),

(2 )"
for any Rs > 7, and clearly qéf is independent of 0.

Now let us change the metric locally on each component S'. Let U be an open
interval in S', and y : S — [0, 00) a smooth function with supp y c U. Consider
the new metric (1+y(60))d6? on each S'. Then there exist p > 0 and an isometry
@: (S, (1+y(0))d6?) — (S', p?d6?). Remark that the Laplacian on ' given by
the metric p>d6? corresponds under this isometry to p~ times the Laplacian for the
metric d62. Let

g=2(1+y(6;))de; g =, p'do; = p’g.
j=1 j=1

Then clearly @ x -« x @ : (T", &) — (T" ,gp) is an 1sometry, and let A, A, be the

corresponding Laplac1ans on T". Denote by g2, and q ? the Schwartz kernels of the
complex powers A~ and A}*. We have for Rs > 7

(9.2)
b (9, 0) = — 22 4y p2R 0a(s).
1 (27P)" ke(ko kz:)sZ"\{O}(p ' Pk (2 mp)"
Remark that

A "
q-¢ (6,0) = 9% (©(6), (),
and both of them are independent of 6. By (9.2), for Rs > 7, we obtain

2s—n

A _P
(93) q_s (9’6) - (27_[),,

Now we prove that {,(s) has a meromorphic extension on C with so-called trivial
zeros at s = —1,-2,.... By Proposition 1, for Rs > 7, we have

(n(s)l"(s):f 71 e’t("f*‘“*"i)dt:f £ (t)dt,
0 0

Cn(s)-

.....

formula (see, for 1nstance, [3]), it follows that

1+F(t) = 3 fik) = 3 fi(2mk) = a2 (1+F(n:))

keZ" keZ"

and therefore

2
F(t) = -1+ a2 "% 4 g2 12 (”t) :
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Since F(t) goes to 0 rapidly as t — oo, the function A(s) = [,” #*"'F(nt)dt is entire.

Remark that
U1 e}
o (s)T(s) = f SF(1)dt + f #7IR (1) dt
0 g
1 1
=n'|--+ n+A(E—s)+A(s) ,

s s—3 2

$O
s 1 1 n

(9.4) 3 (s)I(s) = ——+ —— + Al = —s |+ A(s).

s s—3 2
Therefore, ¢, extends meromorphically to C with a simple pole in s = Z and zeros
at s = —1,-2,.... Furthermore, since the RHS is invariant through the involution s

3 — s, it follows that (,,(s) does not have any other zeros for s € (~o0,0). We obtain

the well-known functional equation of the Epstein zeta function
_sn T _ s—n/Zn(E_ )r(ﬁ_ )
CNCIONOEEETE Sty I St

(see, for instance, [9, equation (63)]). Remark that for r € (0,1) and j € N* withrj ¢ N,
(n(=rj) is not zero.

Using the identity theorem, it follows that (9.1) and (9.3) hold true as an equality of
meromorphic functions on C, and furthermore, we get

A -
qr_f(e’ 6) # Q£](6> 6)’

for rj ¢ N. Since we modified the metric locally in U” c T” and the corresponding
kernel qrAj changed its behavior globally, it follows that it is not locally computable in
the sense of Definition 1.1 (i). ‘

(-’

Furthermore, let us see that the heat coefficients A ;(x) = Tq,j(x, x) for j = N*,
rj ¢ N are not cohomologically local in the sense of Definition 1.1 (iii). We argue by
contradiction. Let j be fixed. Suppose that there exists a function C, locally computable

in the sense of Definition 1.1 (i), such that

(9.5) [T" qrAjg dvol, = [T" C(g) dvolg, an q,A]- dvolg = fw C(g)dvolg.

Using (9.1) and (9.3), it follows that

@m)"G(=r) = [ Cg)avoly,  (2mp)"p™78,(=rj) = [ C(g) dvol.

Remark that in the case of the trivial bundle with the trivial connection over a
locally homogeneous Riemannian manifold (M, k) (i.e., such that every two points
have isometric neighborhoods), the function C(M, h) € € (M) is constant on M.
This follows directly from Definition 1.1 (i). Therefore, C(g), C(g), and C(g,) are
constant functions.

Since (T", §) is (globally) isometric to (T", g,), it follows that C(g) = C(g,).
Furthermore, since (T", g,) is locally isometric to (T", g) and C(g,), C(g) are
constant functions, it also follows that they are equal: C(g,) = C(g). Hence we
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conclude that C(g) = C(g,) = C(g) =: C, for some C € C, and thus we have

(9.6) [, cdvolg = [ cavol,.

Since g, = p*g, we obtain that

(9.7) ./11'" Cdvoly, = p" /q;n C dvolg,

and then using (9.5)-(9.7), we get

(2mp)"p ¢ (=1j) = p" - (2m)" Lu(-r)).

But, we proved above that {,,(—j) does not vanish for rj ¢ N. We obtain a contradic-
tion because p~2"/ # 1 forr € (0,1), j=1,2,....

10 Interpretation of /; on the heat space for r = 1/2

In Theorems 6.1 and 71, we studied the asymptotic behavior of the heat kernel h; of
A", r € (0,1) for small-time ¢ in two distinct cases: when we approach ¢ = 0 along the
diagonal in M x M, and when we approach a compact set away from the diagonal. We
now give a simultaneous asymptotic expansion formula for both cases when r = 3.
Furthermore, in order to understand the asymptotic behavior as ¢ goes to zero in any
direction (not just the case when ¢ goes to 0 in the vertical one),we will pull-back the
formula on a certain linear heat space Mpeq;.

In [19], Melrose used his blow-up techniques to give a conceptual interpretation
for the asymptotic of the heat kernel p;. Recall that the heat space M3, is obtained by
performing a parabolic blow-up of { = 0} x Diagin [0, c0) x M x M. The heat space
M2 is a manifold with corners with boundary hypersurfaces given by the boundary
defining functions p and wy. The heat kernel p; belongs to p™" € (M?), and vanishes
rapidly at the boundary hypersurface {wo = 0} (see [19, Theorem 7.12]).

In order to study the Schwartz kernel h; of e~*2"” we introduce the linear heat
space Mpeat, which is just the standard blow-up of {0} x Diagin [0,00) x M x M (see
[20] for details regarding the blow-up of a submanifold). Let ff be the front face, i.e.,
the newly added face, and denote by 1b the lateral boundary which is the lift of the old
boundary {0} x M x M. The blow down mayp is given locally by

Br : Mheat —> [0,00) x M x M Bu(p, w,x") = (pwo, pw’ + x", x"),
where
weSH={w=(wy,w) eR"™ : wy >0, wj +|w*=1}.

Proof of Theorem 1.4 We want to show that i, € p™"wg - C%° (Mpeat) + plogp - wo -
€% (Mpeat ), and in fact, the second (logarithmic) term does not occur when 7 is even.
First, we deduce the unified formula for h; as t \ 0 both on the diagonal and away
from it. By Mellin formula 1 and inverse Mellin formula 6, for 7 > 1, we get
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_ 1 - I'(s) S
ht(x>)/) _PKerA(xsy) = 27 fms:_rt r(%)r(E)Q—s/z(%)’)ds
—s I(s)

=L. t fooT%_l > = Pxer > dTds.
7 Joet T(2) o (pr(x,y) = Pxera(x, y)) dTds

We use the Legendre duplication formula as in [2] (see, for instance, [22]):

I'(s) 1

v )

2

(S
|

obtaining that h;(x, ) — Pxera(x, ¥) is equal to

rfmf‘”(z“f) E(223) (pr(2) - Prera () dTds

Set X := M . Using Propositions 4, 5, and Fubini, we first compute the integral in s.
s+1

Changing the variable S =

1 s+1 _ 2 25-1 ( —2k-1
o %:,XSF(T)dS‘Tm[m:mX I(S)ds = 22 X

and applying the residue theorem, we get

2
4T .

. t

SF) G
- e

Thus, we obtain

10 hi(x,3) ~Prera(x,9) = 5% [ T2 (pr(xy) - Prera(x.)) dT.

Since pr(x, ¥) — Pkera(x, y) decays exponentially as T goes to infinity, it follows that
the integral from 1 to oo in the right-hand side of equation (10.1) is of the form ¢-

Co.y ([0, 00) x M 2). Furthermore, by the change of variable u = ﬁ, we have
1 2 )
. 3241 4T . -2 e du-
ﬁfo T/%e T dT - Prera(x,y) = f " du - Prera(x, ).
Since [t/2 “ du tends to L as t \ 0, the term ——= jo 3/Ze’%dTPKerA(X,y)

will cancel in the limit as t — 0 with — Pger a (%, ¥) from the left-hand side of (10.1).

2
Let us study the remaining integral term ﬁ /01 T=3/2¢~37 pr(x, y)dT. By Theo-
rem 2.1,

2 N
_ _d(x,) .
pr(x,y) = T2 75 S Tlaj(x, y) + Rya(T, x, y),
j=0

where the remainder Ry (T, x, y) is of order O(TN*!); therefore,

1 2 1 B 2
ﬁfo T%/z‘fﬁPT(x,y)dT:ﬁfo T3¢ Rya (T, x, y)d T

1 2
t -3/2 — 4z -

'aj(x,y)dT.

https://doi.org/10.4153/50008414X23000068 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000068

Heat asymptotic of powers of Laplacians 389

Since Ry+1(T, x, y) is of order O(TN*'), the first integral is again of type ¢ - €7, . By
changing the variable u = % in the second integral, we get

2d(x,)?

N Lo wea, o
ﬁ;)aj(x,y)fo T 2 e
=
n+l | s
N 2+d(x,y)?\ "7 e m_ig
J= 1

N n+l  t2+d(x,y)?\ (2 +d(x,y)? B
T L e [ e I

2 4

where I'(z, &) := [~ g U Ye™du is the upper incomplete Gamma function. We con-
clude that h(x, y) is equal to

(10.2)

- N n+l 2 +d(x,y)*\ [ +d(x,p)? Y
t- Gy + 2&; Z(:)aj(x,y)r( > ) 2 " .
i

10.1 The case when n is even

If z > 0, then one can easily check that I'(z, ) € £*C°[0, €) + I'(z), for some & > 0.
Furthermore, for z € (00, 0]\{0,-1,-2,...},
1 1
[(z,8) = - ~&e "+ -T(z+1,§)
z z
a-1 -1 1
_ ¥z -& k
&e Zz(z+1) (z+k)f +Z(Z+1)...(Z+Ll)
1
z(z+1)...(z+a-1)

where a is a positive integer such that z + a > 0. Thus, for a non-integer z < 0, we have

I[(z+a,b)

= fze‘? [0,¢) + I[(z+a,f),

1
zZ(z+1)...(z+a-1)

We want to interpret equation (10.2) on the heat space Mpe,t; thus, we pull back (10.2)
through fg:

[(z,§) = &C7[0,¢) + I[(z+a).

* * 500 N 2 n+1 . 2
Birh = poBiiCirey + 3 5=pwo Z (%) " Bra;(x )T ( B P

+1
—PwoﬁHGtxy pr wOZPZJZTH-l ZJ[ﬁ’Ha](x y)r(— _])
j=0 2

Mpwozﬁﬂaxx NEF[0.6) + Sepan 3 Bhay(xn)ER[0.)

j=n/2+1
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1 N 2joneiaj nf2+i 1
+—=p "wo p 2" Bhai(x, ) - - F(f).
2w j:%;ﬂ B (n+1-2j)(n+3-2j)...(-1) \2

Since T' (%2 - j) = f(znn/zzjj DY for je {0,1,...,n/2}, it follows that

(10.3)
n/2 ) )
Birh = pwoBCs.,, + wopCR[0,€) + p"wo Y pP2"* T (n - 2j - 1)1B1ai(x, )
=0
. N ) (_l)j—n/22n/2—j .
+p"wy Y. pH A Bra;(x, y).

jenf2s1 (2j—-n-1)I

The case p # 0 and wy — 0 corresponds to x # y and t N 0 before the pull-back.
We obtain that S5/ is in €% (Mhea) and it vanishes at first order on Ib, which is
compatible with Theorem 6.1.

If p—~0 and wp =1, which corresponds to x=y and ¢t \ 0, then Bjh=
p " wo Z?I:O p* A;(x), where we denoted by A ;(x) the coefficients appearing in (10.3).
Again, this result is compatible with Theorem 7.1, and moreover, the coefficients are
precisely the ones from [2, Theorem 3.1].

Remark that formula (10.3) is stronger than Theorems 6.1 and 7.1. If both p and wg
tend to 0 (with different speeds), it describes the behavior of 4, as t goes to zero from
any positive direction (not only the vertical one).

10.2 The case when n is odd

Remark that for small &, we have

< 1 -t lef -1 ' < 1 -t
r(o,¢) = teldt = dt + tdt + tetdt
¢ ¢ t £ 1

~log&+Cg[0, ).

Furthermore, if p is a negative integer, inductively we obtain

p6) = 0 Stk s O

r(0,¢)

= f‘PG?[O,s) - (_p') log&+C3[0,¢).

We pull-back equation (10.2) on the heat space Mpeq;:

_ntl
2

N 2
Birh = poBiCe, + so=pwo Y- (&)
j=0

(n-1)/2
= pwoPaj(x,y) + 5 =pwo Y, Praj(x,y)€x[0,¢)
iz

]ﬂHaJ(x »)T (+1 —j = P )

(n-1)/2 . 1
f” "wo Y pYBHaj(x,y)2" JF( J)

j=0
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2 peaj ()5
+ﬁp "wo Z p*log pfia;j(x, y)2 ]W

j=(n+1)/2 2
+ 2y i p* Bra;(x, y)2" 2’(.)%105;2
VI LG (-5
N
+5umPw0 D, PBhai(x.y)C[0,e)
j=(n+1)/2
e S P2 O e,
=2 (-5

Therefore, we obtain

Birh = pwoPCrx,, + wopCpi[0, ) + wop "C2[0, €)

1 (n)/2 n+l
v "wo Y. pPBHaj(x,y)2" ZJ(T—J)!

j=0

(10.4) 2 Y
+7p "W Z p*log pBrra;(x. y)2 G-y

i :
(-

2 -n 2jp* n—-2j
+ p " wo E pBrai(x, y)2"H
NG H%j (- =)

j=(n+1)/2 2

log?2.

If p#0 and wy — 0 (corresponding to x # y and t \ 0 before the pull-back on
Mheat), we obtain that S35 € C°(Mp,,:) and it vanishes at order 1 at 1b, which is
compatible with the result of Theorem 6.1.

In the case p—~ 0 and wo=1 which corresponds to x =y and f 0, we
obtain By h = p~"C% + p~" Zj-io pHA(x)+p" Zj'\]:(n+1)/2 p*log pB;(x), where we
denoted by A ; and B; the coefficients appearing in (10.4). This result is compatible with
Theorem 7.1 and again, we find some of the coefficients appearing in [2, Theorem 3.1].

11 The heat kernel as a polyhomogeneous conormal section

Let us recall the notions of index family and polyhomogeneous conormal functions
on a manifold with corners with two boundary hypersurfaces. (For an accessible
introduction, see [15], and for full details of the theory, see [18].) A discrete subset
F € C x N is called an index set if the following conditions are satisfied:

1) Forany N € R, the set Fn {(z, p) : Rz < N} is finite.

2) If p> poand (z, p) € F, then (2, py) € F.

If X is a manifold with corners with two boundary hypersurfaces B; and B, given
by the boundary defining functions x and y, a smooth function f on X is said to
be polyhomogeneous conormal with index sets E and F, respectively, if in a small
neighborhood [0, €) x By, f has the asymptotic expansion

N0
fGo )20 % as,(y) - x*logh x,
(z,p)eF
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where a;,, are smooth coefficients on B,, and for each a, , there exists a sequence of
real numbers b,, 4, such that

az,p(y) o Z bu,g - y" logq Y-
(w,q)€E
One can prove that f is a polyhomogeneous conormal function on X with index sets
Fp={(k,0):keZ,k>-p} and Fy = {(n,0) : n € N} if and only if f € yPC>(X).
Furthermore, f is a polyhomogeneous conormal function on X with index sets F’ =
{(n,1) : n e N*} and Fy ifand only if f € €*°(X) +log y - C*(X). Therefore, we can
restate Theorem 1.4 as follows:

Theorem11.1 Forr = %, the heat kernel h, of the operator e™* 8 isa polyhomogeneous

conormal section on the linear heat space Mot with values in € ® €. The index set for
the lateral boundary is

Fp ={(k,0): ke N"}.
If n is even, the index set of the front face is
Fg={(-n+k,0):keN},
whereas for n odd, the index set toward ft is given by
Fg={(-n+k,0): ke Nyu{(k,1): keN"}.

It seems reasonable to expect that the Schwartz kernel h, of the operator ™4’

for r € (0,1) can be lifted to a polyhomogeneous conormal section in a certain

“transcendental” heat space Mj,,,, depending on r with values in & ® £*. However,

already in the case r = 1/3, our method leads to complicated computations involving
Bessel modified functions. We therefore leave this investigation open for a future
project.
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