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Abstract We are interested in the optimal growth in terms of LP-averages of hypercyclic and U-frequently
hypercyclic functions for some weighted Taylor shift operators acting on the space of analytic functions
on the unit disc. We unify the results obtained by considering intermediate notions of upper frequent
hypercyclicity between U-frequent hypercyclicity and hypercyclicity.

Keywords: hypercyclic vectors; weighted shifts; rate of growth; boundary behaviour

2010 Mathematics subject classification: 47A16; 30E25; 47B37; 47B38

1. Introduction

A linear operator on a Fréchet space X is said to be hypercyclic if there is a vector x € X
such that for every non-empty open set U C X the set N(z,U) :={n e N: T"z € U}
is infinite, where (T™) is the sequence of iterates of T. In this situation, z is called a
hypercyclic vector. Further there are more precise and stringent notions that allow to
quantify how often a hypercyclic vector visits a non-empty open set. A linear operator
on a Fréchet space X is said to be frequently hypercyclic (vesp. U-frequently hypercyclic)
if there is a vector € X such that for every non-empty open set U C X the set N(z,U)
has positive lower (resp. upper) density, where the lower and upper densities of a subset
A C N are defined respectively as follows:

#AN{L,...,n} and 8(A)zlimsup#Aﬁ{1"”’n}.
n

n—-+oo n

d(A) = liminf

n—-+oo

These notions were introduced by Bayart and Grivaux [1] and Shkarin [26]. The dynamics
of linear operators is a very active branch of research: we refer the reader to [2, 21] and
the references therein for background in linear dynamics. Clearly a frequently hypercyclic
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vector is U-frequently hypercyclic and a U-frequently hypercyclic vector is hypercyclic.
Classical examples of frequently or U-frequently hypercyclic operators are given by suit-
able weighted shifts. As usual we denote by D the open unit disc {z € C: |z| < 1} of the
complex plane and by H (D) the set of analytic functions in D. It is well known that H (D)
endowed with the topology of uniform convergence on compact subsets is a Fréchet space.
For o € R, let w(a) = (wp(a)) be the weighted sequence of non-zero complex numbers
given by, for all n > 1,

In the present paper, we consider the associated weighted Taylor shift:

T, : H(D) — H(D) given by Ta(z apz®) = Z app1wig ()2
k>0 k>0

For a =0, Ty is the classical Taylor shift operator. It is easy to check that for every real
number «, T, is a frequently hypercyclic operator. For instance, we refer the reader to
[4, 20, 25]. The problem of determining possible rates of growth of frequently hypercyclic
functions for T, in terms of L? averages was studied in [25] (see [24] for the case a =0
too). For 0 < r < 1 and f € H(D), we consider the classical integral means:

1/p

2m
My(f,r) = (1/0 |f(re'?) [P d9> (1 <p<oo)and My (f,r) = sup |f(re')|.

2w 0<t<2m
In the same way, for any holomorphic polynomial P let us define, for p > 1,

1/p

1 27 . .
p = D == .
(Pl 9 |1 (69)|p dg and || Pl[oo sup |P(e t)|
™ Jo 0<t<2mw

In the following, for all p > 1, ¢ will stand for the exponent conjugate to p, i.e. + 4+ % =1
and we will adopt the convention ¢ = oo if p=1. For 1 < p < oo, the authors recently
highlighted a critical exponent, i.e. a value of the parameter a from which the LP-growth
of a frequently hypercyclic function for T, no longer has the same behaviour. In the case

of frequent hypercyclicity for T, the critical exponent is equal to a = m. Indeed
the authors obtained the following statements. First for p > 1 they proved the following
result.
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Theorem 1.1. ([25, Theorem 1.2]) Let oo € R. The following assertions hold

(1) For any 1 < p < +oo there is a frequently hypercyclic function fin H(D) for T,
satisfying the following estimates: there exists C'>0 such that for every 0 <r <1

1
C(l—r) max(29 jfa< 1L

max(2,q)’
1
My(f,7) < Cllog(1 —r)|P if = maxl(g a0’
. 1
C if a > A (2.9)

These estimates are optimal: every frequently hypercyclic function f in H(D) for
T, is bounded from below by the corresponding previous estimate depending on c.

(2) There is a frequently hypercyclic function f in H(D) for T, satisfying the following
estimates: there exists C>0 such that for every 0 <r <1

C—r)"%  ifa<1/2,
Moo (f,r) < Cllog(1 —7)|]  ifa=1/2,
C if > 1/2.

For o # 1/2, these estimates are optimal: every frequently hypercyclic function
fin H(D) for T, is bounded from below by the corresponding previous estimate
depending on «.

For p=1, the following result holds. For any positive integer ¢ > 1, log, stands for
logo---olog where log appears £ times.

Theorem 1.2. ([25, Proposition 4.1 and Theorem 4.4])
For any £ > 1, there is a frequently hypercyclic function f in H(D) for T, satisfying
the following estimates: there exists C> 0 such that for every 0 < r < 1 sufficiently large

C(1 —7r)*log,(—log(1 —7)) if a <0,
My(fir) <4 Cllog(1 —r)|log,(~log(1— 1)) if a=0,
C if a > 0.

Moreover every frequently hypercyclic function f in H(D) for T, satisfies the following
estimates:

liminf [My(f,7)(1 —7r)"%] >0 ifa <0, liminf

r—1— r—1—

liminf [M;(f,r)] > 0 if a > 0.

r—17

It should be noted that the study of the growth of hypercyclic or frequently hyper-
cyclic functions started with those related to the differentiation operator on H(C)
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(see for instance [6, 8, 18, 19]) but was also recently extended to the partial differen-
tiation operator [16] or the Dunkl operator [3]. Here, as a first step, we obtain sharp
results on the permissible rates of LP-growth of hypercyclic and U-frequently hypercyclic
functions for T,. On one hand, for hypercyclicity, for any 1 < p < oo we find that the
rate of growth (1 —7)™(®0) turns out to be critical and hence, for any 1 < p < oo, a =0
is the critical exponent. Observe that in this case the critical exponent does not depend
on p. We refer to Theorem 2.2. In particular this result states that for 1 < p < oo there
is no hypercyclic function f for T, satisfying limsup, ;- ((1 —r)"*My(f,r)) < +o0
if @« < 0 while if a>0 there exist hypercyclic functions f for T, such that the aver-
age Mp(f,r) is bounded. In passing Theorem 2.2 gives a negative answer to a question
of [25] which asked if for o <0 there is a frequently hypercyclic function g, for T,
such that limsup, ,,—((1 —7)"*Mi(ga,r)) < +00. On the other hand, for U-frequent
hypercyclicity, we find the same critical exponent o = m as for frequent hyper-
cyclicity. Therefore contrary to the previous case this exponent depends on p. Moreover
we show that the U-frequently hypercyclic functions and the frequently hypercyclic func-
tions for T, share the same admissible (and optimal) LP-growth when « is different
from the critical exponent, i.e. a # m Concerning the case o = m with
1 < p < oo, we prove that every U-frequently hypercyclic vector f for T, satisfies
limsup,_,,— My(f,r) = 400, without a priori additional information on the growth of
the function. We refer to Theorems 3.3 and 3.5. Nevertheless several questions remain
and need to be addressed. The first question that comes to mind is the following: what
is the optimal boundary growth of U-frequently hypercyclic functions for T, when « is
the critical exponent? Further if we go back to what was just said, we see that for p=1
the critical exponent is always equal to 0 for the hypercyclic case, the U-frequently case
and the frequently hypercyclic case. But surprisingly for p >1 this critical exponent is
equal to m for the U-frequently or frequently hypercyclic cases and is equal to zero
for the hypercyclic case. Thus, as a second question, we can wonder about what happens
between U-frequent hypercyclicity and hypercyclicity. Why does the critical exponent go
from m to zero? In order to understand this phenomenon, we introduce intermediate
notions of linear dynamics between U/-frequent hypercyclicity and hypercyclicity: Ugv-
frequent hypercyclicity related to notions of upper weighted densities Em, with0 <~y <1
a continuous parameter, where we replace in the definition of U-frequent hypercyclicity
the natural upper density d by Em. Moreover for v=0 L{ﬁo—frequent hypercyclicity will
coincide with frequent hypercyclicity and for y=1U Bl—frequent hypercyclicity will coin-
cide with hypercyclicity. Further for any 0 < v < o' < 1 and for any subset F C N,
the following chain of inequalities d(E) < dgv(E) < Eml (E) < Egl(E) will show that
the notions of Ugy-frequent hypercyclicity for v € (0, 1) furnish refined notions of linear
dynamics between U-frequent hypercyclicity and hypercyclicity. We refer the reader to
the beginning of §4 for the main definitions and properties. Similar notions of weaker
densities have been recently studied in the context of linear dynamics (see for instance
[5, 7, 11-13, 23] and the references therein). In the present paper, we investigate the
growth in terms of LP-averages of Ugv-frequently hypercyclic functions for Ti,. In par-
ticular, for 0 < 7 < 1, and for p>1 we find that the critical exponent is given by

o = ——2_ Hence let us observe that this critical exponent:
max(2,q)
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e tends to as v tends to zero, i.e. tends to the critical exponent for

1
max(2,q)
U-frequent hypercyclicity;

e tends to 0 as v tends to 1, i.e. tends to the critical exponent for hypercyclicity.

These estimates thus allow to highlight a continuous path between the rate of growth of
hypercyclic and U-frequently hypercyclic functions: the growth (in terms of LP-averages)
of a hypercyclic function for T, continuously depends on the frequency of visits (measured
by the densities Em, 0 < < 1) of non-empty open subsets by its orbit under the action
of T,. We also show that the estimates on the growth of Usv-frequently hypercyclic
functions that we obtained are optimal. To do this, we apply a method based on the use
of Rudin—Shapiro polynomials and inspired by a construction of frequently hypercyclic
functions with optimal growth for differentiation operator on H(C) due to Drasin and
Saksman [8] and that has also been adapted for the proofs of Theorems 1.1 and 1.2
in [24, 25]. For all these results, we refer the reader to Theorems 4.5, 4.10 and 4.12.
Finally let us return to the first question mentioned above. In the last section, we answer
it by showing that the optimal growth of U/-frequently and Ugy-frequently hypercyclic
functions for T, coincides whenever « is the critical exponent: actually the LP-growth
can be arbitrarily slow as in the hypercyclic case. We refer to Theorem 5.12.

The paper is organized as follows. In §2 and 3, we establish the boundary behaviour
of hypercyclic functions and U-frequently hypercyclic functions for T, respectively. In
§4, we deal with the Ugv-frequently hypercyclic functions for T,. In §5, we turn our
attention to the specific case of critical exponent.

Throughout the paper, whenever A and B depend on some parameters, we will use
the notation A < B (resp. A 2 B) to mean A < CB (resp. A > CB) for some constant
C >0 that does not depend on the involved parameters.

2. Growth of hypercyclic functions

In this section, we are going to establish the rate of growth of hypercyclic functions with
respect to the weighted Taylor shift operator T,. To do this, inspired by the proofs of
[18, Theorem (A)] and [3, Theorem 3], where the authors are interested in the rate of
growth of hypercyclic functions with respect to the Mac-Lane operator or the Dunkl
operator respectively, we need an important tool in linear dynamics: the Universality
Criterion. Indeed a natural extension of the notion of hypercyclicity is the concept of
universality. A sequence of continuous linear mappings L, : X — Y between topological
vector spaces X, Y is said to be universal whenever there exists a vector x € X such that
the set {L,x ; n € N} is dense in Y. Such a vector z is called a universal vector for (L,,).
Observe that an operator T' : X — X is hypercyclic if and only if the sequence (T™)
is universal. The following result which is known as the Universality Criterion furnishes
a sufficient condition for universality [17]. It is a refined version of the hypercyclicity
criterion [15, 22].

Theorem 2.1. (Universality Criterion) Assume that X and Y are topological vec-
tor spaces, such that X is a Baire space and Y is separable and metrizable. Let L; : X —Y
be a sequence of continuous linear mappings. Suppose that there are dense subsets X¢ of
X and Yy of Y and mappings S; : Yo — X such that
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(i) for every x € Xy, Ljz — 0,
(ii) for everyy € Yy, S;y — 0,
(iii) for everyy € Yy, (L;S;)y — v.

Then (Lj) is universal and the set of universal vectors for (L;) is residual in X.

Now we are ready to obtain the critical rate of growth for hypercyclic functions with
respect to the weighted Taylor shift operator T,. The following statement holds.

Theorem 2.2. Let 1 < p < oco.
(1) Let a <0.
(a) For any function ¢ : [0,1) — Ry with o(r) — oo as v — 1~ there is a
hypercyclic function f for T, with
My(f,r) Se(r)(1—r)* for0<r <1 sufficiently close to 1.
(b) There is no hypercyclic function f for T, that satisfies, for 0 <r <1
MP(f7 T) < C(l - ,,,)a,
where C'> 0.
(2) Let a>0.
(a) There is a hypercyclic function f for T, with
My(f.r) < C
for some C'>0.

(b) For any function ¢ : [0,1) — Ry with ¢(r) — 0 as r — 17, there is no
hypercyclic function f for T, that satisfies, for 0 <r <1

My(f,r) < @(r).
Proof. Since we have for 1 <p </
My(f,r) < M(f,r), for0<r<1,

it suffices to prove assertions (1a) and (2a) for M. (f,r) and assertions (1b) and (2b) for
Ml (f> 7") .

(1) We begin by the case a < 0.
First we can assume without loss of generality that the function ¢ is increasing and
continuous with ¢(0) > 0. Let us consider the space X of all functions f in H (D)
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with f(z) = Y ap2® satisfying for any n > 0, p,(f) < +oc and p,(f) — 0 as

k>0
(1—]2l) [<m1}.

n — +o00, where

pn(f) = sup

[z]<1

It is easy to check that X endowed with the norm ||.| = sup,, pn(.) is a Banach
space. Therefore (X, ||.||) is a Baire space. For all integer j, let L; : X — H(D) be
the operator given by L;f = T7 f. Clearly (L;) is a sequence of continuous linear
operators. We choose Xy = Yy = P the set of polynomials. The set P is dense in
H (D). Moreover, setting the polynomial sy (f) = ZkN:O apz® we get

n forn>N+1
pull = sw(f) =4 20
pna(f)  forn <N
which implies || f — sn(f)|| = sup,>n11pn(f) = 0 as N tends to infinity. Hence P
is dense in X. Then we define the operators S; as follows

. . (k+D* ki
S;j:P—= X, Sj(Zakzk) = Zak%az +I,
= = kit

Clearly we have, for all P € P,
Lij(P)—0, as j = +oo, and L;S;(P)=P.

Now we prove that, for all P € P, S;(P) — 0, as j — +oc. Since S;(2%) =
(k+1)*S;4+x(1), it suffices to show that S;(1) — 0, as j — +o00. To do this, observe
that

- ri(l —r)=®
15 (W = oS T el

Let us define h; : [0,1) — Ry given by h;(r) = % We have hj(0) =0 =

rj(l )~

lim hj(r). Let 0 < r; <1 with h;(r;) = supg.,«; 0)

r—1—

Adf i <7y, we get

hjs1(rje1) = rjvihi(rje1) <rihi(rjsn) < rjhi(rg) = hja(ry)

which gives a contradiction. Hence the sequence (r;) is increasing. If r; — v with
v <1, then

IS, = G+ 1™ hy(ry) € G+ 1) = 0, as = +oc.
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Otherwise r; — 1 and

||sj<1>||s(j“)“( J )j<1 J )aﬁo, as j - +oo.

o(r;) \J—« Jj—a

Thus we have ||S;(1)|| — 0 as j tends to infinity. We apply the universality criterion
to obtain universal elements for the sequence (L;) that are hypercyclic functions for
T, satisfying the growth condition required.

For assertion (1b), assume that f = > axz” is a function in H (D) with, for all
£>0
0<r<1, Mi(f,r) <C(1—r)*, for some C' >0. By Cauchy estimates we get

We obtain, for alln > 0 and all 0 < r < 1,

wa(0) . wn(o)] o

lapwi (@) ... wy(a)] < C ~
r

Hence we get for all n > 0,

(n+1)"

ey (L= e )

lan(n+ 1) < C

which is bounded. Hence f cannot be hypercyclic for T,.

(2) Now let us consider the case a > 0.
First we can assume without loss of generality that the function ¢ is increasing and
continuous with ¢(0) > 0. Let us consider the Banach space (H* (D), ||.||)

H*(D) = {fGH(D); 151l = sup Ml <oo}

<r<1

which is continuously embedded in H (D). We set X the closure of the polynomials
in H*(D). Let us define the sequences (L;) and (S;) of linear operators as in the
previous case. Clearly we have, for all P € P, where P is the set of polynomials,

L](P) — 0, as j — +OO, and L]S](P) = P.

Now we prove that, for all P € P, S;(P) — 0, as j — +o0. To do this, it suffices to
show that S;(1) — 0, as j — +o0. Since

1

HSJ‘(I)” < m

and a >0 we have ||S;(1)]] — 0 as j tends to infinity. We apply the universality
criterion to obtain universal elements for the sequence (L;). These universal vectors
are clearly hypercyclic functions for T, satisfying the growth condition required.
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For assertion (2b), assume that f = > axz” is a function in H (D) with, for all
k>0
0<r<1, Mi(f,r) < o(r), where ¢ : [0,1) — R, is a function such that ¢(r) — 0
as 7 — 17. We obviously may assume that ¢ is continuous and decreasing. By
Cauchy estimates, we get
lan| < M

T'n
We obtain, for alln > 0 and all 0 <7 < 1,

(n+1)(r)

Jan(n + 1)) < 2

Let us choose a sequence (7,) such that 7, > max(1—1/n,p~! ((n +1)~%)). Hence
we get, for all n € N,

(TL + 1)(1@(7.”) < efnlog(lfl/n)

n >
n

|an(n+1)%] <

which is bounded. Hence f cannot be hypercyclic for T.

O

Remark 2.3. For a <0, Theorem 2.2 ensures that every hypercyclic function f for
T, satisfies

limsup [(1 —r)"*Mi(f,r)] = +oo.

r—1—

Since a frequently hypercyclic function is necessarily hypercyclic, this observation gives
a negative answer to the first part of the question from Remark 4.5 of [25] which
asked if for <0 there is a frequently hypercyclic function g, for T, such that
limsup((1 — 7))~ *M;(ga,r)) < +00.

r—1—

3. Growth of U-frequently hypercyclic functions

In this section, we are interested in the growth of U-frequently hypercyclic functions for
T,. First of all, in the sequel, we will need the following easy lemmas.

Lemma 3.1. Let N € N. Let Ay be a subset of {1,...,N}. For ally € R\ {—1} the
following estimate holds

(#An + 1) -1

if v >0,
Z (k+1)" > 7—:11 v+1 =
keA - M 1-—- 1—#AN ifv<0, v# -1
N v+1 N +2 ’ :
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Proof. We begin by the case v > 0. We write

#AN #AN
S (k+1) > Z(kH)”Z/ (t+1)7dt,
keAy k=1 0

which gives the announced result.
For v <0 with v # —1, we obtain in an analogue way

N N+1
Yok+1y > Y (k+1)72/ (t+1)7dt,
kcAy k=N—#Ap+1 N—#AN+1
which allows to finish the proof. O

Lemma 3.2. Let (uy) and (vy) be two sequences of non-negative real numbers. Assume
that (vi,) is decreasing. For any increasing sub-sequence (N;) C N, the following inequality
holds, for alll > 1:

N, I
E ugVE > SN UN; — SNyUN + g Sn;_y (on; =),
k=1+N, =1

N
with Sy = Y ug.
k=1

Proof. Observe that (Sy) is increasing and (vy) is decreasing. Thus by using a
summation by parts we derive

N l Nj
E UEVE = § § Uk Vg

k:l-i-NO j=1 k:1+Nj71
= E N, — SN, UN, v — v
‘ SN;uN; = SN;_uN; + Sk(vke — vry1)
j:1 k}:Nj71
| N1
= SN, vN, — Snyung + E g Sk(vk — Vk+1)

l
> SNIUNZ — SNOUNO + ZSNjfl(ijfl — UNj)-
=1

O

We are ready to establish the boundary behaviour of U-frequently hypercyclic functions
for T,,. Actually we are going to prove that these functions share the same optimal growth
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as frequently hypercyclic functions except in the case where « is the critical exponent,
for which we will show in §5 that the growth can be arbitrarily slow. We begin by the
case p > 1.

Theorem 3.3. Let f be a U-frequently hypercyclic function for the operator T, and
1 < p < o0. Then the following estimates hold

S T
lim sup ((1 —r)ymax(2.a) T M (f, r)) >0, ifa<

r—1— maX(27 q)’
. . 1
h::l?gp (My(fir)) =+o0, ifa= —C"
. ) 1
hTH_lep My(f,r) >0, ifa> max(2.q)"
For a # m, these results are optimal in the following sense: for all p>1, there

exists a U-frequently hypercyclic function for T, such that, for every 0 <r <1,

1
1—p)" max29)  jfa < —1
< ( max(2,
M,(f,7) £ =0

if a > ()

Remark 3.4. For the critical value a = m,

in this theorem will be obtained in Theorem 5.7 further in the paper.

the optimality of the rate of growth

Proof. We write f = > (kjr%zk . Since f is U-frequently hypercyclic there exists an
E>0
increasing sub-sequence (ny) C N with positive upper density such that for all k£ > 1
[ T&* £(0) = 3/2] = |an, —3/2| < 1/2.
We get, for all k& > 1, |ank| >1.St I ={n; : k>1}and for all N > 1, Iy =
IN{1,...,N}. The hypothesis d(I) > 0 ensures that there exist 0 < C < 1 and an
increasing sequence (NN;) of positive integers such that

#In, =2 CN;. (1)

Up to take a sub-sequence, we can also assume that

C(Nij1+1) >N+ 1. (2)
Let us consider, for all [ > 1, 1 — N1_1 <r<1l- Ni Thus, we derive
1 1
Ni—1< -1 <N (3)
! —1-mn -
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(1) Case 2 <p<oc:
Jensen’s inequality and Parseval’s Theorem give

2 2
M 25 (L S o S (] C VIS o O ) .
[My,(f, )17 > [Ma(f,71)] 1;20: (k+ 1)2a7"l = kZ:l (k+ l)zo‘rl
Thus, we deduce
1 2y 2 k| o |ax|?
M P> (1- < !
Pz (1) a0

and using the inequality |ag| > 1 for k € I N,

1

[Mp(f,rl)]22 Z W

keINl
(a) Case o < 0: Combining Lemma 3.1 with (1), (3) and (5) we get
[Mp(for)]? 2 NP2 > (1=t

(b) Case 0 < a < 1/2: using (5) and Lemma 3.1 again, we get

(24 ;) 2o+t #Iy, \ o
[Mp<fvrl>]2>w<l‘<l‘z+&l> |

—2a+1
#1I —2a+1
The inequality (1) ensures (1 — 3 +]1\\%> < (1 — 26—;-]7\%1) . We deduce

by using (1) and (3) again
[Mp(fa 7’1)]2 = Nf%‘+1 > (1- 7”1)20[_1.
Hence we conclude

lim sup ((1 —rEea(f, r)) > 0.

r—17
(¢) Case o= 3: using (4), we know
N

a 2
LYATAS)CED DD DI <

j=1 k:1+Nj_1

https://doi.org/10.1017/50013091524000312 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000312

806 A. Mouze and V. Munnier

Hence applying Lemma 3.2 with uy = |ax|? and vy = 1/(k + 1), we get, for all
1>1,

Sw, Sve | < 1 1
(M, (fﬂ"l)] ~ N +1 N0+1+;SN]'—1 <N<1+1Nj+1>'

J

By construction Sy, | 2 Nj—1+ 1. Thus taking into account (2) we derive, for
all [ > 1, the inequality

2> _ j1+1 >
[ fle NZ( N+1)N7

j=1

that allows to obtain lim sup M, (f,r) = +oo.
r—17"

(2) Casel <p<2:
From Hausdorff-Young inequality (see [9]) we get

N
|ak|? gk L -
q > E _ RN IR — ¥,
[Mp(fvrl)} = (k+ 1)qarl = kz:: (k-_|_ 1)qarl

k>0

Thus, we deduce

N, N,
ez (1- ) S el
P T = Ni=1) & (k+1)e ~ & (k+ 1)

Using the same strategy as in the case 2 < p < oo, we obtain,

lim sup ((1—r) UM, (f, )) >0, fora<l/g,
r—1—
limsup (M, (f,r)) = 400, fora=1/q.

r—1—

Moreover, since a U-frequently hypercyclic function is necessarily hypercyclic, the
assertion for the case a > of the statement is given by the assertion (2b) of
Theorem 2.2.

Finally, since a frequently hypercyclic function is necessarily U-frequently hyper-
cyclic, Theorem 1.1 ensures that the estimates we have proved are optimal when

1
« ?é max(2,q) " O

Now we deal with the case p=1.

1
max(2,q)

Theorem 3.5. Let f be a U-frequently hypercyclic function for the operator T,. Then,
the following estimates hold
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lim sup ((1 — )" *M;(f, r)) =400, ifa<0,
r—17
limsup M, (f,r) >0, ifa>0.

r—17

For a # 0, these results are optimal in the following sense: for any positive integer 1 > 1,
there exists a U-frequently hypercyclic function for the operator T, such that for every
0 < r <1 sufficiently large

Ml(f7r> N

~

(1 —r)*log;(—log(l—7)) ifa<O

1 if a > 0.

Proof. First since a U-frequently hypercyclic function is necessarily hypercyclic, the
assertions (1b) and (2b) of Theorem 2.2 ensure that,

lim sup ((1 — )" *M(f, r)) =400, fa<0, and limsupM;(f,r)>0, if « > 0.

r—1— r—1—

Moreover, since a frequently hypercyclic function is necessarily U-frequently hypercyclic,
Theorem 1.2 shows that the previous estimates are optimal when a # 0. d

Remark 3.6. For the critical value o =0, the optimality of the rate of growth in
Theorem 3.5 will be obtained in Theorem 5.7 again.

4. Between U-frequent hypercyclicity and hypercyclicity

Let 1 < p < 00. In view of Theorems 1.1, 1.2, 3.3 and 3.5, the critical exponent related
to the LP growth of frequently hypercyclic functions for T, is the same as that related to
the LP growth of U-frequently hypercyclic functions. It is equal to m. Nevertheless,
this critical exponent is always equal to 0 in the case of hypercyclic functions, and hence
it does not depend on p. In this section, we are interested in what happens between
U-frequent hypercyclicity and hypercyclicity. In particular, when p > 1, we will try to
understand why and how the critical exponent goes from m in the case of LP-
norm of U-frequently hypercyclic functions to 0 for the LP-norm of hypercyclic functions.
To do this, we introduce intermediate notions of linear dynamics that link U-frequent

hypercyclicity and hypercyclicity. First of all, we need some definitions and results.

4.1. Some weighted densities

First, we introduce a refined notion of upper densities.

Definition 4.1. Let § = (8,) be a non-decreasing sequence of positive real numbers
tending to infinity. For a subset E C N, its upper B-density is given by

= ZZﬂkeE B
dg(F) =limsup —7——.
5(E) imsup ===
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These quantities enjoy all the classical properties of densities (see [12, 14]) and
allow to define dynamical notions of the same nature as hypercyclicity or U-frequent
hypercyclicity.

Definition 4.2. Let § = (8,) be a non-decreasing sequence of positive real numbers
tending to infinity and let E be a subset of N. An operator T : X — X, where X is a
Fréchet space, is said to be Ug-frequently hypercyclic if there exvists v € X such that for
every non-empty open subset U C X,

dg({neN : T"z € U}) > 0.

In the sequel, we are interested in densities given by the weighted sequence denoted
by 57 and defined by 57 = (e"’y), where v is a parameter with 0 < v < 1. First of all,
let us notice that:

(i) the density Eﬁo coincides with the upper natural density d,
(ii) for any subset E C N, Eﬂl (E) > 0 if and only if F is infinite.

Moreover for 0 < v < 1 an integral comparison test leads to the estimate

1—y

= n
Dot~
k=1

e"v, as n tends to infinity,
Y
that we will use regularly in the rest of the paper. In addition, according to Lemma 2.8
of [12], the following inequalities hold. For the sake of clarity, let us mention that the
density dgy is denoted by da., in [12].

Lemma 4.3. For any 0 < v; < v <1 and for any subset E of N, we have

d(E) < dgn (B) < dgro (E) < dy1 (E).

Therefore, the densities dgy can give very different notions of dynamics that are inter-
mediate between U-frequent hypercyclicity and hypercyclicity. In particular, the following
lemma holds.

Lemma 4.4. Let 0 <~ < 1. There exists a subset £, C N such that, for any 0 < ~ <
v <1,dgy(E) >0 and dm/(E) =0.

Proof. First observe that, for all 0 <t < 1,

2n—1

it
Lz © ~ 2~ 1=06=2M0-270 g a5 s foo. (6)

2n Kt
k=1¢
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Let v # 1. Set E, = N[ (U”ﬂ%JH [2" — L2"<17>J;2n}>. Clearly, for all n large

enough, we have

2" 2"
Yoy o "
k=1;k€Ey k=M _ L2n(1—'y)J+1
Moreover, we get
2m kY n_on(l—7y)
Zk:2n7L2n(1*7)J+1 € -1 i:l LZ J ek"Y
on -+ on
je1 e pe1 €
But we compute
27— 2= ] gy (=) [\ 17
D=1 2n c o (1 N Cla| : “/)J) 222N oy ey oo
PO 2
Taking into account (6) and (7), we deduce
dgv(Ey) > 0.
Now let 0 < 4’ < v < 1. Clearly keeping in mind that
on , 2n—1 , on ,
S oley ey w
k=1;k€Ey k=1 k:2n7L2n(1—'y)J

and by using both 7/ — v < 0, the estimate

2" (2= 4 (=) |\ 17
Zk:l e N <1 _ |_2 ( 'Y)J) eQn'y/((l_z_nLgn(l—ry)J),Y/_l) S lasno 400

Zi: o 2"
and (6) we derive
Em/ (Ey) =0.

Finally, for v =1, the lemma is easy to establish since a subset F C N satisfies d 51 (E)>0
if and only if F is infinite. This finishes the proof. O

In some sense, the densities dgy, 0 < < 1, will us allow to interpolate the behaviour
of hypercyclic vectors between U-frequent hypercyclicity and hypercyclicity.
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4.2. Rate of growth of Ugv-frequently hypercyclic functions

First, we deal with the case p >1. We will discuss the case p=1 at the end of the
section. We are ready to state the result that highlights both the continuous variation
of the critical exponent and that of the growth (in term of L? averages) of a hypercyclic
function for T, according to the frequency of visits of non-empty open subsets by its
orbit under the action of T,,.

Theorem 4.5. Let 0 < v <1 and 1 <p < oo. Let f be a Ugy-frequently hypercyclic
function for the operator T,,. Then, the following hold

if o < —————, limsu 1—7r max(?’q ) 0,
f max(2,q) msup (1—r] My(f,7)

1 —_
if o = i limsup (M, (f,7)) = 400,

max(2,q)’

r—1—

. 11—~ .
if o > —————  limsup (M,(f,r)) >0
max(2,q)) msu (My(f,r))

Proof Let f be a Ugvy-frequently hypercyclic function for T,. We write f =
Z G +1)°‘Z Since f is Ugv-frequently hypercyclic, there exists an increasing sub-

sequence (n) C N with positive upper 37-density such that, for all k¥ > 1,
| Tek £(0) = 3/2| = |an, —3/2 < 1/2.
We get, for all & > 1, |ank| >1.Set I ={n; : k>1} and for all N > 1, Iy =

IN{l,...,N}. The hypothesis dgy(I) > 0 ensures that there exist 0 < C' < 1 and an
increasing sequence (NN;) of positive integers such that

T o v s oM (8)

kEINl v

Up to take a sub-sequence, we can suppose that

C(Ngt1+1) > N + 1. 9)
Let us consider, for all [ > 1, a sequence (r;) with 1 — l 7 <1 <1— 4. Observe that
Ni—1<-—1 <N (10)
! —1-mn -
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(1) Case 2 <p< oo
Jensen’s inequality and Parseval’s Theorem give

[M(fT)]2>[M(fr)]2=ZWﬂ’“>§'“’“|2r%>§l:|ak|2
JAVERN = PAVERS (k+1)2a l —k:1 (k+1)20‘ l Nkzl (k—|—1)20"

k>0
(11)
Let us choose jo € N such that the function ¢ — (£ +1)"2%e~*" is decreasing for
t > Nj,. Thus, we can write, for all [ > jo + 1,

N2 > lak> v
[Mp(f,r0l” 2 Z Z (k+ 1)2ae e
Jj=1+3jg k=14+N;_1

Then applying Lemma 3.2 with uj, = |ag|2e”, we get

—N7 -N7
[My(f, )P 2 Sny (N +1) 72 — SN (Njg + 1)~2% Jo
!

_9q —N7 _9a —N7
+ 2 5le<(Nj—1+1) e TImL— (Nj +1)7* J>'

Jj=1+jo
(12)
Since Sy, = ) |ag|2e*” | by construction and by (8), we get, for all i > 1,
k<N,
Sy, > S e 2NN 2 (N e (13)
kEINi
From (12) and (13), we deduce
[My(f,m)]* Z(Ni + 1)(1_7)_2“
_N7
+ Z Nj1+ 1) 7M1 ((Nj1 + 1) N
J=1+7jo
_N7
—(Nj + 1) %% Nj) . (14)
(a) Case o < 32: From (14), we get, for [ large enough,
[M,(for)]? Z (N + 1)), (15)

Thanks to (10) and (15), we deduce

[M(f, Tl)]2 >(1- rl)2a_(1_7).
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Hence we conclude

lim sup [(1 — r)_a+14;sz(f, 7“)} > 0.

r—1—

(b) Case a = 1_77: taking into consideration (14), we can write, for all [ > 1 + jo,

st o (30 o)

Thus taking into account (9), we derive, for all | > 1+ jo, [M,(f,7)]* 2 I, which
allows to obtain

lim sup M, (f,r) = +o0.

r—1—

(¢) Case a > 1_77: since f is hypercyclic, the conclusion is given by Theorem 2.2.
(2) Case l <p<2:
It suffices to combine the arguments of the proof of the preceding case with those
of the proof of (2) of Theorem 3.3 to obtain the desired conclusions.

O

4.3. Optimal growth of Ugv-frequently hypercyclic functions: a constructive
proof

In this subsection, we intend to prove that the estimates given by Theorem 4.5 whenever

« is different from the critical exponent, i.e. o # W@q)’ are optimal. The case o =

m will be treated separately in §5. Thus for all 0 < v < 1 and for a # m,
we propose to build Ugv-frequently hypercyclic functions for 7T, that have the required
L? growth and no more. To do this, we follow the construction of frequently hypercyclic
functions for T, given in [25] which itself was partly inspired by [8]. In particular, we will
need the so-called Rudin—Shapiro polynomials (combined with the de la Vallée—Poussin
polynomials), which have coefficients 1 (or bounded by 1) and an optimal growth of L?-
norm. Let us recall the associated result in the form of Lemma 2.1 of [8] that summarized
the result of Rudin-Shapiro [27].

Lemma 4.6.

1) For each N > 1, there is a trigonometric polynomial pn = N1 en ke*? where
) g poty p k=0 €N,

eng = =E1 for all0 < k < N — 1 with at least half of the coefficients being +1 and
with

lpnllp < 5VN for p € [2,+0c].
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(2) For each N > 1, there is a trigonometric polynomial py = Zi\:ol aN’kei"”'e where

an k| <1 forall0 <k < N —1 with at least | X coefficients being +1 and with
, 1
PNl < 3N forp € [1,2].

For any given polynomial ¢ with ¢(z) = Z?:o bjz? with by # 0, we denote d = deg(q)
d
and [|q]|,1 = Z |b;|. We set 2N = U Ay, where for any k > 1, Ay = {2%(2j — 1);j € N}.
3=0 k>1

Denote by P the countable set of polynomials with rational coefficients and let us also
consider pairs (g,1) with ¢ € P and | € N satisfying ||q|[,1 < I, displayed as a single
sequence (gx,li). Clearly, (qr) is a dense set in H(D). Hence, for any k > 1, we set
di, = deg(qx) and we have

llakll ;1 < Ui for every k > 1.

dy;

For any o € R, for any positive integer k > 1, we set gi(z) = Z(] + 1)ab(k)

%) oJ
Haa

§=0
Let a be a real number and p € (1,00]. For all integer n > 0, we set
I, ={2",...,2" "1 —1}. Next, for k > 1, let us define the integers

ap =1+ {max (l,%(l + dk)Qmax(a’O), dy, +max(3,3 + a)l} 4+ max(a, 0)l log(1 + dk))J

and

ap=1+ [max (ZZ(l + dy,) 1 0) [ 4 max(3, 3 + @)I2 + max(a, 0)l; log(1 + dk)>J .

We set f, = Z P,, o where the blocks (P, o) are polynomials defined as follows, using
n>0
Rudin—Shapiro polynomials given by Lemma 4.6,

0 if n is odd
Poo(z) =< 0ifn € Ay and 277! < oy, (16)
anQn(z) if n e A and 271 > oy,

with for n € Ay,

Qn(2) =Y (G +1) 2"

j€In

where the sequence (c§k)) denotes the sequence of the coefficients of the polynomial
p on(1—7) (Zak)(fk(z)'
=]
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We also set fr = Z P, where the blocks (P ,) are polynomials defined as follows,
n>0
using the de la Vallée-Poussin polynomials given by Lemma 4.6,

0 if n is odd
P:,a(z) = 0ifne Ay and 27! < aj (17)
2" Qi(2) it n € Ay and 21 > af,

with, for n € Ay,

Qi)=Y (G + 1), 0"

j€In

where the sequence (cg-k)) denotes the sequence of the coefficients of the polynomial

p*zn(l—'y) (Zak)dk(z)'
pitmtl

A combination of Lemma 4.7 below with the triangle inequality shows that the func-
tion f, (resp. fi) belongs to H(D). Observe that, if we denote the polynomial z
pLGﬂJ(z“k) (resp. z p’[Qn,IJ(zo‘k)) by gk (resp. g;), we have, for all 1 < p < +o0,

ag ay,
llgrll, = ”pt2n_1J||p (resp. ||gill, = ||p>[2n_1J||p). Finally for any integer n, let us denote
Oék CE*

(¢n(k)) the sequence defined as follows

%(k):{ (k+1)-® ifkel,

0 otherwise.
Lemma 4.7. Let o € R. The following estimates hold.

(i) For any 2 < p < 400, any 0 <7 < 1 and any n € N, we have

1— n
My(Ppo,r) < 2002 2"

P
(i) For any1<p <2, any0<r <1 and any n € N, we have

My(P} 1) S 2”(1_77_0‘)7“2”.

n,a’

Proof.

(i) On one hand, we deal with the case 2 < p < 4o00. Let n be a positive integer.
Without loss of generality, we can assume that n belongs to the set Aj for some
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k> 1. Let r be in (0,1). Since r — M,(f,.) is increasing, we get

My(Prrr) < 72" |Qull,-

Then, the polynomial @, can be viewed as a trigonometric polynomial obtained by
an abstract convolution operator on T, given by (cx)k>0 + (@n( ')cﬁk)w) j>0 (where

Gr.)- Now, we

(cg.k)) denotes the sequence of the coefficients of the polynomial pL2n L

are going to apply the Marcinkiewicz Multiplier Theorem [10, Theorem 8.2 p.148].
To do this, observe that we have, for any [ > 1,

sup |¢n( )| < sup |¢n(J)| Ny
JEL Jj€In

and

sup Y [6n (G +1) — dn()I < Y 16n (i + 1) — dn(h)] S 27"
Lojer, j€ln
Hence, taking into account the choice of ay and Lemma 4.6, we get
1@nllp < 2‘"allpt2n(1ﬂ”leldk\loo
L7
< 9—no an(1—7) max(a,0)
<2 1/ o lk(l + dk)

< gn(gT—a).
Finally, we obtain the desired estimate

1— n
My(Ppo,r) < 2702 02",

On the other hand, we deal with the case p = co. Let us recall that P, ,(z) = 0 or
22" Qu(2) with Qu(z) = Y (j+1)~ (k) 02072 where (c§k)) denotes the sequence
Jj€In
of the coefficients of the polynomial pt2n(1_7) | (2% )qi(z). First, assume that o < 0.
Ok

We write

n
MOO(Pn,omT) S r’ ||Qn||oo

Using the form of Q,, as in the proof of Lemma 3.6 of [25], we apply a fractional
Bernstein’s inequality to obtain, taking into consideration Lemma 4.6,

on(1—7y)

1.

n —no —no -~ —no
Moo (Pra,) 72727 Qullo < 2 1P gnt1-) [loclldilloc <2 -
o

Thanks to the choice of ay, we have, for a < 0,

17
Moo (P, r) < 2002 ),
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To conclude, it suffices to mimic the induction of the proof of Lemma 3.7 of [25].
(ii) The proof is similar as that of the case 2 < p < 400 by applying Lemma 4.6 for
1<p<2.

O

Now we are ready to obtain the rate of growth of the aforementioned functions f, and
fx. We refer to Lemmas 3.4, 3.5 and 3.8 of [25] with obvious modifications.

Lemma 4.8.

(1) Let 2 < p < +oo. For all 0 < r < 1, the following estimates hold

a_lzv . 1—
(I—r) 12 if o < 571
Lifa> =2

Mp(far7) S {

(2) Let 1 < p<2. Forall0<r <1, the following estimates hold

1—y
. 1—7)*""7 ifa< 2,
My(fary g Lo s
1ifa> T’Y
Now we are going to prove that the functions f, and f; are Ugy-frequently hypercyclic
for T,.

Proposition 4.9. For p > 2 (resp. 1 < p < 2), the function f, (resp. fX) is a
Ugv -frequently hypercyclic vector for the operator T,.

Proof. We only prove that the vector f, is Ugy-frequently hypercyclic for the operator
T,. We do not repeat the details for f2: it will be enough to make the appropriate
modifications.

Let k& be a large enough integer. Let us consider n € A; such that
2=l > .. We consider B, the set of s in I, such that the coefficient of
2% in the polynomial zznp yn(1-7) (2%k) is equal to 1 and we denote by T =

ok
{s:seBn, n € Ay, 2"7120%}.

Observe that max(B,) < 2" + |2"1=7)| and since at least half of the coefficients of

pLQn(l_,y)J being +1, we get

A
Z ejW N o1 L2n(17w)J , gn4o—1 LQn(l—’y)J . a1
j<max(Bn); Z e]’y Z ej’y Z eJ’Y
JET), j=2n _ =1 I (18)
Yo e T angan(i-y)) an4-[2(1=7) 2n427(1=7)
Jj<max(Bn) Z ed” Z el Z el

Jj=1 Jj=1 Jj=1
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Clearly, we have

and
(0 -1 - (2" + p“(l*m)” -,

which implies, using similar estimations as those of the proof of Lemma 4.4,

onyo—1 LG(l—’y)J on_q
ej’Y Z e]"Y
= e 2 and — 2L e 7, asn— +oo.
2n+L2n(1—'y)J ‘ 2n+L2n(l—'y)J ‘
el? el
Jj=1 Jj=1

Hence the inequality (18) ensures that
dgv(Ty) > 0.

Then let « be a real number and let k£ € N. Let us consider s € B,, with n € Ay, satisfying
27=1 > . As in the proof of Lemma 3.9 of [25] with easy modifications, we can prove
that

1
sup [T3(fa)(2) = aul2)| S 7
\z\:ki k

provided that k is chosen large enough. This allows to obtain Ugy-frequent hypercyclicity
of f,. O

In summary, Lemma 4.8 and Proposition 4.9 leads to the following result, which shows
that the statement of Theorem 4.5 is optimal whenever « is not the critical exponent.

Theorem 4.10. Let0 <y <1 and 1 <p < oo.

(1) for a< m;;(; L there exists a Ugv-frequently hypercyclic function for the operator

T, such that

1—y

My(f,r) S (1 —r)" maxa);

(2) for a> malx_(; L there exists a Ugv-frequently hypercyclic function for the operator

T, such that

Mp(fv ’I“) S L.
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Remark 4.11.

(1) For the critical value o = ﬁ, the optimality of the rate of growth in this
theorem will be obtained in Theorem 5.11.

(2) Let 0 < v < 1. It seems important to note that the functions constructed for
the proof of Theorem 4.10 are Ugvy-frequently hypercyclic for T, but neither
U m/—frequently hypercyclic for 0 < +" < v nor U-frequently hypercyclic, since they

don’t satisfy the estimates given by Theorem 4.5 or Theorem 3.3.

Finally let us say some words for the case p =1. As in the proof of Theorem 3.5, observe
that a Ugy-frequently hypercyclic function is necessarily hypercyclic and a U-frequently
hypercyclic function is necessarily Ugy-frequently hypercyclic. This leads to the following
statement.

Theorem 4.12. Let 0 <« < 1. Let f be a Ugy-frequently hypercyclic function for the
operator T,. Then, the following assertions hold

lim sup ((1 — )" *M;(f, r)) =400, ifa<0,
r—1—
limsup M;(f,r) >0, ifa>0.

r—17

These results are optimal in the following sense: for any positive integer [ > 1, there exists
a Ugy -frequently hypercyclic function for the operator T, such that for every 0 <r <1
sufficiently large

Ml(far) S

~

(1 —=r)*log;(—log(1—7)) ifa<O
1 if a > 0.

Remark 4.13. For the critical value a=0, the optimality of the rate of growth in
Theorem 4.12 will be obtained in Theorem 5.11 again.

5. Optimal estimates: the case of the critical exponent

In this section, we are going to show that the growth of U-frequently or Ugv-frequently
hypercyclic functions for T, can be arbitrarily slow when « is the critical exponent. The
situation will therefore be similar to the hypercyclic case for which for all 1 < p < oo the
critical exponent is a =0 and, according Theorem 2.2, the two following properties hold:
for all hypercyclic function f for T, limsup, ;- M,(f,r) = 400 and for any function
¢ :[0,1) — R, tending to infinity as r tends to 1, there is a hypercyclic function f such
that Mp(f,r) < ¢(r). For this, we are going to adapt the constructive method used in
§4.3. Before we start, we establish a lemma that will be useful in the following.

Lemma 5.1. Let (wy,) be an increasing sequence of positive integers such that wg—:l —

+00 as n tends to infinity. Let (a,) be a bounded sequence of positive real numbers such
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that > a, = +oo. If we denote by h : Ry — Ry an increasing function with, for all
n € N, h(n) = w,, the following estimate holds

Zan (1—}11))wn~2an, as x — 00.

n>0 (Z‘ n<x

Proof. Let e >0. Let n < x <n+1,n > 1so big that h(n) > 1. Clearly, the following
inequality holds

From this, we get for k <n —1

() ) )

as n — +oo since <+l o 4 o Thus, there is some N > 0 such that, whenever N < k <

Wn

n—landn<z<n+l1,

1\
1_€S<1_h(m)> <1. (20)

Next let £ > n + 2. From 19, we get

w

(=)= oen) - (0-25))™

Now there is some N such that, for all n > N’,

1 “ntl 1
1— <=
( wn+1> T2

and, for all k >n+4+2> N’,

k—n+2
Wi _ H Wk — 5 > 2k—(n+1) >k — (n+ 1)7
Wn+1 - Wk—j—1
7=0
so that, with M = sup,, an,
+o00 1 h(k) +00 1
— — < _— =
> a(ions) =M Y g o @)

k=n+2 k=n+2
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Thus, for n > max(N,N’) and n <z < n+ 1, let us define

Sa(1-5) "

k>0

Pn = Z P
k<x
N—-1 n—1 n+1
>ouk(@)+ X up(@) + X wk(z)+ Y uk(z)
k=0 k=N k=n k>n+2
- N—-1 n—1 ’
Yooap+ Y apt+an
k=0 k=N
h(k) n—1 n—1
with ug(x) = ag (1 - ﬁ) .Since (1 —¢) > ap < Y ug(z) < Z aj thanks to
k=N k=N

(20), we deduce, taking into account (21) and the fact that (a,) is a bounded sequence,

1 — ¢ <liminf p, <limsupp, <1,

n—+00 n—-+o0o
which implies the claim. O

As a direct corollary of Lemma 5.1, we can state the following result.

+1

Lemma 5.2. Let (wy,) be an increasing sequence of positive integers such that Dntl
+0o as n tends to infinity. Let (a,) be a bounded sequence of positive real numbers such
that > a, = +oo. If we denote by h : Ry — Ry a continuous and strictly increasing
function with, for alln € N, h(n) = wy,, the following estimate holds

Zan (00 h™ )(11 ) asr — 17,
—r

n>0

where for all x € Ry, 0,(x) = > an.

n<zx

5.1. The U-frequently hypercyclic case

We keep the definitions and the notations of §4.3. Let us also consider an increasing
function h : Ry — R, tending to infinity such that, for any n € N, h(n) := u, € N and
Upt1 — un — 400 as n tends to infinity. Let a be a real number. For all integer n > 0,

we set I ={2un ... 2"n+1 —1}. Next, for k > 1, we keep the definition of integers ay,
and o} given in §4.3. We set fé“) = Z P,(L“O)l where the blocks (P,(L“o)é) are polynomials
n>0

defined as follows, using Rudin—Shapiro polynomials given by Lemma 4.6,

0 if n is odd
22" Qu(2) if n € Ay, and 2'n-1 > oy
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with for n € Ay,

QW) = 3 G+ 1), 22

jerf™

where the sequence (c§-k)) denotes the sequence of the coefficients of the polynomial

P, 2un  (2%%) i (2). We also set f(*) = P*®) where the blocks P;f(g) are polynomials
122 « n,a 5
k n>0
defined as follows, using polynomials given by Lemma 4.6,

0 if n is odd
P;(;L)(Z) = 0if n € Ay and 2“n—1 < af (23)
2 QZ(“)(,Z) if n € Ay and 2“n=1 > af,
with, for n € Ay,
Q:‘L(u)(z) — Z (] 4 1)—ac§k_)2un Zj_2un
jEI,(l“)
where the sequence (cg»k) )

p’[wifJ(zak)ffk(Z)

denotes the sequence of the coefficients of the polynomial

1

For 1 < p < oo, we denote by «. the critical exponent a, = )

Lemma 5.3. We have, for any 0 <r <1,

M,(P 7)< P2 if2 < p < oo, M, (P r) < " ifl<p<2,

n,ac? n,ac?

and Ml(P:%),T) < 2" lg.
Proof. For p > 1, it suffices to argue along the same lines as the proof of Lemma 4.7
replacing the sequence (2") by (2%n).
Now let us consider the case p=1 (hence a. = 0). We can write, keeping in mind that
qr = i for a=0,

2Un  .2m
My (PGS ) < i / QW (re't)| dt
’ 2r Jo
Tz“n 27 . e un
< o 1Y ety
jeri™
7"2un 2 . * .
< 5 / ¥ qun ((relt)ak)tjk(relt) dt
i 0 L a;i; J
Un | 4
< r? HpLzuilLJ”lHQkHoo
Yk
5 Tzunlk.
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From Lemma 5.2 and 5.3, we deduce the rate of growth of the functions fo(fé) and f;iﬁ”)
We begin by the case p # 1.

Lemma 5.4. Let 1 < p < oo. Under the preceding definitions and assumptions, the
following estimates hold: for all 0 <r <1,

. (—log(1l—r .
Mp(fg;)ar)gh 1(15;;(2))> if2<p<oo
“log(1 —
and Mp(fgiﬁ“),r)ﬁh‘l <(1)§g((2) T)) ifl<p<2.

Proof. Let 2 < p < co. Combining Lemma 5.3 with triangle inequality, we get

My (f50,r) <7 r

n>0

By hypothesis 2¥n+17%" — 400 as n tends to infinity. We apply Lemma 5.2 with w,, =
2" and a, = 1 and we obtain, for 0 < r < 1,

Mg S 1t (TR,

log(2)
For the case 1 < p < 2, the proof works along the same lines. O
Now we are interested in the specific case p =1.

Lemma 5.5. There is a function of the form fg(u) such that

(e (252

Proof. Without loss of generality we can assume that o > 1+ |my | where my, is the
least real number such that g(log(c})/log(2)) > lx. Observe that, for all k£ > 1, for any
n € Ay with 2un~1 > a7 we have h™(u,) > h™ ' (up,—1) > h™(log(a})/log(2)). Taking
into account Lemma 5.3 and the inequality 1 — ¢ < e™?, we get, for any 1 — 4= < r <

) 2’LLj_
1= s (G2 1),
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Ml( S(U)7T) < ZMl(P;,((;L)aT)
n>1
> , yin
Y (1- )
k nEAk;2un_12a;’;
A )
o S e
~ —1 *
K nedyaun—1zat h=1(log(cv;)/ log(2))
j+1 R
S Ze_Q " ™t (uy)
n=1

S GO (ugg) = (G +1)%

Since 24 < L < 2"+1, we find j < hil(%) and we get
M )y < (B! —log(1—7) ’
B e log(2) '

O

Now we are going to prove that the functions f(gfé) and f;iﬁ") are U-frequently
hypercyclic for T,,.

Proposition 5.6. For p > 2 (resp. 1 < p < 2), the function fgé) (resp. fofSL)) is a
U-frequently hypercyclic vector for the operator T, .

Proof. We only prove that the vector f(gfé) is frequently hypercyclic for the operator
Ty, We do not repeat the details for 252“): it will be enough to make the appropriate
modifications.

Let k be a large enough integer. Let us consider n € A such that 2“n—-1 > ay,. We con-

sider B, the set of s in I\ such that the coefficient z* in the polynomial zzuanQuJJ (z%)
ok

is equal to 1 and we denote by T, = {s:s € B,,, n € Ay, 271 > a;}.
Observe that max(B,) < 2n*! and since at least half of the coefficients of P 2un

O‘k J
being +1, we get
< . a un—1
max(B,) 2untl 4
which implies
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Then let o be a real number and let k& be in N. Now let us consider s € B,, with n € A
satisfying 2“n—1 > qj. As in Proposition 4.9, by construction we get

swp T2, (80)(2) — (2] S

1
PR
l=1-7 bk

provided that k is chosen large enough. This allows to obtain frequent hypercyclicity of
(u O
ac -

Combining Lemma 5.4 with Proposition 5.6, we obtain the following result.

Theorem 5.7. Let 1 < p < oo and a, = ;) Then, for any function ¢ : [0,1) —

max(2,q

Ry with o(r) = 400 as r — 17, there is a function fin H(D) with
My(f,r) Se(r), for0<r<1 sufficiently close to 1,

that is U-frequently hypercyclic for T,,..

Proof. We begin by the case p > 1. Without loss of generality, we can assume that

the function ¢ is a continuous increasing function that can be written, for all 0 < r < 1,

p(r) =1 (ﬁ) where 1 is a continuous increasing function with, for all n € N, u,, :=

¥~ 1(n) € N and u,41 — u, — +00. Thus Lemma 5.4 and Proposition 5.6 ensure that,
for all 1 < p < oo, there is a function f in H(D) with

Myt s v () s (1) = e

that is U-frequently hypercyclic for Ti,,.
Now we deal with the case p =1. Without loss of generality, we can assume that ¢ is a

2
continuous increasing function that can be written, for all0 < r < 1, o(r) = (z/) (12))

where 9 is a continuous and increasing function such that, for alln € N, u,, := ¢ ~(n) € N
and up41 — Uy, — +oo. Applying Lemma 5.5 and Proposition 5.6, we find a function
f € H(D) with

s (o (FEE) o () -

that is U-frequently hypercyclic for T\.
The proof is complete. O
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The Ug~v-frequently hypercyclic case
We keep the definitions and the notations of §5.1. We modify the definitions of

polynomials Pf(fg and P:Z(g ) as follows:
0 if n is odd
P,S”“Z(z) =4 0ifn € A and 2¥n—-1 < q, (25)

22 Qn(z) if n € A and 2"n—1 > o,

with for n € Ay,

. —a i_oUn
QW ()= > (G + 1) My, 2772
je[ﬁj‘)
where the sequence (cg»k) )

p qun (1—7) (Zak)(jk(z)‘

denotes the sequence of the coefficients of the polynomial

0 if n is odd
P;(;f)(z) = 0if n € Ay and 2%n—1 < o, (26)
2 Q:W(2) if n € Ay, and 2%n-1 > o,

with, for n € Ag,

Q) = Y G+ 1), 2"

jerf

where the sequence (cg»k)) denotes the sequence of the coefficients of the polynomial

ptzun 5@](2%)(1‘1@(2)-

k
Let1<p§oo.Setaczﬁ(;q).

Lemma 5.8. We have, for any 0 <r <1 and alln € N,

M,(P{Y) ,r) < " if2<p<oco and M, (P vy < P ifl<p<2

n,oe? n,oac?

Proof. It suffices to argue along the same lines as the proof of Lemma 4.7 replacing
the sequence (2") by (2%7). O

From Lemma 5.2 and 5.8, we deduce the rate of growth of the functions fc(fé) and féﬁ")
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Lemma 5.9. Let 1 < p < oo and a, = ﬁ. Then, for all0 <r <1,

ax(

My(f2,r) Sh7! <_lifg(32;ﬂ> if 2<p< oo,

and

—log(1—1)

*(u) < p—1
Mp(fac ,T‘) ~ h ( 10g(2)

) ifl<p<?2.

Now we are going to prove that the functions f3* and fil") are Ugy-frequently
hypercyclic for T,,.

Proposition 5.10. For p > 2 (resp. 1 < p < 2), the function fé’? (resp. f;iﬁ”)) s a
Ugy -frequently hypercyclic vector for the operator T,,..

Proof. We only prove that the vector fg;) is frequently hypercyclic for the operator
T We do not repeat the details for f,i;ﬁ“): it will be enough to make the appropriate
modifications.

Let k& be a large enough integer. Let us consider n € A; such that
2¥n—-1 > . We consider B, the set of s in IT(LU) such that the coefficient z°
in the polynomial zzuanQUn(l_ﬂ/)J(zak) is equal to 1 and we denote by T =

«
{s:s€ B, ne€ A, 2n-1> a];}.

Observe that max(B,,) < 247 + [2“7(1=7) | and since at least half of the coefficients of

P qun(1—) being +1, we get
[

e]")’ gun yo—1 LZun(l—'y)J ‘ qun 4 o—1 L2un(17'y)J Jun_q
j<max(Bn); > ol > el > el
JETY j=2un _ j=1 Jj=1
el’ ~ Qun_;,_LQun(l*’Y)J Qun+\_2un(1*’Y)J Qun_ngn(l*’Y)J
j<max(Bn) Z ej’y Z ej’y Z ej’Y
Jj=1 j=1 j=1

Clearly, we have

un |_2un(1—"/)J ! Uun un (1—7) v
(2 + —(2 + 2 J) o

(20 —1)7 = (200 4 20 D)) T 5 g,

b2
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which implies, using similar estimations as those of the proof of Lemma 4.4,

2un+2—ll2un(l—'y)J Jun _q
Y vl Vil
e >oe
=1 =1 _ _
/ - J — e 21 —e?), as n — +oo.
gun 4 |2un(1=7)] qun 4 |2un(1=7)]
> el’ > el’
Jj=1 Jj=1

Hence the inequality (27) ensures that
Eg"/ (Tk) > 0.

Then let a be a real number and let £ be in N. Now for s € B,, with n € Ay satisfying
2n—1 > ., as in Proposition 4.9, by construction we get

1
sup T3 (f8)(2) — ar(2)] S 1
sl=1-7 F

provided that k is chosen large enough. This allows to obtain frequent hypercyclicity of
. O
Combining Lemma 5.9 with Proposition 5.10 we obtain the following result.

Theorem 5.11. Let 0 < v < 1. Let 1 < p < o0 and a, = m;x?;q)' Then, for any

function ¢ : [0,1) — Ry, with (r) — 400 asr — 17, there is a function f in H(D) with

My(f,r) Se(r), for0<r <1 sufficiently close to 1,

that is Ugv -frequently hypercyclic for Ty, .

Proof. For p=1, we have o, = 0 and the result is given by Theorem 5.7. Now let p > 1.
Without loss of generality, we can assume that the ¢ is a continuous increasing function

such that, for all 0 <r < 1, o(r) = (1i7,) where 1) is continuous and increasing with,

foralln € N, u, := % ~*(n) € Nand u, 1 —u, — +o0o. Thus, Lemma 5.9 and Proposition
5.10 ensure that, for all 1 < p < oo, there is a function f in H(D) with

M) S0 () et

that is Ugv-frequently hypercyclic for Ty,,.. The proof is complete. O

From Theorems 2.2, 5.7 and 5.11, we can state the following result that unifies what
happens in the critical case, given by the critical exponent, for the LP growth of Ugy-
frequently hypercyclic functions for T, when 7 belongs to [0, 1].
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Theorem 5.12. Let 0 < v <1 and 1 < p < co. Then, for any function ¢ : [0,1) —
Ry, with o(r) — +o00 as r — 17, there is a function fin H(D) with M,(f,r) S @(r)

that is Ugv -frequently hypercyclic for T, where a. =

1—y
max(2,q) °
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