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PAIRINGS OF HOMOTOPY SETS OVER AND UNDER B

NOBUYUKI ODA

ABSTRACT. We define pairings and copairings in the category of topological spaces
over and under B. We prove a relation between pairings of homotopy sets induced by
a pairing and a copairing of topological spaces over and under B. We obtain some
properties of the axes of pairings and the homotopy set of the axes of pairings in the
category of topological spaces over and under B. We also prove the dual results.

Introduction. In the previous papers [11, 12], we obtained fundamental properties
of pairings and copairings in the category of equivariant topological spaces with base
point. The purpose of this paper is to study pairings and copairings in the category of
topological spaces over and under B [4, 5]. We show that many results on pairings and
copairings in the category of topological spaces with base point can be generalized to
the category of topological spaces over and under B.

In §1, we review some definitions in the category Top{ of topological spaces over
and under B. In this category Top}, there are fibrewise product X x, Y and fibrewise
wedge sum X V; Y for any spaces X and Y. These constructions will be used for the
definition of pairings and copairings.

In §2, we consider pairings and copairings in Top, . We call amap u: X X, Y — Z a
pairing with axes f: X — Zand g: Y — Z if

X Xp {*s} 2 f and p|{*;} Xz ¥ ~ g,

where %, is the fibrewise base point and the symbol ~; means that the maps are fibrewise
pointed homotopic. Dually, we define a copairing 8:A — H V; R with coaxes h:A — H
and r: A — R. A pairing pu: X X, Y — Z defines a pairing of homotopy sets in Top}

+: [W, X1y X [W, Y], — [W, Z];,
and a copairing §: A — H V; R defines another pairing of homotopy sets
+ 1 [H, Z]; X [R, ZI, — [A, Z];.
The main result of this section is the following theorem.
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THEOREM 2.3. Let u: X Xz Y — Z be a pairing withaxes f:X — Zand g: Y — Z, and
0:A — H \, R a copairing with coaxes h:A — Handr:A — Rin Top]. Let a: H — X,
B:R— X, Y:H— Y and 6: R — Y be maps in Top’. Then the following relations hold
in[A,Z]5

(1) (o4 8) 45 (Y 450) = (@ + V) + (B +56)
(2) B (@) +5 " (0) = fil@) +5 8+(6)
(3) (B +h* (V) = g«(V) + £:(B)

This theorem corresponds to Theorem 2.7 of [12].

Let us write f 1, g if there exists a pairing u: X X, ¥ — Z with axes f: X — Z and
g:Y — Z. In §3, we firstly prove some formulae for the relation f 1, g of two maps
f:X— Zand g: Y — Zin Top, . We also consider homotopy sets of the axes of pairings
in Topf. Let v: X — Z be a map in Top . Then we define the homotopy set of the axes
of pairings by

vis(Y,2)={[gl=Y —Z|v 1, g}

This set is a generalization of the groups introduced by Gottlieb [1, 2], Jiang [6], Varadara-
jan [13] and Woo and Kim [15]. These results are also closely related with the works by
Hoo [3], Kim [7] and Lim [8, 9, 10]. One of the results in this section is the following
one.

THEOREM 3.5. If A is a co-grouplike space in TopZ, then (1,)*5(A, X) is an abelian
subgroup which is contained in the center of [A, X]..

This theorem is a generalization of some results by Gottlieb, Hoo, Lim and Varadarajan
(cf. Remark 3.6 in §3).

In §4, we prove the dual results of §3, namely, results on copairings in the category
Top; .

The author would like to thank Professor I. M. James and Mr. A. Cook for useful
conversations on fibrewise topology for the preparation of this paper during his stay at
The Mathematical Institute of Oxford.

1. Category over and under B. Let Top be the category of topological spaces.
We work in the category Top of the topological spaces over and under B. We find
terminologies and results in Chapters 1, 3, 5 of James [4] and Chapter IV of James [5].

An object in Top; is a pair of maps in Top

BLx 2B

which satisfies p o u = 1,, the identity map. Over each point b € B, we regard u(b)
the base point of the subspace p~!(b) of X, which is called the fibre over b. We write
u(b) = x and p~'(b) = X;. Then %, = {*;, | b € B} is the fibrewise base point.
A morphism
f:B5x2 B —BSYLB)
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in Top] is a map f: X — Y which makes the following diagram

B x L.B

[

B vy LB
commutative. So amap f: X — Yin Top] is afibrewise pointed map. A fibrewise pointed
homotopy relation is denoted by ~, and the set of the homotopy classes in Top} by
[X, YL2.

Let X \, Y denote the fibrewise wedge sum and X X, Y the fibrewise product. We have

natural equivalences

(X, Y, V1 ¥ (X Y], X [X, V],
(X, Vs X, YI; ¥ [X,, YT, X [X,, Y15

We regard X V, Y as a subspace of X X, Y by the inclusion map
Je XV, Y CX X, Y.

Moreover we use the following maps in Top; .
T:X Xz Y — Y X; X is the fibrewise switching map.
Ny X — X X, X is the fibrewise diagonal map.
Vxz: X Vs X — X is the fibrewise folding map.
*5: X — Y is the fibrewise constant map or fibrewise base point.

2. Pairings and copairings over and under B. We now define pairings and copair-
ings in the category Top; .
We call a map u: X Xz Y — Z a pairing with axes f:X — Z and g: Y — Z if the

diagram
m
Xx, Y — Z
is T 1 Vzs
XY —Z\,Z
fVeg

is homotopy commutative in Top? . A pairing p: X X, Y — Z with axes f: X — Z and
g:Y — Z defines a pairing of homotopy sets

+ 1 [W, XI; X [W, Y]; — [W, Z];

by the formula
atB=po(axXz;8) 0 Ay W—2Z

for any maps o: W — X and 3: W — Y in Top;.
This satisfies the relations

2.1 o+ x5 = fi(a) and *,; +5 8 = g.(0) in [W, Z];.
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PROOE. If 3 = *,, then we see
(a XB*B)OAW‘szBOiIBOa:W‘—’XXBY

for the inclusion map i,;: X — X V; Y, which is defined by i,,(x) = (x, *,) when p(x) = b.
Then we have

a-g—s*8=,u0(a XB*B)OAWB:)u’ojBoi'IBOazBfoa:ﬂ(a)'

By a similar argument, we have the case that o = *,. ]

We call amap 0: A — H V; R a copairing with coaxes h: A— H and r: A — R if the
diagram
0
A — HVR

s | s
AXzA — HX;R

hXxpgr

is homotopy commutative in Top} . A copairing §: A — H V,; R with coaxes h:A — H
and r: A — R defines a pairing of homotopy sets

+:[H, Zl, X [R, Z]; — A, Z],

by the formula
a'i'B/B:vLBO(a \/B B)OHAHZ

for any maps a: H — Z and 3: R — Z in Topj.
This pairing satisfies relations

2.2) a4 %5 = h*(a) and *, +; 8 = r*(B) in [A, Z]5.

PROOF. We prove only the first relation of (2.2), since the other case is proved
similarly. If 3 = *,, then we have

Vs 0 (@ V,; %) =aojH\V; R—Z

for the projection map j;: H \; R — H, which is defined by j,,(x, *;) = x for any element
x of H and jz(*5, y) = %, for any element y of R, where p(x) = q(y) = b. We remark that

jls°0=PfBOjB°9§BP:BO(h Xer)oAA.B:hoplsoAAﬂ:hOlA=hﬁ

where j;: H\, R — H>, Risthe inclusionmap, andp ;A A — Aandp):Hx, R — H
are projection maps to the first factor. Then we have

a-i_B*B:vz.Bo(a Vi *B)o()=aoj,,,oH:Baohzh*(a).
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THEOREM 2.3. Let i: X X3 Y — Z be a pairing withaxesf: X — Zand g:Y — Z, and
0:A — H \, R a copairing with coaxes h:A — Handr:A — Rin Top:. Let a: H — X,
B:R— X, v:H— Y andb:R — Y be maps in Topl. Then the following relations hold
in[A,Z]5

(1) (@4 B)+ (V+6) = (@ 4s7) +5 (B +50)
(2) B*(@) +5 () = fil) +; 84(0)
(3) r(B) +s " (V) = g«(V) +:.£:(B)

PROOF. (1) Over each point b € B, the maps on both sides of the equation coincide
(cf. proof of Theorem 2.7 of Oda [12]). So we have the equation.

(2) is obtained by setting 3 =¥ = * in (1) and using (2.1) and (2.2).

(3) is obtained by setting @ = § = * in (1) and using (2.1) and (2.2). u

As immediate consequences of Theorem 2.3, we have the following results.

COROLLARY 2.4. Let u: X X, Y — Z be a pairing with axes f:X — Zand g:Y — Z
and §: A — H V; R a copairing with coaxes h:A — H and r:A — R in Top..
(1)If X =Y andf ~4g, then

h*(c) 4, r"(B) = 1" (B) +s h*(@)

in [A, Z); for any maps a: H— X and 3: R — X in Top;,.
(2)IfH=Rand h ~r, then

J(B) +s 8+(6) = 8+(0) +£(B)

in [A, Z1; for any maps 3: H — X and 6: H — Y in Topj.

3. Axes of pairings over and under B. We writef |, g when there exists a pairing
w:X %Xz Y — Z withaxes f: X — Zand g: Y — Z in Top}.

Dually we write & T, r when there exists a copairing §:A — H V, R with coaxes
h:A— Hand rrA — R in Top}.

We call a map g: Y — X a cyclic map in Topj when 1,1, g.

We call a map r: A — R a cocyclic map in Top] when 1, T, r.

We call a space X a Hopf space in Top, when 1, 1, 1,.

We call a space A a co-Hopf space in Top], when 1, T, 1,.

If A is a co-Hopf space in Top; or if X is a Hopf space in Top;, then the homotopy
set [A, X]% has a binary operation +, or +, respectively. If A is a co-Hopf space and X is a
Hopf space, then the two binary operations +, and +; in [A, X]% coincide and, moreover,
these binary operations are abelian and associative (Set h ~;r ~; 1, and f ~, g ~; 1, in
Theorem 2.3).

Although the homotopy set [A, X] has a binary operation with unit when A is a co-
Hopf space or when X is a Hopf space, it is not necessarily a monoid in a usual sense
(since we do not assume associativity for co-Hopf structure of A or Hopf structure of X
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in general). So we give the following definition for Proposition 3.1 and Theorems 3.5
and 4.6: If S is a set with a binary operation e, then we call the subset

{zeS|zex=xezforallxecS}CS

the center of S.
The following results are special cases of Corollary 2.4 and say that cyclic maps and
cocyclic maps are contained in the center of homotopy sets (cf. Remark 3.6).

PROPOSITION 3.1. (1) Let X be a Hopf space in Top},. If A — R is a cocyclic map,
then the image of

P (R XI — [A, X,

is contained in the center of [A, X]5.
(2) Let A be a co-Hopf space in Top}. If g: Y — X is a cyclic map, then the image of

g« (A, Y] — [A, X];
is contained in the center of [A, X]5.

PROOF. (1) Set f ~; g ~; 1, and h ~; 1, in Corollary 2.4(1), then we have the result.
(2) Set h ~,r ~, 1, and f ~, 1, in Corollary 2.4(2), then we have the result. n

Now, we study some properties of the relationf 1, gformapsf: X — Zandg: Y — Z.

THEOREM 3.2. Iff 1, gformapsf:X — Z and g: Y — Z, then the following results
hold.

(1) (fof)1ls (gog’) foranymapsf':X' — Xandg':Y — Y.
(2) wof)ly; (wog) foranymapw:Z — W.

PROOE. Let p: X X, Y — Z be a pairing for f 1, g. Then p o (f' X, g’) and w o p are
those for (f o f') 15 (go g’)and (wof) L, (wo g) respectively.

PROPOSITION 3.3. Letf: X, — Z,, X, — Z,, g:Y, — Z, and g,: Y, — Z, be maps
in Top,. Thenf, 1, g, andf, Ly g, implies (f, Xz f2) Ly (81 X5 &2)-

PROOF. Let p: X, XY, — Z, and pu,: X, X, Y, — Z, be pairings for f; 1, g, and
f> Ls g respectively. Then the composition of maps

() X5 1) O(IX] X T Xy IYZ):(XI X Xo) Xg (Y, X3 V) — Z, X3 Z,

is a pairing for (f, Xsf,) Ls (g, Xz g,) where T: X, X, Y, — Y, X, X, is the switching map.

THEOREM 34. Let f:X — Z viV — Z, g:Y — Vand w: W — V be maps and
0:A — X V,; Y a copairing in Top. Thenf L, vand g L, wimplies {f+,(vo g)} L,
(vow).
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PROOF. Let p,:X Xz V — Z and p,: Y X; W — V be pairings forf 1, vand g 1, w
respectively. Then the composition of maps

py 0 (1 X5 ) 0 (g Xp 1y) 0 (0 X5 14):A X, W — Z

is a pairing for {f + (vo g)} L, (vow). =
For a fixed map v: X — Z in Top;, we define

via(y,2)={[gl5: Y —Z| v, g}

where [g]5: Y — Z is the homotopy class of g: Y — Z in Top;.

We call a space A a co-grouplike space [4, 5, 14] in Top, when A is a homotopy
associative co-Hopf space in Top} with an inverse v:A — A, namely, 1,41 >, %,
~vH 1,

THEOREM 3.5. If A is a co-grouplike space in Top;}, then (1 O2(A, X) is an abelian
subgroup which is contained in the center of [A, X].

PROOF. The subset (1,)'#(A,X) is closed under the operation +, induced by the
co-Hopf structure of A, as we see by settingv=w=1,,X=Y=Aandf,g:A— Xin
Theorem 3.4. It is contained in the center of [A, X]2 by Proposition 3.1(2) (Set A = Y).

If [a]? € (1,)*#(A,X), then o L, 1,. It follows that (a o v) 1, 1, for the inverse
v:A — A by Theorem 3.2(1) or —[a]} =[x o V]} € (1,)*#(A, X). Thus (1,)*(A, X) is a
subgroup of [A, X]2.

REMARK 3.6. There are following works in connection with Theorem 3.5; Theo-
rem 1.4 of Gottlieb [1], Theorem 2 of Hoo [3], Proposition 4.13 of Lim [8], Proposition 4.3
of Lim [9] and Theorem 1.5 of Varadarajan [13].

Dual results: Corollary 3.10 and Theorem 4.2 of Lim [10] (¢f. Theorem 4.6).

PROPOSITION 3.7. (1) Ifv 1, gformapsv:X — Zand g:Y — Z, then
Im(g.: [A, Y] — [A, Z]%) C v#(A, Z)

for any space A in Top;.
() v#(Y,Z) C (vod)'s(Y,Z) for any maps v:X — Z and d: D — X.

PROOF. (1) Let a:A — Y be any map. Then v 1, g implies v 1, (g o @) by Theo-
rem 3.2(1). It follows that g.([a]?) = [g o a]? € v3(A, Z).
(2) is proved similarly.

THEOREM 3.8. If Z is a Hopf space in Topt, then v'3(Y, Z) = [Y, Z]? for any map
viX—Z

PROOF. Since Z is a Hopf space, we have 1, L, 1,.If a: Y — Z is any map, we have
(1,0v) L (1,0 )by Theorem 3.2(1) and hence v 1, . It follows that [a]? € vi3(Y, Z).
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4. Coaxes of copairings over and under B. We now consider the duals of the
results in the previous section.

As we defined in §3, we write & T, r if there exists a copairing §:A — H V, R with
coaxes h:A — H and r:A — R in Topj.

THEOREM 4.1. Ifh T, r for maps h: A — H and r: A — R, then the following results
hold.

(1) (W oh)T, (¥ or)foranymapsh'"H— H and¥:R— R'.
(2) (hod) T, (rod)forany map d: D — A.

PROOF. Let 8:A — H \; Rbe a copairing for & T, r. Then the compositions of maps
(W Vy ¥)o8:A— H' V, R and Bod: D — H V, R are copairings for (K’ o h) T, (¥ or)
and (h o d) T, (r o d) respectively.

PROPOSITION 4.2. Let h:A, — H,, hy:A, — H,, r:A, — R, and r,: A, — R, be
maps in Top:. Then h, T, r, and h, T, r, implies (h, Vs h,) T (r, V3 1).

PROOF. Let6,:A, — H, V,; R, and 0,: A, — H, V; R, be copairings for , T, r, and
h, T, r, respectively. Then the composition of maps

(1H1 Ve TV, IRZ)O(HI Ve 0):A M A, — (H N, H) V; (R, R)

is a copairing for (h, \; h,) Ty (r, V,; 1), where T: R, ; H, — H, V; R, is the switching
map.

THEOREM 4.3. Let A — H, A — R, uuH — U and d:H — D be maps and
w:D Xz R — Z a pairing in Top. Then u T, d and h T, r implies

Woh) T, {(doh)+r}.

PROOF. let6:A— H \V; Rand 0, H— U V, D be copairingsforh T, randu T, d
respectively. Then the composition of maps

Iy Vs wo(ly Vs ja)o (0, Vs 1x)00:A— U\, Z

is a copairing for (uo h) T, {(d o h) +, r}. m
Let u: A — U be a fixed map. We define

uBAR) = {[r“A—R|uT, r}.

PROPOSITION 4.4. (1) IfuT, r for maps u:A — U and r:A — R, then
Im(r*: [R, X]; — [A, XI2) C u (A, X)

for any space X in Topj.
(2)u(A,X) C (wou)®(A, X) for any maps u: A — U and w: U — W.
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PROOF. (1) Let a: R — X be any map. Then u T, r implies u T, (« o r) by Theo-
rem 4.1(1) and hence r*([a]?) = [a o r]2 € uB(A, X).

(2) is proved similarly.

THEOREM 4.5. IfA is a co-Hopf space in Top;, then uB(A,R) = [A, R12 for any map
u: A — U and any space R in Top5.

PROOF. Since A is a co-Hopf space, we have 1, T; 1,. Then for any map a: A — R,
we have (uo1,) T (o 1,) by Theorem 4.1(1) and hence u T, «. It follows that [a]? €
u(A,R). "

We call a space Z a grouplike space [4, 5, 14] in Top; when Z is a homotopy
associative Hopf space in Top] with an inverse v:Z — Z, namely, 1,Hv ~ %,
P 7E N P

The following theorem is a generalization of Theorem 4.2 of Lim [10].

THEOREM 4.6. Let Z be a grouplike space and A any space in Top? . Then (1,) ®(A, Z)
is an abelian subgroup which is contained in the center of [A, Z]%.

PROOE. The subset (1,) (A, Z) is closed under the operation +, induced by the Hopf
structure of Z by Theorem 4.3 (Setu=h=1,and D =R = Z).

Suppose that [a]; € (1A)TB(A,Z) or 1, T, a. Then we have 1, T, (v o «) by Theo-
rem 4.1(1). It follows that —[a]2 = [v 0 a]? € (1,) B(A, Z). Thus (1,) (A, Z) has a group
structure.

Moreover, any element [a]} € (1,)"8(A, Z) is contained in the center of [A, Z1% by
Proposition 3.1(1) (Set R = X = Z).
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