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Abstract

In this paper we obtain a duality result for the exponential utility maximization problem
where trading is subject to quadratic transaction costs and the investor is required to
liquidate her position at the maturity date. As an application of the duality, we treat
utility-based hedging in the Bachelier model. For European contingent claims with a
quadratic payoff, we compute the optimal trading strategy explicitly.
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1. Introduction

In financial markets, trading moves prices against the trader: buying faster increases exe-
cution prices, and selling faster decreases them. This aspect of liquidity is known as market
depth [5] or price impact. In this paper we consider the problem of optimal liquidation for the
exponential utility function in the Almgren—Chriss model [1] with linear temporary impact for
the underlying asset.

This problem goes back to Schied et al. [15], who considered a market model given by a
Lévy process. They proved that the optimal trading strategy is deterministic and hence reduced
the primal problem to a deterministic variational problem that can be solved explicitly. A sim-
ilar phenomenon occurs in [2], where Bank and Vof3 consider an optimal liquidation problem
with transient price impact in the Bachelier model. Namely, the fact that the utility function
is exponential and the risky asset has independent increments allows us to reduce the primal
hedging problem to a deterministic control problem.

For the case where the market model is not given by a process with independent incre-
ments, the exponential utility maximization problem in the Almgren—Chriss model is much
more complicated and typically does not have an explicit solution. Gatheral and Schied [12]
found a closed-form solution for the optimal trade execution strategy in the Almgren—Chriss
framework assuming that the risky asset is given by the Black—Scholes model. However, the
risk criterion they used was given by the expected value of the terminal wealth, and hence it
is analytically simpler than the exponential utility maximization problem. In general, although
the current paper is focused on the Almgren—Chriss model, there are other models for optimal
liquidation problems. For instance, one common approach is via limit order books (see [4],
[11], and the references therein).
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Our first result is Theorem 2.1, which provides a dual representation for the optimal portfo-
lio and the corresponding value of the exponential utility maximization problem. Our duality
result is obtained under quite general assumptions on the market model. As usual, for the case
of exponential utility, by applying a change of measure one can reduce the problem of utility-
based hedging of a European contingent claim to the standard utility maximization problem.
This brings us to our second result.

Our second result (Theorem 3.1) deals with explicit computations for the case where the
risky asset is given by a linear Brownian motion, i.e. the Bachelier model. We consider a
European contingent claim with the payoff given by xS, where x > 0 is a constant and Sy
is the stock price at the maturity date. We apply the Girsanov theorem and the Itd isometry
in order to derive a particularly convenient representation of the dual target functional which
leads to deterministic variational problems. These problems can be solved explicitly and allow
us both to construct the solution to the dual problem and to compute the primal optimal strategy.
We show that the optimal strategy is given by a feedback form which we compute explicitly.
For the case ¥ =0, i.e. there is no option, Theorem 3.1 recovers the optimal portfolio found in
[15] for the Bachelier model.

The problem of utility-based hedging for the Almgren—Chriss model in the Bachelier setup
was studied recently by Ekren and Nadtochiy [9]: they apply the Hamilton—Jacobi—Bellman
(HJB) methodology and obtain a representation of the value function and the optimal strategy.
Still, they do not require the liquidation of the portfolio at the maturity date. Moreover, they
assume that the payoff function is globally Lipschitz.

A natural question that for now remains open is whether Theorem 2.1 can be applied beyond
the Bachelier model. In particular, it is not clear whether by applying this duality result one can
recover the optimal portfolio from [15] for a general Lévy process (beyond Brownian motion).

The rest of the paper is organized as follows. In Section 2 we introduce the model and
formulate a general duality result (Theorem 2.1). In Section 3 we consider the Bachelier model
and we explicitly solve the problem of utility-based hedging for European contingent claims
with a quadratic payoff (Theorem 3.1). In Section 4 we derive an auxiliary result from the field
of deterministic variational analysis.

2. Preliminaries and the duality result

Let (2, F, (Firelo, 1], P) be a filtered probability space equipped with the completed and
right-continuous filtration (F;)c[0,7], and without loss of generality we assume that F = Fr.
We do not make any assumptions on Fp. Consider a simple financial market with a riskless
savings account bearing zero interest (for simplicity) and with an RCLL (right-continuous with
left limits) risky asset S = (S):e[0,77 Which is adapted to the filtration (F;):c[0,7]. We assume
the following growth condition.

Assumption 2.1. There exists a > 0 such that Ep[exp(a SUPg</<T S%)] < 00.

Following [1], we model the investor’s market impact in a temporary linear form, and thus,
when at time 7 the investor turns over her position ®; at the rate ¢; = $,, the execution price is
St + (A /2)¢; for some constant A > 0. In our setup the investor has to liquidate her position,
namely ®7 = ®¢ + fOT ¢, dt=0.

As a result, the profits and losses from trading are given by

@ T A T
Veo? .= —@050—/0 &S, dt—E/O @2 d1, @2.1)
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where @ is the initial number (deterministic) of shares. Observe that all the above integrals
are defined pathwise. In particular, we do not assume that S is a semi-martingale.

Remark 2.1. Let us explain formula (2.1) in more detail. At time O the investor has ®¢ stocks
and the sum —®ySy on her savings account. At time ¢ € [0, T) the investor buys ¢, df, an
infinitesimal number of stocks, or more intuitively sells —¢; dr shares, so the (infinitesimal)
change in the savings account is given by —¢:(S; + (A/2)¢;) dt. Since we liquidate the port-
folio at the maturity date, the terminal portfolio value is equal to the terminal amount on the
savings account and given by

r A
Sy — / ¢,(s, + §¢’> ar
0

We arrive at the right-hand side of (2.1). For the case where S is a semi-martingale, by applying
the integration by parts formula we get that the right-hand side of (2.1) is equal to

f ®,dS; — f ¢? dt.

For a given @, the natural class of admissible strategies is

T T
Ag, = {q) : ¢ 18 (Fy)sefo, 7-optional with / ¢,2 df < oo and ®( + / ¢, dt = 0}.
0 0

As usual, all the equalities and the inequalities are understood in the almost sure sense.

The investor’s preferences are described by an exponential utility function u(x)=
— exp(—ax), x € R, with constant absolute risk aversion parameter o > 0, and for a given &g
her goal is to

maximize Ep[— exp(—a V?O’q))] over ¢ € Ag,,. 2.2)

Next we introduce some notation. Let Q denote the set of all equivalent probability
measures Q ~ P with finite entropy
d
()]

relative to P. For any Q € Q, let M% 1) be the set of all square-integrable Q-martingales M =

(My)o<i<T- Moreover, let /\/l [0.7) be the set of all Q-martingales M = (M;)o<;<7 that are defined
on the half-open interval [0, T) and satisfy

T
IMll;2@eq) = EQ[/O M} d’} <00

We arrive at the duality result.

Theorem 2.1. Let Assumption 2.1 be in force. Then, for any ®g € R,

1 _ gy Poé
¢r€nj$0{ along[exp( aVy )]}

dQ 1 (T )
= inf f E I bo(My — S — M, — S;|~dt|¢. 2.3
deMej\IllQ { I:O‘ 0g<d]P’>+ oMo 0)+2A/0 |M; — Si j|} (2.3)

[0.T)
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Furthermore, there is a unique minimizer (@ Me M% T)) for the dual problem (right-hand
side of (2.3)) and the process given by
. M-S

¢ = K tel0,T) (2.4)

is the unique optimal portfolio (dt @ P a.s.) for the primal problem (2.2).

Remark 2.2. Note that it is sufficient to define the optimal portfolio on the half-open interval
[0, T). We can just set ¢7 := 0.

Remark 2.3. Theorem 2.1 can be viewed as an extension of Proposition A.2 in [3] for the case
where the investor liquidates her portfolio at the maturity date. The liquidation requirement
adds additional difficulty to the dual representation. In particular, the maximization in the dual
representation is over all equivalent probability measures and the corresponding martingales,
in contrast to Proposition A.2 in [3] where the dual objects are just equivalent probability
measures.

The duality result in [3] was used to solve the problem of exponential utility maximization
in the Bachelier setting for the case where the investor can peek some time units into the
future (frontrunner). Theorem 2.1 allows us to solve the same problem with the additional
requirement that the portfolio has to be liquidated at the maturity date. Since the corresponding
computations are not straightforward, we leave this problem for future research.

In the proof of the duality we assume that A > 0. However, if we formally take A =0 in
the right-hand side of (2.3) and use the convention 0/0 := 0, we get the relation

d
m(;lx{— log IEP[GXP(—“V?OV(]&)] } = i&fEQ |}Og<§>]’

where the infimum is taken over all martingale measures. This is (roughly speaking) the clas-
sical duality result for exponential hedging in the frictionless setup (see [7], [10]). Of course,
in the frictionless setup there is no meaning to the initial number of shares ® and there is no
real restriction in the requirement ®7 = 0.

We will prove Theorem 2.1 at the end of this section, after suitable preparations. We start
by proving the superhedging theorem.

Lemma 2.1. Let X be a random variable. Assume that there exists a > 0 for which
Ep[exp(e max (—X, 0))] < oo. 2.5)

There exists ¢ € Ao, such that V;)O"P > X if and only if

1 T
sup  sup Eg [X — Po(Mo — S0) — 51 / M, — S,|? dt} <0. (2.6)
QeQ MEM%’T] 0

Proof. We start with the ‘only if” part of the claim. Let ¢ € Ag,, such that V;D 0.¢ > X. Choose
QeQand M e M%’T]. From (2.1) and the Cauchy—Schwarz inequality, it follows that

T T A T
/S,zdt / ¢3dt——/ @2 dr > X + @¢So,
0 0 2 Jo
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and hence, by exploiting the behaviour of the (random) parabola

[ oT
A
xX—x / S,zdt——x2,
0 2

T T
/¢3dt5c(1+max(—x,0)+/ Sfdt)
0 0

for some constant ¢ > 0. This, together with Assumption 2.1, (2.5), and the well-known
inequality e* + ylogy > xy, x € R, y > 0, yields

T
EQ[/ ¢t2 dti| < 00.
0

T
EQ[CDOM0+ f M,¢tdr]=o,
0

we get

Hence

so from (2.1) and the simple inequality

A, y2
xy— —x"<=—,  x,yeR
e YN

we obtain
T A T )
EqlX] sE@[cbo(Mo — S0+ /0 B, — 5 dt — /0 0 dz}
1 T
< E@[%(Mo S0+ — / M, - S, dr],
20 Jo

and the result follows.

Next, we prove the ‘if” part of the claim. Assume by contradiction that this part does not
hold true. Namely, there exists X which satisfies (2.5)—(2.6) and there is no ¢ € Ag, such that
Vit > x,

Using the same arguments as in the proof of Proposition 3.5 in [14], it follows that the set

Y= ({Vi? g e Ag,) — LL®) NL'®)

is convex and closed in L!(P). Observe that from Assumption 2.1 and (2.5)—(2.6) (take Q =P
and M =0 in (2.6)) it follows that X € L!(P). Since there is no ¢ € Ag, such that V3" > X,
we get X e L'(P)\ Y.

Thus, by the Hahn—Banach separation theorem, we can find Z € L* \ {0} such that

Ep[ZX] > sup Ep[Zv].

veY

Since

; . @
(Vo? — L) ®) NL'®)C Y ford= _70,
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we must have Z > 0. Moreover, from (2.1) we have
) 1T
Vyt? < —doSo+ — / S2dr forall p,
2A Jo

so from Assumption 2.1 it follows that there exists € > 0 such that

Epl(e + 2)X] > sup Ep[(e + Z)v].

veY

We conclude that for the probability measure QQ given by
dQ €e+2Z

dP e +Ep[Z]

we have Q € Q and
EglX]1> sup Eg[Vvy"?], 2.7)

peAs,

where we set
EQ[V$0’¢] = —00

. Dy,
if Vil ¢ LNQ).
Next, fix n € N and introduce the set

Byi={¢ e Pt ®Q): Il 2weg) <}

We argue that for any n € N

sup E@[V?O’d)] > sup IEQ[V;)O’(D]
‘PGA(DO ¢€-A<I>0 mBn

T
= sup inf EQ[V?O)q& +MT<¢)0 +/ ¢t dt)]
peB, Me/\/l(l%jJ 0

T
— inf sup JE@[V;?O"” +MT<q>0+ / & dt)]. 2.8)
MeM 1, 6€B, 0

Indeed, the inequality is obvious. The first equality follows from the fact that if ¢ € 5, \ Ao,.

then .
inf  Eg |:Mr<d>0 + / R dt>] = —00.
Me/\/l([%ﬂ 0

For the last equality in (2.8) we apply a minimax theorem. Consider the vector space M%’T]

with the L?(df ® Q) norm and the set 5B, with the weak topology which corresponds to
L?(dr ® Q). Then both of these sets are convex subsets of topological vector spaces and the
latter set is even compact. Moreover,

T
(¢, M) — EQ[V?O"” +MT(<I>0 +f & dt):|
0

is upper semi-continuous and concave in ¢ and convex (indeed affine) in M. We can thus apply
Theorem 4.2 in [16] to obtain the second equality.
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Next, choose M € /\/l([% 7 and introduce the process ¢ (which depends on 7 and M):

n(M; — S;)

, rel0,T]
max(An, |M — S||L2(dt®Q))

¢ =

Observe that ¢ € B, and simple computations give

T
Eg [V;"O*"’ +MT<<DO +f0 & dt>:|

T AT )
= EQ|:<D0(M0 —S0) + f oM, — Sp) dr — 5 / é; dt]
0 0
=Eq[®0(Mo — )] + G (IM — Sl 2@re0))-

where

x2

Gu(x)={ 24
2

A .
nx — En otherwise.

if x < An,

Since ne N and M € M%’T] were arbitrary, from (2.7)—(2.8) we conclude that there exists a

sequence of martingales M" € M% 71» 1t € N such that

EglX] > sug{EQ[%(Mg —80)] + Gu(IM" = Sl 120000 }- (2.9)
ne

From the fact that dQ/dP is bounded we have Eg[X] < 00, 80 sup,cy [|M" — Sl ;2qrgq) < 0©-
Thus from (2.9) we obtain that for any k > (1/A) sup,en IM" — S|l 124r00)»

k 1 r k 2
EglX] > Eg c1>0(M0—50)+ﬂ A |M — S;|” dt |,

which is a contradiction to (2.6). This completes the proof. (|

Lemma 2.2. There exists a unique minimizer
5 ire MmO
for the optimization problem given by the right-hand side of (2.3).

Proof. Let C denote the set of all pairs (Z, Y) such that Z > 0 is a random variable satisfying
Ep[Z] =1, Ep[Zlog Z] < 00, and Y = (¥;)o</<7 is a P-martingale satisfying

T YZ
o [ o al e
o EplZ]|F]

Note that the function (z, y) — y?/z is convex on R, x R, so C is a convex set. Define a map
V:C— Rby

v(Z,Y):=E 1Zl Z 4 ®o(Yo — SoZ) + z /T( T S)zdt
V)= —Zlo - — — .
Plae %8 R0 20 2A Jo \Eplz| F1 '
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Observe that there is a bijection
(¥, 2eC (QeQ Me M)

given by
dQ
Zzzﬁ and M, :=

and for this bijection we have

t
—, tel0,7),
Ep[Z | F1] )

1 dQ I 5
V(Z,Y)= ]EQ[E 10g<@> + (Mo — So) + TN /0 |M; — S| dt:|.

Thus, in order to prove the lemma, it is sufficient to show that there exists a unique mini-
mizer for W : C — R. Note that the convexity of the map (z, y) — y*/z implies the convexity of
V. From the strict convexity of the functions z — z log z and the map y — y?, it follows that ¥
is strictly convex, and hence the uniqueness of a minimizer is immediate. It remains to prove
the existence of a minimizer.

Let (Z", Y") € C, n € N be a sequence such that

lim W(Z",Y")= inf W(Z, 7). (2.10)
n—00 (Z,Y)eC
Assumption 2.1 and (2.10) yield that without loss of generality we can assume that

T n|2
|Y7'|
supEp[Z"logZ"] <oo and sup Ep[/ ———df | < 00.
neN neN o EplZ"|F]

Thus the de la Vallée—Poussin criterion ensures that Z”, n € N are uniformly integrable. Let us
argue that for any s < T the random variables Y7, n € N are uniformly integrable
Fix s < T. From the Jensen inequality and fact that Y” is a martingale, it follows that for any

given n the function
[ vy }
t—>Ep| ———
Ep[Z" | Fi]

is non-decreasing, and hence

|Yn|2
sup E]p|:+:| < o0.
neN Ep[Z" | Fs]

This, together with the inequality sup,.y Ep[Z" log Z"] < oo, gives sup, .y Eplg|Y?|] < 00,

where
y2
gy := inf{— +zlogz}, y> 0.
>0 2

For a given y >0, the function z — y>/z+zlogz is convex and attains its minimum at
the unique z = z(y) which satisfies 1 + log z = y?/z%. Obviously limy_ o 2(y) =00 and y =

7(»)/1 + log(z(y)). Thus

]
lim 89 > pm 21082

—_— =0
y—>o00 y 700 7 /1+]0gz
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Hence, from the de la Vallée—Poussin criterion, we conclude that Y}, n € N are uniformly
integrable.
Next, define the sequence of random variables (H},),eN € L (dt®P, [0, 2T] x ) by

He oy | V@) ST,
’ Z"(w) otherwise.

Observe that the relations

sup Ep[Z" log Z"] < 00 supEp[/TLdt]<oo lim @—oo
neN T eN o Ep[Z"|F] Toyooo

yield that (H"),en is a bounded sequence in L!(dt® P, [0, 2T] x ). Hence, from the
well-known Komlés argument (see Theorem 1.3 in [6]), there exists a sequence (H”) €
conv (H", H"t' ... ), n € N such that (H"),en converge in probability (dt ®P) to some H €
LYdt P, [0, 2T] x €2). From the bounded convergence theorem, arctan (H") — arctan (H) in
Ll(dt ® P, [0, 2T] x 2). Thus, from Fubini’s theorem, we obtain that there exists a dense set
T C [0, 2T] such that for any r € Z, (I:If)neN converge in probability to H,. Choose a countable
subset 7 C Z N[0, T) of the form J ={¢t; <t, <---} such thatlim, ., t,=T.

We conclude that there exist convex combinations (the same combinations as for H")
(2", Y™ € conv ((Z", Y") (Z"*1, Yty ... ), neN, such that the sequence (Z"en converges
in probability to some Z, and for any m € N the sequence (Y ' JneN converges in probability to
some U,,. From the uniform integrability of the sequences (Z”),,GN and (Ym)neN, meN, we
conclude that

7"~ 7 inL\(P), (2.11)

and for any m € N
¥' > U, inL'(P). (2.12)

Im

Notice that (2.11) implies E]p[Z] = 1. Moreover, the function x — xlogx, x > 0 is bounded
from below, so from the Fatou lemma and the convexity of the function x — xlogx we get
Ep[Z log 7zl < sup,cn Ep[Z" log Z"] < oo.

Next, define the process Y= (f/,)ofKT by

oo
?t = Z l{te[tm—lvtm)}]EP[Um |~F[],
m=1

where we set ty:= 0. Clearly, for any n the process Y= f/[’f) 7 is a martingale (convex
combination of martingales), so from (2.12) we obtain that Y= f’[o,T) is a martingale and

"= ¥, inL'(P) forallze[0,T). (2.13)
From (2.11) we get
Ep[Z" | Fi] — EplZ| F] inL'(P) forallzel0, T]. (2.14)

By combining the Fatou lemma, the convexity of W, (2.10), and (2.13)—(2.14), we obtain

W(Z, V)< lim W(Z", Y= inf W(Z Y).
n—00 (Z,Y)eC
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A priori it mlght happen that dr ® ]P’(IEP[Z | F:]=0) > 0, so we need to be careful with the
definition of \I!(Z Y ). From (2.13)—(2. 14) it follows that we have the convergence in prob-
ability Ep[Z" | F.1— Ep[Z | F.] and Y" — ¥ with respect to the product measure dr @ PP.
Hence, by taking a subsequence (which for simplicity we still denote by n), we can assume
that Ep[Z" | F.] — Ep[Z | F.] and ¥" — ¥ dr @ P a.s. Since lim,_, o (2", ¥") < 00, from
the Fatou lemma it follows that

T 2
Ep |:/ (hm inf L) dtj| < 0.
0 n—=00 Ep[Z" | Fi]

bals
Iim inf ————— <00 dr®Pa.s.
n—>00 Bp[Zn | J]

In particular,

This together with the above convergence of the sequences (Ep [Z" | F.Dnen and (f/ ") eN yields
the implication Ep[Z | F;]=0=Y; =0 dr ® P a.s. Thus we set

flt [y—
EplZ| Fil

it Ep[Z | F,]=0.

Finally, in order to complete the proof it remains to show that Z > 0 a.s. To this end, define
the function f: [0, 1] - R by f(a) := ¥(x + (1 —a)Z,Y), a €0, 1]. From the convexity of
W it follows that f is convex. The inequality \II(Z Y) <infz yyec W(Z, Y) yields that the right-
hand derivative f/(0+) > 0. Moreover, from the monotone (derivative of a convex function)
convergence theorem it follows that we can interchange derivative and expectation. Thus

0<f'(0+)

1 A R
- Ep[—(l —Z)log Z — ®(So(1 — Z)}
o

1 . (T, T G 4G
+—Ep[(l—2)/ S dt+/ < . - —— )dt].
2A o o (EREFEON Lz R E21Z) R

We conclude that Ep[log 7] > —oo and complete the proof. U

Now we have all the ingredients for the proof of Theorem 2.1.

Proof. Let (@ €9, Me M([% T]) be the minimizer from Lemma 2.2. Denote

1 d0 . 1 [T )
D:= E; 1 bo(My — S — M, — S|~ dt].
[ Og<d]P’>+ oMo 0)+2A/0 |M; — St

Let us show that there exists ¢ € Ag, such that

5 1 d@
Vio? > p— log<d%> (2.15)

1 dQ
X:=D——1
°g<dIP>>
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Clearly X satisfies (2.5), so we need to show that for any Q € Q and M € M([%,T] we have

1 d@ 1 (T 5
Eg| - log( —= +¢0(M0—So)+ﬂ/ M, — S,)?dt| > D. (2.16)

Choose Q € Q and M € M} ;. Define (Z, Y). (Z, ¥) € C by

d . dQ
z:LQ 7= Q

ik - Y =MEp[Z|F] and Y,=MEp[Z|F), t<T.
Define the convex function 4 : [0, 1] - R by
ha):= YZ+ (1 —a)Z,afY +(1—a)Y), acl0,1].

The function % attains its minimum at « = 0, so #'(0+) > 0. Again, the monotone convergence
theorem allows us to interchange derivative and expectation. Thus

0 <H'(0+)

1 N N ~ N
= EP[—(Z —Z)log Z + ®y(Yy — Yo) — PSo(Zo — Zo)}

+—Ep[ / (Z—2)8? - 2(Y, - Y»St)dr}

1 [1 / 2¥,(Y, — Y)Ep[Z | Fi] — EplZ — zqu
P

+—E
2824 E2Z| Fi)

(2.17)

Observe that forany t < T

Y’E2(Z | F

2V, YV Ep[Z | F 1 <EplZ | F]¥? + L2~ =
Y/ EplZ | Fi]l <EplZ| F 1Y + EplZ | Fi]

This together with (2.17) gives
1 ~ ~ N ~
0<Ep [—(Z —Z)log Z + ®o(Yy — Yo) — PoSo(Zo — Zo)]
+ —EP[ / (Z - 282 — 2%, - 1)S,) dr}

+1E[/T( v h )dt}
o8 L \EelzI R Epiz\FY) )

which is exactly (2.16). We conclude that (2.15) holds true, and thus

)
Ep[eV7"" ] < e, (2.18)

We arrive at the final step of the proof. Choose ¢ € Aqg,. Without loss of generality, assume
that

E]p[e_“v% ] < 00,
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and hence arguments similar to those in the proof of Lemma 2.1 yield

T
E@[/O ¢,2dt} < 00.

Let us argue that for any y > 0

Ep I:e*‘xv;)ws]

r A (T R R
> ayEg| ®oSo + fo S dz+E /0 P2 dt} —Ep[yZQlog(yZ) — 1)]

i N r N A (T .
=ayEg| ®o(So — Mo) +/ Sy — My, dr + > / o7 d’] —y(ogy — 1) — yEg[log Z]
0 0

i N | N N
= ayEqg| Po(So — M) — / 1, — 5, dr] —y(ogy — 1)~ yEgllogZ].  (2.19)
L A Jo

Indeed, the first inequality follows from the simple inequality e* > xy — y(logy — 1), x € R,
y > 0. The equality is due to

T
E:x |:<DOM() +/ Mﬂf)t dt] = 0,
Q 0

for this we need the bound Ey [ fOT ¢? dt] < co. The last inequality follows from the maximiza-
tion of the quadratic pattern in ¢.
Optimizing (2.19) in y > 0, we arrive at

®p.¢
Eple™@'r"" | > e P, (2.20)

Since ¢ € Ag, was arbitrary, from (2.18), (2.20) and the fact that (@ €Q, Me M%T]) is the
minimizer from Lemma 2.2, we obtain (2.3). Moreover, note that there is an equality in (2.19)
if and only if
M-S g
¢ = 3 tQPa.s.

This yields (2.4) and completes the proof. O

3. Explicit computations in the Bachelier model

In this section we assume that the probability space (€2, F, IP) carrying a one-dimensional
Wiener process W = (W;);c(0,7] and the filtration (F;).c[0,7] is the natural augmented filtration
generated by W. The risky asset S is given by

S, =So+oW,+nut, tel0,TI, 3.1

where Sy € R is the initial asset price, o > 0 is the constant volatility, and u € R is the constant
drift.
Consider a European contingent claim with the quadratic payoff X = KS%, where «k €

(0, 1/(2aaT)) is a constant. We say that be Ag, is a utility-based optimal hedging strategy

if X
Ep[e“(/"‘vfo‘¢)]= inf Ep[ec’(*“/ﬁo"p)].
peAs,
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Theorem 3.1. Let p := ac?/A be the risk-liquidity ratio. The utility-based optimal hedging

strategy (5,, t € [0, T) is unique and given by the feedback form
(268 + 1/ (eo?)) tanh(/B(T — 1)/2) — (coth( /(T — 1) — 2A/pr ) D;
;=

J= — 4 A tanh(/B(T — 1)/2)

where

. (32

t
P, = c1>0+/ ¢sds, te]0,T].
0

Our feedback description (3.2) can be interpreted as follows. From the simple inequality

tanh (z) < z, for all z > 0 and the assumption « € (0, 1/(2ac>T)), it follows that the denomina-
tor in (3.2) is positive and coth (,/o(T — 1)) — 2A/pk > 0. Thus the optimal trading strategy
is a mean reverting strategy towards the process

(2cS; + 1/ (o?)) tanh( /(T — 1)/2)
coth(ﬁ(T — t)) —2A/px

, tel0,T].
This process can be viewed as a tradeoff between the optimal trading strategy in the frictionless
case 2kS; + wn/ (aa2), t € [0, T] and the liquidation requirement.
Next, we prove Theorem 3.1.
Proof. First, from the assumption « € (0, 1/(2ao>T)), it follows that Ep[e"‘X ] < 00. Thus
we define the probability measure P by

dp ea X

- Ep [e"‘X ] ’
Observe that for any probability measure Q ~ P we have

d d
Eg Eog(d%)] =Eg Eog(%) - aX} + o log(Ep[e*]).
From Holder’s inequality and Assumption 2.1 it follows that there exists » > 0 such that
Es |:exp (b sup S,z)i| < 00.
0<t<T

Hence, using Theorem 2.1 for the probability measure PP, we obtain
min { — log Ep[exp(a (X — V;)O’¢))]
¢7€Aq>0 [07

= sup

1 d
sup Eg [X - — log<@>
QeQ prem? «

1
— do(My — So) — —
P oMo — So)
0.7

T
2A/0 |M,—St|2dt:|. (3.3)

Moreover, there exists a unique maximizer (Q €O, Me M%’T)) for the right-hand side of
(3.3), and the process given by (2.4) is the unique utility-based optimal hedging strategy.
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Observe that by the Markov property of Brownian motion, in order to prove Theorem 3.1 it
is sufficient to establish (3.2) for t = 0. Thus, in view of (2.4), it remains to establish that

Mo —So _ (260 + 1/ (e0?)) tanh(/pT/2) — (coth(/PT) — ZAﬁK)q)o.

A 77 — 4« A tanh(/pT/2)

(3.4)

To this end, let Q € Q and M € M%’T). From the Girsanov theorem it follows that there
exists a progressively measurable process 6 € L>(dr ® Q) such that

T t
EQ[log(dQ/dP)]zEQ[ / Gfds:|/2<oo and W2:= W, — / 0,ds, 1[0, T]
0 0

is a Q-Brownian motion. By applying the martingale representation theorem, there exists a
process ¥ = (¥1)o<t<r such that

t
M,:Mo—i-cf/ v dWQ,  dr@Pas. (3.5)
0

Moreover, by applying the martingale representation theorem for 6;, t € [0, T], we conclude
that there exist a deterministic function a;, ¢ € [0, T] and a jointly measurable process f; s,
0 <s <t <T such that g; s is F;»s measurable and

t
0, = a, + / Brs WP,  dr@Pas. (3.6)
0
Set
t t
V= ut+o / agds, te[0,T] and [ s:= f Busdu, 0<s=<t<T.
0 s
From Fubini’s theorem, (3.1), and (3.6),

1
St=So+v,+6/ (1+1L)dWe, re(o,T]. (3.7)
0

Given the probability measure Q, we are looking for a martingale M € M%’T) which maxi-
mizes the right-hand side of (3.3). By combining (3.5), (3.7) and applying the It isometry and
Fubini’s theorem, we obtain

1 T
Eo| ®o(Mo — So) + —— / M, — 5, di
27 o
1 (T ) o2 T T )
= dg(My — S — My — So — dr+ —E —-1-1 drds|.
oMy 0)+2A/0 (Mo — So — vr) +2A @[/0 /Y (¥s 15) S}

Given a and B, we are looking for My and 7 which minimize the above right-hand side.
Observe that the right-hand side is a quadratic function in My and y;, s € [0, T). Hence we
obtain that the minimizer is unique and given by

o = So + & /T ar— 28 (3.8)
]) .
0= T
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and
1 T
)2;=1+—f Lisdt, s<T. 3.9)
T—sJ
Finally, we compute the optimal v. From the It6 isometry, Fubini’s theorem, and (3.6)—(3.7),
we have
T T
EqlS7]1= (So+ vr)* + azE@[ / / (1 +b5)* dt ds]
0 K

and

T T T pT
EQ[log<i(§):|=%EQ|:/o 934:%(/0 a?dz+]EQ[/o f ﬂfsdtdsD.

These equalities together with (3.8)—(3.9) give

dQ 1 7 )
sup Eg X——log P CDO(MO—SO)—E/ |M; — S;|~ dt

MEM%T)
1 dQ 1 (T . 5
_EQ[X—&log<ﬁ) CDQ(MO—SO)—ﬁ/ |M; — S;|” dt
T
:I—i—IE@[/ Jsds:|, (3.10)
0
where
17 1 (1 r =T
I=K(S()~|—UT)2——/ adr+—|(= CDOA—/ vy dt —/ V2 dt
20 0 ! 2A\T 0 0 !
and

1 T 2 T
Jy =Ko / (1417 dt— — /ﬂ”dt+— — / lp.sdt —/ 2 dr).
T—s\J, s

From Proposition 4.1 we conclude that the optimal v satisfies (4.2). Hence from (3.8) we obtain
(3.4) and complete the proof. U

Remark 3.1. By applying (3.10) we can also compute the the right-hand side of (3.3). This
requires computing the maximal / and for any s € [0, T] computing the maximal J;. Observe
that the latter is a deterministic variational problem where the control is [ g, - €[s, T].
Computing both 7 and Jy, s € [0, T'] can be done by computing the value which corresponds to
the optimization problem given by (4.1) (for J replace T with T — s, Sg, o with 1, and u, ®g
with 0). The computations are quite cumbersome and hence omitted.

Remark 3.2. Note that the quadratic structure of the payoff X used in (3.10) is essential in
reducing the dual problem to a deterministic control problem. This is due to the Itd isometry.
Although for a general payoff the dual representation does not allow us to obtain an explicit
solution, it can still be used for utility-based hedging problems. For instance, the recent paper
[8] applies Theorem 2.1 and, for a general European contingent claim in the Bachelier model,
computes the scaling limit of the corresponding utility indifference prices for a vanishing price
impact which is inversely proportional to the risk aversion.
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4. Auxiliary result
The following result deals with a purely deterministic setup.

Proposition 4.1. Let I be the space of all continuous functions § : [0, T] — R that are differ-
entiable almost everywhere (with respect to the Lebesgue measure) and satisfy $(0) = 0. Then
the maximizer 6 € I' of the optimization problem

1 T 2 T
—n)? dz+—<—<d>0A—/ 3,dt) —/ a,zdt)}
T 0 0

4.1)

max{/c(So + 87 2
sel

is unique and satisfies

1 /T §dim (280 + 11/ (@0?)) tanh([T/z) — (coth(/pT) —2A /oK) P L Sor
0

T 5 — 4 tanh (/T /2) T
4.2)

Proof. The proof will be done in two steps. First we will solve the optimization problem
(4.1) for the case where 7 and fOT d; dt are given. Then we will find the optimal §7 and fOT 8, dr.

Thus, for any x, y, let 'y, CI" be the set of all functions § € I' that satisfy d7 =x and
fOT 8; dt =y. Consider the minimization problem

T
min / H(6,, 8;) dr,

selyvy Jo

where

1
+—1?

A for u, ve R.

H(u,v) =

This optimization problem is convex, and thus it has a unique solution which has to satisfy the
Euler-Lagrange equation (for details see [13])

d 9H d 9H
A4 ——
dr 34, dr 93,

for some constant A > 0 (Lagrange multiplier due to the constraint fOT 8;dt =y). Thus the
optimizer solves the ODE &, — p8 = const. (recall the risk-liquidity ratio p = ao>/A). From
the standard theory it follows that

8; = cy sinh(/pt) + ¢z sinh(y/o(T — 1)) + c3 (4.3)

for some constants ¢y, ¢, c¢3. From the three constraints 69 =0, 7 = x, and fOT Srdt=y we
obtain

X —c3 _ 3 Py —xtanh(ﬁT/Z)

=Gnn(ypn) 2T Tsm(gen) T yar—2amn(ypra) Y
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We argue that

T T
pf 5,2dt+f 82 dr
0 0
T T
=,0f ((5,—C3)+C3)2dt+/ §2 dr
0 0

— \/TE(C% + ¢3) sinh(2/pT) — 2c1c24/p sinh(/pT) — pc3T + 2pesy

= /px* coth(/pT) + 24/peica sinh(/oT) ( cosh (oT) — 1) — pc3T + 2pc3y
= /px? coth(y/pT) + (24/p tanh(/0T/2) — pT)C% +2(py — +/p tanh(/pT/2)x)c3

~ (xtanh(/pT/2) — \/py)
- ﬁ(xz coth(/pT) + 5T — 2t (T2 ) (4.5)

Indeed, the first equality is obvious. The second equality follows from (4.3) and simple
computations. The third equality is due to

X
cl—cp=——77—.
e sinh(ﬁT)
The fourth equality is due to
c% — xc3
clop=——F—"—.
27 Sinh? (/pT)

The last equality follows from substituting c3.
By combining (4.5) and the simple equality

1 r. 1 [T, 2T ux 1 T T
Si—widt4+— | 8 di= - — / 82 dr / §2dr ),
20002 ,/(; (6 = p)7di+ 2A /0 ! 2002  ao? + 20002 ('0 0o ! + 0o !

we obtain

T
min [ H(6,, 8;) dt
delxy Jo

_ pLzT Ux n 1
" 2002  ao? 2A/p

SN R

<x2 COth(ﬁT) + JPT =2 tanh(ﬁT/Z)

We arrive at the final step of the proof. In view of (4.6), the optimization problem (4.1) is
reduced to finding x := ér and y := fOT 8; dt, which maximize the quadratic form

AX® + By2 +2Cxy + nx + 6y,
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where
. 1 tanh? (,/pT/2)
A=K Tp <C°th(*/ﬁT) T 2tanh(ﬁT/2))
__ /PTcoth(\/pT) +4A/pk tanh(/pT/2) — 1 = 20pTk
B 2A/p(/pT — 2 tanh(/pT/2)) ’
B L Vo o tanh(,/p7/2)
" 2AT  2A(pT —2tanh(\/pT/2))  AT(/pT —2tanh(\/pT/2))’
_ tanh(ﬁT/Z) . uw %
= 2A(JpT —2tanh(pT/2)) S0+ 2oz and 6= =
Simple computations give
AB—C?— K tanh(ﬁT/Z)
~ AT(/pT —2tanh(,/pT/2))
coth(/pT) tanh(,/pT/2) tanh? (/pT/2)

2/pAT (BT — 2tanh(/pT/2)) 4 /pA2T(/pT — 2 tanh(/pT/2))
_ 1/4/pA) — « tanh(,/pT/2)
AT(/pT — 2tanh(,/pT/2))

From the inequality z > tanh(z)z, z > 0 and the assumption « € (0, 1 /(2uo®T)), we obtain
B <0 and AB — C? > 0. Thus the above quadratic form has a unique maximizer

We conclude that the optimization problem (4.1) has a unique solution which is given by
(4.3)—(4.4) for (x, y) := (x, y). Moreover, direct computations yield

(26So + 1/ (o’?)) tanh(/pT/2) — (coth(\/oT) — 2A/pr) Do L oA

ﬁ — 4k tanh( /AT /2) T

and (4.2) follows. O

2
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