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The initial flow past an impulsively started rotating and translating circular cylinder is
asymptotically analysed using a Brinkman penalization method on the Navier—Stokes
equation. In our previous study (J. Fluid Mech., vol. 929, 2021, A31), the asymptotic
solution was obtained within the second approximation with respect to the small
parameter, €, that is of the order of 1/4. Here, A is the penalization parameter. In addition,
the Reynolds number based on the cylinder radius and the translating velocity is assumed
to be of the order of €. The previous study asymptotically analysed the initial flow past
an impulsively started translating circular cylinder and investigated the influence of the
penalization parameter A on the drag coefficient. It was concluded that the drag coefficient
calculated from the integration of the penalization term exhibits a half-value of the results
of Bar-Lev & Yang (J. Fluid Mech., vol. 72, 1975, pp. 625-647) as 4 — oo. Furthermore,
the derivative of vorticity in the normal direction was found to be discontinuous on the
cylinder surface, which is caused by the tangential gradient of the pressure on the cylinder
surface. The present study hence aims to investigate the variance on the drag coefficient
against the result of Bar-Lev & Yang (1975). First, we investigate the problem of an
impulsively started rotating circular cylinder. In this situation, the moment coefficient is
independent of the pressure on the cylinder surface so that we can elucidate the role of the
pressure to the hydrodynamic coefficients. Then, the problem of an impulsively started
rotating and translating circular cylinder is investigated. In this situation, the pressure
force induced by the unsteady flow far from the cylinder is found to play a key role on
the drag force for the agreement with the result of Bar-Lev & Yang (1975), whereas the
variance still exists on the lift force. To resolve the variance, an alternative formula to
calculate the hydrodynamic force is derived, assuming that there is the pressure jump
between the outside and inside of the cylinder surface. The pressure jump is obtained in

+ Email address for correspondence: yoshiaki.ueda@mec.setsunan.ac.jp

© The Author(s), 2024. Published by Cambridge University Press 988 A3-1

Check for
updates


mailto:yoshiaki.ueda@mec.setsunan.ac.jp
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jfm.2024.420&domain=pdf
https://doi.org/10.1017/jfm.2024.420

https://doi.org/10.1017/jfm.2024.420 Published online by Cambridge University Press

Y. Ueda and T. Kida

this analysis asymptotically. Of particular interest is the fact that this pressure jump can
cause the variance on the lift force calculated by the integration of the penalization term.

Key words: vortex dynamics, computational methods

1. Introduction

Computational fluid dynamics for simulating of a flow past complicated time-varying
geometries is still a challenging issue and requires advanced numerical techniques. In
a computational procedure the no-slip boundary condition is enforced on the surface
of a bluff body and in, e.g. the vortex particle method, the boundary element method
is employed to satisfy the no-slip condition (see Koumoutsakos, Leonard & Pépin
1994; Koumoutsakos & Leonard 1995). To overcome the difficulty of enforcing the
no-slip condition, the Brinkman penalization strategy has been introduced together
with grid-based numerical methods such as the volume penalization method (see, e.g.
Schneider & Farge 2002; Kadoch et al. 2013; Engels et al. 2015; Uchiyama et al. 2020)
and the vortex penalization method (see, e.g. Gazzola et al. 2011; Rasmussen, Cottet &
Walther 2011; Hejlesen et al. 2015). In these studies, the penalization methods are shown
to be a fruitful technique for the simulation of a complicated geometry.

As cited in our previous study (see Ueda & Kida 2021), the convergence analysis
of the penalization methods for the Navier—Stokes flow is given by Angot, Bruneau &
Fabrie (1999), and the error is estimated to be of the order of 1 //11/ 4 where A is the
penalization parameter. In their paper, the numerical and theoretical results are given
for the two-dimensional flow past a square cylinder in a channel. Also, Angot (2011)
proposed a well-posed model for the Stokes flow with jump boundary conditions. Bost,
Cottet & Maitre (2010) showed the convergence analysis, extending the analysis of Angot
et al. (1999). Feireisl, Neustupa & Stebel (2011) showed the convergence for compressible
flows. Kadoch er al. (2013) analysed a one-dimensional diffusion equation, and the

error of the L%-norm is shown to be O(1 /ﬁ) in a fluid domain and O(1 //11/4) in a
solid domain. Furthermore, they verified the computed flows around moving circular
cylinders. Carbou & Fabrie (2003) analysed the penalization model of the viscous
incompressible Navier—Stokes equations for a small parameter of € = 1/+/1 using the
Wentzel-Kramers—Brillouin method, and the error estimation in a fluid domain is shown
to be of the order of € unlike Angot ef al. (1999). Carbou (2004) studied the porous
thin layer model for the interface of a solid boundary on the penalized Navier—Stokes
equations and the error is shown to be of the order of € in a fluid domain. Furthermore,
Carbou studied the double penalization model in which one adds the penalization term
to the thin porous layer, and showed that the error is € in a fluid domain. Nguyen van
yen, Kolomenskiy & Schneider (2014) analysed the Laplace and Stokes operators with
Dirichlet boundary conditions of the volume penalization using a spectral approach and
carried out the dipole—wall collision numerically (see Nguyen van yen & Farge 2011). In
their studies, they derived the Navier boundary condition for the tangential velocity.

In the numerical studies of the volume and vortex penalization methods, the initial
flow past an impulsively started circular cylinder is often selected as a benchmark
target (see, e.g. Schneider & Farge 2002; Rasmussen et al. 2011; Hejlesen et al. 2015;
Rossinelli et al. 2010; Verma et al. 2017, Mimeau, Cottet & Mortazavi 2015). This flow
is solved analytically by Bar-Lev & Yang (1975) using the method of matched asymptotic
expansions based on the conventional Navier—Stokes equations. Also, Collins & Dennis
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(1973) investigated the flow that is valid for time beyond the first separation. In their
analysis, the Fourier series, employed with respect to two space variables and time, was
truncated to a finite number of terms. The initial stage of a flow caused by an impulsively
started rotating and translating circular cylinder was solved by Badr & Dennis (1985)
along the lines of the methodology of Collins & Dennis (1973). In unsteady flow past
an impulsively started rotating and translating circular cylinder, we also obtained the
asymptotic solutions at a low Reynolds number (see Ueda et al. 2001; Ueda & Kida
2002a) and high Reynolds number but at the early stage of motion (see Ueda & Kida
2002b). Chang & Chern (1991) computed the vortex shedding from the cylinder that is
impulsively started with translating and rotating velocities, employing the hybrid vortex
method. The flow around a rotating cylinder was studied by Mittal & Kumar (2003).
Al-Mdallal (2012) and Mittal, Ray & Al-Mdallal (2017) treated the initial stage of a
circular cylinder impulsively started with rotational oscillation. Rotational oscillating flow
around a circular cylinder was studied by Lu & Sato (1996) numerically. Dennis, Nguyen &
Kocabiyik (2000) also studied the flow caused by a rotationally oscillating and translating
circular cylinder using the same approach as Collins & Dennis (1973).

The present study investigates the initial flow past an impulsively started rotating and
translating circular cylinder from rest, employing the same approach as our previous
study (see Ueda & Kida 2021), i.e. the method of matched asymptotic expansions for the
Brinkman penalization model of the full Navier—Stokes equations. A particular finding
of our previous study is the fact that the drag coefficient obtained from the integration
of the penalization term exhibits the half of the results of Bar-Lev & Yang (1975) as
the penalization parameter 4 — oo. Also, this variance was deduced to arise from the
discontinuity of the gradient of vorticity on the cylinder surface. This study aims to
elucidate the reason of the variance. The gradient of vorticity on the cylinder surface is
known to be related to the pressure force on the cylinder and, furthermore, the pressure
force is independent of the moment. Therefore, this study first considers the problem that
a circular cylinder impulsively rotates from rest. The second problem of an impulsively
started rotating and translating circular cylinder from rest is then investigated. In this
analysis, the drag and lift forces are obtained for 4 — oo and ¢ < 1. On the basis of the
analytical results, the above-mentioned variance will be discussed.

This paper organizes as follows. In § 2 we briefly address the governing equations of
the Brinkman penalization method. In this study the relative coordinate system fixed
with the cylinder is taken for the translating movement of the cylinder along the lines
with our previous study and Bar-Lev & Yang (1975). The problem of an impulsively
started translating and rotating cylinder can therefore be replaced by the problem that the
cylinder is impulsively immersed in a uniform flow and impulsively rotates with a constant
angular velocity. The asymptotic solutions are obtained using the Laplace transform to the
governing penalization equation of motion in § 3. In § 3.2 the impulsive rotation problem
is analysed, and the moment due to the force on the cylinder is obtained: (I) from the time
derivative of the tangential component of the momentum of the entire fluid, (Il) from the
shear stress on the cylinder surface, (III) by integrating the penalization layer. The results
of the moment obtained by these three approaches are shown to be the same, and it can
therefore be found that the pressure field plays a key role to the variance on the drag force
against the result obtained by integrating the penalization layer. The second problem of an
impulsively rotating and translating circular cylinder is then investigated using the method
of the matched asymptotic expansion in § 3.3. In § 3.4 the drag and lift forces are obtained
for A > 1 and r <« 1 by the following: (i) the momentum of the whole fluid domain and
the pressure sufficiently far from the cylinder, (ii) the integration of the penalization layer.
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Although the unsteady pressure force of the fluid domain is found to cause the variance
for the drag force in § 3.4, the variance between the two approaches still exists and the
difference is not so small. To resolve the variance, the alternative formula to calculate
the fluid force for a solid cylindrical body with the continuous boundary is derived based
on the fact that there is the pressure jump on the cylinder surface. The accuracy for the
impulsively started translating and rotating case is verified asymptotically in § 3.5. Taking
into account the pressure jump, the variance can be reduced to a sufficiently small quantity.
In § 4 we summarize our conclusions.

2. Governing equations based on the Brinkman penalization

We consider an unsteady incompressible viscous flow that is governed by the
Navier—Stokes equation. In the Brinkman penalization model the governing equation
based on the Navier—Stokes equation is written as

u

1
> +u-Vu=—=Vp+vViu+ Ay (us — u), 2.1)
o)

where u is the velocity that fulfils the divergence-free condition of V - u =0, p is the
pressure, p is the fluid density that is assumed to be constant and v is the kinematic
viscosity. In addition, ug denotes the velocity of a solid body. The present study adopts
the relative coordinate system fixed with the centre of a body that moves with a translating
velocity. We can therefore replace it by the problem that the body rotates with respect
to the centre of the body without the translating motion, i.e. us = §2e, x x. Here, the
third term on the right-hand side of (2.1) accounts for the penalization term to enforce the
no-slip boundary condition. The characteristic function, y, defines the domain of active
penalization, i.e.

X={1’ xe.?, 2.2)

0, xe &#,

in which . denotes the domain occupied by the solid body and .% is the domain occupied
by the fluid. In addition, A is the penalization parameter. The conventional Navier—Stokes
equations are found to be recovered in the fluid domain. The penalization approach regards
a solid body as a porous media with the permeability being vanishingly small. This results
in the fluid velocity being zero at a solid/fluid interface so that the penalization parameter
can be required to be a sufficiently large value. The present two-dimensional flow is
considered on the orthogonal (x, y) plane, and the normal unit vector e; is the z direction
perpendicular to the (x, y) plane.

In the penalization method the total hydrodynamic force F is calculated by the
integration of the penalization term (e.g. Angot et al. 1999; Hejlesen et al. 2015)

D
F=—p | =2dv= —p/ A (us — u)dV = —,0/ Aus — u)dV, 2.3)
9 Dt 2 k%

where the domain & indicates ¥ = . U .%. The moving velocity ug of the solid body is
obtained as the average velocity inside the domain ., i.e.

1
= — dv, 2.4
us M/y pxu 2.4)

where M is the mass of the solid body. As shown in the previous work (see Ueda &
Kida 2021) that investigates an impulsively started translating circular cylinder without
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Figure 1. Notations for a circular cylinder impulsively immersed in a constant uniform stream U, with a
constant angular velocity $2H(z).

rotation, the drag coefficient calculated by (2.3) exhibits a half-value of the result obtained
by Bar-Lev & Yang (1975). It is found that a special notice, whether (2.3) is available or
not, is required. This study therefore aims to elucidate this variance. To do so, we set the
assumption that the velocity and the vorticity are continuous at the interface between .7
and .%. As will be shown in § 3.5 later, we will require the terms in addition to (2.3) due
to the pressure jump between the outside and the inside of the cylinder.

3. Asymptotic analysis of an initial flow
3.1. Problem settings and statement

This section addresses the problem settings and the asymptotic analysis for the present
target situations, i.e. initial flows around (1) an impulsively started rotating circular
cylinder, and (2) an impulsively started rotating and translating circular cylinder. The
governing equation for both problems is written by the nonlinear penalization equation
of motion (2.1) with respect to time.

Similar to our previous study (see Ueda & Kida 2021), a small parameter, € = U,T,/I,,
is introduced in the present analysis, where [,, T, and U; are the reference length, time and
velocity, respectively. The angular velocity, §21/,, is selected as the reference velocity U,
for the first problem (pure rotating motion of a circular cylinder). The translating velocity
U, is also selected for the second problem (an impulsively started rotating and translating
circular cylinder). In this study the radius of a cylinder is selected as the reference length /,.
Then, the actual time ¢* is non-dimensionalized as t = (U,/l,)t* with respect to I, and U;,.

This study considers an initial flow past an impulsively started rotating and translating
circular cylinder from a quiescent state. On the relative coordinate system fixed with the
centre of the cylinder, this flow is replaced by the situation that the circular cylinder is
impulsively immersed in the uniform flow U,H (¢) with a constant angular velocity £2H (¢)
att = 0. Here, the Heaviside step function H(¢) is defined as H(#) = Oforz < Oand H(¢) =
1 for t > 0. The problem setting is then illustrated as figure 1, where (x, y) denotes the
orthogonal coordinate system and (7, 8) denotes the polar coordinate system.

The present target problem mentioned in § 2 is formulated within a singular perturbation
framework with respect to a perturbation parameter € for the penalized Navier—Stokes
equation (2.1). The time ¢ is then stretched as T = t/¢ (see Bar-Lev & Yang 1975). Because
the penalization parameter A is taken to be proportional to the inverse of the time increment
ot (i.e. A = «/8t with the relaxation coefficient « in Hejlesen et al. 2015), it is set as 4 =
Ao/€ with A, = O(1). To compare with the analytical results of Bar-Lev & Yang (1975),
the Reynolds number Re is taken as a sufficiently large value so that the kinematic viscosity
v can be set as v = ey, with v, = O(1). The penalized governing equation (2.1) is then
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written as, on the polar coordinate system,

u u ou,  ul €d
r+€(ur_rr+u6’ g __9>=___‘D+/10X(usr_ur)

oT 0 rof r por
2 2 Uy 2 8”9
+ €7y, <V ur_r_z_r_zﬁ)’ (310)
dug dug dug  Uylg € dp
-7 -7 -7 —_—— 2 4 _
8T+6<r8 e T ) o rog T AoX (s = up)
2 2 Up 2 du,
+ €7y, <V ug—r—z-{-r—z%), (31b)
where V72 is given by
? 19 1 9
Ve — 4 -— 4+ ——. 3.2
8r2+r8r+r2892 (3-2)
In addition, the equation of continuity is written as
0 0
SN ) (3.3)

ar r @

Note that (3.1a)—(3.3) are written as the dimensionless form with respect to U; and [,
and, therefore, v, is found to be the dimensionless kinematic viscosity. Furthermore, the
velocity of the solid body is written as ug = r§2egH(T) on the relative coordinate system
fixed with the centre of the cylinder, where ey denotes the unit vector in the 6 direction.

3.2. First problem: an impulsively rotating circular cylinder

In this subsection we first consider the problem that a circular cylinder impulsively rotates
with a constant angular velocity 2 without translating motion. In this problem, the
moment exerted by the cylinder can be obtained from the tangential force acting on the
cylinder surface, i.e. the force due to the pressure is independent of the moment. This
problem makes it possible to investigate the contribution from the velocity field on the
hydrodynamic force acting on the cylinder because it is free from the pressure contribution.

3.2.1. Outer solutions
We attempt to obtain the outer solutions u°, denoted by the superscript ‘o’, of the
governing equations (3.1a)—(3.3). The outer domain is defined as the outside or the inside
of the cylinder with respect to €, i.e. r — 1 = O(1). The outer solutions cannot satisfy the
boundary condition on the solid—fluid boundary, as mentioned below. The inner solution
near the boundary is therefore defined as » — 1 = O(e¢) in the subsequent § 3.2.2.
Following our previous study (see Ueda & Kida 2021), the velocities, u and uj, in the
radial () and tangential (¢) directions are asymptotically represented by

o0 o0
up = Ze”u{r”n, uy = Ze”ug’n. (3.4a,b)
n=0 =0
Also, the pressure p? is asymptotically written as
0
P’ =) €y (3.5)
n=0
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Then, (3.1a) and (3.1) reduce to the following for the first two lowest-order solutions in
the r and 6 directions, respectively;

ou’,
a_}o = Aox (=), (3.6a)
ou?, , ouly Bu ug%) 1 dpg
A 3.6b
a7 g, T ae T =5 ar T Aex(u), (3.60)
ug
8_;0 = Aox (2rH(T) — uf), (3.6¢)
dug, o gy 0 a”eo o 1 9p
= ——— 94 Aux(=ufy). 3.6d
or 0Ty T T prap T X (Tt G-60

In the fluid domain, we have ou? ,/9T = dug ,/dT = 0, because of x = 0. This gives
up o = ug o = O because u ; and u , are zero at T = 0. We can obtain the outer solutions
in the fluid domain by the recursive calculations for the higher-order approximation of

(3.1a) and (3.1b) such as
ul;=uj; =0 fori=0,1,2,.... (3.7

Assuming that the pressure sufficiently far from the cylinder is zero, we have also

pi=0 fori=0,1,2,.... (3.8)

In contrast, since ¥ = 1 in the body domain ., we have u‘r” ; = 0and ug’ ;= 82rH(T)é:0
fori =0,1,2,.... This relation gives, in the body domain,

W =0, ul=QHT), p°= gszzﬂH(T) +C. (3.9a—c)

where C is an integral constant.

3.2.2. Inner solutions

The outer flow described by (3.7) and (3.9a—c) causes the slip velocity on the surface of
the cylinder (at r = 1) so that a non-uniform domain can exist near the cylinder surface.
To remedy this, the radial coordinate r is stretched as R = (r — 1) /e where the solution in
the stretched domain is called the inner solution that is denoted by the superscript ‘i’. The
governing equations and the continuity equation of (3.1a)—(3.3) are then described as, in
the inner domain,

aT ' "OR ' 1+4+€R Y00 1+ €R pdR T
n 92 n € 0 n = 92 €2 i+28u§
Vil t+t— 5+ ———5 —|u — )|,
l\0R2 " 14+€RIR " (1+eR)2302)" (1+eR2\ " ~ 00
(3.10a)
988 A3-7
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oT oR 14+€eR 7 960 1 +e€R
Lo W (4 eRVZHT) — ]
= —— — € —u
p1+€R 06 oX 0
N 32 L€ 9 e % €2 ; 2aui
Y —t |y =y —2— 1,
“I\OR2 " 14+€ROR ' (1+eR)2302) % (1+erR?2\'? “o0
(3.10b)
du. € € Ou (3.100)

— + u, + — =0,
R  14+€eR "™ 1+4¢€R 30
in which u/, ué and p' are assumed to be asymptotically represented as

o0 oo o.¢]
u, = Ze”u‘m, uy = Z €"up,, p'= Z €"pl,. (3.11a—c)
n=0 n=0 n=0

From (3.10¢), we have 8ui0 /OR = 0 and, therefore, the first-order solution of ui is found to
be independent of R. The matching procedure to the outer solution inside the body domain
(i.e. ul’ = u? = 0) yields

uly = 0. (3.12)
Equation (3.12) is found to fulfil the matching condition to the outer solution of the fluid
domain. The first approximations of (3.10a) and (3.10b) are written as

1 9pi
- %o (3.13a)
p OR

9 . 2,

20 = A x (2H(T) — ) + vo—2°. (3.13b)

aT oR
From (3.13a), pf) is found to be independent of R. Furthermore, from the matching
procedure to p{ of (3.8) in the flow domain (i.e. p'* = p; + O(e) = p” = 0), we have
pf) = 0for R > 0. For R < 0, (3.9a—c) becomes p® = (p/2)2?H(T) + C and we have

0 forR > 0,

i
Po = g.QZH(T) +C forR <0. (3.14)
For R > 0, the governing equation of (3.135) with respect to ”‘é)o is written as
au! a2u!
60 60
= . 3.15
oT " 9R? G15)

The matching condition to the fluid domain gives the following boundary condition:
Upy — 0 as R — oo. (3.16)
To solve (3.15) with (3.16), we employ the Laplace transform, Uy = E(uéo) =

Ooo e_STuéO(R, 0; T)dT, similar to our previous study (see Ueda & Kida 2021). Then,

the solution to (3.15) is easily derived as

Uso = A(s, 0)e R witha = |-, (3.17)
Vo

where A is an integral constant that is a function of s and 6.
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For R < 0, the governing equation of (3.13b) is also written as

fgo ' 32”@)0
W = A1,2H(T) — /l(,ugo +v,——= SR (3.18)

Taking into account the initial condition of uéo = 2, the Laplace transform to (3.18) is
written as

8%Uyo

e (3.19)

2
sUpy — §2 = /lo? — AoUgo + Vo

The boundary condition as R — —o0 is obtained from the matching condition to the outer
solution inside the body domain, i.e. uj, — $2H(T). Then, the solution to (3.19) is written
as

@ A
Upo = B(s. 0)ef® + 22 witha= [~ 7 (3.20)
N Vo

where B is an integral constant that is a function of s and 6. The integral constants, A and B,
can be determined as A = B + §2/s and —aA = aB by the enforcements of the continuity
of the velocity and its gradient with respect to R at R = 0. Therefore, we have, for (3.17)
and (3.20),

a $2
a _“eT9R for R > 0,
Upo = ”+Z ‘o o (3.21)
— e 4 forR<O.
atas s

Using the relations of (A1) and (A2) in Appendix A, (3.21) becomes, for R > 0,

e

i R
”Oozg{erfc(zd_v()) 4«/—nvo T — )

[11(2:8/2) + 10(2:6/2)]

R2
<o (g« o
forR < 0,
P Rl [T exp(=2o(T —§/2))
ueO_Q{l— e g g e )]

R2

Here, Ip(z) and I;(z) are the zeroth- and the first-order modified Bessel functions of the
first kind, respectively.
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Let us carry out further analysis to the second approximation for seeking the solutions
of u, and uy,. Taking into account (3.12) and (3.22)—(3.23), (3.10c) is written as

du' dul
U _ %0 _ (3.24)
dR 36
Hence, we find that
ul, = C(T, 0), (3.25)

where C is an integral constant that is a function of 7 and 6. The matching to the outer
solution and the enforcement of the continuity of uil at R = 0 determine the integral
constant of (3.25) as
u, = 0. (3.26)
The second approximations of the governing equations (3.10a) and (3.10b) are written
as, taking into account (3.12) and (3.14),

5 10p
u2 = ;ﬁ, (3.27a)
dul , 3%ul dul
01 __ 01 60
7 = Ao (RH(D) —uy)) + v0< TR ) (3.27b)

The matching conditions to the outer solutions in the fluid and the solid domains
give p; — 0 as R — oo, and p| — pRQ?H(T) and upy —> $2H(T) as R — —oo. From
(3.27a), the pressure p’i is then described as

oo -
—p/ u’920 dR for R > 0,
i R
Py = R (3.28)
P / [ul% — 2?H(T)1dR + pS2°RH(T) for R < 0.
—00
Here, we introduce ﬁél as
|
. — 5 Rutgy + ity for R > 0,
i, = (3.29)

1. N
—ER [u}y — 2H(D)] +RQH(T) + i, forR < 0.

Then, (3.27b) reduces to

i,
an Vo 05 forR > 0,
Tor _ 1 OR (3.30)
or 82%1 ~i '
VOW — Aoty forR < 0.
Employing the Laplace transform, the solution to (3.30) is obtained as
i L1 (Al(s G)e_“R) forR>0
o1 = N - 3.31
#o1 {L’,—I(Bl(s, 6)ei®) "~ forR <0, 331)

where A1 and Bj are respectively integral constants that are functions of s and 6. Here, for
obtaining (3.31), the matching condition to the outer solution, i.e. %1 — 0as R — $o0,
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is used. Equation (3.29) is therefore written as

1.
—5 Rty + L71(A (s, 0)e7E) for R > 0,
(3.32)

Up) =
1. _
—ER[u’eo — QH(T)]1+RLH(T) + L~ (B (s, 0)e®®) forR < 0.

Here, the enforcements of the continuity of the velocity and its radial derivative at R = 0
determine the values of the integral constants A| and B as follows:

Al =B = 3@ —. (3.33)
2s(a+ a)
Using the relations of
1_:«/V_o< 1 _L>+—V"_° (3.34)
s(a+a) o \Ws+A, s sa/s+ A,
and (A3) and (A4) in Appendix A, we finally obtain
) —lRué() _ 3RQ2 T exp(—1,8) — 1 exp <_ R? )dg
2 42,7 Jo m 4v,(T — &)
R2
exp|l ———

ke (17T ( Ao (T = S)) erf(y/1,€)dé  forR > 0, (3.35q)

N (T —£)3?
. 1 .
= —5R (ugo _ .QH(T)) + RQH(T)
3IRI2 [T exp(—1,8) — 1

A S BT —8)

R2
3R (TP (_AO(T_S) - 4vo(T—$))
4y, Jo (T —&)3?

R2
exp <_/lo(T —-&)— m) dg

erf(y/1,€6)d§ forR < 0.
(3.35D)

Figure 2 shows the comparison of ”éo /§2 (first-order solution) and uél /(R$2)
(second-order solution) among three values of A with respect to n = R/(2+4/v,T). To plot
the data of figure 2, the numerical calculation of the following integral that is shown in
(3.36) is needed. To do so, the integral variable & is changed by & = Tx and, then, the
variable x is changed to y by x = 1 — n/[(y 4+ )?];

/T GG R
o @—er2 P\, =g

exp(—n*) /°° > < n’ )
=2 -y =2 1— dy. 3.36
. A exp(—y~ — 2yn)f e (3.36)

In the numerical calculation of figure 2, the Hermite quadrature formula of n = 9 (see
table 25.10 in Abramowitz & Stegun 1954) is used for the quadrature of the integral on the
right-hand side of (3.36).

988 A3-11


https://doi.org/10.1017/jfm.2024.420

https://doi.org/10.1017/jfm.2024.420 Published online by Cambridge University Press

Y. Ueda and T. Kida

(@) - (b)
1.0 < — 2=10!
\ -—=21=10?
0.8
S 06
2
T 04
0.2
0 -
L ! L L L 20 L L
-1.0 0.5 0 0.5 1.0 1.5 2.0 -1.0 -0.5 0 0.5 1.0

n n
Figure 2. Comparison of the tangential velocities ”éo (first-order solution) and ugl (second-order solution)
among three values of A with respect to n = R/(2/v,T).

3.2.3. Moment exerted by a cylinder

In this subsection we attempt to obtain the moment exerted by the circular cylinder, using
three kinds of approaches. Each approach is calculated (I) by the time derivative of the
tangential component of the momentum of the entire fluid, (II) by the integration of the
shear stress on the cylinder surface, and (III) by the integration of the penalization layer
based on (2.3).

In approach (I) we consider the control surface that surrounds a circular domain
having a radius of rs 3> 1. Then, we can define the fluid domain as .% = [(r, 0)|1 <
r < reo, 0 <6 < 27]. The small fluid element dx dy has the momentum pug dx dy in the
tangential direction. The moment induced by the fluid element is therefore described as
|x|p[(d/df)ug] dx dy. The moment M of the flow exerted by the cylinder rotation is found
to be calculated by, noting that the pressure on the control surface does not affect the
moment,

d 2T preo
M) =—p— f r2up drde. (3.37)
dr 0 1
To obtain My, we employ the Laplace transform to (3.37) and take the limit of roc — 00.
Then, we have, taking into account that the outer solution is described as ug = 0 and uy, is

independent of 6,

o0
L) = ~2mps [ Ui+ QRU + Up) + ONR, 338)
0
where Ug; = E(uél). Using (3.21) and the first equation of (3.32), M can be obtained as
a 3 a 1
LM) = =27pR | ——— + = — 0> |. 3.39
(M) =—2me [a(a+a>+26<a2<a+a> a<a+a>>+ : )} G

In approach (II) the moment M, on the fluid is calculated by the integration of the shear
stress on the cylinder surface

27 27 dup du,
My = 1 X 19d8 = pv — — Uy + — do. (3.40)
0 0 or 30 / —140

The Laplace transform to (3.40) becomes, using the relations of U,y = U, = 0,

3
L(M») =21 pv, [—(Ugo + €Ugy) — €Ugo + 0(62)} . (3.41)
IR R=-+0
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Substituting (3.21) and the first equation of (3.32) into (3.41), we have

LMy =2 9[—L 3 a 3.1 > 02)} 3.42)
(M) =2m a(a+Zl)+€< YP2a+a 2aatra) TOC] @

Comparing the results between (3.39) and (3.42), it is found that M| is identical with M,
within the order of ¢, i.e. the moment calculated from the entire fluid domain is the same
as that calculated from the tangential force on the cylinder surface. Making use of the
inverse Laplace transform, the moment M (or M>) is obtained as

M M 502 Vo n 1 Vo | —e T
= = 27 - = -
1= PEWar T2V ar a4,

3

+ Eevo[H(T) — e T2 (1n(2,T/2) + 11 (A,T/2)] + 0(62)} . (3.43)

In approach (IIT) the moment M3 on the fluid is calculated by the integration of the
penalization layer, based on (2.3),

21 pl
M5 = —,o/l/ / r(rf2 — ug)rdrdo
0 0

21t 0
- —p/le/ / [(1 4 €R)2 — u)](1 + €R)* dR d6. (3.44)
0 —00

Similar to the calculation of M| or M», the Laplace transform to M3 is written as, using
(3.21) and the second equation of (3.32),

LM3) = 2 AQ[L 2 : : ] o
(M3) = —2mpd, sé(a—i—&)+2€<_s&2(a+&)+sa(a+a)> ' G4

The inverse Laplace transform to (3.45) yields

| —e T 3v,
M; = —2mp$2 — 4 e %H(T) + e T e T 212, T/2)]} .
3 EL9Y '\/Vo{ It 6210[ (T)+e e 0(1,T/2)]

(3.46)

From the results of (3.43) and (3.46), each moment is found to behave like, as 1, — 00,

My, Mr— —2mpR2 |22, My — —2mp2 |22 (3.47a—c)
nT nT

It can therefore be found that the moment M3 obtained by the integration of the
penalization layer is identical to M; and M, as A4, — oco. Because the pressure is
independent of the moment in this pure rotation problem, the pressure is found to play
an important role to the variance of the drag force, which is demonstrated in our previous
study (see Ueda & Kida 2021). Note that (3.47a—c) is the same as the result of Badr &
Dennis (1985). Figure 3 shows the comparisons of the values between M| and M3 with
respect to t among the three values of 4 at Re = 100 (i.e. v = 1/100). It seems that the
variance between M (or M>) and M3 decreases exponentially with an increase in the
value of A.
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Figure 3. Initial behaviours of the moments M; and M3 with respect to ¢ among the different values of 1 at
v = 1/100.

3.3. Second problem: an impulsively rotating and translating circular cylinder

In this subsection we consider the problem that a circular cylinder impulsively starts with
the angular velocity §2 and the translating velocity U,. The velocity is normalized with
U, and, then, the translating velocity and the rotational angular velocity of the cylinder
are non-dimensionalized as 1 and £2, respectively. Similar to the analysis in § 3.2, the
governing equations (3.1a)—(3.3) are adopted in this problem.

3.3.1. Outer solutions
The outer solutions in the fluid domain are described by (3.6a)—(3.6d) in the same manner
as § 3.2.1, and the first approximation reduces to

ou? oul
_8”}0 _ _8“;0 —0. (3.48)

The velocities ”(r)o and uy,, are then found to be independent of 7. The first-order outer
solution in the fluid domain is known to exhibit a potential flow (i.e. inviscid solution).
This fact can be confirmed by performing the recursive calculation. Based on this fact and
the initial condition of the fluid velocity that u? = cos @H(T) and ug = —sin0H(T) for
r > 1, the outer streamfunction vs° can be described as

o0
1,
YO =rsin0H(T) + ) — (@}, cosnd + a, sinnf), (3.49)

n=1

where a, and a), are functions of T and €, respectively.

The outer solutions inside the body domain are also described by (3.6a)—(3.6d). Taking
into account that the initial condition is given by u? = 0 and uj; = rQ2H(T), we readily
have

o __ 0 o __ po _ 1 2.2
u, =0, uy=r2H(T), ; = 59 r"H(T) + C, (3.50a—c)
where C is an integral constant that is a function of 7'
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3.3.2. Inner solutions
The inner solutions are described by the same governing equations as (3.10a)—(3.10c). The
continuity equation (3.10c) gives
d ”io
— =0, (3.51)
oR
in which ”io is found to be independent of R (i.e. a function of 7 and ). Because the outer
solutions inside the body domain were u{ = 0 and uj; = r$2H(T) as obtained in (3.50a—c),

we have the following first-order inner solution, for R > 0 and R < 0, taking into account
the matching condition to the outer solutions:

Uty = 0. (3.52)
The first-order outer solution in the fluid domain described by (3.49) can be determined
from the matching procedure to the inner solution of (3.52) and, therefore, we have u}, =
ui‘(’) = 0. Here, the inner (or outer) expansion of the outer (or inner) solution is denoted by
the superscript ‘oi’ (or ‘io’). Taking into account that the outer solution of ¥ is written by
(3.49), the above-mentioned matching condition (i.e. ufy, = uy{) = 0) yields the first-order
streamfunction in the outer fluid domain as

r

Yo = (r - l) H(T)sin®, (3.53)

which is known to be the solution of an inviscid uniform flow past a circular cylinder. The
governing equations that describe the first-order solutions in the inner fluid domain are the
same as (3.13a) and (3.13b), i.e.

1 9pt
0= —-%, (3.54a)
0
dul . 9%ul
8—;0 = Aox (2H(T) — ulyy) + v,,aTgO. (3.54b)
Here, let us consider ”éo of (3.54b). From (3.53), the inner expansion of uj, in the fluid
domain is written as ”36 = —2sin60H(T) and, therefore, we can write
uby — —2sin@H(T) as R — oo. (3.55)

In contrast, since uy, = r§2H(T) inside the body domain, we can write
"‘éo — H(T) asR— —o0. (3.56)

The Laplace transform to (3.54b) for R > 0 is written as, taking into account the initial
condition of uy, = —2sin6,
82U90

oR? "’
where Ugg = C(uéo). The solution to (3.55) can be then obtained as (see Appendix B for
the detailed derivation)

sUpo + 2sinf = v, (3.57)

2. —aR . s
Ugp = ——sinb + Ap(s, 0)e witha = | —, (3.58)
s Vo

where Ag is an integral constant that is a function of s and 6. For R < 0, the governing
equation is given in (3.54b) as x = 1, and the initial condition is written as uy, = £2.
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Therefore, the Laplace transform to the governing equation yields, for R < 0,

2 32U90
SU90 — 02 = /10 (? - U@()) + Ugw. (359)
The solution to (3.59) is obtained as, taking into account (3.56) (see Appendix B),
- 2 A
Uso = Bo(s, 0)e™® + 2 witha = |22 (3.60)
S s

where By is an integral constant that is a function of s and 6. The indeterminate functions,
Ap and By, are determined by the enforcements of the continuity of the velocity and its
derivative with respect to R at R = 0. Therefore, we can finally obtain

a §2+2sinf 2
j_ - +Zsin e ™® _ Zsing forR >0,
a+ta s s
Upoy = ) (3.61)
2 +2sinf - 2
¢ — +2sin Ry forR < 0.
a—+a N s

By virtue of the form of (3.61) in the Laplace space, the solution ”590 in the real space is
found to be written as

Ubo = 190 + i sin 0. (3.62)

Here, i‘go is the same as (3.22) and (3.23) that are the solutions for the pure rotation
problem analysed in §3.2. In addition, i}, is the same as the solution for the pure
translating motion that was derived in our previous study (see Ueda & Kida 2021).
For the second approximation, uil is described by (3.10¢), and it reduces to
ou ou!
— =0 (3.63)
oR 00
Using the matching condition to the outer solution inside the body domain (ui > 0as
R — —00), (3.63) becomes
. 9 R .
U, = ~39 up dR. (3.64)
—00
Making use of the Laplace transform and the first-order solution of (3.61) in the Laplace
space, (3.64) can be written as, for R < 0,
a (R 1 e

a -
Ug=—— UgppdR =2——— —£“

— — cosf, (3.65)
00 J_ a(a+a)s

where U, = E(uil). For R > 0, the function U, is continuous at R = 0 and, therefore,
(3.64) can be written as

1 e 2
=2——cosf —2 — cosf + —Rcosf. (3.66)
s

988 A3-16


https://doi.org/10.1017/jfm.2024.420

https://doi.org/10.1017/jfm.2024.420 Published online by Cambridge University Press

Asymptotic analysis for a Brinkman penalization method
By virtue of (3.65) and (3.66), the function uil is found to be expressed as the form of
Ul = iy cos . (3.67)

Here, we consider the matching to the outer solution. Equation (3.66) tends to, as
R — o0,
a—a

2
Uq — —Rcosf +2 cosf. (3.68)
s

aas
Taking into account that the outer streamfunction is asymptotically represented as ° =
Yy + ey + 0(e?), ie.

1 21
Yo = (r — ;) H(T)sinf + ¢ Z r—n(a; cosnf + aj sinnf) + 0(e?), (3.69)
n=1

the matching procedure between (3.68) and (3.69) determines the values of the coefficients
as

a—a

W =0, L@)=2"—3,. (3.70a,b)

aas

The streamfunction in the outer fluid domain is therefore written as

1 . A . 2
Yo =r——)H(T)sinf + 2e—sinf + O(e”), (3.71)
r r
where A is defined by
A= <“f“). (3.72)
aas
The inner expansion of the outer solution (3.71) is calculated as, in the Laplace space,
: 1 R —a
LSy = —2= sin + 2e— sin + 2= sin6. (3.73)
s s aas

The matching to (3.73) (i.e. L(ugi) = L(ué")) gives the following boundary condition of
”591 as R — oo:

a—a

sinf asR — oo0. (3.74)

: R
L(up,) — 2—sinh +2
s aas

Similarly, since uy = r$2H(T) inside the body domain, we have

. R
L(uy,) > —2 asR — —oo. (3.75)
s
The second approximation of (3.10a) and (3.10b) are written as
u, o, 19p} : 3%l
8; —u‘QO:—;a—R—/loxu‘rl +v08—R£’ (3.76a)
dul - dul . Qul 1 dpi : 3%u! du'
01 60 00 _ 0 01 00
oT u;l IR +M190 50 ——;a—e—f—ﬂoX(R.QH(T)—ulg])—i-UO( IR + IR )

(3.76b)

The pressure pf) is found to be independent of R from (3.54a), and p° is given by
(3.50a—c) in the outer domain inside the body. In the fluid domain, since the outer solution
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is described by a potential flow (inviscid solution), the following unsteady Bernoulli’s
equation is valid:
p() a¢0 1
= — (> - 1). (3.7
P edT 2

Here, ¢ is the velocity potential in the outer fluid domain, and it is given from (3.71), as

1 1
¢’ = <r + —) H(T) cos§ — 2eA— cos 6 + O(e?). (3.78)
r r
Substituting (3.78) into (3.77) yields
PR et 1 L 26020\ HD) + 0. (3.79)
— = —-— — — —5 — — sin .
0 rdT €08 2t 2 ; €

Setting r = 1 + €R, we have

p° _dA a1
— =2—co0s0 —2H(T)sin“ 0 + —H(T) + O(e). (3.80)
P dr 2

Since p' = C + (p/2)R2?H(T) + O(e) for R < 0 from (3.50a—c), the function pj) is
written as, taking into account (3.54a),

dA ) 1
2d—T cos@ — 2H(T) sin 0+§H(T) forR > 0,

Po _ (3.81)
o €. 1,
—+ =—R°H(T) forR < 0.
p 2
Equation (3.76b) can then be rewritten as
. dA )
ou 32 2—sin6 +4H(T)sin6 cos® forR >0 . oul
aT aR2 o1 = "L BR
0 forR <0
. dul ou,
i Moo Ugo
Ugo g + v, R (3.82)

The second-order solution uél is therefore found to be expressed as, with respect to 9,
ufﬂ = 1281 + it cos 6 + ity sin 6 + it} sin O cos 6. (3.83)

Substituting (3.83) into (3.82), we can write (3.82) separately:

3”91 0% 21 ~0 ai‘go
FY — Vo aRZ + /10)(”0] = VDW + /lDXRQH(T), (384(1)
il 32 aaO .
R dA
3, 3% Ly 3, L |2g forR=0 (3.84¢)
— Yy XUy = Vyg——0 , .84c
2 o 91
or R R o forR<0
s’ a“s I 4H(T) forR>0
01 cs ~ 00  ~s2 or ik =
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The boundary condition are written as, R — o0,
0y, — 0, @5, — 0, @, — 2RH(T)+2A, 5 — 0. (3.85a-d)
As R — —o0, the boundary conditions are also written as

W9, > RQH(T), i —0, i —0, i — 0. (3.86a—d)

Using the Laplace transformation and the similar procedure for the derivation of the
first approximations, we finally obtain the following solutions (the detailed derivation is

described in Appendix C):

1
3t (aR — 3)e R forR > 0,
sla a
Uy, = o g (3.87)
- — (@R —3)e®+ ZZR forR < 0.
2s(a+a) K

The velocity, itgl, is then found to be the same as the solution to the pure rotation problem
obtained in (3.32).
For ug 1» We have

R —_
2— + 2a _a — a —Re R4 De ™R forR > 0,
Uél _ Ry . sacf s(a_+ a) (3.88)
—Re“R Ese"R for R < 0,
s(a+a)
where
2 3 2 3
D= — — —, E,=—— — (3.89a,b)
sa s(a+ a) sa s(a+a)

It is then found that the velocity i, is the same as the solution to the pure translation
problem analysed in our previous paper (see Ueda & Kida 2021).
We define the following relations that are written as

~0
ou 0

US, = £G,)  and FC=£<i¢,1 i +a90ago). (3.90a,b)

Then, we can have the following relations:

1 00 R
—_ (eaR/ FCC_aRdR + e—aR/ FceaR dR) _I_ Dce—aR, R Z 0,
R

c _ 2V06l 0
01 — 1 B R B B R ) B
—— (e_“R/ FCeRdR — e”R/ Fee R dR) +Ee™®  R<O,
2v,a —00 0
(3.91)
where D, and E, are respectively given by
- 00 1 0 i
=28 | preaRgR— — / Fee™® dR, (3.92a)
2vpala + a) Jy Vola+a) J_oo
1 > ¢.—aR a—a 0 ¢ aR
E,=——— Fee™dR+ — Fe"" dR. (3.92b)
vola+a) Jo 2vpala+a) J-
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We also define f]gsl and F* as

‘ - A ity s —4H(T) forR>0
Ug\ = L(ig}) and F”=£(ur1 R +{ 60 a2 ok <o) (3.93a,b)

Then, we can obtain

1 00 R
- (e“R/ FSe RdR + e_“R/ FeseaR dR) + D.e R forR >0,
R

cs 21)0(1 0
01 1 ~ R ~ ~ R ~ .
- (e“R / Fe@RgR — R / FCSe—aR dR) +E.e®  forR <0,
2v0a —00 0
(3.94)

in which the constants D, and E are respectively given by

a—a o0 4R 1 0 AR
Dyy=—"-— FSe "™dR — ———— F¥e™ dR, (3.95a)
2vpala +a) Jo Vola+a) J_o
1 * cs ,—aR a—a 0 cs ,aR
Eg=—"—"#+— F%e dR+ ——— F“e“" dR. (3.95h)
Vo(a +a) Jo 2vpa(a+a) J_

Based on the solutions obtained, each velocity component is found to asymptotically
behave like, for 4, > 1,

R
~0 $2 erfc ( ) : R>0,
Ugy ~ 2/ v, T (3.96a)
SH(T) : R < 0.
B ~ 2 erfc ( ) —2H(T): R=0, (3.96b)
R < 0.
2RH(T) — +4 ( ) 2R erf ( R ) R>0
~ —2Rerfc | —— ) : ,
Uy ~ 4v,T 2/v,T =
R < 0.
(3.96¢)
I.QR f R R>0
——QRerfc | —— ) : ,
i~y 2 2T = (3.96d)
$2RH(T) - R < 0.
RH(T) — 4, oL 44 /Yot “\ skerre (R R>0
N - exp | — — 3Rerfc : ,
ity ~ T x P ol 2/ voT -
0: R < 0.
(3.96¢)
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Figure 4. Velocity distribution of u, on the y axis (a) and the vorticity distribution on the cylinder surface
(b) in the case of v = 1/500 and £2 = 0.5.

o /‘”dR/ TfOER) [CX< (R—R/)2>
277 Jo o JT-EL P

4y (T — &)
~C /N2
“o1 — exp (—M>] dé : R >0, (3:96/)
4v,(T - &)
0: R < 0.
! /“ R /Tf”(é,R’) [exp (_ (R— R )
2\/]-[_‘)0 0 0 «/T——é" 4v, (T — &)
i~y (_ (R+R)? )]dg ' eoo (969
PU a0 —e) ‘ =
0: R < 0.

Figure 4(a) shows the velocity distribution of u, on the y axis as 4, — oo in the case of
v = 1/500 and £2 = 0.5. Note here that the definition of the Reynolds number accounts
for the fact that the quantity 1/v is replaced by 2/v for the Reynolds number used in Badr
& Dennis (1985). Since the velocity u, on the y axis is equal to uy at & = /2, it can be
obtained as the composite velocity, uy, + uj — ug' at 6 = m/2, i.e.

uy ~ (2 +2)erfc(n) — 1 — rlz — %(r — D) erfc(n) (3.97)

ra (e_”z ! ) 3¢ — Derfe(n) withy = (3.98)
—_— —_— — — r— = . .
V 2 7 =5 i

The vorticity distribution on the cylinder surface is shown on figure 4(b). The solid line
denotes the present results and the dotted line is the result of Badr & Dennis (1985) that is
written as

Ol = —= (—= -

NAWE: 2>+(J%

8 2 4
+ 2t 2.7844 — cosO +1{6.5577 — — |14+ — ) [sin26.
( 3«/7[1)1) [ vt ( 3n>i|
(3.100)

« ( L v +1) siné (3.99)
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Since the vorticity distribution is then obtained from the inner solutions, i.e.

_ 1 8u§0 augl

=t or + iy + O(e), (3.101)
we have
| 4250 1o Gne—se /-t 6 -2/ csin20, (3.102)
D] N ———— — — — Ssino — —C1 COSU — —C2 S1n s .
r=1 Tt 2 514V ! TV 2

in which the coefficients ¢y and ¢, are given as ¢; = 0.0452900 and ¢; = —1.34657. We
find that the leading term of the vorticity distribution is equal to the results of Badr &
Dennis (1985). ,
We obtain the second-order solution of the pressure p| that is governed by
du' : 1 dp! : 3%u!
1 2 1 1

872 — Uupy = _;ﬁ — AdoXUyy + Vo 3R£ . (3.103)
Inside the body domain (i.e. R < 0), the inner expansion of the outer solution of the
pressure is readily found to be written as

pio
L = Q2RH(T). (3.104)

Furthermore, because of uéoo = H(T) and ui" =0, (3.103) is rewritten as

i 9 R R 9 i
h__ % u’rldR—/l(,/ uy.; dR + v, i
P oT J_« o oR
R .
+ / (i — 22H(T)) dR + 2°RH(T). (3.105)
—00

For R < 0, the functions u,; and ugg are given by (3.96a)—(3.96¢) for 1, > 1. Therefore,
(3.105) can be calculated as

l
PL L Q2RH(T) + 0(1/25) for 2, > 1. (3.106)
0

For R > 0, we find that u’, ~ 2(A + RH(T)) cos 6 and ul), ~ —2sin0H(T) as R — oo
from (3.61)—(3.68). Therefore, (3.103) is rewritten as

19p} 9 2 .2
~R = _8_T[u’1 — (2A +2RH(T)) cos 0] + (ugo — 4H(T) sin” 6)
PO
.
+ v, Ouyy 2% cos 6 + 4H(T) sin 6. (3.107)
dR2 dT

Integrating (3.107) with respect to R, we have

pi 9 0o SR
1 = / [u', — (2A + 2RH(T)) cos ]dR — / [l — 4H(T) sin® 01dR
o oT R R
Buil dA .9
+ v, 812’ — 2d—TR0089 +4RH(T)sin" 0 + C1(0,T), (3.108)

where C| is an integral constant that can be determined from the matching procedure to
the inner expansion of the outer pressure p”. The derivations of the pressure p{ and p”*
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Present results
1=0.1 — —- Badr & Dennis (1985)

0 90 180 270 360
0 (deg.)

Figure 5. Comparison of the pressure distribution AC, = (p(8) — p(m))/p on the cylinder surface between
the present results and Badr & Dennis (1985) in the case of v = 1/500 and £2 = 0.5.

are described in Appendix D. Therefore, we have
) d c S o d c
Ci = —2v,H(T)cosO + 4Asin“ 6 — d—T(a1 cos6 +a;sinf) — d—T(a2 cos26), (3.109)

where af, aj and af are given in Appendix D. Using (3.105) and (3.108), we have the
pressure jump of Apy = pil,—140 — P =10 as

AP] ) 00 ; 0 ; 00
——=oopf [ AR+, [ ujdR—pf uz dR + Cy, (3.110)
1Y —00 00

—00 —

where the symbol pf denotes the integration in the finite part sense of Hadamard (see
Hadamard 1932).

Figure 5 shows the pressure distribution on the cylinder surface. The present result is
given by

PP —2\/700s0+l—231n 0
P Tt 2
— \/7(.{2 + sin6) [ (1 — L) — Lsm91|
V2
—vcose—s\/:sm 0+ [49[@1 4:2[(3 2f)] sin 6
+ [2\/%0,;? - 8\/2(3 - 2\/5)] cos 26. (3.111)
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Thus, we have the alternative expression to compare with the result of Badr & Dennis
(1985):

AC,,_”(G) P \/>(l+c050)—251n 9—169[(1—f)sm0
- 8\/;sm 6+ v(cosd — 1) + \/2[4!2]‘,; —40203 — 2\/5)] sin 6
+ \/g[an‘f — 8(1 — 2V2)I(cos 20 — 1). (3.112)

Here f,;, = 0.21483 and f;; = —2.69143. In contrast, the result of Badr & Dennis (1985) is
given by

Jvi |
AC, ~ —2 /%(1 +cos6) — (1 - Tvq2> (1= c0s20) + S/vif2qu siné,  (3.113)
T

in which the coefficients g1 and g, are written as g1 = 5.79901 and g, = 14.3122. Note
here that the leading term is found to be the same between both results.

3.4. Hydrodynamic forces

This section attempts to investigate the variance of the drag force against the results
of Bar-Lev & Yang (1975), which is demonstrated in our previous paper (see Ueda &
Kida 2021). We calculate the hydrodynamic force F = (Fy, Fy) by the following two
approaches: (i) by the time derivative of the momentum of the fluid flow and the pressure
on the control surface, and (ii) by the integration of the penalization layer given by (2.3).
In this section we intend to first investigate the drag force Fy and, then, the lift force Fy. In
the subsequent § 3.5 the relation between approaches (i) and (ii) will be presented for the
solid cylindrical body having a continuous contour.

In approach (i) we set the circular control surface around the circular cylinder, of which
the centre is set at the origin, with a large radius of r,. The fluid domain is then defined as
F =[(r,0)|1 <r <rs,0 <0 < 2mn]. The small fluid element dm = rdr df in the fluid
domain .% has the momentum pu dm and, therefore, the force of —(d/dr) f 1r°° purdrdd
affects the fluid in .% . Furthermore, the fluid experiences the force exerted by the pressure

on the control surface having the radius of 7o, i.€. — foh p(cos 8, sin B)re, df. Therefore,
the hydrodynamic force F can be written as

d 27 Too 27
F = (FF)) = —g/‘ / p(u, v)rdrdd — / p(cosB,sinf)roodd,  (3.114)
0 1 0

where u = (u, v) is the velocity defined on the (x, y) plane.
In the outer fluid domain for » > 1, we have, from (D11),
a¢° 1dA

> 9+1d<c 0+ d' sind) + e (4 cos 260) + O(2)
= —Z2Z—— COS €———(d; COS a; SIn € ———(a, COS €7).
aT rdT I 1 r2dT " 2

(3.115)

Here, the r and 6 components of the velocity (i.e. uy and ug) in the outer fluid
domain (for r > 1) are obtained by (D12a) and (D12b). Therefore, we find that
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lul> = 1+ 0(1/r%) + 0(€?). Using (3.115) with (3.72), the Laplace transform to unsteady
Bernoulli’s equation yields the pressure for r > 1:

—al
c (’3) ~ 280 cos 0 — e[sL(aS) cos O + sL(a)) sme]- +o(1/).  (3.116)
0 aa r

The drag force F) of (3.114) is calculated as, taking the limit of 7o, > 1,

2n ")
Fx=—— / purdrdf —2p o <_/l" —l)
1 T

+ Tcpv,,e[(l + e TYH(T) — 26 %T/21y(1,T/2)] + O(e?). (3.117)

Note that sL(af) = vo[1/s + 1/(s + Ap) — 2/+/5(s + A,)] from (D9a). The first term on
the right-hand side of (3.117), which is denoted by F,, is calculated as

2n
Fq = —,0— / (urcos @ — ug sinf)rdrdo
= —,o— / (uy cos 6@ — ug sin@)r dr do
1

21
- ,0— / [ — ui®) cos 6 — (ul) — u?) sin@](1 + €R) dRdA.  (3.118)

The first term on the right-hand side of (3.118) is calculated from the outer solution of the
velocity uy and ug:

27
/ / (W cos§ — u§ sin@)rdrdf = 27 + O(e?). (3.119)
0 1

It can be found that the outer solutions do not affect F; within the order of €. Therefore,
F is calculated as, using the Laplace transform,

o
L(Fa) = —Ttpsf (U + US04 elUpt — U — U3, + US? — R(USy — US)1NAR
0
+ 0(e?). (3.120)

Here, the following relations are obtained from the inner solutions:

00 R 2a
| s - gy ar = / R= %
0 s(a + a) sa(a + a)
o 5 2a 2a
/ R(Uj, — Ug) dR _/ ©_ReTRAR = —
o s(a+a) sa*(a + a)

- _ > (3.121)
o0 2a —aR 2a
(Url — l)dR —€ dR= ———,
o sa(a—+a) sa’(a + a)
. a Dy
US . USlO dR — iy
/0 (Uor o1) sa’(a + a) + a
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2.0
Present results

——- Badr & Dennis (1985)

1L5f

CD 1.0}

05}

Figure 6. Comparison of the drag coefficient Cp with the result of Badr & Dennis (1985) in the case of
v =1/500 and 22 = 0.5.

Taking the inverse Laplace transform to (3.120), we obtain

Vo vy 1 —e T
Fu=npl2)le o [Lo 27¢ 7
. p{ T VR A,

+ €Vo[3H(T) — 2~ *T2(1(1,T/2) + Il(/loT/Z))]} + 0(e?). (3.122)

Substituting (3.122) into (3.117), we find that F behaves like

TV,

Fy~4p for 1, > 1. (3.123)

The result of (3.123) is found to be the same as that obtained by Bar-Lev & Yang (1975) and
our previous study (see Ueda & Kida 2021) for an impulsively started translating circular
cylinder without rotating motion. As found by the above analysis, the force exerted by the
pressure far from the body plays an important role for the calculation of the hydrodynamic
force. Figure 6 shows the comparison of the drag coefficient Cp, which is calculated by
Cp = Fy/p in the present paper, between the result of Badr & Dennis (1985) (i.e. Cp =
4,/mv/t 4+ mv) and the leading term of the present result as 4, — oo. In the previous study
(see Ueda & Kida 2021), the drag force F, was obtained by the following two equations:

F, 2 9w .
— = — —w sin 6 do, (3.124)
p 0 ar
r=1
F d
—~=—— | ywdv. (3.125)
o dr J &

These relations are derived by imposing the no-slip condition on the cylinder surface. In
the penalization method the no-slip condition is not imposed. Therefore, these formulae
are not directly available for the penalization method. In Appendix F we note an additional
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term to the above relations in the penalization method, i.e.
Fpy / 2 (dw
— = — —w
P 0 ar
r=1

Here, let us calculate the hydrodynamic force by approach (ii). The x component of the
hydrodynamic force is denoted by F), and, then, it is written as, from (2.3),

d 27 27
sinf df — —/ Ug|r—1sin6 do — / Up|y=1 t),=1 d6.
dr 0 0

(3.126)

0

Fpe = 1A, / [~ + € ity — &, — Riif) + O(*)1dR. (3.127)
o

The outer solution inside the body domain is governed by the rotational motion of the
cylinder alone so that it cannot affect the x component of the force. Using the result of the
Laplace transform to (3.127), which is written as

a—a
L(Fy) = 1pd, |2 o) |, 3.128
we have
Foo=mpl|2/2e —o [ Yoe—tT g (H(T) 4ot e~ HT/21 (2 T/2)> 10|,
px nT nT ° ¢
(3.129)

Also, F),, behaves like

[TV,
Fpx — 2p T as 4, — o0. (3.130)

It can be found that the result of (3.130) exhibits the half-value of F, and this finding is
the same as our previous study (see Ueda & Kida 2021).

Let us calculate the lift force Fy by approach (i) that uses the force F,, exerted by the
momentum of the fluid flow and the force Fy; exerted by the pressure on the circular
control surface at r = rn. The lift force F,, exerted by the momentum of the fluid flow is
written as

d 21 oo
Fiy = —p& (uysin6 + ug cos0)rdrdo
0o Ji1
d [ .
= —,orcﬁ/ [e (g, — ug)) + 0(62)]dR. (3.131)
0

Making use of the Laplace transform to (3.131) and the integration by parts, we have

1 o0 o0 ,
L(Fyy) = —pTes [— / eR ( f Fée 9k dR/> dR
2av, Jo R

1 * R K R’ D, 2
_ f e @ (/ Fee® dR’) dR + } + 0(e?)
2(1\)0 0 0 a

00 00 0 _
/ Fee—®R 4R — / FedR — -2 / FeeiR dR} + 0.
0 0 ata)
(3.132)

= —pme
P [a—i—&
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The lift force Fy; exerted by the pressure on the circular control surface at r = ry is
calculated as, by the use of (3.116),

1 1 21
;E(Fyl) == L(P)|r=roToo SN0 dO = esL(a}) + O(e?)
0

1 1 oa\ (® . 1 [> .
= nes| ———— (= + = Fee™RdR 4+~ | F°dR
vo@a+a)\a a*/Jo s Jo

1 1 1 0 c aR 1 0 c
4+ — (-== F¢e dR + FCdR|. (3.133)
voa+a)\a a) J_s s+ Ao J_oo

Therefore, we have, for 4, > 1,

F F o ©
o e (/ FCdR —/ Fee—R dR)
1Y 1Y 0 0

R2
TN [T e Ry AR L ("rar [ Fa Rexp(_M)d :
[ ramar— s [T Rar [ g m 7 g
(3.134)

where f¢ = L1 (F¢).
Let us calculate the lift force F),, by approach (ii) that uses the integration of the
penalization layer, as shown in (2.3). Then, the Laplace transform of F),, is written as

0

L(Fpy) = pmied, / U5, dR + O(e?)
—0Q
1 o 0 E
= pTed, —/ Fe™RdR — — / FCdR+ == ) + 0(?)
20,82 J_o Vod? J_ oo a

0
a _
= pT[G/l()(f/‘ FceaR dR
voa-(a+a) J_o

1 0 1 00
_ / FCAR — ——— / Fee “RdR ) + 0(?). (3.135)
Vod? J_oo voa(a + a) Jo

For 4, > 1, we have

0 00
L(Fpy) ~ —pne( / F¢dR + / Fee R dR). (3.136)
0

—0oQ

From (3.134) (note that Fy = F),, + Fy1) and the inverse Laplace transform to (3.136), we
have, for 1, > 1,

R2
Fyapme | [~ e () )
/0 f(T,R)dR—Zm/() RdR/(; f(T—S,R)TdS
(3.137a)
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R2
C 4v,&
RdR/o f (T—&R)Tdf
(3.137b)

Fpy ~ —pTe

0
/_oof (T,R)dR—i—2 oo o

Note that the asymptotic behaviours, for 1, > 1, of (3.137a)—(3.137b) are obtained by
using the result of Appendix E.

Here, let us consider the behaviour of F, for 4, > 1 and T < 1 to describe Fy explicitly.
To calculate (3.137a)—(3.137b), we need to obtain the function f¢ to which the Laplace
transform is given by (C1la,b). Using (3.96a)~(3.96g), f© (= it-1(323/IR) + il)yit5) is

written as
—4—96_’72< erf(n) + e_nz—_l)
. va \TPTTOR
PR =1 —22erfn(1 — erf() + O(1//2,)  for R = 0, (3.138)

0(1/y/,) forR <0,

where n = R/(2+/v,T). To calculate (3.137a)—(3.137b), we define the functions S and S
as

S = / - fE(T, R)dR, (3.139q)
0

R2
o GW)

oo pT
/0 ST =&, Ry~ RdRdE. (3.139b)

S, =
2 2./7v, Jo

Substituting (3.138) into (3.139a), S; is written as
e _

:_49\/1)0/ —e" nerf(n)+ NG
+0(1/y/2,). (3.140)

Using the relations, which are calculated by integration by parts,

1
S ) +erfanl1 — erfn]|dn

fw - f(n)d ! /oo f(n)[1 f(n)]d V21 (3.141a,b)
e Ter = —, er —er = , 141a,
o mdn =5 |, N midn = —7
the function S; can be obtained as
T
S1 = —802. /25 (V2= 1)+ 001/ 2. (3.142)
T

Similarly, the function S, is written as, substituting (3.138) into (3.139b) and taking into
account f(T — &,0) =0,

Vo °°8fC(T £,R) R?
2‘\/7/ oR Xp( w:)de(l/r)

Ooafc(") ( 2>dR o 3.143
2\/‘0—05/ e |~ 50 +0(1/y/,),  (3.143)
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(a) (b)
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2 o Fpy/(082): approach (ii) - 01}
<

~ C
K | T
= 01 Badr & Dennis (1985) 02
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< . Present result
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Figure 7. (a) Comparison of the lift force between Fy (by approach (i)) and F, (by approach (ii)) against the
asymptotic solution of Badr & Dennis (1985) at Re = 100 for 4, > 1 and r < 1. (b) Comparison of the lift
coefficient Cy with the result of Badr & Dennis (1985) in the case of v = 1/500 and §2 = 0.5.

where ' = /T /(T — ). Note that the first integral in (3.143) is calculated by integration
by parts. Changing the integral variable & to x by x = &£/T, the function S is rewritten as

si= "L / Ooafch”) xp(—?#)dnw(l/ﬂo). (3.144)

Using the relation, which is calculated by changing the variable x to y by x = 52 /y?,

I 2 o0 e_y2 2
/ —e T dx = 277/ -dy=2e7" — 2/my(l — erf(n)], (3.145)
0 «/)_C n y

the function S, reduces to

52—4\/”” / @[e — Jn(l —erfm)le” dn+ O(1/y/2,),  (3.146)

where

dre 4 2 2 4 4
4 = —r]ze_”2 erf(n) + L erf(n) — ey —ne_2'72 - —ne_"z. (3.147)
7T T

dn  Jpi e VT

The value of the integral included in (3.146) can be estimated numerically by the Hermite
quadrature formula of n = 9:

52—49,/

The lift forces Fy and F),y are therefore found to asymptotically behave like

+0(1/\/2,), s, =—0.21578. (3.148)

Fy =2p7e(S) — $2) + O(e?) ~ —8p2/Tvt[2(V2 — 1) + 5,], (3.149a)
Fpy ~ —pmeS + 0(62) ~ —4pS2~/TVts,. (3.149b)

Figure 7 shows the comparison of the asymptotic behaviours of F,/(0$§2) and F)y/(0S2)
given by (3.149a) and (3.149b) against the asymptotic solution obtained by Badr & Dennis
(1985): Fy/(p$2) ~ —2/v1[1.44997t — 4/(3/7) + 2.0 x 0.6961 1t4/v1]. It seems that the
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result of approach (ii) (by the integration of the penalization layer) is completely different
from the result of approach (i) (by the time derivative of the momentum of the fluid flow
and the pressure on the control surface) that is similar to the asymptotic solution of Badr
& Dennis (1985). In figure 7 the lift coefficient C, which is calculated by C, = F/p
in the present paper, is also shown together with the result of Badr & Dennis (1985):

CL = —8R2J/mvi[2(v/2 — 1) — 0.21578].

3.5. Alternative formula of hydrodynamic force

As seen in the preceding subsection § 3.4, the lift force calculated by approach (ii) yields
a completely different value from the result of approach (i). In particular, the result of
approach (ii) exhibits the opposite sign against the result of approach (i) and the asymptotic
solution of Badr & Dennis (1985) (see figure 7). To resolve the variance, we attempt to
derive an alternative formula to calculate the hydrodynamic forces.

In general, let us consider a two-dimensional domain & that consists of two closed
boundaries %, and %; such that 6; C %,. The hydrodynamic force due to the momentum
of the fluid flow in the domain Z is defined as (Fy, Fy) and, then, it is written as

Fy F, d Du Dv
—,— | === (u,v)dxdy=— —, — | dxdy. (3.150)
P Py dr Jo 2 \ Dt Dt

Substituting (2.1) into (3.150), we have

Fy F, 1 )
—,— ) = —Vpdxdy—Ax | (us—wu)dxdy—v | V7udxdy. (3.151)
b PJ)g 2P 2 2

Using Green’s theorem, we have the following relations with respect to the first and third
terms on the right-hand side of (3.151):

ap 9
/ <_p_p> dxdy:/ (pdy, —pdx), (3.152a)
2 \0x 9y Go—%;

/ (V2u, V?v) dxdy = / (wdx, wdy). (3.152b)

Here w is the vorticity.

Here, in general, we look at a closed contour %’ that surrounds a two-dimensional fluid
domain &', and we consider the hydrodynamic force (Fjy, Fpy) on the fluid in &’ exerted
by the outer domain of %’. The small element ds on % is acted on by normal and tangential
stresses and outflow momentum from %’. Note that the outflow momentum is written as
—puy(u, v) ds, where the subscript  indicates the outward normal direction of the contour
¢ . Then, the hydrodynamic force (Fyy, Fpy) is described as

Fpe = / (—=pdy 4+ pwdx — puyuds), (3.153a)
€

Fpy = / (pdx + pwdy — pu,yvds) . (3.153b)
3

We apply (3.153a) and (3.153b) to the contours %, and %;. Taking into account
(3.152a)—(3.152b), (3.151) can be then described as

F, F, Fp, F
(—x, —}) = - (ﬂ, ﬂ) — f u,(u, v)ds — Ay / (uy — u) dxdy.
P Py PP Je—-% €, —%, 9

(3.154)
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Now, let us apply (3.154) to the fluid domain %y that is surrounded by the control surface
%~ and the body surface ¥’. Then, because of y = 0, (3.154) is rewritten as

F, F Fie Fp,
(—x, —y> =— (ﬂ ﬂ) — / uy (1, v) ds. (3.155)
L) PP bt JEu

Therefore, the hydrodynamic force on the cylinder, (Fjy, Fy), which is exerted from the
fluid domain, is obtained as

Fy, F, F. F, Fpe Fpy
(ﬂ, ﬂ) = (—x, —>> + (ﬂ ﬁ) +/ up(u, v)ds.  (3.156)
b P g o Py PP Js Coo— s

Because of w ~ 0 and (u,v) = (1 + O(l/rz), 0(1/r2)) in the neighbourhood of the
control surface %o, the pressure solely affects the second term on the right-hand side
of (3.156), and the momentum of the fluid flow affects the first term (see § 3.4).

For the domain Z; inside the body whose surface is defined as €, (3.154) is written as

F. F F F
(—x, —y> =— (ﬂ, ﬂ) —/ 1wy (i, ) ds—ﬁ/ (s — wydxdy.  (3.157)
PP ) g, PP Je 0 Ds

From (3.155) and (3.157), we have

(&5) __(%@) +(F_@>
P’ P ) g o0 e, PP )y

— f up(u, v)ds — /l/ (us — u) dxdy. (3.158)
((OO -@S

As shown in § 3.3.2, there is the pressure difference Ap (i.e. Ap £ 0) between the inside
and the outside of the cylinder surface % and, therefore, we can write

Fpe F Fpy Fpy A A
(ﬂ, ﬂ) = (ﬁ’ ﬂ) — / (_de’ _ar dx) , (3.159)
b P g o P Je ¢\ P p

where ¢ denotes the contour of the cylinder surface on the side of % and %,
respectively. Taking into account (3.157), (3.159) is written as

Fp F F, F
P’ )y, o' p)g Je

Ap . Ap
—A | (uy—u)dxdy — —dy, —dx ). (3.160)
g &\ P o

s

Approach (i) in the preceding § 3.4 is

(@@) _<Qﬂ> +<%@>
o’ o) PPy o0 ),

Fo. F
= (—’”, —by) - / 1, (i, v) ds. (3.161)
PP e S0

Therefore, we can see that (Fyx/p0, Fpy/p)i) = (Fpx/p, Fpy/p)%, . since in the case of
the present study of the circular cylinder, that is, because of u, = u. = O(¢) as shown in
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§3.3.2, the last term of (3.156) is found to be of the order of €. It is therefore found that
the asymptotic behaviour of Fp, for 4, > 1 and T <« 1 is the same as F, obtained in § 3.4.
For approach (ii) in the case of u, = 0 on %, we have from (3.159)

(@@) _(@@> +<Qﬂ)
o0 )G oo )y P g,

Fp, F F, F A A
_ (ﬂ,ﬂ) + <_x,_y) +/ <_p dy, — =P dx). (3.162)
PP ), PP/ g "\ P p

We see that even when the velocity inside the cylinder is zero, there is the difference
in the third term of the right-hand side of (3.162) between approach (i) and (ii) by the
pressure jump. Since the present analysis takes the relative coordinate system fixed with
the centre of the cylinder, the first term on the right-hand side of (3.160) becomes zero.
It can then be found that the calculation of the hydrodynamic force by the integration of
the penalization layer (i.e. (2.3)) is formulated, assuming that the pressure difference Ap
and the force on the cylinder surface exerted by the momentum due to the fluid flow are
zero. In this assumption, u, =0, Ap =0 and (Fy/p, Fy/p)4, = 0. Therefore, we have
(Fx/p, Fy/p)i = (Fx/p, Fy/p)ii. Here, the pressure difference, Ap, between the inside
and the outside of the cylinder surface is given from (3.81) and (3.110).

Ap 1
— = — (Plr=1+0 — Plr—>1-0)
Y 1Y

—2dAcos9 2sin29+1(1 2H-cC
T odr 2

i

I B * b .2 uy
+e€ 3T A [u,; —2(A 4+ R)cos6]dR — A (ugy — 4sin” 0) dR + v,

oR

R=+0

d . ) .
—2v,cos6 — d—T(a‘l cos @ + aj sinf + a5 cos 20) + 4A sin20} . (3.163)

For 4, > 1, (3.96a)—(3.96¢) and (D9a)—(D9d) are written as

uéo ~ —2sinf + (2 + 2sinb) erfc(n) + 0(1/\//17), (3.164a)
o0
o <u;1 —2(A+R) cose) dR ~ 2v, cos 6 + O(1/y/A,), (3.164b)
0
8”i1
oy ~ 0(1//2,), (3.164¢)
R=+0
d
57 (@) ~ v+ 001/, (3.1644)
d s -1 > c.,—aR oo 4
@~ L7 = | Fe®dR+ | PR ) + 0(1/y/2,), (3.164¢)
0 0
d c -1 * cs ,—aR OO cs
@~ L7 = | FUeT®dR+ | FUdR) 4+ 0(1//,), (3.164f)
0 0
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where n = r/(2+/v,T). Then, the following integral involved in (3.163) is calculated as

o I
f (uiz — 4sin”0) dR ~ 2,/v,T / (2 + 25in0) erfe(n)
0 0
X [—4sin6 + (£2 + 2sin6) erfc(n)]dn

VT ) . . 2
=2 T[—4s1n9([2 + 2sinf) + (2 + 2sinh)“ (2 — «/5)].
(3.165)

Here, the following relations are used for the calculation of (3.165):

—aR o] 00
£ (e g ) = erfc(n), /0 erfc(n)dn = %, /0 erfcz(n) dn = %(2 - «/5).
(3.166a—c)

Taking into account A ~ 2,/v,T/m and using (3.164a)—(3.164f) together with (3.165),
(3.163) can be written as

Ap 2 vol . 5
— ~2 —cos@—2s1n 0+ = (1 £2°) 4+ €48,/ —sin“6 — v, cosf
P nT b

voT
T

(0,0 o0
+ L1 (/ FCe R dR —/ F°¢ dR) sin @
0 0

o0 (o.¢]
+L£7! ( / Fe R dR — / Fes dR) cos 29} + 02, 1/\/2,).  (3.167)
0 0

-2

[—49 §in6 — 8sin® 6 + (2 — v/2)(22 + 482 sin 6 + 4 sin 9)]

Integrating the x and y components of (3.155) acting on the cylinder surface, we have

27 Ap 00 00
/ L dx ~ 8e\/v,miTR(1 —v2) — e L™} </ FCe “RdR — / F° dR) ,
0 1Y 0 0

(3.168a)

27 A Vo
/ — dy ~ 27, [ — — TEeV,. (3.168b)
0o P nT

Therefore, the hydrodynamic forces can be found to behave like, for 4, > 1,

Fpe~dp. | = (3.169)
!
1 o0 o0
Fpy ~ 2pme (E_/ F°dR — / FCe 9k dR) +8pR2/Tvt(l — 2). (3.169b)
0 0

Note that (3.169a) is derived as follows:

~2p / 42 / el ~4p / ”t for A, > 1. (3.170)
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Equation (3.169a) is the same result as Badr & Dennis (1985) and our previous study
(Ueda & Kida 2021). Using the value of s, which is calculated in (3.148), (3.169D) is
obtained as

V;T(\/E —1)—4%, gsg] + 8pR2/Tvi(1 — V/2)

Fpy ~2pme [—49

~ —16p2/TVI(N2 — 1) — 8p2+/TTvis,. (3.171)
The value of (3.171), which is the present result, is calculated as
F,
D~ 49012, (3.172)

P2/t

whereas the value of the asymptotic solution obtained by Badr & Dennis (1985) is given
by
Fpy

pS2/Tvt

It can therefore be found that the variance on the values of the lift force calculated by the
two approaches (see § 3.4) results from the pressure jump on the body (cylinder) surface.
The inner expansion of the pressure in the outer domain of the fluid cannot continuously
connect to the inner expansion of the pressure in the outer domain of the solid body
(circular cylinder). Therefore, the pressure jump is found to be caused by the matching
procedure of the outer solution in the fluid domain.

~ —4.2879. (3.173)

4. Concluding remarks

This study aims to elucidate the variance of the drag force calculated by the integration of
the penalization layer against the asymptotic solution for t < 1, which is demonstrated in
our previous paper (see Ueda & Kida 2021). We first consider the problem that a circular
cylinder impulsively rotates from a quiescent state. In this first problem, it is verified that
the results of the moment calculated by the different two approaches (approaches (I) and
(II) in § 3.2) are the same as the result calculated by the integration of the penalization
layer. Note that the pressure on the cylinder surface is independent of the moment and,
therefore, it can be deduced that the pressure plays a key role to the drag force on the
cylinder.

We therefore consider the second problem in § 3.3 that a circular cylinder impulsively
starts with rotating and translating velocities from a quiescent state. The drag and lift
forces are calculated by two approaches: (i) based on the time derivative of the momentum
of an entire fluid domain and the pressure on the control surface of which radius is
sufficiently large, and (ii) based on the integration of the penalization layer. For t < 1
and 4, > 1, the drag force calculated by approach (ii) gives a half-value of that calculated
by approach (i) that yields the same result as the classical asymptotic solution of Bar-Lev
& Yang (1975). This finding is the same as our previous study (Ueda & Kida 2021) for
an impulsively started translating circular cylinder without rotation. Furthermore, the
calculated lift force is completely different between the two approaches, as shown in
figure 7(a). To resolve the variance, this study successfully derives an alternative formula
to calculate the hydrodynamic force, assuming that there is a pressure jump between the
outside and inside of the cylinder surface. It can be found that the variance is caused by
the pressure jump on the cylinder surface. Furthermore, the comparison of the drag force
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with the previous result is discussed in Appendix F. In the penalization method the no-slip
boundary condition on the cylinder surface is not imposed, although it is imposed in the
previous analysis. This condition generates the additional terms on the time derivative of
the slip velocity, which is related to the pressure jump.
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Appendix A

Using the formulae of Abramowitz & Stegun (1954), the following relations of the inverse
Laplace transform are obtained;

L1 (J@ — 1) = ae T [, (aT) + 1o(aT)], (A1)

c! (e—kﬁ) == i 3e—kz/‘“r, (A2)
nT

1 1
L1 (sm> = «//l_erf(\//L,T), (A3)

£t exp(alR) = 5 exp & ) (A%)
exp(—a = ———=exp| — ,
24/, T3 45, T
Appendix B
We look at the following differential equation, in which U is a function of R and 6:
*U
SU_UOW = F(R, 0). (B1)

Setting U as U = A(R, 0)e R (B1) is rewritten as, by the differential equation with
respect to the function A,

3%A A | -
— —2a— = ——Fe“". (B2)
oOR? oR Vo
The solution to (B2) is readily obtained as
o2aR R R
A=— / Fe *RdR + / Fe'®dR + C1e**R 4 ¢y, (B3)
2av, 2av,

where Cy and C are the integral constants. Therefore, we obtain the function U that is the
solution to (B1):

eaR —aR

U=-

R R
/ Fe “RdR + / FeRdR + C1eR 4 Cpe R, (B4)

2av, 2av,

988 A3-36


https://orcid.org/0000-0001-5340-0671
https://orcid.org/0000-0001-5340-0671
https://doi.org/10.1017/jfm.2024.420

https://doi.org/10.1017/jfm.2024.420 Published online by Cambridge University Press

Asymptotic analysis for a Brinkman penalization method

When U — 0 as R — oo, the integral constant Cy is determined as Cy = 0 and, therefore,
the solution to (B1) is obtained as

eaR [e%e) —aR R
U= / Fe “RdR + / Fe®® dR 4 Coe K. (B5)
2av, Jr 2av, Jo
Appendix C
Using the Laplace transform, (3.84a) is written as, for R > 0,
32U9 aUY
U0 — 01 _ 00 Cl
Mo Yoo T TR D

where Ugl = E(ﬁgl) and U(e)() = L(it,). From (3.61), we find that Ugo ={a/[s(a +
a)]}2e7“R_ Based on the boundary condition of (3.85a—d), the solution to (C1) is obtained
as, using Appendix B,

1 a

— QRe R 4+ pe—R C2
Is@ta) e TPe €2

0 _
U@l_

where D is an integral constant that is a function of s and 6.
For R < 0, by virtue of (3.61) and (3.85a—d), the function 5‘21 is found to be written as
the form of itgl =RQH(T) + ﬁgl. Then, (3.84a) reduces to

_ 3209 _ aa -
0 61 0 R
sUy, — vo—a >+ AUy = v, (—Q—S(a ) et ) , (C3)

where l_Jg | = ﬁ(ﬁgl). The solution to (C3) is obtained as, using Appendix B,

1 a = 94 P
Up, = = —2Re® + R + EeR, C4
o172 s(a+ a) s ©4)
where E is an integral constant that is a function of s and 6. These integral constants D
and E can be determined as, from the enforcements of the continuity of the velocity and
its radial derivative at R = 0,
32 1

D=F=——— —. (CS5)
2sa+a

The velocity &81 can be found to be the same as the solution of the pure rotation problem
obtained in (3.32).
The Laplace transform to (3.84c) is written as, for R > 0,

92U = ~
SUS| — vyt =2(“ _") — 2L AR, (C6)
aa

IR2 Yolata)

where U, = L(it},). Here, we introduce (_Jg,1 as Uy, = 2(R/s) +2[(a — a)/(saa)] +
l_]gl. Then, (C6) reduces to
32Uy, aa g

SU;I — Vo = —2vome

OR? ©
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By virtue of the boundary condition (3.85a—d), l_]g1 is found to be not divergent as R —
00. Hence, we set l_]g1 as

- a
U, = — Re R 4 pe~R C8
o1 s(a + a) +Ds (C8)

where Dj is an integral constant that is a function of s and 6.

For R <0, the Laplace transform to (3.84c) is written as, taking into account
L(dity,/0R) = —2aa/[s(a + a)]eR from (3.61) and @iy - 0 as R — —oo from
(3.86a-d),

2778
U aa -
61 R
SU;] —UOW _/lgUgl = —2U0a+aea . (C9)
The solution to (C9) is therefore obtained as
a - -
Us, = Re“R 4 E R, Cl10
o1 @t d) e + Ese ( )

where E; is an integral constant that is a function of s and 6. These indeterminate constants
can be determined as, by the enforcements of the continuity of the velocity and its radial
derivative at R = 0,

2 3 2 3
Dy =— — —, Ej=—-— —. (Clla,b)
sa s(a+a) sa s(a+a)

Thus, we obtain (3.88).
In contrast, iy, can be obtained for R > 0 by the Laplace transform to (3.84b),

B
— 0= _F°, F= z:(a,la—zo + agoago), (C12a,b)

where Up, = L(ig,). The solution to (C12a,b) is readily obtained as, based on the
boundary condition of (3.85a—d) (i.e. Uy; — 0 as R — 00),

) 1 00 R
Us, = — (eaR / Fee ™ dR +e R / FeeR dR) +De R, (C13)
2v,a R 0

where D, is an integral constant that is a function of s and 6.

Similarly, the governing equation for R < 0 is written as, taking the Laplace transform
to (3.84b),

, I*U;, . ‘
sUpt = Vomgy + Uy = —F*. (Cl4)

The solution to (C14) is obtained as, based on the boundary condition of (3.86a—d)
(ie. Uy, — Oas R — —00),

1 B R B B R ~ B
¢ = (e“R / FCe@R gR — R / Fée R dR) + E.eR, (C15)

2v,a -0 0

where E, is an integral constant that is a function of s and 6. These indeterminate constants,
D, and E,, can be determined as, by the enforcements of the continuity of the velocity and

988 A3-38


https://doi.org/10.1017/jfm.2024.420

https://doi.org/10.1017/jfm.2024.420 Published online by Cambridge University Press

Asymptotic analysis for a Brinkman penalization method

its derivative with respectto R at R = 0,

a—a * ¢ .—aR 1 0 ¢ aR
= —— Fe dR — ——— F e dR, (Cl6a)
2upala+a) Jo Vola+a) J_
1 o0 — 0 _
Eo=———— / Fe™ ™R dR + # Fe®dR. (Cl16D)
Vvola—+a) Jo 2vpala+a) J_so

Similar to the above, the Laplace transform to (3.84d) is also written as

92U, dits o —4 forR>0
sUS — v, 01 + ApxUS = —F%, FS =Ly 00 + 60 = i
ol dR? ol oR i forR <0

(C17a,b)

where Ugj = L(iig}). The solution to (C17a,b) is obtained as, based on the boundary
condition of (3.85a—d) and (3.86a—d) (i.e. Ug} — 0 as R — $00),

00 R
(e“R / FSe R4R 4 ¢ R / FeseiR dR) + De R forR >0,
R 0

s 2v,a
01 1 B R B B R B )
5 (e—aR / FeSe™R R — ek / FesgaR dR) + Ee®  forR <0,
0 —00 0
(C18)
in which the indeterminate constants D, and E.g are determined by
= o0 1 0 _
D=0 | FoeRgp— — / FeseR gR, (C19a)
2ueala+a) Jo vo(a+a) J_o
1 . cs ,—aR a—a 0 cs ,aR
Ey=——"—— FPe ™ ™dR+ ———— F?e dR. (C19b)
Vola +a) Jo 2vea(a+a) J_oo

Appendix D
In order to obtain the pressure p{ of the outer flow, it is necessary to obtain the outer flow
of the order of €2, because pi/p ~ —0a¢5 /3T, where ¢3 is the velocity potential of the

order of €2. Therefore, let us attempt to derive the solution of the order of €2 in the outer
fluid domain where the solution exhibits the inviscid one (i.e. potential flow). To do so,
we need to obtain u), in the inner fluid domain that is governed by the continuity equation
(3.10¢):

i i i
oL, i ity Raueo

+uy+—— — = 0. Dl
oR T g 20 b
Since the matching procedure yields ”‘iz — 0 as R — —oo, (D1) is rewritten as
. R . dul du!
U, = —/ u, + —0L _ R—90 ) 4R, (D2)
r2 oo ( rl 80 89

Taking the Laplace transform to (D2) and using (3.62), (3.67) and (3.83), we have, for
R=>0,

U = —I)cos® —Ij cos 0 — I, sin — Iy, cos 6 — I} cos 26, (D3)
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in which the coefficients are defined by

0 R 0 R
1(5:/ UrldR+/ UndR, Tg 2/ 51dR+/O o1 dR,
—00

0 R
I, = _/ ¢ dR — / €= _/ RU;OdR—/O RUS,dR, { (D4)
—00

R
g§=f dR+/ < dR.
—00 0

Here, Uj, = L(ity,), Uy = L(iy1), Uy, = L(yy,), Uy, = L(ig,) and Ug] = L(ig)).
These coefficients can be calculated as, using the asymptotic solutions that are obtamed
above,

2a a—a 2a 1
10 = 2 R 1 —e Ry + —R?, D5
" sat(a+a) + saa + saz(a-i—c_l)( )+ s (D5a)
a E; R> a-—a a
IS — 4+ 4 Qe R — 42 R Re R
o1 =  sa(a+a) + + ( )+ s + saa + sa(a + a)
a
- (1 - e_aR , D5b
sa’(a + a) ( ) (D5b)
E. D 1 0 _ 1 0
B =—— — Z(1—e ) - — / Fee®dR + — f FCdR
a a 2000 J_ o Vot J_oo
eaR 00 efaR R 1 00
+ / Fée ™RdR — / Fee"RdR — / Fée “RdR
21)0612 R 21)0612 0 21)002 0
R
+ 3 / FCdR, (D5c¢)
0 0
2a 2a 2a 1
5, = — S p— YL TR 2 D5d
00 sa*(a + a) + sa(a + a) sa’(a + a) ( )+ s (D>d)

1 0 1[0
/ FSSe ar dR — / FS dR
2v Uaz V()a2 o]

eaR 00 e—aR R
_ > / che—aR dR + 5 / cheaR dr
2vp,a” Jg 2vea® Jo

1 () 1 R
/ FSe R gR — / F dR. (D5¢)
21)0612 0 voaz 0

The outer expansion of U, (i.e. Uﬁ%) is written as, using (D3) with (D5a)—(D5e),

_ E. D, _
G == +—1-e ™+
a a

+

0 = —cos® 4a_aR+3R2—|—ES—|—DS— a — a
L saa s a  a sa¥(a+a) sa*(a+a)
E. D, 1 0 1 0
— sin® —T°——°——_f FCe®™® 4R + / F¢dR
a a 2v,a% J_o Vo@? J_oo

988 A3-40


https://doi.org/10.1017/jfm.2024.420

https://doi.org/10.1017/jfm.2024.420 Published online by Cambridge University Press

Asymptotic analysis for a Brinkman penalization method
1 ° 1 o0
- / Fee R dR + / FdR
21)0612 0 v,,az 0
Es D 1 ;
—cosZG[—ﬁ—ﬁ— 2/ FeSe®™® dR

—00

1 0 1 00 1 00
_ / FSdR — —— / FSe R aR + / FedR|.  (D6)
Vod? J_oo 2v,a® Jo vea? Jo

On the other hand, since the outer solution in the fluid domain becomes potential, the
velocity potential ¢° of the outer solution in the fluid domain can be expressed as

+

1 A |
P° = (r + —) cosOH(T) — 2e—cos6 + €2 E — (a;, cosnf + aj sinnf) + 0(63).
r r n=1 r

(D7)
The inner expansion of ¢ is then written as
u% = (2€R — 3€*R?) cos OH(T) + 2A€(1 — 2€R) cos 0
— €2 " n(d, cosnf + aj sinnd) + O(e). (D8)

n=1

The matching procedure to the inner solution in the fluid domain (i.e. £(u%) = U™) yields

E Dy a a

L) = =+ =2 — — , D9
(@) a + a sa*(a+a) sa*(a+a) (D9a)
E. D 1 0 _ 1 0
L) =—2e_ P 1 / FeeiRqR 4 / FedR
a 2v.a* J_o Vod? J_oo
1 o0 o0
— / FCe “RaR + / FCdR, (D9b)
21)0612 0 Voaz 0
L(a}) =0, (DY)
S . - /0 Fese g 4 — /0 F® dR
2 a a  2v,a% J_o vod? J_o
1 (o] 0,0)
— / FSe R 4R + / FS dR, (D9d)
21)0612 0 anz 0
L(a;*)=0 forn=>3. (DYe)

The velocity potential ¢ in the outer fluid domain is therefore written as

afj cosf +aj sinf

aC
+ 62—5 0820 + O(eY),
r

(D10)

o 1 A 5
¢° =|r+ — | cosOH(T) — 2¢—cosb + €
r r r
which also gives
0¢° 1dA

2 9+1d(f 9+S'9)+1d(c 26) 4+ O(€?)
= —42——— COS €——(a; COS a, sin € ——(a, COS €7).
oT rdT rd7 ! 1 r2dT " 2 o1
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Differentiating (D10) with respect to either r or 6, the velocities, #¢ and ug, in the outer
fluid domain are calculated as, for r > 1,

w=\11- l cos 6 + 26Al cos @ — €2(a€ cos O + a’ sin@)l
r 2 2 1 1 2

22 c 3
— €”—a; cos 20 + O(€e”), (D12a)
r

u)=—\1+ i sin@ + 26Al sinf — €2(aS sin® — d cos@)l
A 72 ) 1 1 72

2 2 C o 3
— €"—a;ysin 20 + O(e”). (D12b)
r

The inner expansion of uy and uj are then written as, respectively,
u?i = 2€Rcos O + 2eAcos 6 + O(e?), (D13a)
ugi = —2(1 — €R)sinf + 2€Asin6 + 0(62). (D13b)

The inner expansion of the pressure in the outer fluid domain, pOi, is then obtained as,
using the unsteady Bernoulli’s equation,

ol dA 1 dA
p—=2—cose—2si1120+——e 2R— cos 6
0 dT 2 dT

d d
— 4Asin’ 0 + ﬁ(af cos 6 + aj sinf) + ﬁ(ag cos 29)] + 0(e). (D14)

From the matching condition p’® = p°!, we can obtain (3.109).

Appendix E
Let us estimate the order of the following integral for 1, > 1:

0
[=L7" ( / F€ exp(aR) dR)

0 T . |R| RZ
:/ dR/ f(T—s,R>—exp( AE — ) de. (E1)
—o0 0 24/ TV, E3 4vo€

Assuming that /¢ is continuous in the integral domain, f© has a finite maximum value
| f€|max in the domain. Therefore, we have

RZ
1l < |f |max/ dR/ ( Ao§ — )dé‘
2 m)0§3 4v,€
/_vo exp( @5) P )
= |f |max T ‘E - |f |max - \//l_o

where Erf(x) = fg e~ dx.
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Appendix F

The hydrodynamic forces (Fjy, Fpy) are given by (3.153a) and (3.153b). Therefore, we
have, for a circular cylinder,

0
(B) sinf — vwsin® — u,u

[Fbx/pi|_/2n 8_9 P

Fpy o a

v/ P 0 _o (P cos0 4+ vwcosf — uv
a0 \ p

do. (F1)

r=1

Since x = 0 in the fluid domain, the governing equation of the motion becomes, with
respect to 6,
Duy 1 op dw

= +v—-.
Dt p rod ar
Therefore, we have

27 . 21 .
Fue/p| dw sin 6 d sin 0
[Fby/p] - V/O <8r @ » —coso |90~ dar Jo Uglr=1| _ cosp |9

27
_ / Ul m a0. (F3)
0 r=1

An alternative expression of the force imposed by the no-slip condition on the cylinder
surface is defined as F,,, and F,, and, then,

(F2)

d
Forot 2 S | 7 | aw. (F4)
Foy/p dt Joz |—*
Applying Green’s theorem and the definition of vorticity w, we easily have
d d
] —— ug| 2 fds—— [ [Y]dv, (F5)
Fa)y/p dr Goo—b, —X dt Jz |V

where % and %, denote the contours of the control surfaces in the far field and on the
cylinder surface, respectively. The tangential velocity is then described by us on ¢, or 6.
In addition, dv and ds indicate the small elements of .% and the contour %, or %,. From
the equations of motion, we have

- 1dp
d T + vAu
a4 m dv = / o0 du, (F6)
e (N
L pdy
Since Au = —dw/dy and Av = dw/dx, we have
d _
g “I :/ (p/p)dy +verdx| F7)
dt Jz |V e L —p/p —vwdy

Here, the conditions that p is constant and w = 0 on % has been used. Therefore, we

finally arrive at
Fbx/p Fa)x/lo d / y / u
= - — ds — ds, F8
[Fby/p] |:Fa)y/,0 al, us |~ |ds . U || ds (F8)
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where u, is the normal component of the velocity from the cylinder to the fluid flow
domain at %,. Therefore, in the penalization method the two terms are needed in addition
to the formula that is derived from the no-slip boundary condition.

Using the present results, we have, at R = 0,

D 1 a 3 2 2
=10 _ Sy a Q) +=c7! I a — | sin @
Dt € a+ta 2 a+ta € a+a

auy i) , ;
+ i ( 820 cosf + 8%90 sin 6 cos 9) + 89015 cos 0 + iS5 sin 6 cos 6 + O(e).

(F9)
Hence, we have

d (= . 2n . [ a
&/0 ug sinf df = —?E (m) + O(e)

_ mdr

= == [T T/ + 1A T/2) | + 0(6)

— ;ﬁe—%m [10(A,T/2) — L(A,T/2)] + O(e). (F10)

€

It can therefore be found that the present result of the drag force is the same as our previous
result (see Ueda & Kida 2021) by adding the above result to the previous one. For the lift
force, the additional term is written as

a0
~ O(1/y/20) + O(e). (F11)

d 21 EDA
5/ ugcosfdd =m (ﬁrlﬂ + agoago) + O(e)
0
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