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We construct a strongly local regular Dirichlet form on the golden ratio Sierpinski
gasket, which is a self-similar set without a finitely ramified cell structure, via a
study on the trace of an electrical network on an infinite graph. The Dirichlet form
is the unique one that is self-similar in the sense of an infinite iterated function
system, and is decimation invariant with respect to a graph-directed construction.
The proof is based on a fixed point problem of a renormalization map, inspired by
Sabot’s celebrated work for finitely ramified fractals. Lastly, the Hunt process
associated with the Dirichlet form satisfies a two-sided sub-Gaussian heat kernel
estimate.
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1. Introduction

The golden ratio Sierpinski gasket G is a typical example of a self-similar set satis-
fying the finite type property ([2], see definition 2.1.), which arises in the study
of the Hausdorff dimension of self-similar sets with overlaps [26, 31, 32]. Let
qo = (%, ?) ,q1 = (0,0),g2 = (1,0) be the three vertices of an equilateral triangle

in R?, and

Fo(z) = p*(z — q0) + o,
Fi(z)=plx—q)+aq, F(z)=plx—q)+q,

with p = \/52_1 being the golden ratio. The gasket G is the invariant set associated

with the iterated function system (IFS for short) {Fpy, F1, Fa}, i.e. G is the unique
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Figure 1. The golden ratio Sierpinski gasket G.

non-empty compact set satisfying

See figure 1.

The large overlap F1G N F5G makes G different from the existing examples of
self-similar sets on which Brownian motions are constructed.

First, any effort to disconnect the bottom line of G requires the removal of
infinitely many points, so there is not a finitely ramified cell structure [35] on
G. Well-known classes of fractals with finitely ramified cell structures include
Lindstrgm’s nested fractals [27], Kigami’s post-critically finite (PCF) self-similar
sets [20, 21], finitely ramified graph-directed fractals [9, 19], and some Julia sets
of polynomials [1, 14, 33] or rational functions [10]. See [8, 16, 24] for pioneering
works on the Sierpinski gasket, and also books [3, 22] for systematic discussions.

Second, although there is a graph-directed construction related with G (see §2),
by dividing G into blocks of nearly the same size, the graph is much more com-
plicated. As a result, the deep and famous constructions on the Sierpinski carpet
[4-6] by Barlow and Bass, and on certain symmetric fractals [25] by Kusuoka and
Zhou would be extremely difficult here. See also [7] for a theorem of uniqueness on
the Sierpinski carpet.

Instead, thanks to the golden ratio, there is an ‘infinite cell structure’ on G. For
the first level, we consider the cell FyG and its images under compositions of Fi, F5.
The union of these cells covers G except the bottom line. For each such cell, we can
find a finite word w, and a contraction map F,, = F,, o F,, o---0F,,  so that
the cell can be written as F,,G. We name the collection of all such words Wy, and
construct a resistance form [22] on G, that is self-similar in the sense of the infinite
IFS {F\,}wew,. Roughly speaking, we have the following theorem, see theorems
6.5, 6.6 and 6.8 for detailed and formal results.

THEOREM 1.1. There exists a unique strongly local reqular resistance form (€, F)

on G such that f € F if and only if f o F, € F for allw € Wy and ), oy, p08(fo
F, [ o Fy,) < 0o, where py, is the similarity ratio of F, and 0 < 0 < 1 is a constant.
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In addition,
EF, )= p E(f o Fu, foFy).

weW

Moreover, the form is decimation invariant with respect to the graph-directed
construction of G.

The form (&, F) is then a strongly local regular Dirichlet form on L?(G, ug),
where pp is the normalized Hausdorff measure on G. In addition, there is an asso-
ciated diffusion process on G. (Readers are suggested to refer the book [15] for more
explanations.) Although, our construction is based on an infinite IFS, the behaviour
of the process is same on each cell before hitting the boundary, up to a time scaling,
since any cell can be decomposed in a same manner.

In addition, by following the well-established method of Hambly and Kumagai
[18], which is organized in Barlow’s book [3], we can obtain a sub-Gaussian heat
kernel estimate (see §7). We refer to [8, 13, 23] for earlier results on transition
density estimates on fractals.

THEOREM 1.2. There is a symmelric transition density p(t, x,y) associated with the
form (€,F) on G. In addition, there are constants c1,ca,cs, ¢y S0 that

BN\ 7T
ert=41/8 exp <_c2 (d(ax;y) ) )

d BN\ =1

for 0 <t <1, with B =0+ dy, where dg ~ 1.6824 is the Hausdorff dimension of
G, and d represents the Fuclidean metric.

The main difficulty in proving this result is establishing an estimate for the
resistance metric R on G of the form ¢; d(z,y)? < R(z,y) < cod(w,y)? for some
constant cy,co > 0.

We organize the structure of the paper as follows. In § 2, we will briefly introduce
some facts about the geometry of G. From § 3 to 5, we study the trace of forms on an
infinite graph. In § 3, we establish the resistance forms on the graph. In §4, we study
the trace map and a related renormalization map. We will show the joint continuity
of the renormalization map. In §5, we show that there is a unique solution to a
renormalization problem. With all these preparations, we construct the resistance
form on G in §6, and at the same time we derive an upper-bound estimate for the
resistance metric. Lastly, we obtain the transition density estimate through a lower
bound for the resistance metric in § 7.

Before ending this section, we remark that the result in this paper has a natural
extension, by replacing 0 < p < 1 to be a real root of ™ — 2z 4+ 1 with n > 4, and
taking the contraction ratios corresponding to Fpy, Fiy, Fs to be 1 — p, p, p. Indeed,
by doing so, we obtain a class of gaskets that possess a similar overlapping structure
of G, see figure 2.
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Figure 2. A gasket with 0 < p < 1 being a root of 2% — 2z +1 = 0.

2. Preliminary

The golden ratio Sierpinski gasket G is a typical example of a self-similar set with
overlaps but satisfying the finite type property.

Let K be a general self-similar set associated with an IFS {F;}Y ! with con-
traction ratios {pi}f\;l with respect to the Euclidean metric. For m > 1, we call
w = wiwa - - Wy, with w; € {0,1,..., N — 1}, a word of length m (denoted by |w]),
and call § the empty word. We denote the set of all words by W,. For any word
w E W*, we write Fyy = Fiy, 0 Fyy -0 Fy,, and let Fj be the identity map for
consistency. Let p, = min{p; : 0 < i < N}.

DEFINITION 2.1 finite type property. A self-similar set K s of finite type if there
are only finitely many maps h = F,;'F, with w,v € W, and F,K N F,K # (), and
with similarity ratio pn, € (p«, 1/ps).

The finite type property of K, formulated in algebraic terms, was introduced in
[2] by Bandt and Rao. It guarantees the existence of an ‘almost non-overlapping’
graph-directed construction (see [2, 31] for details) of K, which is quite useful for
calculating the Hausdorff dimension of K. See [26, 32] for more flexible variants of
the finite type property.

It is easy to verify that G satisfies the finite type property, noticing that F92G =
F511G. In particular, it has the following graph-directed construction [28].

DEFINITION 2.2 a graph-directed construction of G.

(a). Let K1 =G and Ko = G\ Fa20.

(b). Let I'(S, E) be a directed graph with the vertex set S = {1,2}, and the edge
set B ={e;}S_;, where e1 = (1,2),e2 = (1,1),e3 = (2,1),e4 = (2,2),e5 =
(2,2),e6 = (2,1).

(c). Define e, = Id, Ve, = Foa, ey = Fo, Ve, = F1, ey = Fo1, eq = Fao.
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Figure 3. A graph-directed construction of G.

Clearly, we have

2 6
Ky = U weiKei,z and Ko = U wCiKei,z’
1=3

i=1

where we use the notation e; = (e; 1, €; 2) for a directed edge. In addition, there exist
bounded open sets O; and Os such that U?Zl Ye,Oc, , C O1 and U?:3 Ve, Oc, , C
05, where the unions are disjoint. See figure 3 for an illustration.

Then similar to the open set condition situation, one can calculate the exact
value of the Hausdorff dimension of G to be

]
dy = —28"1 16824

~ —2logp

with 7 being the largest root of z3 — 622 + 52 — 1. In addition, the associated
Hausdorff measure of G is positive and finite. See details in [31] by Ngai and Wang.

Throughout this paper, we use d to denote the Euclidean metric, and take pg to
be the normalized Hausdorff measure on G with respect to d, i.e. ugy(G) = 1. For
p,q €3, let

dg(p,q) = inf{|y| : v is a path connecting p, ¢, and v C G},
be the geodesic metric between p, g. It is not hard to verify the following lemma.
LEMMA 2.3.
(a). Let Bs(p) ={q € G :d(p,q) < s}. There are constants c1,co > 0 such that
8% < wi(Bs(p)) < ces, VpeG,0<s<l.
(b). There exists a constant ¢ > 1 such that
d(p,q) < dy(p,q) < cd(p,q), VYp,q €G.

The statement (a) is a well-known fact (for example, see [12, corollary 6.4.4]).
The proof of (b) relies on the finite type property. The rough idea is to link p, g
with a bounded number of cells of diameter approximating to d(p, q).
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Figure 4. The infinite graph (V;,~). (The bottom line equals to V; \ V7.)

By the compactness of G (for example, see [3, lemma 2.1.1]), there is always
a path admitting the infimum length between p,q. So, the metric space (G,d,)
satisfies the so-called midpoint property, i.e. for any p, ¢ € G, there exists p’ so that
dg(p,p') =dg(p',q) = %dg(p, q). The space (G,dy, um) is then a fractional metric
space, see [3, definition 3.2].

We will return to look at the geometric properties of G listed in this section.
But first, from § 3 to 5, we will instead consider an infinite IFS and the associated
infinite graph.

3. Resistance forms on the infinite graph V;

The golden ratio Sierpinski gasket G can be realized as an invariant set of an infinite
IFS. For convenience, we introduce some notation. For any word w,w’ € W,, we
write ww’ for the concatenation of w,w’. For w = wijws - w,, and 0 <1< m,
we write [w]; = wyws -+ -w;. The following notation is a little different from the
standard ones.

Notation. Choose a set of finite words Wy C |J;—,{1,2}" x {0} so that
1. for any w € [J;—,{1,2}™ x {0}, there exists w’ € Wy such that F,, = F;
2. for different words w,w’ € Wi, we have F, # Fy.
In addition, based on Wi, we introduce some more notations.
(a) For n > 1, define Wy, = {w € W1 : |w| = n};
(b) For m > 2, define W,,, := W[ = {wjws - -~ wp, : w; € Wi,1 < i <m}

c) Write V= {¢;}2, and for m>1, V,, = F,Vy. Denote V,, the
=0 weWn,
closure of V,,,;

(d) For distinct p,q € Vi, we denote p ~ ¢ if and only if p,q € F,,Vi for some
w € Wy, which induce an infinite graph (V4, ~). See figure 4 for an illustration.
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Obviously, we have

= U nga

weW

and thus {Fy, }wew, is an infinite i.f.s associated with G. See [30] for more details
about infinite IFSs. The advantage of this IFS lies in the fact that

F,.GNF,G=F,VoNF,V, Vw%w/GWl.

REMARK. Forn = 1, if we rename the vertices { Fiyqo}wew, ,, to be {pln)}iv:"l with
Ny, == #Wi p, so that for each i p(") is on the left ofpz(_?1 Then it directly calculates
that d(p (n),pZJr)l) is either p" or p"*t1, and thus N,, =< p~™.

In addition, for p,q € V; with d(p, q) < p"*2, there always exist w,w’ € {1,2}"
such that p € F,Vy,q € F,,/Vi and F,,V; N F,, Vi # (). In fact, by a direct observa-
tion, p ¢ U™, {p! (') }¥nand so we can find @ € {1,2}"+! such that p € FzVj,
and one can then see that ¢ € |J{Fw Vi : w,w’ € {1,2}", FgVi C F, Vi, FuViN
F, V1 # 0}, since otherwise d(p, q) > @ Cpntl > 2,

In the rest of this section, we consider a class of resistance forms generated by
decimation. For convenience of readers, we recall the general definition of resistance
forms in the following. See [22] for more details.

DEFINITION 3.1. Let X be a set, and (X)) be the space of all real-valued functions
on X. A pair (€, F) is called a (non-degenerate) resistance form on X if it satisfies
the following conditions:

(RF1) F is a linear subspace of I(X) containing constants and £ is a nonnega-
tive symmetric quadratic form on F; E(f) = E(f, f) = 0 if and only if f is
constant on X.

(RF2) Let ‘~’ be an equivalence relation on F defined by f ~ g if and only if f — g
is constant on X. Then (F/ ~,E) is a Hilbert space.

(RF3) For any finite subset V. C X and anyu € I(V), there exists a function f € F
such that flv = u.

(RF4) For any distinct p,q € X, R(p,q) := sup{M feF,.E(f) >0} s
finite.

(RF5) If f € F, then f = min{max{f,0},1} € F and E(f) < E(f).

Sometimes, we write F = Dom/(&), and abbreviate (€, F) to £ when no confusion
occurs. It is well-known ([22]) that R(p, ¢) defined in (RF3) is a metric on X, named
the effective resistance metric.
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On the finite set Vy, a resistance form D always has the form
1
D(f.9) =5 Y_ai; (Fla) = F(a))) (9(a:) — 9(a;)) . Vf.g € 1(V0), (3.1)
2%}

where a;; = 0 and the 3 x 3 matrix (ai,j) is positive, symmetric and irreducible.
For convenience, we write M for the collection of all resistance forms on V. We
view M as a subset of R3, which is not closed with the induced topology.

Given a resistance form D, we define a resistance form on V; associated with D
in a self-similar manner, respecting the infinite IFS {Fy, }yew, -

DEFINITION 3.2. Forr >0, D € M, we define ¥,.D as

U,D(f,9)= Y r “"D(fo Fy,goF,),
weWy

with Dom(¥, D) = {f € (V1) : ¥, D(f) < oo}.

It is not hard to show that (U»D, Dom (¥, D)) is a resistance form on V;. However,
to get a good resistance form, we need to restrict the range of r.

PROPOSITION 3.3. Let D € M and r < 1, then Dom(¥, D) C C(V}) by a natu-
ral identification. In addition, if p <r <1, then (¥, D, Dom(V,D)) extends to a
resistance form on Vi, with the associated resistance metric R(p,q) satisfying the
estimate

1o,

R(p,q) < Ry(D)d(p,q) 7, ¥p,q € W, (3.2)

4
r3(1—r)
where R§(D) = maxy qev, Ro(p,q) with Ry being the resistance metric on Vj
assoctated with D.

Proof. By scaling, R(p, q) < R§(D)r"~! for any distinct p, g € F,, Vo with w € Wy,
and n > 1. For w € {1,2}", write [w]; = wiwy---w; and p; = Fy, (o), with 0 <
[ < n, then

j—1

7j—1
R(pi,p;) <Y R(pi,pis1) < Ry(D) Y _r' < Ry(D)
=i

=i

i
, Y0O<i<j<n.

1—7r

In particular, this implies that R(p,q) < ff;Ré(D) for any p,q € F,,V; and w €

{1,2}". Now, if p,q € V4 and d(p,q) < p"*?, then by the remark before definition
3.1, there exist w,w’ € {1,2}" such that p € F},V1,q € F Vi, and F,Vi N Fyp Vi #
§, which implies that R(p,q) < 2= R$(D). As a consequence, we have

1—r

logr

R(p,q) < Ry(D)d(p,q)=r, Vp,q € Vi. (3.3)

r3(1—r)
On the other hand, for any f € Dom(¥, D), by (RF4), we immediately have

1f(p) — f(@)| < (R(p, )@, D(f)"/*. (3.4)

Combining (3.3) and (3.4), we then get Dom(¥, D) C C(V;) by a natural identifi-
cation.
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To show the second assertion, we let (X, R) be the completion of (Vi, R), and
recall [22, theorem 2.3.10] to get that (¥\D, Dom(¥, D)) extends to be a resistance
form on X. It suffices to show that the identity map Id:V; — V; extends to an
homeomorphism from (V;,d) to (X, R) under the assumption p < r < 1. First, by
(3.3), Id is continuous from (V7,d) to (Vi, R). Next, let f € [(V1) be a restriction
of a linear function on R?. We have

U, D(f)= Y r“MHID(foF,) Z > rID(fo Fy)

weWy n=1weWi ,

(o]
> #Wr T PTID(f ),
n=1

where the last equality follows from the fact that f is linear. Since #W; , < p™",
we have U, D(f) < oo when r > p, so that f € Dom(¥, D). Noticing that for any
points p # g € V;, we can find a linear function f such that f(p) # f(q), we have
Id is injective. Finally, due to the fact that (Vi,d) is a compact Hausdorff space
and (X, R) is the completion of (V1, R), we then have that Id is an homeomorphism
from (V,d) to (X, R). This implies that (¥,D, Dom(¥, D)) is a resistance form on
Vi, and (3.2) follows immediately from (3.3). O

REMARK. The restriction p < r < 1 is sharp. If r < p, there is no f € Dom(¥,D)
such that f(q1) =0 and f(q2) = 1. In fact, for any f € C(V1) with f(q;) =0 and
f(q2) = 1, by the remark before definition 3.1, the total energy of f on the union of
the cells F\, Vo, w € Wi, UW1 i1 (noticing that this union will induce a connected
subgraph in (V1,~), and the resistance between F{*qy and Fiqg is about r™p~™ ) will
be bounded away from 0 as n — oco.

4. A renormalization map

In proposition 3.3, we have shown that W, D extends to be a resistance form on Vi
when p < r < 1. It is natural to trace it back to Vj, noticing that V, C V.

DEFINITION 4.1. Let (D1, F1) be a resistance form on Vi, we write
[Dl]vo(u) = lnf{Dl(f) : f|V0 = uaf S fl}a Vu € l(VO)

Note that by a standard electric network theory, there exists a unique function f so
that D1(f) attains the infimum above; also [D1]y, induces a resistance form on Vj
by defining

[,Dl}Vo (ua U) = i ([DI]VO (U + U) — [,Dl}Vo (’LL — ’U)) .

For p<r <1 and D € M, we define R, D = [V, Dl]y,, and call R, the renormal-
ization map. Sometimes, we also write R(r,D) := R,.(D).

The main purpose of this section is to show the continuity of the map R(r, D).

THEOREM 4.2. The map R(r,D) is jointly continuous from (p,1) x M to M.
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To prove theorem 4.2, we need a study on the regularity of the resistance form
v, D.

PRrROPOSITION 4.3. Let D € M and p <11 <rg < 1. Then

(a) Dom (¥, D) depends only on ry, and we have Dom(¥, D) C Dom(¥,,D).

(b) Dom(¥,,D) is dense in Dom(V,., D) in the sense that for any f € Dom(¥,.,D)
and € > 0, there exists g € Dom(VU,, D) such that

U, D(f —9) <&, and flv, = glv,-
Moreover, Dom(¥,, D) is dense in C(V1) so that the resistance form is regular.

Proof. (a) is obvious since all D € M are comparable up to multiplicative constants,
we only need to prove (b). Let f € Dom(¥,,D), and choose n large enough so that

i > r!tID(foFy) <e. (4.1)

l=n weWy

For convenience, we rename the vertices {F,qo}wew,, to be {p;}/*, with N =
#W1 n, so that for each 4, p; is on the left of p;;;. Then, noticing that the effective
resistance between ¢; and p; (symmetrically, g2 and py) is bounded above by a
multiple of =", by (RF4), it is not hard to see

N—-1
" (Z (f(pi) = Fpir1)” + (Flar) = F(p1)* + (f(g2) — f(m)f)

=1

Sa Z Z T2_l+1’D(fon) < g,

l=n weWy

where ¢; is a constant depending on D and 73, but not on n.
Write x; for the z-coordinate of p;, so we have 0 < 1 < x5 < --- < zy < 1. We
introduce a piecewise linear function u on R? such that

1. u(z,y) depends only on x;

2. u(qr) = f(q1), u(g2) = f(g2), and u(p;) = f(pi), 1 <i < N;

3. u(x,0) is linear on each interval (0,z1), (zn, 1) and (z;,2,41), 1 <i < N — 1.

We define g € I(V7) as

o) = {f(p), it p € U Uner,  {Futo}s
U(p), lfp € U?in ULUEWLL{FLUQO}'
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By a similar estimate to that applied in the proof of proposition 3.3, one can check
that g € Dom/(¥,, D), and

SN Do Ry

l=n weWi

N—-1
< cory” (Z (f(pi) = F(pis1))? + (Fl@r) = F(p1)” + (F(q) — f(pzv))2> :

i=1

where ¢y depends only on D and r3. So we have ¥,.,D(f — g) < c3e for some con-
stant c3. Since € can be arbitrarily small, we have that Dom (¥, D) is dense in
Dom(V,,D). Finally, the claim that Dom(¥, D) is dense in C(V}) follows from
the same argument. O

Proof of theorem 4.2. Let r, — r € (p,1) and D,, — D € M. Also, let u € I(Vp).
First, we show that

limsup R (7, Dy)(u) < R(r, D) (u). (4.2)

n—oo

We define f to be the unique function in Dom (¥, D) such that f|y, = v and
R(r,D)(u) = ¥, D(f).

By proposition 4.3, for any € > 0, there is f. such that f.|v, = u, fo € Dom(¥,, D,)
for any n > 1, and

U, D(f) < U, D(f) +e.

As a consequence, we have

lim sup R(Tm Dn)(u) < nh_{fgo \Drnpn(fs) = \I/rp(fe) < R(T, D)(u) +e,

n—oo

where the equality is due to the dominated convergence theorem. Since € can be
arbitrarily chosen, we get (4.2).

Next, for each n, let f,, be the unique function in Dom(¥,. D,,) such that f,|v, =
u and

R(TTL’DH)(U) = \I/'rn,Dn(fn)-

Then {f,}n>1 is uniformly bounded by the Markov property (RF5). In addition,
U, Dp(fn) < R(r«, Dp)(u) with v, = inf,>1 7y, so {¥,, Dy (fn)}n>1 is a bounded
sequence. By estimates (3.2) and (3.4), we have

i 1/2
log r -
) = Fu(@)] < c (d<p, 0% sup \PT?LDn(fn)) . Vn>1VpqeWi,

n=1

where r* = sup,,5; r, and ¢? = supn>1{ﬁR3(Dn)}, and so {fp}n>1 is also
equicontinuous. Thus, there is a subsequence {f,, }x>1 such that f,, converges
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uniformly to a function f € C(V}). Clearly, f is an extension of u. By Fatou’s
lemma,

R(r,D)(u) < ¥V, D(f) < hkn_l)gf \Ilrnkpnk (fri) = hkn_l)iorolf R(Tnys Dy ) (u).

Combining this with (4.2), we see that

R(r,D)(u) = kli_)ngo R(rn,, Dy ) ().

Since the argument works for any sequence (r},, D.) — (r, D), we actually have

R(r,D)(u) = lim R(rn, Dp)(u).

n—oo

The theorem follows immediately since u can be any function in I(Vp). O

5. A fixed point problem

In this section, analogous to the case of PCF self-similar sets (see [22, 34]), we
consider the renormalization equation

R,D = AD, (5.1)

with A > 0. We will prove that for each given p < r < 1, there always exists a
positive A such that (5.1) has a solution D in M. Nevertheless, this is not enough
for the construction of a satisfying resistance form on G for our later purposes. In
order that cells of same size are assigned with the same renormalization factors, we
will in addition require A = 2, i.e.

R, D = r’D. (5.2)

The existence and uniqueness of such a solution is the main purpose of this section.

It is natural to consider resistance forms on G that are symmetric with respect
to the reflection symmetry of G. So we look at the resistance forms on V[ which are
symmetric in the sense that ag1 = agp2 in (3.1). We denote Mg for the set of all
such resistance forms.

THEOREM 5.1.

(a). For each p <r <1, there exists a unique pair of \(r) and D(r) € M (up to
constants) satisfying (5.1), where X(r) is decreasing and continuous in r, and

D(r) is in Mg.

(b). There exists a unique p < r < 1 such that (5.2) has a unique (up to constants)
solution D € M.

We will first prove that for each r, there exist a unique A(r) such that (5.1) has
a solution D(r) in Mg, then prove that D(r) is indeed a unique solution (up to
constants) in M. The existence and uniqueness of a solution to (5.2) will follow
from the properties of A(r). We divide these into two subsections.
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5.1. The existence of a symmetric solution

We begin with some simple observations.

LEMMA 5.2. Let p <r <1 be fized, and suppose that there is a solution to (5.1).
Then the constant \ depends only on r.

Proof. This follows from a standard argument like the finite graph case [29]. Sup-
pose that D, D’ are two solutions to (5.1) with A, M being the corresponding

constant. Let u € [(V}) so that D(u)) SUDy Leonstants DD(;’)) := 0, and let f be the

harmonic extension of v with respect to ¥, D. Then
ND'(u) = R, D (1) < U, D' (f) < 0%, D(f) = R, D(u) = XD (w).
This implies that \’ < A. A same argument also shows that A < . O

Inspired by lemma 5.2, we can view the constant A in (5.1) as a function of r.
On the other hand, the problem of solvability of (5.1) can be transferred to a fixed
point problem.

DEFINITION 5.3.
(a) Define
Ms = {D e M:D(f) = a(f(a0) = F(a1)* + a(f(q0) = F(g2))”

+(1-a) (@) - f(@)’ 0 <a<1f,

and for 0 < s <1,

MEY = {D e MiD(f) = a(fla) - fl@))’ +a(fla) ~ [(a2))*
+(1*a)(f(111)*f(112))2,5<a< 1}.

(b) For each D € Mg, there is a unique constant ¢ such that ¢D € Mg, and we
denote the resulting form TD. We define R Mg — Mg to be the map given
by R, =T oR,. As before, we write R(r,D) = R,.(D).

The following lemma will play an essential role.

LEMMA 5.4. For p<rg <r1 <1, there exists 0 < s <1 such that R : [ro,r1] X
Mg — /\/lss Al
Proof. Let D e Mg, rg <7 <r; and R be the resistance metric on V; associ-

ated with W, D. For convenience, we write D(f) = a(f(q0) — f(q1))? + a(f(q0) —

£(g2))* +0(f(q1) — f(g2))?, with a > 0,b > 0.
First, by the series law for resistances, for any f € {(V1), we have

D(f) =Y ar ™ (F(Fa0) — FFT q0))” = a(l =) (f(a0) = Flan)

so we have R(qo,q1) < 20 S ano
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Next, let f be the linear function on R? such that f(q1) =0, f(q2) =1 and

f(go) = %, so f only depends on the z-coordinate. We introduce a ‘horizontal’

edge relation ‘~j’ on Vj: for distinct p, ¢ € Vi, denote
p ~p, q if there exists w € Wy so that p,q € {Fq1, Fug2}-
For each p € Vi, we write
plh={q€Vi:q~np, or g~n g, q ~p p for some ¢ € V1}.
Then we modify f on Vj into a function g € [(V7) as

qu[p]h f(q)

, VpeV.
#pln e

9(p) =
By doing this we have
L. g(p) = 9(q) if [p]n = [q]n;
2. 1g(p) — 9(a)| < c1p™ if p,q € FyVp with w € Wi .
Thus, we have

U,D(g)=>_ > r'"'D(goF,)

=1 weWy

o
< 26%& Z ril+1p21#Wl7g
=1

oo
c c
< ea E rll = @20, < 20 a,
=1 r=p To—p

where we use the estimate #W7,; < p~!. Thus, g extends to g € C(V;) by propo-
sition 3.3, and it is direct to check that glv, = f|v,. As a consequence, we get

R(q1,q2) > "=La"".
Due to the above two estimates, there exists ¢z > 0 independent of D such that

R(q()vql) <y
R(qla Q2)
- ~ 51
Then an effective resistance calculation gives that R(r, D) € ME;C?’ ) The lemma
follows. O

By using lemmas 5.2 and 5.4 and theorem 4.2, we can easily prove the following
proposition.

PROPOSITION 5.5. Let p < r < 1, there always exists a solution to (5.1) in Mg,
with A uniquely determined by r. In addition, regarding X as a function of v, A(r)
is decreasing and continuous in .
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Proof. First, we have R, : /\;l[g’l} — /\;l[ss’l] for some s > 0 by lemma 5.4. Together
with theorem 4.2, the existence of a fixed point of R, is then an immediate
consequence.

Next, let 71 < 79, and assume that R,,D; = A(r1)D; and R,,Ds = A(r2)Ds. Let
u € l(Vp) so that Iféug = SUDyLconstants gfgg; =40, and let f be the harmonic
extension of u with respect to W,, Dy, then we have A(r2)Ds(u) < U, Da(f) <
H\IJTIDl(f) = 9)\(7’1)7)1 (u) So we get /\(TQ)S)\(’/]).

Finally, let 7,, — r, and let D,, € Mg be a sequence of solutions to Ry, Dy =
A7) Dy, Clearly, we have p < inf,>1 7, <sup,>;7n < 1,80 {Dp}nz1 C /\;l[;’u for
some s > 0 by lemma 5.4. Thus, there exists a subsequence {ny}x>1 such that D,
converges to some D € Mg and A(7p, ) converges. By theorem 4.2, we conclude that
R.:D = (limg—00 A(7,,))D. So A(r) = limg_, o0 A(ry,, ). Since the argument works for
any sequence 1, — r, A\(r) is continuous in r. O

We have an easy estimate of A(r).

—1
1 r
1—r 2+4+2r42r2

<A(r) € 52

LEMMA 5.6. For p <r <1, we have ( Ty

Proof. We consider a function u € I[(Vy) with u(go) =0 and u(q1) = u(ge) = 1.
Without loss of generality, we assume the solution D € Mg has D(u) = 2. To get
an upper bound for A(r), we construct an extension f € [(V7) of u by setting

07 lfp = qo,
fp) = 55, ifpe{Fiq, Faqo},
1, it pe VAU F VL \ {Fiqo, Faqo}-

Then the upper bound follows easily from the following estimate:

RAD(u) < U, D(f) = ((21)2 +2r7t (1 -3 i T)2> D(u) = 5 i rD(u).

To get the lower bound, we look at a subgraph in (Vj,~), whose vertices are
{Flqo}iy with i € {1,2} and [ > 0, together with

pio = Fiqo, pin = FiFjq, pi2 = FiF;Fiqo,

pis = FiFjFq, pia=FFiq, pis=Fq,
with i,j € {1,2} and j # i, and edges inherited from (V3, ~) (with horizontal edges
deleted), see figure 5. Let f € I(V7) be the harmonic extension of u, denote ¢; =

r~!=1 for 1 €{0,1,2}, and ¢; = r'=6 for [ € {3,4}, then the lower bound follows
from the estimate that

4
D(u) = >3 (ZT_Z( F(Flao) = F(F "0 ) +> e (fpin) - pzl+1))2>
1=0

1=1,2

1 r -1 1 r -1
>2 - = — D(u),
- (177« 2+2r+2r2) <17r 2+27’+2r2) (u)
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Figure 5. The subgraph of (V1,~) constructed in lemma 5.6.

where the last inequality can be done by an easy computation of the effective
resistances on the subgraph (for i € {1,2}, firstly connecting the resistors along
{pi,l}?:o in series, secondly connecting the resulting effective resistor with the
resistor between p;o and p;s in parallel; lastly connecting all the resistors in
series). O

Using proposition 5.5 and lemma 5.6, we arrive at the main result of this
subsection, concerning the solvability of (5.2).

THEOREM 5.7. There exists a unique p < r < 1 such that (5.2) has a solution D €
M.

Proof. By proposition 5.5, we see that there is a continuous function A(r) so that
RA(D) = A(r)D has a solution. Noticing that

1 p -t 5 2
Alp) = — >1—p=p°, and A\(1) < = < 1,
0> (12 - 5r9057) p= % amd A1) < -
there exists p < r < 1 such that A(r) =72 by lemma 5.6. The uniqueness follows
from the fact that A(r) is decreasing in r, while r? is strictly increasing. O
REMARK. We can see the uniqueness of r from another point of view. Let 0 = 187

log p’
we will see in § 7 that 0 + dg is the walk dimension of the resulting diffusion process

on the metric measure space (G, d, py ), whose uniqueness is shown in [17, theorem
4.6] under some weak conditions on the heat kernel.

5.2. The uniqueness

In this subsection, we consider the uniqueness of the solution to (5.1) or (5.2).
The proof is inspired by Sabot’s work [34].

THEOREM 5.8. Let p <1 <1 and D € Mg be a symmetric solution to (5.1). Then
D is the unique solution in M to (5.1).
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For fixed p <r <1 and D € Mg satisfying (5.1), for convenience, we always
write

1. hg for the harmonic function with hs(go) = 0, hs(q1) = hs(g2) = 1, and denote
Es={f€l(V): f(e) =0, f(q1) = flg2) = c,c € R}

2. hg for the harmonic function with h,(qo) =0, ha(q1) = —ha(g2) = 1, and
denote E, = {f €1(Vo) : f(q0) =0, f(q1) = —f(g2) = ¢,c € R}.

Both hg, h, are harmonic with respect to ¥, D on Vi \ Vg, i.e. W, D(h,, ) =
U, D(hg, f) = 0 for any f € Dom(¥, D) such that f|y, = 0.

LEMMA 5.9. For r, D as above, we have

hs(Fiqo) = hs(F2q0) = A(r),  ha(F1q0) = —ha(F2q0) =,
for some |n| < A(r).

Proof. For convenience, we write D in the form D(f) = a(f(q) — f(q1))® +
a(f(go) — f(g2))* + b(f(a1) — f(a2))?, with a > 0,b > 0.

First, let h =1 — hs, we have R, D(hs,h) = —2aA(r). On the other hand, let
f €1(V1) be defined as f(p) = d4y.p, then clearly f € Dom(¥,D), and f|v, = h|v,-

Since hy is harmonic,
\IJTD(hw h) = \IITD(hSa f) = —ahs (F1q0) - ahs(F2q0)-

This shows the first assertion since R, D(hs, h) = ¥, D(hg, h).

Next, by the symmetry of D, there exists a number 7 such that h,(Fiqo) =
—ha(F2q0) = 1. We need to show that |n| < A(r). We consider the matrix M such
that

(h(F1q0), h(F2q0))" = M (h(q1), h(a2))"

holds for any harmonic function h with h(go) = 0. Due to the Perron-Frobenius
theorem, it suffices to show that each entry of M is positive. This can be
deduced by proving the harmonic function h; with boundary value hi(q) =
1,h1(q0) = h1(g2) = 0 is positive on V; \ V4. To see this, we assume there exists
p € Vi \ V such that hq(p) = 0. Let ¢, € Dom (¥, D) be defined as ¢,(q) = 6, 4,
then ¥, D(¢p, h1) = 0, so hi(p) is the weighted average of its neighbours. Thus, hq
is zero on the neighbours of p. Repeating the argument, we see that hq|y, = 0. A
contradiction. (]

Proof of theorem 5.8. Assume there is another solution D' € M to (5.1).
Firstly, we will show that D’ is also symmetric. By diagonalizing D’ with respect
to D, we have two 1-dimensional non-constant subspaces Ly, Ly of I(V}) such that

1. L1, Ly are orthogonal with respect to both D and D’;

2. D'|p, = k1D|p, and D'|L, = kaD|p,, with 0 < k1 < Ka.
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Let u € Ly and h,, be the harmonic extension of u with respect to ¥, D. Then

A()D' (u) = ko A(r)D(u) = koW, D(hy) = Z 1 o D(hy, o Fy)
weWy

> N WD (hy 0 Fy) = 0,0 (hy) > Mr)D (w).
weWy

This implies that for each w € Wy, D'(hy o F,,) = k3D (h, o F,,), and thus h, o
F,, € Ly + constants. In particular, we have h, o Fy € Lo 4 constants, which
means Lo + constants is an invariant space under the mapping u to h, o Fy. By
lemma 5.9, we see that Ly + constants is either E, 4+ constants or E, 4+ constants.
Thus, we have D' € Mg.

Secondly, from the above argument, it is not hard to see that hs o Fy, € Fs +
constants and h, o F,, € E, 4+ constants, for any w € Wj.

Lastly, arbitrarily pick a D € Mg, we will prove that D must also solve (5.1).
However, this will make 7~3T(./\{ls) = ./\Zl s, which obviously contradicts Lemma 5.4.
To achieve this purpose, let hy and h, be the harmonic functions with respect
to U, D, with the same boundary value on Vy as hs, he. By following the same
argument as [34, lemma 5.9] due to Sabot, we can see that iLS = hs and Ba = hg.
For convenience of readers, we reproduce the proof here. Write g = hy — hs. Also,
for each w € Wy, let gy, s € Es 4 constants, gy,q € Eq + constants such that g,, =:
go Fy = gu,s + Guw,q- Then, denoting h,, ¢ =: hs o F,,, we can see that

U,D(g) = ¥, D(he,g) = Y v " D(hys,gw) = > 77Dy s, gus s)

weWy weWy
=¢ Z r_‘wl—‘rl,D(hw,S’gw,S)
weWy
=c Y v "D(hy o, gu) = ¥, D(hs, g) = 0,
weWy

for some constant ¢, with hs ., =: hs o Fy,, where the first equality is due to the fact
that g|y;, = 0. Thus, g = 0 as desired. As a consequence, we can easily see that, D
is a solution to (5.1), so we arrive at the desired contradiction. |

Finally, theorem 5.1 immediately follows from proposition 5.5, theorems 5.7 and
5.8.

6. Construction of the Dirichlet form on G

We will construct a resistance form on the golden ratio Sierpinski gasket G in this
section. Let p < r < 1, D be the unique solution to (5.2), i.e. R, D = r?*D. We will
focus on this standard form in most contents. For short, we write

[w|

log r
0= pw:prna Tw:pzn
n=1

~ logp’

with po = p? and p; = p2 = p. Obviously, p,, is the contraction ratio of F,.
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The following definition is similar to the construction in [22], though we use the
infinite graphs at each level.

DEFINITION 6.1.

(a) For  m>0 and fe€C(Vy), we write DM(f)= > wew,, To
D(f o Fy), and F™ = {f € C(V,,) : DU (f) < oo}. In addition, for f,g €
Fm) we define

D (f,9) Z (f 0 Fu, g0 Fu).
eEWpn

(b) Define F = {f € C(G) : limy, oo D™ (f) < 0}. For f,g € F, define

E(f.9) = lim D(f,g).

It follows from the definition of ¥, D, D) = +=2¥,D. The limit in (b) always
exists due to fact that

D(m+1)(f) — Z T;1D<f oF,) = Z T;lT_Q‘I’rD(f oFy)

wWEWm 41 weW,,
> Y r'D(foFy) =D(f).
weW,,

In the rest of this section, we will show that (£, F) is a good form.
LEMMA 6.2. Form >0, (D), F(™)) is a resistance form on V,,. In addition, let

o 0= r@P
Rm(p,q)ffesfgn) D)

then we have R, (p,q) = Rm(p,q) if p,q € Vi and n > m.

Proof. (RF1) and (RF5) are trivial. We only need to verify (RF2)—(RF4). For con-
venience, we focus on (D®), F(?)) only, while for larger m, the same proof works
inductively. (RF2). Let {fk}k>1 be a Cauchy sequence in F(2). Then, fi|y, con-
verges in F1) to some f in FM)| since (D(l) .7-"(1)) is a resistance form. Also, for
each w € Wy, fi o Fy, converges in FD to a function f,. Now, define f e l(VQ)
such that fo F, = f, and flvw = f. We show that f e C(V). It suffices to
prove that f is continuous at any point p € V; \ V1. In fact, for any e, there
exists § and N such that 1. for ¢ € Bs(p) N Vi, we have |f(p) — f(q)| < &; 2. for
we oy Wi and ¢,q € F,, Vi, we have | f(q) — f(q')| < e. This follows from the
fact that DY (f o F,) < 7w supys; DA (fy). The continuity of f follows immedi-
ately. Lastly, by using Fatou’s lemma, we can directly check that f; converges to
f in F®. (RF3). First, we observe that the minimal energy extension of f € F(!)
to I(V2) is continuous by a same argument as in (RF2). Let V' be a finite set and
u € (V). First, we always have f; € F( such that fi|y~p, = ulyny,. Then we can
extend f; to be a desired function in F*). (RF4). Let p,q € Vp and f € F@). If
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p € Vi, we let p' = p; otherwise we choose p’ € Vi so that p,p’ € F,V; for some
w € Wy, and thus

DA(f) 21DV (fo Fy) = 1 (f(p) — f(')°,

for some ¢; > 0. Also, we define ¢’ in the same manner. Note that D®)(f) >
DD (f) = o (') — f(¢'))? for some ¢y > 0, it then follows that

DO(f) > minfer, ez} (F() = £ + (F0) = F@))° + (@) = (@)°)
> ¢ (f(p) — f(2))*.

for some c3 > 0. (RF4) follows immediately. Thus, we have proved that (D@, F(2))
is a resistance form on V5. The claim that Ra(p, q¢) = R1(p, q) for p,q € V; is obvious.
The same arguments can be used inductively for m > 3. (|

In some situations, it is convenient to involve words in W..
LEMMA 6.3. Let w € W, and m be the number of 0's in w. Then we have
D(1)<f o Fy) < er(m+1)(f))

for any f € Fm+D) As a consequence, there is a constant ¢ > 0 such that, for any
p,q € F, Vi, we have

Rii1(p.q) < cd(p,q)’.

Proof. Noticing that {wr : 7 € Wi} C Wy,41, the first statement follows. The sec-
ond statement follows from the first statement and proposition 3.3: for any p,q €
Fw Vla

Riy1(p,q) < rwBRi(Fy'p, Fylq) < crwd(Fy'p, Fiytg)? = cd(p, ),

holds for some constant ¢ > 0, where the first inequality follows from the first
statement, and the second inequality follows from proposition 3.3. (|

Using lemmas 6.2 and 6.3, we have the following estimate of the resistance metric.

LEMMA 6.4. For m =0 an
well defined on (U,,>0 Vim)
c>0.

Vin, define R(p,q) = = R, (p,q). Then R(p.q) is

nd p,q €
x ( m>0 o Vim), and we have R(p, q) < cd(p,q)? for some
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Proof. First, we claim that there is a constant ¢; > 0 such that

R(p.q) < c1pf,, Yw e W.,¥p,q € FuG N (| Vi)

m=0

We first consider the case ¢ € F,,V;. Assurge that p € F,,V,, for some n > 1, then
we can find 7 € W,,_q such that p € F,F,V;. We can then find a sequence

q=Do,P1; " 5 P|r|+1 = D,

such that p; € FwF[T]i_lvl N FwF[T]jvl for 1 <i < |7]. As a consequence, by using
lemma 6.3, we see that
. 7] 7] ‘ e
R(p,q) < 202 d(ps, pir1)’ < 262(Pwpl)9 < mpgﬂ
i=0 i=0

where ¢y is the same constant in lemma 6.3. For general ¢, we only need to set

¢ = 12_“;9 p%. Now, let p,q € U>>_ Vin. We choose w,w’ € W, such that p € F,,G,

qc< Fw/g and

pd(p,q) < pus pur < p~td(p, ).

In addition, we can find a chain
w=w® w® ... Wk =y

such that min{p., puw' } < ppr < p~2 min{py,, pw} of length at most c3, where c3 is
a constant independent of p, g. By choosing a sequence p = pg,p1,- -+, pr+1 = g such
that p; € F,a-yViNF,»Vi, 1 <1<k, we get the desired estimate as above. [

Now, we can show that (£,F) is a good form.

THEOREM 6.5. (£, F) defined in definition 6.1 is a strongly local regular resistance
form on G.

Proof. First, we claim that (€, F) is a resistance form on J,,5o Vin- (RF1) and
(RF5) are obvious given lemma 6.2. Observing that by iterating the minimal energy
extension, we can extend any f € F(™ to f € F thanks to the upper-bound esti-
mate of the resistance metric in lemma 6.4. (RF2), (RF3) and (RF4) are then easy
to show with lemma 6.2. In addition, we see that

R(pv Q) = R(p, q) 1= sup M

, ¥p,qg€ Vin.
fer & pac U

m=0

Next, to prove that (£,F) is a resistance form on G, we need to show that F
separates points in G, just like in proposition 3.3. It suffices to prove that F is
dense in C(G). Let u € C(G), we fix N large enough so that |u(z) —u(y)| <e
if 2,y € F, K and |w| > N. We can apply proposition 4.3 to create f € F such
that || f — ulz=(g) < 2. First, we find f; € FI) such that 1. ||f; — uly, ||~ < e
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2. fi(p) = u(p) for any p € ngl Uwew, , FwVo. Then we apply harmonic exten-

sion to f1 on Vo \ Uﬁf:l Uw6W1 B F, V1. On the cells F,,V; with |w| < N, we apply
the same construction to get fa, but with N — 2 replacing N this time. After
k = [N/2] + 1 times, we get fi, € F*) such that || f, — uly, ||~ < 2¢. Since all cells
have size smaller than p~, by harmonically extending, we get f € F such that
|lf —ullpe(g) < 2¢. Thus, (£,F) is regular resistance form on G. It remains to
show that the form is strongly local. Let f,g € F with supp(f) N supp(g) = 0, then
there exists ¢ > 0 such that d(supp(f), supp(g)) > e. Thus, we have D" (f,g) =0
for large n, because the supports of f and g are suitably separated by n-cells for
large n. By taking the limit, we see that £(f,g) = 0. Clearly 1 € F with £(1) =0,
and it follows that the form is strongly local. |

In the remaining part of this section, we would like to characterize (£, F) as the
unique self-similar form associated with the infinite IFS {F}, }yew, -

THEOREM 6.6. The resistance form (E,F) satisfies the following properties:
(a) FCC(G).
(b) For each f € F, we have f o F,, € F for all w € Wy, and in addition,

E(f) =Y p"E(f o Fu).

weW;

(c) Conversely, let f € C(G), if fo Fyy € F forallw € Wi, and ), cyp, plE(fo
F,) < oo, then f € F.

Moreover, (E,F) (up to constants) and 6 are uniquely determined by the above
properties.

Proof. The claimed properties of (£,F) are immediate consequences of the
construction.

The uniqueness follows by a well-known argument, but in the infinite graph ver-
sion. Let (&, F") be another form satisfying the above properties with 6’ replacing
0. Define D’ to be the trace of £ onto Vp, and write 7/, = p, ' = p? . For any
u € 1(Vp), let h, be the harmonic extension of u to F’, then we can see that

D(w)=E&h)= Y 7", EhuoFy) > Y 7', D ((hyoFu)ly)
weWy weWy

> ' PRD (w),

where R, is the renormalization map introduced in definition 4.1, and we use
properties (a) and (b) in the inequalities.

On the other hand, we can perform the harmonic extension of u in two steps:
first, we extend u to f; € C(V}) so that f; minimizes ¥,.D’, then we take harmonic
extension of f; on each cell F,,G,w € Wi, to f € C(G), by using property (a) and
the Markov property (RF5). In addition, f € F' by the property (c). Then, by
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property (b),

P TPRyD () = D (fi) = Y 1, E (foFy) =E(f) =D (w).
weWy

Thus, we get R,»D’ = r'*D’, which implies that D’ = D and ¢’ = 6 by theorem 5.1.
Finally, by a similar argument, one can easily find that the restriction of £ to V,,
is D™ and the claim that & = & follows immediately by taking the limit. (]

Finally, the form (&, F) is decimation invariant with respect to the graph-directed
construction in definition 2.2.

DEFINITION 6.7. Using the same notation as in definition 2.2, let (&1, F1) = (€, F),
and define (€, F2) as follows:

E(f,9) = ngwl,ngCK2 p;QS(f oFy,,g0 Fw),

Fo={feC(Ky): foF,€FYwe W such that F,,G C Ko, E(f) < oo}.

It is not hard to verify that (€, F2) is a resistance form on Ks. Moreover, we
have

THEOREM 6.8. Recall the notation of definition 2.2, and write pe; for the similarity
ratio of be;, 1 < j < 6. Let (&, F;),i=1,2 be defined as in definition 6.7. Then,
Jor fi € Fi, i =1,2, we have fe,, otbe; € Fe,, for 1 < j <6 and

2 6
gl(fl) = Zpe_jegej,z (fl © 1/Jej)7 52(f2) = Zpe_jagej,z (f2 © ¢ej)~
Jj=1 j=3

Conversely, let f € C(Ky1), if fi ove, € Fe,, for j=1,2, then fi € F1. The same
holds for (€3, F2).

REMARK. At the end of this section, we remark that a same construction can be
applied to get some non-standard self-similar forms on G with respect to the infi-
nite IFS {Fy }wew,, by starting with any solution R, D' = X(r")D'. Theorems 6.5
and 6.8 still hold for the forms, with slight changes of the renormalization factors.
Nevertheless, the good heat kernel estimate (theorem 7.4) will not hold, but it is
possible to get a heat kernel estimate in the form of Hambly and Kumagai’s on
PCF self-similar sets [18].

7. Transition density estimate

Let pg be the normalized Hausdorff measure on G. (£, F) becomes a local regular
Dirichlet form on L?(G, ug) (L*(G) for short) in a standard way (see [22, theorem
2.4.1]). By the celebrated result [15, theorem 7.2.1], there is a Hunt process X =
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(P*, 2z € G, X, t > 0) associated with (£, F) such that

E*[f(Xy)] = Pif(x), ae x€g,

where (P;);>0 is the associated semigroup. In this last section, we will show that
X is a fractional diffusion. We recall from Barlow’s book [3, § 3], for the definition
of this fractional diffusion.

DEFINITION 7.1. A Markov process X = (P*,x € G, X;,t > 0) is a fractional diffu-
sion on the fractional metric space (G,dg, pum) (see §2) if (a). X is a conservative
Feller diffusion with state space G; (b). X is pg-symmetric; (c). X has a sym-
metric transition density p(t,x,y) = p(t,y,z), t >0, x,y € G, which satisfies the
Chapman—Kolmogorov equations and is jointly continuous for t > 0; (d). There
exist a constant B and c;1—c4 > 0, such that for 0 <t <1,

1
d B\ B—1
et /8 exp (—02 <9(“Tt’y)> ) <plt,a,y)
1
B\ A-1
< C3t*dH/ﬁ exp <_C4 (dg(xt’y)> ) ,

where dg is the Hausdorff dimension of G.

Since dy < d by lemma 2.3, it suffices to consider the Euclidean metric d in the
following.

We will closely follow Barlow’s book [3] and Hambly and Kumagai’s paper [18].
We only provide some essential estimates, including a Nash inequality and an
estimate of the resistance metric R.

For convenience, for 0 < s < 1, we write Wy = {w e W, : Pw < 8 < P((uw]|— Ok

and by identifying words representing the same cells, we get a quotient class Ws.

PROPOSITION 7.2 Nash inequality. Let dg = 2df0 with 6 = logr, and f € F, we
have

2+4/d 4/d
1A < e (80 + 1132 ) IAIAE)s
for some constant ¢ > 0 independent of f.

Proof. The proof is essentially the same as that for PCF self-similar sets [18]. We
reproduce it here for convenience of readers. First, we claim that for any f € F,
||f\|%2(g) aE)+ 112 (g)) for some constant ¢; > 0 independent of f. In fact,

let f = fg fdpg and g = f — f, it suffices to check that HgHLQ(g c2&(f) for some
co > 0, which follows from

91220 = = / / 2 dusr(z) dus ()
= // )? dppr (@) dpsr (y) < 26(f),
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where the last inequality is due to (RF4) and proposition 3.3. Next, write f,, =
foF, for we W, for short. Then for 0 < s < 1,

1120y < D2 Al fulltegy < e Y ot (E0) + Iullis)

weW, weW,

<ess™0 N pLlE(fu) + eas™ Y (0l 1 fullzrg))?

’LUEWS wEWs
< es (s + 5 R g))

for some c3 —c5; >0, where in the last inequality, we use the observation
that Zwewgp;(’é'(fw)gc’f(f) for some ¢ >1. In the case that E(f) >
120y we choose s such that S 0E(7) = Iy then [l <

2e5E(f )2dH+9 ||fHL2fl(Hg+9 and so the desired result follows immediately. In the case

that £(f) < || 2. g)s we have [[£22.g) < c1(E(F) + 1121 1g) < 261|121 g, and
the result still follows. O

The Nash inequality provides an upper-bound estimate p(t,z,y) < ¢it~9s/2.
In addition, [p(¢, z,y) — p(t, z,9')| < cat ™ 4/2R(y,y/),Y0 <t < 1,z,y,9 €G. See
[11] for a proof.

PROPOSITION 7.3. Let R(-,-) be the resistance metric associated with (€,F) on G.
Then there exist c1,co > 0 such that

e d(p,q)? < R(p,q) < c2d(p,q)?, Vp,qeg.

In addition, for p€ G and A C G, define R(p, A) =sup{E(f)~t:feF, f(p) =
1, fla = 0}. Then there exists cs,cq > 0 such that

css” < R(p, BS(p)) < cas’,

where Bs(p) ={q€ G :d(p,q) < s} with pe G and 0 < s <1, and BS(p) is the
complement of Bs(p) in G.

Proof. We already have the estimate R(p,q) < cod(p,q)? from lemma 6.4 and
theorem 6.5. Now we show R(p, BS(p)) = c3s% for p € G and 0 < s < 1. Define

Upso= |J FuG with W,.0={we W, :pe F,G},
wGVAVp,S,o

Upsi = U F,G with Wy o1 = {w € Wy,e : FuGN U0 # 0}.
wEVAVp,s‘l

Clearly, we have U, 5.0 C Up 51 C Bs(p). Since (€, F) is regular, there exists f,, s €
F so that fp,S|U§ ., =0and f,slv,., = 1. As G satisfies the finite type property,

there exists a finite class {(p;,s;)}]Y; such that for any p € G and 0 < s < 1, there
exists 1 <7< N and an affine map ¢ such that ¢ : Ups; — Up, s, for 1 =0,1,
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which maps cells corresponding to Wpys,l to those corresponding to W, ssile In
addition, we require that ¢ maps the boundary of U, 5 ; to the boundary of U,, s, i,
which only depend on how the outside cells of approximately same size intersect
Uy, s;.1- Thus, we can assume that

f i,8i © ¢(q)7 if q el 8,15
fos(q) = g . .
0, ifqeUs, ;.

By a similar observation as in lemma 6.3, there exists m € Z such that

’D(n)(fpi’sl') < ppr(nﬁ_m)(fp’S)a
where py, is the similarity ratio of ¢. So we have £(f, ;) = pqzeé'(fpi’si) <eyts™?
for some constant c3 independent of p, s,i. Since f, s|pe(py) = 0 and f, s(p) = 1, we
get the estimate R(p, BS(p)) > c3s”.
Finally, the estimates R(p,q) = c; d(p,q)? follows from the fact that R(p,q) >
R(p, BY, () = csd(p, q)?, and R(p, BS(p)) < cys? follows from the fact that

R(p, B(p)) < R(p, q) < cz8? for some ¢ € G satisfying d(p, ¢) = s. O

By the resistance metric estimate in proposition 7.3, the Ahlfors regularity of the
measure gy (lemma 2.3) and the resulted estimates from the Nash inequality, there
exist a lower-bound estimate p(t,z,y) > c3t~95/2 and an estimate of the hitting
time cys9%9 < EP7(7,5) < 5597 where 7(7,s) = inf{t > 0: X; ¢ Bs(x)}. See
[3, §8] for details. Finally, by [3, theorem 3.1.1] of Barlow or by following [18], we
can finally find that our diffusion is a fractional diffusion.

THEOREM 7.4. The Hunt process X = (P*,x € G, X,t > 0) associated with the
form (E,F) on L*(G,dy) is a fractional diffusion, with 3 =6 + dy, in the sense
of definition 7.1.

Acknowledgements

The research of Qiu was supported by the National Natural Science Foundation of
China, grant 12071213, and the Natural Science Foundation of Jiangsu Province in
China, grant BK20211142.

Conflicts of interest
The Authors declare that there is no conflict of interest.

Data availability statement
Data sharing not applicable to this article as no datasets were generated or analysed
during the current study.

References

1 T. Aougab, C. S. Dong and R. S. Strichartz. Laplacians on a family of quadratic Julia sets
II. Commun. Pure Appl. Anal. 12 (2013), 1-58.

2 C. Bandt and H. Rao. Topology and separation of self-similar fractals in the plane.
Nonlinearity 20 (2007), 1463-1474.

https://doi.org/10.1017/prm.2023.28 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.28

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

Brownian motion on the golden ratio Sierpinski gasket 725

M. T. Barlow. Diffusions on fractals. Lectures on Probability Theory and Statistics, pp.
1-121 (Saint-Flour, 1995), Lecture Notes in Math., vol. 1690 (Berlin: Springer, 1998).

M. T. Barlow and R. F. Bass. The construction of Brownian motion on the Sierpinski
carpet. Ann. Inst. Henri Poincaré 25 (1989), 225-257.

M. T. Barlow and R. F. Bass. Transition densities for Brownian motion on the Sierpinski
carpet. Probab. Theory Relat. Fields 91 (1992), 307-330.

M. T. Barlow and R. F. Bass. Brownian motion and harmonic analysis on Sierpinski carpets.
Can. J. Math. 51 (1999), 673-744.

M. T. Barlow, R. F. Bass, T. Kumagai and A. Teplyaev. Uniqueness of Brownian motion
on Sierpinski carpets. J. Eur. Math. Soc. 12 (2010), 655-701.

M. T. Barlow and E. A. Perkins. Brownian motion on the Sierpinski gasket. Probab. Theory
Relat. Fields 79 (1988), 543-623.

S. Cao and H. Qiu. Resistance forms on self-similar sets with finite ramification of finite
type. Potential Anal. 54 (2021), 581-606.

S. Cao, M. Hassler, H. Qiu, E. Sandine and R. S. Strichartz. Existence and uniqueness of
diffusions on the Julia sets of Misiurewicz-Sierpinski maps. Adv. Math. 389 (2021), 107922.
E. A. Carlen, S. Kusuoka and D. W. Stroock. Upper bounds for symmetric Markov
transition functions. Ann. Inst. H. Poincaré Probab. Stat. 23 (1987), 245-287.

J. M. Fraser. Assouad dimension and fractal geometry. Cambridge Tracts in Mathematics,
vol. 222 (Cambridge: Cambridge University Press, 2021).

P. J. Fitzsimmons, B. M. Hambly and T. Kumagai. Transition density estimates for
Brownian motion on affine nested fractals. Commun. Math. Phys. 165 (1994), 595-620.
T. C. Flock and R. C. Strichartz. Laplacians on a family of quadratic Julia sets 1. Trans.
Am. Math. Soc. 364 (2012), 3915-3965.

M. Fukushima, Y. Oshima and M. Takeda. Dirichlet forms and symmetric Markov pro-
cesses. Second revised and extended edn. De Gruyter Studies in Mathematics, vol. 19
(Berlin: Walter de Gruyter & Co., 2011).

S. Goldstein. Random walks and diffusions on fractals. Percolation theory and ergodic
theory of infinite particle systems (Minneapolis, Minn., 1984-1985), IMA Vol. Math. Appl.,
vol. 8, pp. 121-129 (New York: Springer, 1987).

A. Grigor'yan, J. Hu and K.-S. Lau. Heat kernels on metric measure spaces and an
application to semilinear elliptic equations. Trans. Am. Math. Soc. 355 (2003), 2065-2095.
B. M. Hambly and T. Kumagai. Transition density estimates for diffusion processes on post
critically finite self-similar fractals. Proc. London Math. Soc. 78 (1999), 431-458.

B. M. Hambly and S. O. G. Nyberg. Finitely ramified graph-directed fractals, spectral
asymptotics and the multidimensional renewal theorem. Proc. Edinb. Math. Soc. 46 (2003),
1-34.

J. Kigami. A harmonic calculus on the Sierpinski spaces. Jpn. J. Appl. Math. 6 (1989),
259-290.

J. Kigami. A harmonic calculus on PCF self-similar sets. Trans. Am. Math. Soc. 335 (1993),
721-755.

J. Kigami. Analysis on fractals. Cambridge Tracts in Mathematics, vol. 143 (Cambridge:
Cambridge University Press, 2001).

T. Kumagai. Estimates of transition densities for Brownian motion on nested fractals.
Probab. Theory Relat. Fields 96 (1993), 205-224.

S. Kusuoka. A diffusion process on a fractal. In Probabilistic methods in mathematical
physics, pro. taniguchi intern. symp. (Katata/Kyoto, 1985) (eds. K. Ito and N. Ikeda), pp.
251-274 (Boston: Academic Press, 1987).

S. Kusuoka and X. Y. Zhou. Dirichlet forms on fractals: Poincaré constant and resistance.
Probab. Theory Relat. Fields 93 (1992), 169-196.

K.-S. Lau and S.-M. Ngai. A generalized finite type condition for iterated function systems.
Adv. Math. 208 (2007), 647-671.

T. Lindstrgm. Brownian motion on nested fractals. Mem. Am. Math. Soc. 83 (1990),
iv+128.

D. Mauldin and S. Williams. Hausdorff dimension in graph directed constructions. Trans.
Am. Math. Soc. 309 (1998), 811-829.

https://doi.org/10.1017/prm.2023.28 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.28

726

29
30
31
32
33
34

35

S. Cao and H. Qiu

V. Metz. Hilbert’s projective metric on cones of Dirichlet forms. J. Funct. Anal. 127 (1995),
438-455.

M. Moran. Hausdorff measure of infinitely generated self-similar sets. Monatsh. Math. 122
(1996), 387-399.

S.-M. Ngai and Y. Wang. Hausdorft dimension of self-similar sets with overlaps. J. London
Math. Soc. 63 (2001), 655-672.

H. Rao and Z.-Y. Wen. A class of self-similar fractals with overlap structure. Adv. Appl.
Math. 20 (1998), 50-72.

L. G. Rogers and A. Teplyaev. Laplacians on the Basilica Julia sets. Commun. Pure Appl.
Anal. 9 (2010), 211-231.

C. Sabot. Existence and uniqueness of diffusions on finitely ramified self-similar fractals
(English, French summary). Ann. Sci. Ecole Norm. Sup. 30 (1997), 605-673.

A. Teplyaev. Harmonic coordinates on fractals with finitely ramified cell structure. Can. J.
Math. 60 (2008), 457-480.

https://doi.org/10.1017/prm.2023.28 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.28

	1 Introduction
	2 Preliminary
	3 Resistance forms on the infinite graph V1
	4 A renormalization map
	5 A fixed point problem
	5.1 The existence of a symmetric solution
	5.2 The uniqueness

	6 Construction of the Dirichlet form on G
	7 Transition density estimate
	References

