S. Ullom
Nagoya Math. J.
Vol. 34 (1969), 153-167

NORMAL BASES IN GALOIS EXTENSIONS
OF NUMBER FIELDS

S. ULLOM*

Introduction

The notion of module together with many other concepts in abstract
algebra we owe to Dedekind [2]. He recognized that the ring of integers
Oy of a number field was a free Z-module. When the extension K/F 1is
Galois, it is known that K has an algebraic normal basis over F. A
fractional ideal of K is a Galois module if and only if it is an ambiguous
ideal. Hilbert [4, §§105-112] used the existence of a normal basis for cer-
tain rings of integers to develop the theory of root numbers— their decom-
position already having been studied by Kummer.

Let K/F be a Galois extension of number fields. A necessary condition
that Ox have a normal basis was given by Speiser [9], namely that K/F
be tamely ramified. Hilbert [4, Theorem 132] showed O, has a normal
basis when K/Q is abelian and the degree of K/Q is prime to the discrimi-
nant of K/Q. E. Noether [7] proved that if K/F is tamely ramified, then
Ok has a normal basis everywhere locally. When K/Q is abelian with
G = G(K|/Q), Leopoldt [6] gave a complete structure theory for Ok as a ZG-
module using Gauss sums as generators. Iis theory uses in a crucial way
Kronecker’s theorem that every absolutely abelian field is a subfield of a
cyclotomic field and that the base ring of integers Z is a principal ideal
ring. Frohlich [3] using “Kummer invariants” considered the case when
K/F is a Kummer extension and gave necessary and sufficient conditions
that Ox have a normal basis. Yokoi [11] using the structure theory of
integral representations of cyclic groups of prime order described the in-
tegral representations afforded by Ok, K/Q a cyclic extension of prime

degree.
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Here we continue the study of the relationship between module struct-
ure and arithmetic properties. We consider all ambiguous ideals of K, not
just the ring of integers of K, as Galois modules. In Chapter I the ques-
tion of existence of normal bases of ambiguous ideals in tamely ramified
abelian extensions of the rationals is reduced to the corresponding question
for ambiguous ideals of the cyclotomic field Q(I) of I-th roots of unity over
Q. A sufficient condition for all the ambiguous ideals in a cyclic extension
of the rationals of prime degree to have a normal basis is given in Theorem
1. 10. (All field extensions are assumed finite and all modules finitely gene-
rated over their ring.)

Chapter II gives necessary conditions for an ambiguous ideal in a wildly
ramified Galois extension to have a normal basis; among them is the triviality
of a second ramification group. These conditions are sufficient for abelian

extensions of @ and quadratic extensions of Qy—1). The latter statement
is proven in the author’s thesis.

Chapter I. Normal bases in abelian extensions of the rationals

We begin the chapter with some general properties of ambiguous ideals.
Let K/F be a Galois extension with Galois group G, F the quotient field
of a Dedekind domain Op, Ok the integral closure of Oy in K. Residue
class field extensions are assumed separable. The ring of integers O is a
Dedekind domain and a G-module under Galois action. For ge K and
¢ € G we denote either by ¢8 or g’ the action of ¢ on g If -G, we
write (87) = g7’.

DeriniTion. Let P be a prime ideal of K with ramification index e
over F. B is tamely ramified over F if the characteristic of the field Ox/B N0,
is prime to e. If every prime of K is tamely ramified over F, K/F is said
to be tamely ramified. Prime ideal of F (resp. K) means prime ideal of
Oy (resp. Og). An ideal ¥ (possibly fractional) of K is G-ambiguous or
simply ambiguous if A is a G-module.

Let p be a prime ideal of F decomposing in K as pOx = (B, « - + B,)".
Set ¢(p) =B, -+ + B,. It is known that

(i) ¢(p) is ambiguous and the set of all ¢(p), p prime in F, is a free
basis for the group of ambiguous ideals of K,
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(ii) An ambiguous ideal & of K may be put in the form Ab where
b = ideal of F,

Ay =g - -+ 90", 0=<a;<e,

where e;> 1 is the ramification index of a prime of K dividing p,. ¥« de-
termines ¥, and b uniquely. A, is called a primitive ambiguous ideal. For A
ambiguous, ¢(p)* | shall mean PB*|A, B any prime of K dividing p, where
u may be negative.

We now determine the trace Sg/zA of an ambiguous ideal % of K.
Since the trace function S = Sg, is F-linear, SU is an ideal of F. Let p
be an arbitrary prime ideal of F with pOx = ¢(p)°, ¢®)*IIA, and ¢p)™|D(K/F)
the relative different of K/F. [x] denotes the greatest integer less than or
equal to the real number x. The next proposition generalizes a result of
Yokoi [12, Prop. 2, p. 209].

1. 1. ProrosiTioN. Take K|F as in the first paragraph of this chapter; let
A be an ambiguous ideal of K and p a fixed but arbitrary prime ideal of F. The
p-component of SA is q7 where p” is the highest power of p dividing AD(K|F).

Proof. For any ideal b of F, by denotes the p-component of b.
For ideals % of K, b of F we have SA S b <SS A D YK/F). If r is
an integer, this means

SAp P S s=er —méSr=<{(m+ s)le.
The maximum integer 7 satisfying this is » = [(m + s)/el.
1. 2. CororrLArRY. I[f K|F is tamely ramified, then S%U = A N F.
Proof. The p-component of % N F is p¥ where
y =[e—=1+s)el

Since K/F is tamely ramified, m =¢—1. By 1.1 the p-component of SA
is p” where

r =[m+ s)le] =[(e — 1+ s)/el.

Now use the fact that in a Dedekind domain an ideal may be written
uniquely as a product of powers of prime ideals.

We now make some observations on ambiguous ideals as Galois modules.
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1. 3. ProrosiTioN. Suppose G = G(K|F) and H is a subgroup of G. K|F
tamely ramified implies any ambiguous ideal N of K is OgH-projective.

Proof. By Rim [8, Prop. 2.3, p. 702] it is enough to show A is Op-
projective and there exists an Opg-endomorphism p: A —A such that
ag{o‘o(a'la) =gq for all « € 9.

Since ¥ is a finitely generated torsion-free Op-module, A is Oz-project-
ive. Let L be the fixed field of H. KJ/F tamely ramified implies K/L
tamely ramified. Thus 38 € Ox with Sg;(8) =1. Now take p to be multi-
plication by g.

1. 4. CoRrOLLARY. U s cohomologically trivial as a G-module.

DeriniTioN.  An ideal % of K has an OpG-normal basis if A is isomor-
phic to the group ring OrG (isomorphism of OzG-modules); equivalently
Ja €A such that every element of % may be put in the form Z‘,Gaaa",a,GOF.

ce

The notation for this will be A = OzG-[e]l. We may also say % has a
K/F-normal basis, or simply normal basis and write % =[a]. Note U is
ambiguous if it has a normal basis.

In 1.5 and 1.6 L is an intermediate field F < L € K, fixed by the
normal subgroup H < G.

1. 5. Remark. (i) If an ideal A of K is G-ambiguous, then A N L is
G/H-ambiguous.

(ii) If an ideal b of L is G/H-ambiguous, then the extended ideal 6Oy of
K is G-ambiguous.

1. 6. ProrosiTioN. If % = OG -[al, then A N L = Op(G/H) - [Ski(a)].

Proof. A N L is a G/H-module, since H acts trivially on % N L. Write
ge A as EGa,a’, a. € O
TE

g =2a.a" =X a. el
T

T

If peANL, then g’ =8 for ¢ € H; consequently, ¢ € H implies a.=a.,1,
le., a.=a,,. For geANL,

ﬁ = r% ardz aro’ = r%{ arSK/L(aT),

eH
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where Zgz denotes a sum over a complete set of coset representatives for
7/
G/H.

Note Sgila) e A N L. Since Sg/.(a’) = (Sk/.(a))’, we conclude

AN L = OxG/H)[Skr()].

1. 7. Remark. Take KJF as in the first paragraph of this chapter,
an ambiguous ideal of K. Suppose A = O;G-[a] for some e« € A. If b is
a principal ideal (b) of F, then the ideal bY = OG- [bal.

As a consequence, we see that if Oy is a principal ideal domain, the prob-
lem of showing an ambiguous ideal has a normal basis reduces to the cor-
responding problem for primitive ambiguous ideals.

1. 8. ProrosiTioN. Let F be an algebraic number field with K,, K, Galois
extensions of F such that K, N K, = F and the discriminants D, = D(K,;/F), i = 1,2,
are relatively prime. Let N; be an integral ambiguous ideal of K, with ;=
O;G;+le;], a; €N, where G, = G(K,|F). Then the ambiguous ideal A,N, of
L = KK, has a normal basis, i.e., AN, = OzG [aya,], where G =G, X G, =
G(LIF), o= (o1,05) € G, X G, acts on o,y by

o(eryerp) = (0100,)(oet5).

Proof. Let ¢;”, j=1, - -+, m, be the distinct F-autmorphisms of K;,
i =1,2. The square of the determinant

A[az] = det("j(i)o'k(i)ai)’ l = 1’ 29

is the discriminant (with respect to K;/F) of the OyG,-module generated by
a;,, Let €=%A, (in O;). We have
Dy #(€) = (N #&)*D(LF)
and
N #€ = (Nic,s #%1)™2(Nicyt %) ™1

Set M = OxG -[a;e;]. Clearly M c €. It suffices to show the discrimi-
nants of M and € coincide as ideals of Op. The relative discriminant of
M is Maa,)?.  One finds '
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dla o, = Ao Predla, ™
= (1\7K1/I«'QI1)2m2(]VKzl1«’912)27'”D1”L2D2m1
= D(L/F)(NLIF@)Z-

One uses D, D, relatively prime to obtain the last equality.

The assertions on the Galois group G(L/F) follow at once from the
shifting theorem of Galois theory.

We now restrict our attention to cyclotomic extensions. Let F be an
extension of the rationals Q. Assume K/F is an abelian extension. From
class field theory there exists in F the congruence ideal group H; with
conductor f to which K is the class field. For p a finite prime of F rami-
fied in K, p is tamely ramified in K/F if and only if p||.

Consider K/Q abelian. K is class field to the congruence ideal group
H,.; m(resp. mp.) is the conductor for K real (resp. imaginary), and K<Q(m),
the cyclotomic field of m-th roots of unity over the rationals. If K/Q is
tamely ramified, then m=1, - + - I,, a product of distinct odd primes. Thus

KcQUy+--1,)=Q() - QU,).

Let » be a rational prime and consider its decomposition in Q(m):

POqomy = (By + - + B)* @ = ¢(p)*®.
For a primitive ambiguous ideal % of Q(m) we have
A= gl)" - gl)", 0=<a;<e(ly).

Denote by |, the unique prime ideal of Q(/,) dividing /,, With these nota-
tions !,%11,% as an ideal of Q(I)Q(l,) = Q(I.l,) is ¢(I1)*1¢(l,)%, since no rami-
fication over I; occurs in Q(I,1,)/Q(l;), i+ j. Repeat this argument for the
successive composites of Q(I, « + - [;) and Q(l;,), i =1, +++,r—1. Finally
note that Q(m) is the composite of r linearly disjoint fields Q(l;), whose
absolute discriminants are relatively prime in pairs. Thus 1, 8 applies, and
we have proven the following formal reduction theorem.

1. 9. Turorem. Suppose K|/Q is abelian and tamely ramified, so K< L =
Q(ly+~+1,), I, distinct odd primes. Let I, i =1, -+, r, be the prime ideal of
Q1)) dividing 1, and let N be an ambiguous ideal of L which is the product of
powers of 1; (extended to Oy), i.e., A= IiIIi", j=340). If each factor V7 of A
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has a normal basis in Q(l;), then A <= L has a normal basis. Consequently, the
ambiguous ideal A N K of K has a normal basis.

In order to give a criterion for the’ existence of normal bases in cyclic
extensions of prime degree we define the projective class group P(R) of a
ring R with 1[8]l. Two projective R-modules P;,, P, are equivalent if and
only if there exist free R-modules F,, F, with PL® F, =P,® F,. (All mo-
dules are assumed finitely generated over R.) This set of classes of R-modules
becomes an abelian group when the law of composition is given by direct
sum of R-modules.

Rim [8, Theorem 6. 24, p. 711] has shown for R the group ring ZG
where G is a cyclic group of prime order / and Z the rational integers that
P(ZG) is isomorphic to the ideal class group of the field (/). Further the
identity element of P(ZG) consists only of free ZG-modules.

Let F/Q be-a tamely ramified cyclic extension of prime degree /. Any
ambiguous ideal %A of F is ZG-projective by 1.3 where G = G(F/Q). If
Q(1) has class number one, it follows from Rim’s result that % is ZG-free
and hence has a normal basis. We have proved the theorem:

1.10. THEOREM. Let F|Q be a cyclic extension of prime degree 1 in which
the prime 1 is unramified. Suppose the class number of the cyclotomic field Q(I) is
one. Then every ambiguous ideal of F has a normal basis.

In [5] we obtain a result by purely number-theoretic methods which
includes 1. 10.

We give explicit normal bases for certain ideals of a cyclotomic field.
Let K= Q(l), ! an odd prime, p a primitive /-th root of unity, {=(1—p)Ox,
G = G(K/Q). For an ambiguous ideal A of K, A =[«] if there exists a A
such that every element of % has the form dé}Ga,a", a, € Z. Clearly Og=[p]
and { =[1—p]l. Set m=(l—1)/2 and fix a primitive root » mod I, i.e.,
I —1 is the smallest positive integer such that »'-'=1mod I. Let ¢ be the
automorphism of K which takes p i p".

1. 11. ProrositionN. (i) The ideal \™ of Q(l) has a normal basis
a=1—p)Q1—=p") - (1—p™"), e, I™=[al

(i) For arbitrary j, if UV =I[gl, then l*m+i =[(p*a)*gl, for any ke Zz. 21 is
defined (uniquely mod 1) by A(r —1)=1 mod 1. If S denoles the normalized Gauss
sum
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S = ?:1(_%)ezniall

and (%) the Legendre symbol, then o*a = S, where ¢ = e(r, p) = =+ 1.

Proof. (i) By induction we have

a’ =(—=1pFa, j=1,2,+++,1—1, and
Fi=147r+7r24 -« +ri-1,

Consider the set of elements T = {a,a’, - - -, a®***}. Since there are
2m + 1 distinct powers of p and at most 2m distinct elements in 7, some
power of p does not enter as a factor of @”. One checks that exactly one
power p* of p does not appear. Of course exponents of p are considered

mod /.
Thus

[el=[a, « -+, p*'a, p**a, - - -, pPme]
= a[la t pl-l’ p/“l, c 0y p2m]
= aOK.

But a = (1 — p)"E, E unit of K. Therefore a generates a normal basis of
.
(i) Consider p*a. (p*a)” =—pir-la. Thus r—1=21mod ! and (p?a)’=—p’a.
It follows easily that P = p’a lies in the (unique) quadratic subfield of Q(/)
and in fact P2 = (—1)"I. On the other hand if S denotes the normalized
Gauss sum, then we know S2= (—1)"/. Thus P=¢S for e=e(r,p) = 1+ 1.
When [ =5, there are two primitive roots » mod 5. A computation
shows e(2,e2%) = + 1 and e(3,¢*5) = —1. It is clear that P depends on
the choice of p.
Now let M be the ZG-module [(0*a)*gl=1[7], k€ Z. Recall

(p'a)” = (—1)p’ea.

Thus
M=1[(e*a)B, (= p'a)'g’, - -+, (= Pla)pr]
= (0"a)'[f]
=(1—p)"E-[g], E unit of K,
= [km+],
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One can check that in Q(7), ¥ =[(1— p) (L — p¥)]; in QU1), 1*=[(1—p)
(1—02], C=[1—p)QA—p)(1~p%]. So we have shown up to but not
including {* of Q(11) that ¥ (=1, --.,7—2) has a normal basis of the
form

pPl—p)(l—p")---(1—p""), pE Z,
r some primitive root mod /. However, this pattern fails for {* of Q(11).
Chapter II. Normal bases in wildly ramified Galois extensions

Let K/F be a Galois extension satisfying the conditions of the first
paragraph of Chapter I. We may attach a subscript to an ideal to indicate
the field in which it lies, e.g., Ax, Ar. A prime p of F decomposes in K as
pOx = (B, « - « B,)* = ¢(p)°, where e = ¢p" (¢ = ¢, if characteristic of Ofp is
zero), (e, p)=1, and r=0. K|F is wildly ramified (at B, or over p) if r=1.
Fix some P =P, dividing p. Let L be the fixed field of a subgroup H of
G = G(K/F). We have the ramification groups with respect to $ and K/L

VB, KIL) = {c € H|(6 —1)Og € P?*1}, i=0.
When L = F, we abbreviate V,(B,K/F) as V,. We write T for the inertia
group V,, V for V,.

2.1. TuEorEM. Suppose K|F is wildly ramified. Let B be any wildly
ramified prime ideal of K over p of F and N an ambiguous ideal of K. The zero
dimensional cohomology group H'(V,A) =0 umplies (i) and (ii). If in addition the
inertia group T is abelian, condition (iii) holds.

(1) W), s an integer, implies s=1 mod p".
(i) V,={1). Hence V= (:9Z/pZ.
(i) T=V.
Proof. H'(V,%) =0 means
Skix, A =AN Ky, Ky the fixed field of V.

By 1.1 the exponent of PBx, =P N Ky in Sk, is [(m+ s)/p"] where
B"ID(K/Ky); the exponent of Bx, in AN Ky is [(p" + s —1)/p"]. Thus

1) [m+ 9)/p"]1=[p" + s —1)/p"]

For the remainder of the proof we consider s mod p"; take s€{1,2,---,p"}.
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The ramification groups of K/K, at B are V, N GK/Ky) =V, NV, i=0.
(H:1) denotes the order of a subgroup H of G. We have

]

m

S (VB KIK): 1) — 1)

SV, N Vi1 —1}
=2{V:1)—1} =2(p" —1).

Equation (1) implies

(2" —1) + 9)/p"1=1+ (s —1)/p]
or

(s =1)/p"1-[s —2)/p"]1=1.
For se{1,2, -+ -, "}, s must be 1, i.e.,, s=1 mod p".

Assume V, = {1}, then
m=2(p" — 1)+ (p —1).

Using the result of (i), we have

[@p" -1+ @®@—-1+1/p"1<1.

This is absurd, so V,={1}. V= Gr'lk)Z/pZ since V[V, ¢=1, is abelian of
type (pyp, ct Sty p)'

We know that if ¢ 7T and r €V,, i=1, we have the commutator
oro 'zt €V, if and only if '€V or c €V,,,. See Artin-Tate [1, Theo-
rem 5, p. 111].  When 7T is abelian and V, = {1}, this yields 7 =V.

2.2. Remark. If % has a normal basis, it is cohomologically trivial.
In particular, H'(V,) = 0.

2.3. We determine the ideals with normal bases in wildly ramified
abelian extensions K/Q. For h=1, let L,(I) denote the unique subfield of
Q(I"**) of degree [ where [ is a prime. If /=2, we see L,(I)= Q(2"*).
Let L,(I)= L(I). Define the rational integer D’ as the product of all the
rational primes which are wildly ramified in the extension K.

Suppose K/Q is a wildly ramified abelian extension. Then K < 2, where

Q=P 1II L,(I).
11724
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Of course & depends on I; P/Q is a tamely ramified abelian extension.
In the remainder of this chapter we use the notation G = G(2/Q) and the
subgroups A and B of G fix the fields 2" and K respectively.

DermviTioN.  The Galois extension K/Q satisfies hypothesis H(p) if, for a
prime P of K dividing the rational prime p,

VB, KIQ) = Vi(B, KIQ) = ® ZIpZ, r=1, and V,(B, KIQ) = {1}.

2. 4. Suppose K c 2 described in 2. 3 and K satisfies H(!),/ an odd prime.
Set
M=P- 11 Ly(p), 2 =M-L(l).

»| D/
PEL

We claim K< 2'. Let & be a prime divisor of [ in 2. Since [ is totally
ramified in L,(I) and tamely ramified in M, we have M N L,(I) = Q. Hence
the order of V =V,(%,2/Q) is {". For any subgroup Hc< G put 24 = the
subfield of 2 fixed by elements of H. Since ! is tamely ramified in M,
Q, 2 M; also [2: M]=[L,(l): Q1= 1" Hence 2,=M and V 1s cyclic.
This and hypothesis H(!) imply the ramification index of ! in K is I.
Hence VNB =V,(Q, 2/K) has order [**, Thus A € B, which implies K< 2'.
Suppose K satisfies H(!), ! odd, and K< P-M= 2, where
M= L(l)-II L(p).

p| D’
pFl

We may assume / is unramified in P. In fact let P’ be the inertia field
of &p|! relative to P/Q. The prime [ is unramified in P’ and &, is totally
ramified in P. We claim K < P’- M, which we now call . Let M"+Q
be a subfield of M. In M"” some prime ramifies wildly, so M’ & P.
Therefore PN M= Q. Set

M’ = 11 L,(p)

»| D’
P+l

and P'M’' = P,. Note that P, is the inertia field of Rp|/ relative to 2/Q,
since / is unramified in P,= P’M’ and &p, is totally ramified in Q. Let T
be the inertia group of & fixing P,. 7T is an abelian group of order al,
where [ = (T: A), a=(A:1)=[2: 21=[P: P']. Since P/Q is tamely ramified,
(l,a)=1. Thus T = Z/IZ® A. Since the ramification index of [ in K is [
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T N B has order a.  But T has exactly one subgroup of order a implies
TnB=A, AcB, and finally K< 2.

2. 5. Suppose K satisfies H(2) and K © L;,,(2)- M= 2, where h=1 and
M|Q is abelian and unramified over the prime 2. We claim K< L(2)-M= 2.
Let € be a prime of 2 dividing 2. Since M N L,,(2) = Q, G(L,+4(2)/Q) =
GQIM). £y = M as above. Since

T=V=V/(&RQQ) = Z2Z® Z]2"Z

and hypothesis H(2) holds, the ramification index of 2 in K is 2 or 4.
Consider the latter case. If a prime 8|2, then LQ%|DK/Q); {™|D(2/Q),

m= (h+1)2"**, Consequently, if Q”[|D(2/K), we have by the chain rule for
differents

(2) (h 4+ 1)2* = 6201 + g,

By the theorem on the bound of the power of & dividing ®(Q/K), e.g.,
Weiss [10, Prop. 3-7-23]

(3) x < (h—1)2M g 2ht — 1,

Equations (2) and (3) cannot both hold. Hence the ramification index of
2 in K is 2.

L;.y(2) has three subfields of degree 2, namely L(2)=Qy—1) and
Q*2). Since the ramification index of 2 in K is 2, the subgroup V' n B
has order 2". V contains the subgroup A fixing 2’ of order 2". Either
B2 A (in which case K< Q') or B contains one of the two subgroups
fixing the field M{y+£2).

We assume K< M2 ) and obtain a contradiction. Let F be the
ramification subfield of K, so [K: F]= 2. Since V&, K/Q) = {1}, K=F({2 ).
Since QDFF 2 )/F) and QD(K/F), where in each case D denotes the
relative discriminant, it follows that the ramification index of 2 in K(/2)
is 4. But by assumption K and hence K(/2 )< the field M(/2 ) in which
the ramification index of 2 is 2. Of course we could have replaced y2 by

v—2 . Thus K< L(2)-M as claimed. Sections 2.4 and 2.5 give the fol-
lowing theorem:.

2. 6. THEOREM. Assume K|Q abelian and al each rational prime | wildly
ramified in K we have K satisfies hypothesis H(lL).  Then
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(i) Kc Q=P 1 L)
11D’

where P|Q is abelian and tamely ramified and the absolute discriminant of P is prime
fo D',

(i) An ambiguous ideal N of K has a normal basis implies that at each rational
prime | wildly ramified in K we have ¢(1)°||N where s=1 mod | and for a prime
B of K dividing | we have

VB, KIQ) =V.(B, KIQ) = Z|1Z

and

Vy(B, KIQ) = {1}.

The following proposition provides explicit normal bases.

2.7. Proposttion. Let [ be an odd prime, L = Li(l). Then

(i) L s the only wildly ramified subfield of Q(I™*') containing ideals with normal
bases.

(it) If the prime ideal |1, & of L, then & has a normal basis. Explicitly,
{=[1+T), where T = S(p), S = the trace function from Q(I?) to L, p a primitive
12 root of unity. L is the only primitive ambiguous ideal of L with a normal basis.
(iil) QW—1) is the only (wildly ramified) subfield of Q(2"**) containing ideals with
normal bases. If 812, & a prime ideal of Q(/— 1), then L=[14y—11 is the

only primitive ambiguous ideal of Q(/— 1) with a normal basis.

Proof. Parts (i)-(iii) of 2.1 imply that the ideal & of L is the only
candidate for a primitive ambiguous ideal of a wildly ramified subfield of
Q("Y), [ odd, to have a normal basis.

Every element of Og:y may be written (not uniquely) as l:z_};aipi, @EZ,
Since Q(/?)/L is tamely ramified, SOgq sy = O,. Therefore W = {S(p%)|j =1,

-+, [*—1} contains a Z-basis of O,. Let r be a primitive root mod /2,
GQ(YIQ) =<ad, p°=p", and T;=S(p™), i=0, -+ -, [(l—1)—1. Note
that

T; = S(p7") = S(p*) = S(p)** = S(p)”’ = T
for i=j mod I. Also S(piy=—1for i=1, -+, —1. Thus

W = {_1, TOy Sty TL—1}°

https://doi.org/10.1017/50027763000024521 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000024521

166 S. ULLOM

But T+ -+« + T,-, = sum primitive /2 roots of unity =0. Thus O, has a
Z-basis consisting of the elements 1, Ty, « -+, T,,.

Set T=T, If &|/in L, then 1+ T generates a normal basis of 8. In
fact, p —1 generates the principal ideal of Q(/?) dividing / and

S —1)=T~(l -1) e &

Therefore M=[1+T]< & It suffices to show that the index of M in O,
as a Z-module is [.

1 1 0 0 0
1 0 1 0 0
[OL,: Ml= =1,
1 0 0 o --- 1
1 -1 -1 -1 -+« —1 Iixz

The proof of (iii) follows that of (i) and (ii).
2.8. THEOREM. Let U be an ambiguous ideal of K.  Suppose
K=1 L(I)

1D’

and at each wildly ramified prime 1 of K including 1 =2, ¢(I)I¥, s=1 mod I;
then A has a K|Q-normal basis.

Proof. By the remark of 1.7 it suffices to consider 9 a primitive am-
biguous ideal. For any Galois extension M of @ and rational prime !/
define ¢(I, M) to be the product of all distinct prime ideals of M dividing
1. Any primitive ambiguous ideal % of K with a normal basis must have
the form

A= 11 g(1, K).
The ideals ¢(Z, L(1)) have normal bases in their respective fields. The
extension KJ/L(l) is unramified over the prime of L(I) dividing /, hence

The absolute discriminants of the fields L({) are pairwise coprime, hence we
may ‘“‘multiply the normal bases” (see 1.8) to get a K/Q-normal basis of
A.
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