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ON FRECHET ALGEBRAS OF POWER SERIES

S.J. BHATT AND S.R. PATEL

If the indeterminate X in a Fréchet algebra A of power series is a power series
generator for A, then either A is the algebra of all formal power series or is the
Beurling-Fréchet algebra on non-negative integers defined by a sequence of weights.
Let the topology of A be defined by a sequence of norms. Then A is an inverse
limit of a sequence of Banach algebras of power series if and only if each norm in
the defining sequence satisfies certain closability condition and an equicontinuity
condition due to Loy. A non-Banach uniform Fréchet algebra with a power series
generator is a nuclear space. A number of examples are discussed; and a functional
analytic description of the holomorphic function algebra on a simply connected
planar domain is obtained.

1. INTRODUCTION AND EXAMPLES

A Fréchet algebra is a linear associative algebra A with identity and having a
Hausdorff topology defined by a sequence (p,c)k>1 (assumed increasing without loss
of generality) of submultiplicative seminorms on it such that A is complete in this
topology. Such an A is an inverse limit of a sequence of Banach algebras ([5]). A
Fréchet algebra A is called a uniform Fréchet algebra if for each k > 1 and for each
z € A, pr(z?) = pk(x)z. An element z in a Fréchet algebra A is a power series
generator for A if each y € A is of the form y = iz\nz", An complex scalars,

n=0

such that } |An|px(z™) < oo for all k. Let F be the Fréchet algebra of all formal
n=0 oo

power series f = Y. A,X™ having complex coefficients A, and in an indeterminate
n=0

X with the weak topology defined by the projections =, : F = C, m € Z*, where
Tm(f) = Am. A defining sequence of seminorms for F is (px),

o0 k
pk(z A,.X") =" |Aal-
n=0

n=0
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A Fréchet algebra of power series is a subalgebra A of F which is a Fréchet algebra
containing X such that the inclusion A < F is continuous ([7, 8]). A weight function
on Z% is a function w : Z* — R such that for all m, n € Z+, w(m + n) < w(m)w(n)
and w(n) > 0. The present paper is concerned with the following two questions on
Fréchet algebras of power series A.

(1) When is X a power series generator for A7
(2) When is A isomorphic to an inverse limit of Banach algebras of power
series?

We show that X is a power series generator for A if and only if A is either F or is the
Beurling-Fréchet algebra

s

0 (2%,w) =
k

(2%, w)

1

defined by a sequence w = (wy) of weight functions on Z*. It is also shown that if the
topology of A is defined by a sequence of norms (py) then A is an inverse limit of a
sequence of Banach algebras of power series if and only if each py is closable satisfying
the condition

(E): For each m € Z*, there exists ¢y, > 0 such that

| (£)] < emapi(f) for all f € A

The existence of a (px) satisfying (E) is equivalent to Loy’s condition (E) ([7, 8));
whereas closability of a norm on a normed algebra of power series is a necessary and
sufficient condition for the completion to be a Banach algebra of power series. This im-
plies the uniqueness of the Fréchet space topology and automatic continuity of deriva-
tions on the Beurling-Fréchet algebra £!(Z*,w). We also show that a non-Banach
uniform Fréchet algebra with a power series generator is necessarily nuclear as a locally
convex space. The paper ends with functional analytical characterisations of certain
holomorphic function algebras on planar domains.

Our definition of a Fréchet algebra with a power series generator is motivated by Al-
lan’s definition of a Banach algebra with a power series generator ({1]). Banach algebras
of power series have already been established as an important aspect of contemporary
Banach algebra theory. Though Fréchet algebras of power series have been considered
earlier by Loy ([7, 8]); recently they — and more generally, the power series ideas in
general Fréchet algebras — have acquired significance in understanding the structure of
a Fréchet algebra ({2, 3]). We end this introduction by giving few examples of Fréchet
algebras of power series with the objective of fixing notation.
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EXAMPLE 1.1. The indeterminate X is a power series generator for F, since for any

o0 o0 k
F=3" X" D Dalpe(X™) = al = pe(£)
n=0 n=0 n=0
EXAMPLE 1.2. The Beurling-Banach algebra

Mzt w) = {f = f:/\,,X" €EF:|flw:= le\nlw(n) < oo}
n=0

n=0

is a Banach algebra of power series with norm | - |, and having a power series generator
X . Given an increasing sequence w = (wg),, of weight functions, the algebra
=

s

ezt w) = () €12, wi)

k

1l
-

is a Fréchet algebra with power series generator X, the topology being defined by
{| |, : k € N}.

ExXAMPLE 1.3. Let
D={zeC:|Z]| <1}, U={zeC:{Z|<1}.

Let A(D) be the disc algebra on D. Let w = (wk),5, be as above, wi(n) > 1 for all
k, for all n. Let

X £(n)
A(D,wy) == {feA(D):f(z)zzf © v | Flo ._Zlf 0 k(n)<oo}.

!
n=0 n=0 n:

Then (A(D,wk), |- lw,) is a Banach subalgebra of A(D); and identifying f with

00
E ( F¢)(0) / n')X ™, it is a Banach algebra of power series having power series generator

n=0

X. Thus A(D,w) = ﬂ A(D,wy) is a power series generated Fréchet algebra of power
k=1

series. Similarly, one can consider the algebras H*(U,w), H(U,w;) and H(U,w).
Notice that both A(D) and H*°(U) are uniform Banach algebras of power series which
are not power series generated.

ExAMPLE 1.4. Let H(U) be the Fréchet algebra of all holomorphic functions on U
with the compact-open topology defined by the norms

1 loors = sup{[£ ()] : [2] < 74}, (PR)es
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being an increasing sequence of positive numbers rx, 0 < 7, < 1 and r, — 1. The
(o o]

radius of convergence of the Taylor series f(z) = Y (f™(0)/n!)2" of each f € H(U)
: n=0

is not less than 1; and

5 (0) o |£™(0)
SOy, < 2 O o
n=0 n=0

showing that H(U) is a power series generated uniform Fréchet algebra of power series.

o0
It contains the Fréchet algebra H(U,w) := [} H(U,wg). The Fréchet algebra E of
k=1

entire functions with the compact-open topology defined by the norms {||-lco. : k € N}
is a power series generated Fréchet algebra of power series, whose topology is also defined

by {|-Ix:k €N},
E 5 (0
EXAMPLE 1.5. Let C*(T') be the Banach algebra of all C* -functions defined on the unit

circle . Let A¥(T) = {f € C*(T') : the Fourier coefficients f(n) = 0 for all n < 0}.
Identifying f with its Fourier series, A*(T') is a Banach algebra of power series. Let

o0
#4@) = {1 € 440): fles = |l < oo
n=0
a power series generated Banach algebra with the norm |- ¢4 . Let

71l = gmax (supl ()] for f € C=(r).

0gigk

Then for any k, there exists ¢ > 0 such that A**(I') ¢ A*+(') ¢ A*¥(), and
Il < 1fle+ < cllflls+r for all f € A**(T). Thus

A®(D) = ﬂ AKD) = ﬂ AFH(T)
=0
is a Fréchet algebra of power series having power series generator e*®. It is a closed
subalgebra of the Fréchet algebra C°°(T"). Like F, and unlike any non-Banach uniform
Fréchet algebra considered in Example 1.4 above, A®(T") is a Q-algebra in the sense
that its invertible elements form an open set. The Gelfand space of A®(T’) is D.
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2. POWER SERIES GENERATED FRECHET ALGEBRAS OF POWER SERIES

THEOREM 2.1. Let A be a Fréchet algebra of power series in an indeterminate
X . Suppose that X is a power series generator for A. Then A is either F or the
Beurling-Fréchet algebra ¢'(Z*,w) for an increasing sequence w of weights on Z*.
An element z in a Fréchet algebra A generates a cyclic basis [6, Chapter III,
(>}
Section 7] if each f € A can be uniquely expressed as f = Y A,z™, A, being scalars.

n=0
A seminorm p on a Fréchet algebra A having a power series generator z is a power

series generator seminorm if
o0 oo
p( X hne") = 3 Palola”)
n=0 n=0

forall f= > Az"™ € A.

n=0
LEMMA 2.2. Let A be a singly generated Fréchet algebra with a cyclic basis
generated by x. Then there exists a dense Fréchet subalgebra A, of A such that

(i) A; is continuously embedded in A;
(i) A, is a Fréchet algebra having a power series generator z; and
(iii) Ay is a Banach algebra provided A is a Banach algebra.

PROOF: Let (px) be an increasing sequence of seminorms defining the topology

o0
7 of A. Since each f € A has a unique expression f = Y A,z", the extended real

=0
number "

o0
w(f) =3 Malpe(a™) > pe(f)
n=0
is well defined for each k € N. Let
Ay ={f € A: q(f) < oo for all k € N}.
Given

oo oo
F= 2z 9= pnz",
n=0

n=0

the absolute convergence of these series in A implies that

f+g= Z (An + ﬂn)xna fg= Z( ’\m#n—m)xn;
m=0

n=0 n=0
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and for each k,

ae(f +9) < Y 1An + pinlpr(z™) < ar(f) + ar(g) < oo,

n=0
ak(fg) < Z Z |Am| |pn— mlpk( m+ﬂ‘m Z Z |Am| lten—m| Pk (=™ )Pk (xn—m)
n=0m=0 =0m=0
< gk(f)ar(g) < oo.

This shows that A; is a subalgebra of A and (g¢) is an increasing sequence of submul-
tiplicative seminorms on A; defining a topology 7 finer than the relative topology .
We show that (A;,7;) is complete

Let (ym), Yym = E AnmI™, be a - -Cauchy sequence in A,. Then it is 7-

Cauchy, and Ym — Yy in (A 7). Since @¢m(n) = Ay mz™ is 7-Cauchy (in fact, uniformly
7-Cauchy over m), there are scalars A, such that ¢,,(n) = A,z" in 7 uniformly over
m. Then for each 17,

ZM Ip-(x")—zhmm |An,mlpi(2™) < ,,.Zunmlp.(x ) < lim,, ¢:i(ym) < o0

n=0 n=0
(o)
as (ym) is 71-Cauchy. Further Y~ A z™ converges in (A,7); since for each i and for

n=0
each m 2 n,

m n m m
pi (Z AzF — Z /\k:z:k) = p;( Z )\kazk> < Z I/\kIp,-(zk) — 0 asn, m— oo.
k=0 k=0

k=n+1 k=n+1

o
Then we have ) A,z" =y and y,, — y in (A3, 7). Indeed for each i,

n=0
o0 o0
qi (Z Anz" — ym) Z '/\n - An mIP' Z limyg I/\n k— n,mlpi(xn)

n=0 n=0 n=0

< limg Z [Ank = An,mlpi(z™) = limy gi(yx — ym)
n=0
o0
showing that limy, =y = Y A,z" in (4;,71). 1]

n=0
COROLLARY 2.3. Let A be a Fréchet algebra having a power series generator
z. Then z generates a cyclic basis if and only if the topology of A is defined by a
sequence of power series generator seminorms.

PROOF OF THEOREM 2.1: By the uniqueness of the formal power series expression
and the fact that X is a power series generator for A, it follows that {X" : n € Z*}
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is a cyclic basis for A. By Corollary 2.3, the Fréchet topology 7 of A is defined
by an increasing sequence (p,) of power series generator seminorms; and for each

f= E A X™ in A, we have f = lim, Z A X* in the topology 7. For each k,
n=0
w1 ZT — [0,00), wi(n) = px(z™) define a separatmg sequence w = (wg) of funcmons

satisfying wi(n +m) < wi(n)wg(m), we(n) < wg41(n) for all k € N all n, m € Z*.
Let

T VAR® -—{ Z,\X"ef- Z[ka <ooforallk}.

Since each p, is a power series generator seminorm, A C ¢Y(Z* ,w). In fact, A
oo n

=NZtw). Let f = Y AX" € £Z%,w). Let fr = 3 MX*. Since X € A,
n=0 k=0

each f, € A; and (f,) is a Cauchy sequence in A. Thus f € A.
Now we are left with the following possibilities:

(a) All wy are weights.

(b} No wy is a weight.

(c) At least one wy, fails to be a weight.
In the case (c), let G = {wy : wg is not a weight}. If G is finite the corresponding
pr may be deleted, if G is infinite the corresponding p; can be taken to define the
topology so reducing consideration to the case (b). Assume (b). Then for each k, there
is n such that wg(n) = 0. Then for all m € Z*, wr(n +m) < wr(R)wr(m) =0. It
follows that for any f € F,

f= Z,\ X", Z|,\ |wk (n
n=0
for all k. Thus A = F. This completes the proof. 0

REMARK 2.4. Let (4,] -||) be a normed algebra with a power series generator z. Let
A~ be the completion of A. Then A™ need not be a Banach algebra having a power
series generator . Let D = {2z € C: |2] < 1}. Let A(D) be the disc algebra consisting
of functions continuous on D and holomorphic in the interior of D. It is a uniform
Banach algebra with the supremum norm

1fleo = sup{| £(2)] : z € D}

Let A be the subalgebra of A(D) consisting of all functions f whose Taylor series

f(z) = ( (")(0)/n!)2z™ is absolutely convergent on the circle I'. For any f € A4,
o0 o
f(n) o f 0 f(n 0
n=0 n=0 n=0
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This shows that z is a power series generator for the normed algebra (A, || || ). Since
A contains polynomials in z, it follows from the Mergelyan Theorem that A is dense
in A(D) which is identified with the completion of A. However, 2z is not a power series
generator for A(D). Indeed, suppose that z is a power series generator for A(D). Then
for any f € A(D), the Taylor series of f is absolutely convergent on D. Also, since
A(D) is semisimple, the complete norms

I£lleo = sup{|f(2)]| : z € D}

and

2 | fn)
I1=3 2O,

are equivalent. Thus for some M > 0, ([f|| < M||f|l for all f € A(D). Hence, if
sm(f) is the mt! partial sum of the Taylor series of f, then

i ( Ny n & (0) n
femNlp < 32 2Oy < 3 'n oo = 1111 < M1l lloa
n=0 n=0

for all m and all f € A(D ). This contradicts a classical result that there exists a
f € A(D) with ||sm(f)||,, = |sm(f)(Q)| = O(logm) (see [9, p. 264]). Note that
A(D) is a Banach algebra of power series which is not a power series generated Banach
algebra.

PROPOSITION 2.5. Let (A,|-|l) be a normed algebra with a power series
generator £. Let A~ be the completion of A. Then z is a power series generator for
A~ if there exists a power series generator norm |- | on A equivalent to || - ||.

o0
PROOF: Given y = ), Aaz" in A, let |-| be a power series generator norm on A

n=0
0
equivalent to || -||. Then |y] = > |Anl|z"|. Now let y € A~. Choose a sequence
n=0
oo o0
Uk =D MenZ™ [kl = Y Penl |27
n=0 n=0

such that |yx — y| = 0. Now

(o 0]
sup [Aen = Malle® < 3 Akn = Ainl 12" = lyk — ml = 0
nez+ n=0

shows that there exists a scalar sequence (’\n)nez+ such that Ax ,z™ — A,z™ uniformly
over n. Then

oo
Zth"l—thmknnz"l limy Y [Mknl [27] = lim, Jyx] < 0o

n=0 n=0
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oo o [=.%]

showing that Y A,z” € A~ and |yx — > A,z"| — 0. Hence y = Y A z™. This
n=0 n=0 n=0

completes the proof. 0

3. ARENS-MICHAEL DECOMPOSITION

Let us recall the Arens-Michael decomposition defined by a sequence (px) of
submultiplicative seminorms defining the topology 7 of a Fréchet algebra A. We
take p; < p2 < p3 € ... . For each &, let Ny = {z € A pe(z) = 0} an
ideal. Let Ax be the completion of A/Nj in the norm ||z + Ni|lx = px(z). Then
7x{Z + Ngy1) = ¢+ Ni{z € A) extends as a norm decreasing surjective homomorphism
7k Agy1 — Ag such that -

m™ ki3 ¥
AL A EE Ay — L — A & App —

is an inverse limit sequence of Banach algebras; and bicontinuously 4 = l‘iLnkAk. This

is called the Arens-Michael decomposition of A ([5]). This is the basic tool for studying
Fréchet algebras.

Let A be a Fréchet algebra of power series. Let 7 denote the topology of co-
ordinatewise convergence of . We call a seminorm p on A closable if for any p-Cauchy
sequence (fx) in A, fi — 0 in 7 implies that p(fi) — 0. We define p to be of type
(E) if given m € Z*, there exists cm > 0 such that |7, (f)] < cmp(f) for all f € A
([7, 8]). A seminorm of type (E) is a norm.

PROPOSITION 3.1. Let A be a Fréchet algebra of power series. Let p be a
continuous submultiplicative seminorm on A. Let kerp = {f € A: p(f) = 0}. Let A,
be the completion of A/ kerp in the norm ||f +kerpl|l, = p(f). Then the following are
equivalent.

(i) p is a norm and A, is a Banach algebra of power series.
(ii) p is closable and of type (E).

PRrROOF: (ii) implies (i). Since p is of type (E), p is a norm and each 7,
is p-continuous. By continuity, the inclusion (A,p) <> F extends to a continu-
ous homomorphism ¢ : A, - F. Let f € ker¢. Choose a sequence (f,) in
A such that p(f, — f) — 0. Hence (f,) is p-Cauchy. By the continuity of ¢,
&(fn) = fn = &(f) = 0. Then f, = 0 in F. By the closability, p(f,) = 0. Thus
f=0and A, is a subalgebra of 7. Thus A, is a Banach algebra of power series.

(i) implies (ii). That A, is a Banach algebra of power series implies that for each
m € Z*, there exists ¢,, > 0 such that for all f € A4, |7rm(f)| < cmp(f). Also, let
(fa) C A be such that fr, = 0 in (F,7) and p(fn — fm) — 0. Then for some f € Ap,
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p(fn— f)— 0;and so f, — f in (F,7), Ap being a Banach algebra of power series.
Thus f = 0; and (ii) follows. 0

COROLLARY 3.2. Let A = limgA; be the Arens-Michael decomposition of a
—

Fréchet algebra of power series A. Assume that each py is a norm. Then each Ay is a
Banach algebra of power series if and only if each px is a closable and of type (E).

CoROLLARY 3.3. Let A be a subalgebra of F containing X which is a Banach
algebra with a norm || -||. Then A is a Banach algebra of power series if and only if
| - || is closable and of type (E).

It is readily seen that a Fréchet algebra of power series A satisfies Loy’s condition
(E) in [8] (that is, for some ¢m > 0, (c;;!7mm) is equicontinuous) if and only if A admits
a continuous norms of type (E) if and only if the topology of A is defined by a sequence
of seminorms of type (E). Hence Corollary 3.2 gives the following from [7, 8]. Note that
a Beurling-Fréchet algebra £!(Z*,w) defined by a sequence of weights is expressible as
an inverse limit of a sequence of Banach algebras of power series.

COROLLARY 3.4. Let A be the Beurling-Fréchet algebra ¢}(Z*,w) defined by
a sequence w of weights on Z*. The following hold.

(1) A has a unique Fréchet space topology as a topological algebra.

(2) Every derivation on A is continuous

(3) A surjective homomorphism ¢ : B - A from a Fréchet algebra B is
continuous.

It is instructive to exhibit the Arens-Michael decomposition of F defined by (pg),
] k
pk( > /\,.X") = Y |An|- One has Ny = X*¥+1F; and A; = El(Za)), the convolu-
n=0

n=0

tion algebra on the finite semigroup Z?;c) = {0,1,2,... ,k — 1} with addition modulo
k. Certainly, it is not a subalgebra of F = l(iinkll (Z(*;c)). The role of closability, in

Proposition 3.1, is revealed by the following, whose proof we omit.

LEMMA 3.5. Let (A,||-]]) be a normed algebra of power series continuously
embedded in F. Then the completion A~ is a Banach algebra of power series if and
only if || - || is closable.

Being an inverse limit of finite dimensional algebras, F is a nuclear Fréchet space.
The following gives another class of such algebras. It also exhibits a significant difference
between Banach algebras and Fréchet algebras at the level of power series generated
uniform algebras. This is in view of the facts that (i) there exists an infinite dimensional
uniform Banach algebra having a power series generator [1, Proposition 4]; and that
(ii) a nuclear Banach space is finite dimensional (Dvoretzky-Rogers Theorem). In the
following, the topological algebraic property of being a uniform algebra forces the linear
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topological property of nuclearity.

THEOREM 3.6. Let A be a uniform Fréchet algebra with a power series gener-
ator. Suppose that A is not a Banach algebra. Then A is a nuclear space.

PRrROOF: Let (px) be as above. Then pi(f") = px(f)" for all k € N all n €z+

and for all f € A. Let = be a power series generator for A. Let r, = pr(z). Then (ry)
is an increasing sequence of non-negative numbers such that given n € N, there exists

o
k € N satisfying r} > 0. Now each f € A is of the form f = }_ A,z"™ with

n=0

D o AnlrE =D Anlpe(@)™ = [Anlpr(z™) < 0o
n=0"

n=0 n=0
for each k. The functions wi(n) = rZ(n € Z*) satisfy wg(n + m) = wr(n) wr(m), so
that £1(Z*,w) is a power series space A({wk}) in the sense of {10, Chapter 6]. The
map
[e} o0
0: (2, w) - 4, e(z ,\,,X"> = Anz"
n=0 n=0

is a surjective homomorphism such that for each k&,

) oo
Y23 (Z /\nzn> < Z |/\n|wk(n)-
n=0 n=0

Thus § is continuous; and A = ¢(Z*,w)/ker 6, a homeomorphic isomorphism in view
of the Open Mapping Theorem. Since (ry) is an increasing sequence, it follows from the
Grothendieck-Pietsch criterion ([10, Theorem 6.1.2, p. 98]) that ¢}(Z*,w) is nuclear.
Since nuclearity is preserved under quotient ([10, Proposition 5.1.3, p. 86]), A is nuclear.
This completes the proof.

This recaptures the classical results that the algebras H(U) and E are nuclear.
More generally, it follows from [10, Theorem 6.1.3, p. 99] that a Beurling-Fréchet algebra
{(Z*,w) is nuclear if and only if £}(Z*,w) = £*°(Z*,w). Thus the algebra A®(T) is
nuclear. Given weights w = (wy), A(D,w) (and analogously H*®°(U,w) or H(U,w)) is
nuclear if and only if for each f € A(D,w),

supn{wwk(n)} < 00

n!

for each k. The homomorphism 8 of the above proof is used to prove the following
supplements of Theorem 2.1 and [6, Chapter III, Section 7]. It also provides a Fréchet
algebra analogue of [1, Theorem 1]. We say that z satisfies condition (*) if

(i) 3IM;1 >0, M2 > 0 and for each k, there exists my € N such that
Min™k  pr(z™) < Man™k ¥V n € Z1\{0}
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and
(i) 3no € N such that {px(z™):k € N} is unbounded.
THEOREM 3.7. Let A be a Fréchet algebra having a power series generator z.
The following hold
(1) Either sp(z) is totally disconnected or A is isomorphic to £Y(Z*,w) for
a sequence w of weight functions on Z+.
(2) Suppose that sp (z) is not totally disconnected and A is semisimple. Then
the following hold.
(i) If A is a Q-algebra, and if x satisfies condition (*), then A is
isomorphic to A®(T).
(ii) If A is not a Q-algebra, then A is isomorphic to either H(U)
or E. '

PROOF: In the notations of the proof of Theorem 3.6, let wg(n) = pg(z"),
T = inf wk(n)l/ ", r = suprk. Suppose there is
nezt keN

f= Z,\,.X" € (2% w)

n=0
such that

o(f) = i,\,.x" = 0.

n=0

o]
Then the power series Y An,2™ is absolutely convergent on every compact subset of
n=0 o)
Ur={z€C:|zl <r}. Hence f(z) = 3. Anz" defines an analytic function on the
=0

n=
region Uy, and f(z) = 0. Thus sp (z) C Zy,(f) the zero set of f in U,.. Now r =0 if
and only if sp (z) = {0} if and only if A is local. Suppose r # 0. Now either f =0 or
Zy,(f) is a countable set consisting of isolated points, hence sp (z) totally disconnected.
Thus either sp (z) is totally disconnected, in which case A & ¢}(Z*,w)/ ker§;0r A, =0
for all n, so that f = 0, and 6 is one-one. In this case, A = £}(Z*,w). Notice that
r > 0 if and only if £}(Z*,w) is semisimple. This proves (1).

Now assume that sp (z) is not totally disconncted and that A is semisimple. Then
the Gelfand space M(A) is homeomorphic to sp(z). Now, for each k, U,, C sp(z);

oo — —
hence U, C sp(z) = U Ur, C U,. Thus if 7 # r; for any k, then sp(z) = Uy;
k=1

if 7 = 7 for some k, then sp(z) = U,. Hence sp(z) = U, or U,. Notice that by
[11, Theorem 1} sp(z) is compact if and only if A is a Q-algebra. As in the proof of
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o0
Theorem 2.1, eithr A & F; or each wy is a weight, so that A = ) ¢}(Z*,wg), hence

k=1
o0

k=1

IIZ

M(4) = | M(e(Z*, wr))
Further by [4, p. 120) £4(Z*,wi) = A(U,,,ws), where

A(U,,,wi) = {f eC(U,): feH(U,), i‘ﬂ’:&'wk(n) < oo}

n=0

Indeed, the Gelfand transform

y—Z/\nX =7, ¥ Z’\"z ze Uy,
n=0 n=0
establishes the isomorphim £'(Z*+,wy) = A(U,,,wk). Thus A li‘_r_nkA(Urkwk). Sup-
pose A fails to be a Q-algebra. If r = oo, then A4 = l‘i_r_nkA(U,k,wk) =E. If
0 <7< oo, then A = l‘iLnkA@rk,wk) = H(U,) topologically as well. In view of
the Riemann Mapping Theorem, U, can be replaced by U;. This proves (ii). Finally
to prove (i), assume that A is a Q-algebra. Hence M(A) = U, = U,. By condition
(*)(ii), there exists o € N such that {pe(z"°) : k € N} is unbounded; and by condi-

tion (*)(i), mg — co. Thus y € A if and only if the Gelfand transform § = f for some
function f € C(T') having Fourier series f = 5 f(n)e”‘a such that f(n) = 0 for all

n< -1 and neZ
o0 ~
Z|f(n)|n""= < o0
n=0
for all £ € N by condition (x)(i). This happens if and only if f € A®(T). 0
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