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ON FRECHET ALGEBRAS OF POWER SERIES

S.J. BHATT AND S.R. PATEL

If the indeterminate X in a Frechet algebra A of power series is a power series
generator for A, then either A is the algebra of all formal power series or is the
Beurling-FWchet algebra on non-negative integers defined by a sequence of weights.
Let the topology of A be defined by a sequence of norms. Then A is an inverse
limit of a sequence of Banach algebras of power series if and only if each norm in
the defining sequence satisfies certain closability condition and an equicontinuity
condition due to Loy. A non-Banach uniform Frechet algebra with a power series
generator is a nuclear space. A number of examples are discussed; and a functional
analytic description of the holomorphic function algebra on a simply connected
planar domain is obtained.

1. INTRODUCTION AND EXAMPLES

A Frechet algebra is a linear associative algebra A with identity and having a
Hausdorff topology denned by a sequence (pk)k>i (assumed increasing without loss
of generality) of submultiplicative seminorms on it such that A is complete in this
topology. Such an A is an inverse limit of a sequence of Banach algebras ([5]). A
Frechet algebra A is called a uniform Frechet algebra if for each k ^ 1 and for each
x £ A, Pk(x2) — Pfc(x) . An element x in a Frechet algebra A is a power series

oo
generator for A if each y e A is of the form y = £ A n z n , An complex scalars,

oo n=0
such that J^ |An|pfc(x") < oo for all k. Let T be the Frechet algebra of all formal

n=0 oo
power series / — J2 ^nXn having complex coefficients An and in an indeterminate

n=0

X with the weak topology defined by the projections irm : T -)• C, m 6 Z + , where
ftmif) — Am. A defining sequence of seminorms for T is

n = 0
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136 S.J. Bhatt and S.R. Patel [2]

A Frechet algebra of power series is a subalgebra A of T which is a Frechet algebra
containing X such that the inclusion A <-> T is continuous ([7, 8]). A weight function
on Z + is a function w : Z + -+ R such that for all m, n € Z + , w(m + n) ^ w(m)w(n)
and u>(n) > 0. The present paper is concerned with the following two questions on
Frechet algebras of power series A.

(1) When is X a power series generator for A?

(2) When is A isomorphic to an inverse limit of Banach algebras of power
series?

We show that X is a power series generator for A if and only if A is either T or is the
Beurling-Frechet algebra

defined by a sequence CJ — (ujk) of weight functions on Z + . It is also shown that if the
topology of A is denned by a sequence of norms {j>k) then A is an inverse limit of a
sequence of Banach algebras of power series if and only if each pk is closable satisfying
the condition

(E): For each m € Z + , there exists Cm^ > 0 such that

|Tm(/)| ^ cm,fcpfc(/) for all / e A

The existence of a (pfc) satisfying (E) is equivalent to Loy's condition (E) ([7-, 8]);
whereas closability of a norm on a normed algebra of power series is a necessary and
sufficient condition for the completion to be a Banach algebra of power series. This im-
plies the uniqueness of the Frechet space topology and automatic continuity of deriva-
tions on the Beurling-Frechet algebra £1(Z+,u). We also show that a non-Banach
uniform Frechet algebra with a power series generator is necessarily nuclear as a locally
convex space. The paper ends with functional analytical characterisations of certain
holomorphic function algebras on planar domains.

Our definition of a Frechet algebra with a power series generator is motivated by Al-
lan's definition of a Banach algebra with a power series generator ([1]). Banach algebras
of power series have already been established as an important aspect of contemporary
Banach algebra theory. Though Frechet algebras of power series have been considered
earlier by Loy ([7, 8]); recently they — and more generally, the power series ideas in
general Frechet algebras — have acquired significance in understanding the structure of
a Frechet algebra ([2, 3]). We end this introduction by giving few examples of Frechet
algebras of power series with the objective of fixing notation.
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[3] Frechet Algebras 137

EXAMPLE 1.1. The indeterminate X is a power series generator for T, since for any

/ = f; \nxn, f; \\n\Pk(x
n) = £ iAn|=Pk(f).

n=0 n=0 n=0

EXAMPLE 1.2. The Beurling-Banach algebra

s OO OO -.

^(Z+, w) := ] / = S A"*" € T : I/I" := £ lAn|w(n) < oo I
*• n=0 n=0 ^n=0 n=0

is a Banach algebra of power series with norm | • \u and having a power series generator
X. Given an increasing sequence w = (w/t)fc>1 of weight functions, the algebra

fc=l

is a Frechet algebra with power series generator X, the topology being defined by

EXAMPLE 1.3. Let

D = {z G C : \Z\ ^ 1}, U — {z G C : \Z\ < 1}.

Let A(D) be the disc algebra on D. Let w = (wfc)fc>1 be as above, Wfc(n) ^ 1 for all
k, for all n. Let

A(D,uk) := < / G A(D) : f(z) = ^ j—*"> \f\"k := XI i—^w*(n) < °° f •
*• n=0 U' n=0 U' '

Then (>!(£), wfc), | • |Wfc) is a Banach subalgebra of A(D); and identifying / with
oo

H (/(n'{0)/n\)Xn, it is a Banach algebra of power series having power series generator
n=0 oo
X. Thus A(D,LJ) = f] A(D,u)k) is a power series generated Frechet algebra of power

fc=i
series. Similarly, one can consider the algebras H°°(U,LJ), H(U,u)k) and H(U,u).
Notice that both A(D) and H°°(U) are uniform Banach algebras of power series which
are not power series generated.

EXAMPLE 1.4. Let H(U) be the Frechet algebra of all holomorphic functions on U
with the compact-open topology defined by the norms
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138 S.J. Bhatt and S.R. Patel [4]

being an increasing sequence of positive numbers rk, 0 < rk < 1 and rk —¥ 1. The
oo

radius of convergence of the Taylor series f(z) = J2 (f{n)(0)/n\)zn of each / € H(U)
n=0

is not less than 1; and

n=0 n=0

showing that H(U) is a power series generated uniform Frechet algebra of power series.
oo

It contains the Frechet algebra H{U,u) := f| H(U,uk). The Frechet algebra E of
fc=i

entire functions with the compact-open topology defined by the norms {||-||oo,fc : k € N}
is a power series generated Frechet algebra of power series, whose topology is also defined
by {H*:*eN},

n = 0

EXAMPLE 1.5. Let Ck(T) be the Banach algebra of all Ck -functions defined on the unit
circle I \ Let Ak(T) = {/ e Ck(T) : the Fourier coefficients /(n) = 0 for all n < 0}.
Identifying / with its Fourier series, Ak(T) is a Banach algebra of power series. Let

Ak+(D = j / G ,4fc(r) : |/|fc+ := f^\f(n)\nk < oo},

a power series generated Banach algebra with the norm | • |fe+. Let

= max faup|/W(ar)|') for / € C°°(T).
o<t<fc\_cr /

Then for any fc, there exists c > 0 such that Ak+1{T) C Ak+{T) C Ak(T), and
H/llfc ^ I/U+ ^ 4f\\k+1 for aU / e Ak+l(T). Thus

A°°(T) = f) ^ ( D = f| Ak+(T)
fc=O fc=O

is a Frechet algebra of power series having power series generator el9. It is a closed
subalgebra of the Frechet algebra C°°(T). Like F, and unlike any non-Banach uniform
Frechet algebra considered in Example 1.4 above, A°°(X) is a Q -algebra in the sense
that its invertible elements form an open set. The Gelfand space of A°°(r) is D.
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[5] Frechet Algebras 139

2. P O W E R SERIES GENERATED F R E C H E T ALGEBRAS OF POWER SERIES

THEOREM 2 . 1 . Let A be a Frechet algebra of power series in an indeterminate

X. Suppose that X is a power series generator for A. Then A is either T ox the

Beurling-Frechet algebra £1(Z+,D) for an increasing sequence u of weights on Z+.

An element x in a Frechet algebra A generates a cyclic basis [6, Chapter III,
oo

Section 7] if each f £ A can be uniquely expressed as / = J2 Anxn, An being scalars.
n=0

A seminorm p on a Frechet algebra A having a power series generator a; is a power

series generator seminorm if

n = 0

for all / = £ Anzn eA.
n=0

LEMMA 2 . 2 . Let A be a singly generated Frechet algebra with a cyclic basis

generated by x. Then there exists a dense Frechet subalgebra Ai of A such that

(i) A\ is continuously embedded in A;

(ii) A\ is a Frechet algebra having a power series generator x; and

(iii) Ai is a Banach algebra provided A is a Banach algebra.

PROOF: Let (pk) be an increasing sequence of seminorms denning the topology
oo

r of A. Since each / £ A has a unique expression f — Y2 ^n^ n , the extended real
number n~

n=0

is well denned for each k € N. Let

Ai = {/ 6 A : qk(f) < oo for all k €

Given

n=0 n=0

the absolute convergence of these series in A implies that

oo oo , n

n=0 n=0^m=0
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140 S.J. Bhatt and S.R. Patel [6]

and for each k,

oo

9) ^ E IA" + ^n\Pk{xn) < qk(f) + Qk(g) < oo,
n=0

n=Qm=0 n=0m=0

^ <ik{f)qk(g) < 00.

This shows that Ai is a subalgebra of A and (qk) is an increasing sequence of submul-
tiplicative seminorms on Ai denning a topology T\ finer than the relative topology T.
We show that (AI,T\) is complete.

00

Let (j/m), ym = IZ ^n,mxn, be a ^-Cauchy sequence in Ai . Then it is r-
n=0

Cauchy, and ym -¥ y in (A , r ) . Since 4>m(n) = Xn<mxn is r-Cauchy (in fact, uniformly
r-Cauchy over m), there are scalars \ n such that <j>m(n) —* Anxn in r uniformly over
m. Then for each i,

n=0 n=0 n=0

00

as (ym) is TJ-Cauchy. Further £ A,,xn converges in (A,T); since for each i and for
n=0

each TO ^ n,

Pif E A f c a ; f e ~E A f c x f c ) = P i ( E Afcxfc ) ^ E \Xk\Pi(xk) ->0 asn, m->oo.
oo

Then we have £ Anxn = y and ym —> y in (Ai , r i ) . Indeed for each i,
n=0

*(E
n=0 n=0

oo

k / J I n)fc nYm\yt\ } ^ HiKiJk ym}
n=0

00

showing that limym = y = J3 Anxn in (Ai,rt). D
n=0

COROLLARY 2 . 3 . Let A be a Frechet algebra having a power series generator
x. Then x generates a cyclic basis if and only if the topology of A is defined by a
sequence of power series generator seminorms.

PROOF OF THEOREM 2.1: By the uniqueness of the formal power series expression
and the fact that X is a power series generator for A, it follows that {Xn : n e Z+}
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[7] Frechet Algebras 141

is a cyclic basis for A. By Corollary 2.3, the Frechet topology r of A is defined
by an increasing sequence (pn) of power series generator seminorms; and for each

oo n
f = YL ̂ nXn in A, we have / = limn J2 *>kXk in the topology r . For each k,

n=0 fc=0

w/t : Z + -> [0, oo), Wfc(n) = Pk{xn) define a separating sequence u = (w^) of functions
satisfying Wk{n-\-m) ^ Wfc(n)wfc(m), cjfc(n) ^ cjk+i(n) for all A; € N all n, m € Z + .
Let

OO OO

= ^ A n X " e J-:^|An|wfc(n) < oo for all k
r»=0 n=0

Since each pn is a power series generator seminorm, A C £1(Z+,w). In fact, yl

= ^(Z+,w). Let / = § AnXn e ^(Z+,w). Let /„ = f) AfcX
fc. Since X € A,

n=0 fc=0

each / n 6 i ; and (/„) is a Cauchy sequence in A. Thus f £ A.

Now we are left with the following possibilities:
(a) All Wfc are weights.
(b) No w/t is a weight.
(c) At least one u>k0 fails to be a weight.

In the case (c), let G — {u>k : iok is not a weight}. If G is finite the corresponding
Pk may be deleted, if G is infinite the corresponding p^ can be taken to define the
topology so reducing consideration to the case (b). Assume (b). Then for each fc, there
is n such that Wfc(n) = 0. Then for all m € Z + , Wkin + m) ^ Wfc(n)wfc(m) = 0 . It
follows that for any / 6 T,

n=0 n=0

for all k. Thus A — T. This completes the proof. D

REMARK 2.4. Let [A, || • ||) be a normed algebra with a power series generator x. Let
A~ be the completion of A. Then A~ need not be a Banach algebra having a power
series generator x. Let D = {z e C : \z\ ^ l} . Let A(D) be the disc algebra consisting
of functions continuous on D and holomorphic in the interior of D. It is a uniform
Banach algebra with the supremum norm

| | / | | O O = S U P { | / ( Z ) | : Z € D } .

Let A be the subalgebra of A(D) consisting of all functions / whose Taylor series
oo

f(z) = J2 (/(")(0)/n!)zn is absolutely convergent on the circle F. For any / 6 A,
71=0

oo

Z ^ n\ II lloo - ^_^ n , •• .— ^ ^ ,
71=0 71=0 71=0
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142 S.J. Bhatt and S.R. Patel [8]

This shows that z is a power series generator for the normed algebra (A, || • H^). Since
A contains polynomials in z, it follows from the Mergelyan Theorem that A is dense
in A(D) which is identified with the completion of A. However, z is not a power series
generator for A(D). Indeed, suppose that z is a power series generator for A(D). Then
for any / € A(D), the Taylor series of / is absolutely convergent on D. Also, since
A(D) is semisimple, the complete norms

| | / | | o o = s u p { | / ( z ) | : * 6 2>

and

n = 0

are equivalent. Thus for some M > 0, | |/ | | < My/H^ for all / € A{D). Hence, if
sm(f) is the mt h partial sum of the Taylor series of / , then

E ^ r
0 'n=0 ' n=0

for all TO and all / € A(D). This contradicts a classical result that there exists a
/ G A(D) with UNCOIL > l s m( / ) ( l ) | = O(logm) (see [9, p. 264]). Note that
A(D) is a Banach algebra of power series which is not a power series generated Banach
algebra.

PROPOSITION 2 . 5 . Let (A, || • ||) be a normed algebra with a power series
generator x. Let A~ be the completion of A. Then x is a power series generator for
A~ if there exists a power series generator norm | • | on A equivalent to || • ||.

oo

P R O O F : Given y = ^ Anxn in A, let | • | be a power series generator norm on A
n=0

oo

equivalent to || • ||. Then \y\ — J2 \Xn\ \xn\. Now let y € A~. Choose a sequence
n=0

n=0 n=0

such t h a t 12/jfc — 2/1 —> 0. Now

sup |Afc>n - Aj,n||xn| ^ V |A*,n - A|,n| \xn\ = \yk - y,\ -4 0
+

n=0
shows that there exists a scalar sequence (An)n € Z + such that Afc>nx" —̂  Anxn uniformly

over n. Then
oo oo oo

E IA"I lx"l = E l i n i f c lAfc."l I*"! ̂  !™* E lAfc."l I 1 " ! = lifflb l»*l < °°
n=0 n=0 n=0
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[9] Frechet Algebras 143

showing that ]T) Anxn 6 A~ and
n = 0

Vk ~
n = 0

oo
0. Hence y = £ Xnx

n. This
n=O

completes the proof. U

3. ARENS-MICHAEL DECOMPOSITION

Let us recall the Arens-Michael decomposition defined by a sequence (pk) of
submultiplicative seminorms defining the topology r of a Frechet algebra A. We
take px ^ P2 ^ P3 ^ • • • • For each k, let Nk = {x 6 A : Pk(x) = 0} an
ideal. Let Ak be the completion of A/Nk in the norm ||x + Nk\\k — pk(x). Then
•nk(x + Nk+i) = x + Nk(x € A) extends as a norm decreasing surjective homomorphism
7Tfc : ̂ fc+i -> Ak such that

is an inverse limit sequence of Banach algebras; and bicontinuously.4 = UmkAk. This
is called the Arens-Michael decomposition of A ([5]). This is the basic tool for studying
Frechet algebras.

Let A be a Frechet algebra of power series. Let r denote the topology of co-
ordinatewise convergence of !F. We call a seminorm p on A closable if for any p-Cauchy
sequence (fk) in A, fk —> 0 in r implies that p(fk) -» 0. We define p to be of type
(E) if given m € Z + , there exists cm > 0 such that |7rm(/)| ^ cmp(/) for all / € A
([7, 8]). A seminorm of type (E) is a norm.

PROPOSITION 3 . 1 . Let A be a Frechet algebra of power series. Let p be a
continuous submultiplicative seminorm on A. Let kerp = {/ € A : p(f) = 0} . Let Ap

be the completion of A/ kerp in the norm \\f + kerp||p = p(f). Then the following are
equivalent.

(i) p is a norm and Ap is a Banach algebra of power series.
(ii) p is closable and of type (E).

PROOF: (ii) implies (i). Since p is of type (E), p is a norm and each 7rm
is p-continuous. By continuity, the inclusion (A,p) ^ T extends to a continu-
ous homomorphism <p : Ap —t T. Let / € ker</>. Choose a sequence (/„) in
A such that p(fn - f) —> 0. Hence (/„) is p-Cauchy. By the continuity of <j>,
0(/n) = /„ -> 4>(f) = 0. Then /„ -»• 0 in T. By the closability, p{fn) -> 0. Thus
/ = 0 and Ap is a subalgebra of T. Thus Ap is a Banach algebra of power series.

(i) implies (ii). That Ap is a Banach algebra of power series implies that for each
m € Z + , there exists cm > 0 such that for all / £ ^4, |7rm(/)| ^ Cmp(f). Also, let
(/„) C A be such that /„ -> 0 in ( J \ T ) and p(/n - /m) -»• 0. Then for some f &AP,
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p(fn — f) —> 0 i a nd so /„ —» / in (J7, T) , Ap being a Banach algebra of power series.
Thus / = 0; and (ii) follows. D

COROLLARY 3 . 2 . Let A — lim^A^ be the Arens-Michael decomposition of a
Frechet algebra of power series A. Assume that each pk is a norm. Then each Ak is a
Banach algebra of power series if and only if each pk is a closable and of type (E).

COROLLARY 3 . 3 . Let A be a subalgebra of T containing X which is a Banach
algebra with a norm || • ||. Then A is a Banach algebra of power series if and only if
|| • || is closable and of type (E).

It is readily seen that a Frechet algebra of power series A satisfies Loy's condition
(E) in [8] (that is, for some cm > 0, {c^irm) is equicontinuous) if and only if A admits
a continuous norms of type (E) if and only if the topology of A is defined by a sequence
of seminorms of type (E). Hence Corollary 3.2 gives the following from [7, 8]. Note that
a Beurling-Frechet algebra £1(Z+,w) defined by a sequence of weights is expressible as
an inverse limit of a sequence of Banach algebras of power series.

COROLLARY 3 . 4 . Let A be the Beurling-Frechet algebra £1(Z+,u) defined by
a sequence u> of weights on Z + . The following hold.

(1) A has a unique Frechet space topology as a topological algebra.
(2) Every derivation on A is continuous
(3) A surjective homomorphism cj> : B —> A from a Frechet algebra B is

continuous.

It is instructive to exhibit the Arens-Michael decomposition of T defined by

Pk( £ ^ n * " ) = £ l*n|- One has Nk = Xk+1T; and Ak 3 i1U+) , the convolu-
\n=0 / n=0 V l ''

tion algebra on the finite semigroup Zfk> = {0,1,2,... , k - 1} with addition modulo

k. Certainly, it is not a subalgebra of T = lim^M Z^v J. The role of closability, in

Proposition 3.1, is revealed by the following, whose proof we omit.

LEMMA 3 . 5 . Let (A, || • ||) be a normed algebra of power series continuously
embedded in T. Then the completion A~ is a Banach algebra of power series if and
only if || • || is closable.

Being an inverse limit of finite dimensional algebras, T is a nuclear Frechet space.
The following gives another class of such algebras. It also exhibits a significant difference
between Banach algebras and Frechet algebras at the level of power series generated
uniform algebras. This is in view of the facts that (i) there exists an infinite dimensional
uniform Banach algebra having a power series generator [1, Proposition 4]; and that
(ii) a nuclear Banach space is finite dimensional (Dvoretzky-Rogers Theorem). In the
following, the topological algebraic property of being a uniform algebra forces the linear
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[11] Frechet Algebras 145

topological property of nuclearity.

THEOREM 3 . 6 . Let A be a uniform Frechet algebra with a power series gener-

ator. Suppose that A is not a Banach algebra. Then A is a nuclear space.

PROOF: Let (pk) be as above. Then pk(f
n) - PktfT for all k £ N all n € Z+

and for all / £ A. Let x be a power series generator for A. Let rk = Pk(x) • Then (rk)
is an increasing sequence of non-negative numbers such that given n S N, there exists

oo

k € N satisfying rj? > 0. Now each / € A is of the form / = X) ^n 1 " w i * n

n=0
oo oo oo

E lA»lr£ = E |An|P*(*)" = E IA"IP*(*") < °°
n=0 n=0 n=0

for each k. The functions ujk(n) = r£(n € Z+) satisfy wk(n + m) = Wfc(n) uk(m), so
that £1(Ii+,w) is a power series space A({wfc}) in the sense of [10, Chapter 6]. The
map

V»=0 n=0

is a surjective homomorphism such that for each k,

(
OO v

n=0 '
n=0 ' n=0

Thus ^ is continuous; and A = ^1(Z+ ,w)/kerO, a homeomorphic isomorphism in view
of the Open Mapping Theorem. Since (rjt) is an increasing sequence, it follows from the
Grothendieck-Pietsch criterion ([10, Theorem 6.1.2, p. 98]) that el(Z+,tjj) is nuclear.
Since nuclearity is preserved under quotient ([10, Proposition 5.1.3, p. 86]), A is nuclear.
This completes the proof. D

This recaptures the classical results that the algebras H{U) and E are nuclear.
More generally, it follows from [10, Theorem 6.1.3, p. 99] that a Beurling-Frechet algebra
£(Z+,u) is nuclear if and only if ^(Z+.w) = t°°{Z+,ui). Thus the algebra ^°°(r) is
nuclear. Given weights u = (w^), A(D,LJ) (and analogously H°°(U,LJ) or H(U,u)) is
nuclear if and only if for each / e A(D,w),

" \ n!supn< J j—'-uk{n) > < oo

for each k. The homomorphism 9 of the above proof is used to prove the following
supplements of Theorem 2.1 and [6, Chapter III, Section 7]. It also provides a Frechet
algebra analogue of [1, Theorem 1]. We say that x satisfies condition (*) if

(i) 3Mi > 0, Mi > 0 and for each k, there exists mk 6 N such that

Mxn
mk ^ pk(x

n) ^ M2n
mk V n 6 Z+\{0}
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146 S.J. Bhatt and S.R. Patel [12]

and
(ii) 3n0 € N such that {pk(x

n°) : k G N} is unbounded.

THEOREM 3 . 7 . Let A be a Frechet algebra having a power series generator x.

The following hold

(1) Either sp(x) is totally disconnected or A is isomorphic to £1(Z+,u) for
a sequence u of weight functions on Z + .

(2) Suppose that sp (x) is not totally disconnected and A is semisimple. Then

the following hold.

(i) If A is a Q-algebra, and if x satisfies condition (*), then A is

isomorphic to A°°(T).

(ii) If A is not a Q -algebra, then A is isomorphic to either H(U)
or E.

PROOF: In the notations of the proof of Theorem 3.6, let u>k(n) = Pfc(x"),

= inf cjfc(n)1'", r = suprfc. Suppose there is
n€Z+ JfcgN

n=0

such that

0(/) = f>nx" = 0.
n=0

oo
Then the power series J2 Xnz

n is absolutely convergent on every compact subset of
n=0 oo

Ur — {z € C : \z\ < r]. Hence f(z) = £ ^nZn defines an analytic function on the
n=0

region Ur, and f(x) = 0. Thus sp (x) C Zur(f) the zero set of / in Ur. Now r = 0 if
and only if sp (x) — {0} if and only if A is local. Suppose r ^ 0. Now either / = 0 or
Zur(f) is a countable set consisting of isolated points, hence sp (x) totally disconnected.
Thus either sp (x) is totally disconnected, in which case A = £1(Z+,u)/ker6; or An = 0
for all n, so that / = 0, and 6 is one-one. In this case, A = £1(Z+,w). Notice that
r > 0 if and only if £l(Z+,u) is semisimple. This proves (1).

Now assume that sp (x) is not totally disconncted and that A is semisimple. Then
the Gelfand space M(A) is homeomorphic to sp (x). Now, for each k, UTk C sp (x);

oo

hence Ur C sp(x) = \J Urk C Ur. Thus if r ^ rk for any k, then sp(x) = Ur\
fc=i

if r — rk for some k, then sp (x) = Ur. Hence sp (x) = Ur or Ur. Notice that by

[11, Theorem 1] sp (x) is compact if and only if A is a Q-algebra. As in the proof of
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oo

Theorem 2.1, eithr A = T\ or each wk is a weight, so that A = f) ^(Z"1", wfc), hence

M(A) ~ Q M(^(Z+,u,fc)) a ( j Z7rfc.
fc=i fc=i

Further by [4, p. 120] el(Z+,wk) ^ ^(C7rjt!wfc), where

i4(^rt,w*) = / e C ( C Q : / G H(Urk), £ —T1 u^n) < °° •
1 r»=0 n - J

Indeed, the Gelfand transform

oo oo

n=0 n=0

establishes the isomorphim e1(Z+,ujk) = A(Urk,ujk). Thus A = limkA(UrkuJk) • Sup-

pose A fails to be a Q-algebra. If r = oo, then A = limfei4(J/rfc,u;fc) = E. If

0 < r < oo, then A = \imkA(Urk,(jk) — H(Ur) topologically as well. In view of

the Riemann Mapping Theorem, Ur can be replaced by U\. This proves (ii). Finally

to prove (i), assume that A is a Q -algebra. Hence M(A) = Ur = U\. By condition

(*)(ii), there exists no S N such that {pk(x"°) : k 6 N} is unbounded; and by condi-

tion (*) (i), mk —> oo. Thus y E A \i and only if the Gelfand transform y = f for some

function / € C(F) having Fourier series f = Yl f{n)eine such that f(n) — 0 for all

n^-1 and n 6 Z

f]|/(n)|nm*<oo
n=0

for all A; € N by condition (*) (i). This happens if and only if / € A°°(T). U
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