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Abstract. In this paper, we consider random dynamical systems formed by concatenating
maps acting on the unit interval [0, 1] in an independent and identically distributed
(i.i.d.) fashion. Considered as a stationary Markov process, the random dynamical system
possesses a unique stationary measure v. We consider a class of non-square-integrable
observables ¢, mostly of form ¢ (x) = d(x, x0)~ Y, where x( is a non-recurrent point
(in particular a non-periodic point) satisfying some other genericity conditions and, more
generally, regularly varying observables with index o € (0, 2). The two types of maps we
concatenate are a class of piecewise C? expanding maps and a class of intermittent maps
possessing an indifferent fixed point at the origin. Under conditions on the dynamics and
o, we establish Poisson limit laws, convergence of scaled Birkhoff sums to a stable limit
law, and functional stable limit laws in both the annealed and quenched case. The scaling
constants for the limit laws for almost every quenched realization are the same as those
of the annealed case and determined by v. This is in contrast to the scalings in quenched
central limit theorems where the centering constants depend in a critical way upon the
realization and are not the same for almost every realization.
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1. Introduction

In this paper, we consider non-square-integrable observables ¢ : [0, 1] - R on two
simple classes of random dynamical system. One consists of randomly choosing in an
independent and identically distributed (i.i.d.) manner from a finite set of maps which
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are strictly polynomially mixing with an indifferent fixed point at the origin, the other
consisting of randomly choosing from a finite set of maps which are uniformly expanding
and exponentially mixing. The main type of observable we consider is of the form
d(x) = |x — xo| Y%, & € (0, 2) which, in the i.i.d. case, lies in the domain of attraction of
a stable law of index «. For certain results, the point x( has to satisfy some non-genericity
conditions and, in particular, not be a periodic point for almost every realization of the
random system (see Definition 2.3). Some of our results, particularly those involving
convergence to exponential and Poisson laws, hold for general observables that are
regularly varying with index «.

The settings for investigations on stable limit laws for observables on dynamical systems
tend to be of two broad types: (1) ‘good observables’ (typically Holder) on slowly mixing
non-uniformly hyperbolic systems; and (2) ‘bad’ observables (unbounded with fat tails)
on fast mixing dynamical systems. As illustrative examples of both settings, we give two

results.
Example of type (1): The LSV intermittent map 7T, : [0, 1] — [0, 1], ¥ € (0, 1), is
defined by
14+2YxY) if0<x <1
T, (x) = 2 1_x_2
2x — 1 if 3 <x< 1.

The map 7), has a unique absolutely continuous invariant measure (i, .
Gouézel [Goul4, Theorem 1.3] showed that if y > % and ¢ : [0, 1] - R is Holder

continuous with ¢(0) # 0, £, (¢) =0, then fora = 1/y,

1 n—1

S poTi -4 X,

1/a
bn s

(B has a complicated expression).

Example of type (2): Gouézel [Gou, Theorem 2.1] showed that if T : [0, 1] — [0, 1]
is the doubling map 7 (x) =2x (mod 1) with invariant measure m, Lebesgue, and
¢o(x) = x~ Ve o € (0, 2), then there exists a sequence ¢, such that

21/0[_1 n—1 . J
WZ¢°T]_C”_) Xo.1-
=0

For further results on the first type, we refer to the influential papers [Gou04, Gou(7]
and [MZ]15]. In the setting of ‘good observables’ (typically Holder) on slowly mixing
non-uniformly hyperbolic systems, the technique of inducing on a subset of phase space
and constructing a Young tower has been used with some success. ‘Good’ observables
lift to well-behaved observables lying in a suitable Banach space on the Young tower.
This is not the case with unbounded observables with fat tails, though in [Gou04], the
induction technique allows an observable to be unbounded at the fixed point in a family of
intermittent maps.

For further results on the second type, we refer to the papers by Marta Tyran-Kaminska
[TK10a, TK10b]. In the setting of Gibbs—Markov maps, she shows, among other results,
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that functions which are measurable with respect to the Gibbs—Markov partition and in the
domain of attraction of a stable law with index « converge (under the appropriate scaling)
in the J; topology to a Lévy process of index o [TK10b, Theorem 3.3, Corollaries 4.1
and 4.2].

For recent results on limit laws, though not stable laws, in the setting of skew-products
with an ergodic base map and uniformly hyperbolic fiber maps, see also [DFGTV20a].
For a still very useful survey of techniques and ideas in random dynamical systems, we
refer to [Kif98].

Our main results are given in §2. An introduction to stable laws and a discussion
of modes of convergence are given in §§3 and 4. The Poisson point approach and its
application to our random setting are detailed in §5. Results on convergence of return
times to an exponential law and our point processes to a Poisson process are given in §6
(though the proofs of these results are delayed until §§8.1, 8.2, 9.1, and 9.2). The proofs of
the main results are given in §10. We conclude in §11 with results on stable laws for the
corresponding annealed systems.

2. Main results
For the sake of concreteness, we restrict ourselves to observables of the form

bx () = Ix —xol 7%, x €10, 1], @2.1)

where xg is a non-recurrent point (see Definition 2.3) and « € (0, 2), but it is possible
to consider more general regularly varying observables ¢ which are piecewise monotonic
with finitely many branches, see for instance [TK10b, §4.2] in the deterministic case. Note
that ¢,, is regularity varying with index c.

We will be considering the following set-up with (€2, o) the full two-sided shift on
finitely many symbols. In most of our settings, we take Y = [0, 1].

Let 0 : 2 — Q be an invertible ergodic measure-preserving transformation on a
probability space (€2, F, P). For a measurable space (Y, B3), let o : 2 — Q be the usual
full shift and define

F:QxY—>QxY
by
F(w, x) = (cw, Ty (x)).

We assume F' preserves a probability measure v on Q x Y. We assume that v admits a
disintegration given by v(dw, dx) = P(dw)v®(dx). For all n > 1, we have

F'(w,x) = (c"w, T)x),
where

T) =

) on=ly © "

'OTa)’

which satisfies the equivariance relations (7)),v® = ve"® for P-almost every (a.e.)
w € Q.
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For each w € 2, we denote by P, the transfer operator of T, with respect to the
Lebesgue measure m: for all ¢ € L°°(m) and ¢ € L'(m),

/ (¢°Tw)'wdm=/ ¢ - Py dm.
[0,1] [0,1]

We can then form, for w € Q2 and n > 1, the cocycle

P!=P

© Un—lwo"'OPw.

Definition 2.1. (Scaling constants) We consider a sequence (b,),>1 of positive real
numbers such that

lim nv(¢y, > by) = 1. (2.2)
n—oQ

Definition 2.2. (Centering constants) We define the centering sequence (c;),>1 by

0 ifa € (0, 1);
Cp = n]EU(¢X01{¢xOSbn}) ifO[ = 1;
nE, (¢x,) ifa e (1,2).

We now introduce two classes of random dynamical system (RDS) for which we are
able to establish stable limit laws.

2.1. Random uniformly expanding maps. We consider random i.i.d. compositions with
additional assumptions of uniform expansion. Let S be a finite collection of m piecewise
C? uniformly expanding maps of the unit interval [0, 1]. More precisely, we assume that
for each T € S, there exist a finite partition A7 of [0, 1] into intervals, such that for each
I € Ar, T can be continuously extended as a strictly monotonic C? function on I and
A= inf inf |T'(x)| > 1.
TeAT xel

The maps T, (determined by the zeroth coordinate of w) are chosen from S in an i.i.d.
fashion according to a Bernoulli probability measure P on € := {1, ..., m}%. We will
denote by A, the partition of monotonicity of T, and by A” = \/Z;(l)(TJf)’l (Ayk,,) the
partition associated to 7. We introduce

p=J | a4,
n>0 we
the set of discontinuities of all the maps 7;. Note that D is at most a countable set.

In the uniformly expanding case, we also assume the conditions (LY), (Dec), and (Min).
Condition (LY) is the usual Lasota—Yorke inequality while conditions (Dec) and (Min)
were introduced by Conze and Raugi [CR07].

(LY) Thereexistr > 1,M > 0and D > 0and p € (0, 1) such that for all w € 2 and all
f € BV,

I PofllBv = M|l fllBV
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and

Var(P,, f) < pVar(f) + DI fll L1 m)-

(Dec) There exist C > 0 and 6 € (0, 1) such that for all » > 1, all w € 2, and all
f € BVwithE, (f)=0:

1P, flBy = CO"| fllBy.

(Min) There exist ¢ > 0 such that forall » > 1 and all w € €2,

inf (P21)(x) >c¢ > 0.
x€[0,1]

Definition 2.3. We say that x( is non-recurrent if xo satisfies the condition 7} (xo) 7# xo
foralln > 1 for P-a.e. w € Q.

THEOREM 2.4. In the setting of expanding maps, assume conditions (LY), (Min), and
(Dec). Suppose that xo ¢ D is non-recurrent and consider the observable ¢y,.
If a € (0, 1), then for P-a.e. w € R, the functional stable limit holds:

lnr]—1
i d .
XO(t) = b_[ Z bry 0 T — tcni| = X(o(t) in D0, 00)
j=0

n

in the Jy topology under the probability measure v, where X ) (t) is the o-stable process
with Lévy measure d11,(dx) = oz|x|_(°‘+1) on [0, 00).
If a € [1, 2), then the same result holds for m-a.e. x.

Example 2.5. (B-transformations) A simple example of a class of maps satisfying
conditions (LY), (Dec), and (Min) [CR07] is to take m S-maps of the unit interval,
Tg. (x) = Bix (mod 1). We suppose B; > 1+a,a > 0,forall ;,i =1,...,m.

2.2. Random intermittent maps. Now we consider a simple class of intermittent type
maps.

Liverani, Saussol, and Vaienti [LSV99] introduced the map T, as a simple model for
intermittent dynamics:

Q"x” +Dx if0<x <k

2x—1 ifl <x=<L

T, :[0,1] - [0,1], T,(x):=

If 0 < y < 1, then T,, has an absolutely continuous invariant measure (., with density &,
bounded away from zero and satisfying £, (x) ~ Cx ™7 for x near zero.

We form a random dynamical system by selecting y; € (0, 1),i = 1,...,m in ani.i.d.
fashion and setting T; := T),. The associated Markov process on [0, 1] has a stationary
invariant measure v which is absolutely continuous, with density # bounded away from
Zero.

We denote Ymax := maxi<j<m{yi} and Ymin := mMinj<j<m{¥i}.

https://doi.org/10.1017/etds.2024.5 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.5

3046 R. Aimino et al

THEOREM 2.6. In the setting of an i.i.d. random composition of intermittent maps,
n—1

suppose a € (0, 1) and Ymax < % Then, for m-a.e. xo, (1/by) Zj:O $xy © Ta{ —d> X@(1)
under the probability measure v® for P-a.e. w (recall that ¢, = 0 for a € (0, 1)).

Remark 2.7. (Convergence with respect to Lebesgue measure) We state our limiting
theorems with respect to the fiberwise measures v®, but by general results of Eagleson
[Eag76] (see also [Zwe07]), the convergence holds with respect to any measure p for
which p <« v, in particular, our convergence results hold with respect to Lebesgue
measure m. Further details are given in the Appendix.

Our proofs are based on a Poisson process approach developed for dynamical systems
by Tyran-Kaminska [TK10a, TK10b].

3. Probabilistic tools
In this section, we review some topics from probability theory.

3.1. Regularly varying functions and domains of attraction. We refer to Feller [Fel71]
or Bingham, Goldie, and Teugels [BGT87] for the relations between domains of attraction
of stable laws and regularly varying functions. For ¢ regularly varying, we define the
constants b, and ¢, as in the case of ¢y, .

Remark 3.1. When a € (0, 1), then ¢ is not integrable and one can choose the centering
sequence (c,) to be identically 0. When o = 1, it might happen that ¢ is not integrable,
and it is then necessary to define ¢, with suitably truncated moments as above. If ¢ is
integrable, then center by ¢, = nkE, (¢).

We will use the following asymptotics for truncated moments, which can be deduced
from Karamata’s results concerning the tail behavior of regularly varying functions. Define

p by limy 0o (V(¢ > x)/v(@] > X)) = p.

PROPOSITION 3.2. (Karamata) Let ¢ be regularly varying with index o € (0, 2). Then,
setting B :=2p — 1 and, for ¢ > 0,

0 ifa€(0,1);
cu(e) :=1—Bloge ifa=1; 3.D
e Baf(a—1) ifae(l,2)
and the following hold for all ¢ > 0:

@  Ey(191°1g<ebn) ~ /(2 — a)(eby)?v(|¢] > eby);
(b) ifa (0, 1),
o

E, (1811 ¢1<eb,}) ~ eb,v(|p| > eby);

1l —«a

() fae(l,2),

. on
nlin;o EEU(¢1{\¢|>£b,,}) = ca(€);
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) ifa=1,

. n
nll)rrolo EEv(¢1{ebn<|¢|§bn}) = cq(8);

© ifa=1,
B, (@11g1<eh,1) ~ L)

for a slowly varying function L.

3.2. Lévy a-stable processes. A helpful and more detailed discussion can be found, e.g.,
in [TK10a, TK10b].

The X (¢) is a Lévy stable process if X (0) = 0, X has stationary independent increments,
and X (1) has an «-stable distribution.

The Lévy—Khintchine representation for the characteristic function of an «-stable
random variable X g with index o € (0, 2) and parameter 8 € [—1, 1] has the form:

E[e!'X] = exp|:itaa + /(e”x —1- itxll_l,“(x))l'la(dx)i|,

where:
B/l —w) a#1;
“ 0 oa=1;
e Il is a Lévy measure given by
dTg = a(pl(o,00)(x) + (1 = P)L(—o00)(X))]x| ™ dx;

e p=(B+D/2

Note that p and 8 may equally serve as parameters for X g. We will drop the 8 from
Xy, as is common in the literature, for simplicity of notation and when it plays no
essential role.

3.3. Poisson point processes. Let (T,)n>1 be a sequence of measurable transformations
on a probability space (Y, 3, u). For n > 1, we denote

Tln =T,0---0T. (3.2)

Given ¢ : Y — R measurable, recall that we define the scaled Birkhoff sum by

1 n—1 ]
S, = EI:jZ:;)qbo T/ —cn:| (3.3)

for some real constants b,, > 0, ¢, and the scaled random process X, (t), n > 1, by
lnt]—1

X, () = bi[ Z ¢ o le - tcn:|, t>0, (3.4)
n j:0

For X, (1), a Lévy a-stable process, and B € B((0, o) x (R \ {0})), define
N@y(B) :=#{s > 0: (s, AXy(s)) € B},
where AX, (1) ;= Xq(t) — X (7).
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The random variable N()(B), which counts the jumps (and their time) of the Lévy
process that lie in B, is finite almost surely (a.s.) if and only if (m x I1y)(B) < oo. In that
case, N(y)(B) has a Poisson distribution with mean (m x Ily)(B).

Similarly define

. 71
Nu(B) = #{j >1: <i, ¢b—1> c B}, —
n n

N, (B) counts the jumps of the process in equation (3.4) that lie in B. When a realization
w € 2 1s fixed, we define

. 71
N®(B) :=#{j > 1 (% "”b—“’) c B}, n> 1.
n

Definition 3.3. We say N, converges in distribution to N(4) and write
d
Nn i N(oz)

if and only if N, (B) —d> Ny (B) forall B € B((0, o0) x (R \ {0})) with (m xI1y)(B) <00
and (m x I1,)(@B) = 0.

4. Modes of convergence

Consider the process X, determined by the observable ¢ (that is, an i.i.d. version of ¢
which regularly varies with the same index o and parameter p). We are interested in the
following limits.

(A) Poisson point process convergence.
d
N — N
with respect to v for P a.e. w, where N(y) is the Poisson point process of an a-stable

process with parameter determined by v, the annealed measure.
(B) Stable law convergence.

for P-a.e. w, with respect to v®, for ¢ regularly varying with index o and X, ()
the corresponding «-stable process, for suitable scaling and centering constants by,
and ¢,.

(C)  Functional stable law convergence.

nt]—1

X2(t) == bi[ Z ¢poT) — tc,,] 4 X, 0
j=0

n

in D[0, co) in the J; topology P-a.e. w, with respect to v® for ¢ regularly varying
with index o and X, (¢) the corresponding «-stable process.
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For the cases we are considering, the scaling constants b,, are given by equation (2.2)
in Definition 2.1, and the centering constants ¢, are given in Definition 2.2 (see also
Remark 3.1).

Remark 4.1. In the limit laws for quenched systems that we obtain of type (B) and (C), the
centering sequence ¢, does not depend on the realization w. This is in contrast to the case
of the central limit theorem (CLT), where a random centering is necessary; see [AA16,
Theorem 9] and [NPT21, Theorem 5.3].

5. A Poisson point process approach to random and sequential dynamical systems
Our results are based on the Poisson point process approach developed by Tyran-Kaminska
[TK10a, TK10b] adapted to our random setting (see Theorems 5.1 and 5.3). Namely,
convergence to a stable law or a Lévy process follows from the convergence of the
corresponding (Poisson) jump processes, and control of the small jumps.

A key role is played by Kallenberg’s theorem [Kal76, Theorem 4.7] to check conver-

gence of the Poisson point processes, N, 4 N(q)- Kallenberg’s theorem does not assume
stationarity and hence we may use it in our setting.

In this section, we provide general conditions ensuring weak convergence to Lévy
stable processes for non-stationary dynamical systems, following closely the approach
of Tyran-Kaminska [TK10b]. We start from the very general setting of non-autonomous
sequential dynamics and then specialize to the case of quenched random dynamical
systems, which will be useful to treat i.i.d. random compositions in the later sections.

5.1. Sequential transformations. Recall the notation introduced in §3.3. Here, (7;,)n>1
is a sequence of measurable transformations on a probability space (Y, B, u). Forn > 1,
recall we define

T1"=Tno~--oT1.

The proof of the following statement is essentially the same as the proof of [TK10b,
Theorem 1.1].

Note that the measure @ does not have to be invariant. Moreover (see [TK10b, Remark
2.1]), the convergence X, —d> X (a) holds even without the condition (¢ o T]j #0) =1,
which is used only for the converse implication of the ‘if and only if’.

THEOREM 5.1. (Functional stable limit law, [TK10b, Theorem 1.1]) Let a € (0, 2) and
suppose that (¢ o le #0)=1forall j =0. Then X, LY X (@) in D[0, 00) under the
probability measure | for some constants b, > 0 and c,, if and only if:
e N, 4 N and

o foralls >0, > 1, with cy(e) given by equation (3.1),

lnt]—1

—|: ¢ o T1j1{|¢0T1j\§8bn} —t(cp — bnca(s))j|
=0

lim lim sup w| sup 5
n

=0 n—oo (05:52

za):o.

5.1
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d
Remark 5.2. In some cases, the convergence N, — N() does not hold, but one has

convergence of the marginals, N, ((0, 1] x -) —d> N)((0, 1] x -). In this case, although
unable to obtain a functional stable law convergence of type (C), we can in some settings
prove the convergence to a stable law for the Birkhoff sums (convergence of type (B)).

. d . .
In particular, we are unable to prove N — N(q) for the case of random intermittent
maps. However, in the setting of random uniformly expanding maps, we use the spectral

d . . o
gap to show that N” — N, and then obtain the functional stable limit law.

The next statement is [TK10b, Lemma 2.2, part (2)], which follows from [TK10a,
Theorem 3.2]. Again, the measure does not have to be invariant.

THEOREM 5.3. (Stable limit law, [TK10b, Lemma 2.2]) For o € (0, 2), consider an
observable ¢ on the probability measure i, and cy(€) given by equation (3.1).

If
d
Nu((0, 1] x -) = Ny (0, 1] x +)
and, for all § > 0,

n—1

1 .
E[ Z ¢ © le1{|¢Ole‘§8bn} - (Cn - bnca (8))}
=0

lim lim sup ,u,( > 5) =0, (.2

e>0 nooo

then

n—1

%{Xyoﬁ—%}ixwm

j=0

under the probability measure (.

5.2. Random dynamical systems. Let ¢ : Y — R be a measurable function such that

VO>p £ 0) = 1.

ProproOSITION 5.4. [TK10b, proof of Theorem 1.2] Let o € (0,1). With b, as in
Definition 2.1 and c,, = 0, suppose that for P-a.e. w € Q,

nt—1
SER) lrlzli)sol;p b, ]X:(:) u"-’w(|¢| {I¢|<ebn)) fora > (5.3)

and
w d
N = N(g).
d . o1
Then X — X (o) in D[0, 00) under the probability measure v* for P-a.e. w € Q.

Proof. We will check that the hypothesis of Theorem 5.1 is met for P-a.e. @ with
T, = Tin-1,, i =v? Recall that ¢, = c4(¢) =0 when « € (0,1). Using [KW69,
Theorem 1] (see Theorem 5.6) and the equivariance of the family of measures {v*},cq,
we have
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lnt]—1 nt—1
2 J . .
v (Oi‘jlj[ Z b0 TN pord <ty = 3) = 5, 4 . yoio (BLjg1<eb,)),
j:
which shows that the condition in equation (5.3) implies the condition in equation (5.1) for
alld >0and £ > 1. O]

Remark 5.5. One could replace the condition in equation (5.3) by one similar to that in
equation (5.5), and use the argument in the proof of Proposition 5.7.

THEOREM 5.6. (Kounias and Weng [KW69, special case of Theorem 1 therein]) Assume
the random variables Xy are in Ll(u). Then

(fl%?i‘n ng > a) <= ZEM(IXH)

PROPOSITION 5.7. Leta € [1, 2).
With b, and c, as in Definitions 2.1 and 2.2, and cy(€) as in equation (3.1), suppose
that foralle > Oand all € > 1,

[nt]—1

. 1

;111>ngo OS<ltlEZ E[ ZO Eva./a) (¢1{|¢|§£bn}) —t(cp — bnca(é‘))jH =0 forP-ae we g,

<t< =
5.4)

and that for all § > 0,

k—1
1
ity Him sup esssup v ( 152 | by ;)[d’ O TN gt <eb,)

E 7o (@lg|<en,)]| = 5) =0. (5.5

If NY LY N for P-a.e. w € Q, then Xy, 4 X (a) in D[0, 00) under the probability
measure v for P-a.e. w € Q.

Proof. As in the proof of Proposition 5.4, we check the hypothesis of Theorem 5.1 with
T, = Tyn-1,, u=v® for P-ae. € Q. We will see that equation (5.1) follows from
equations (5.4) and (5.5).

Using the equivariance of {v®”},cq, we see that the condition in equation (5.1) is implied
by the equation (5.4) and

lim i ! ki $oTI1

im lim sup v® su — o

e—=>0 n—>oop 15k£ne by j=0 @ HIpoT | <ebn)
Evojw((bl{lq)lsabn}):H > 8) =0. (5.6)

We next show that the condition in equation (5.5) implies equation (5.6).
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Since

k-1
1 .
{ sup |- Z[(ﬁ 0 ToN, hori <oty ~ Byoio@Ligi<enn))]| = 5}
1<k<nt |Yn =0 -
k—1

1 .
b_ § [¢ o Ta]) 1{|¢0Tu{\§€bn} - Evnjw(¢1{|¢|55bn})]
n

j=in

£—1
C U { sup
i=0 in<k<(@i+1)n

we obtain that, using again the equivariance, for P-a.e. w € €,

!
= =

k—1
1 .
vw< sup 5= D 100 TLu s <en,y ~ Byt @ligizen)]| = 8)
Isk=nt 1%n g
-1 _ 1 k=1
O_l'lw J .
S S (T SR

pard l<k<n n j:O ging

8
B oicing (¢1{¢|<sbn})]' > Z)

/
<{ - esssup v | max
' eQ I<k=n

k—1
1 .
J .
b, > b0 Tw’1{|¢oTa{/|5sbn}
j=0

8
—E i (¢1{¢|<8bn})]' > Z>'

Thus, the condition in equation (5.5) implies equation (5.6), which concludes the
proof. O

The analog for the convergence to a stable law is the following proposition.
PROPOSITION 5.8. Suppose that for P-a.e. w € 2, we have
d
N ((0, 1] x ) = Ny (0, 1] x ).

Ifa € (0, 1) (so ¢, = 0), we require in addition that

n—1

lim 1 1 S E (611 -0 5.7)
lim lim sup — > voio (1L p|<eb,)) = 0. G-
j=

n—o0 n .

If a € [1, 2), we require instead of equation (5.7) that for all ¢ > 0,

1
lim ‘—
n—oo | b,

n—1
[ SR i (@lggi<en,) — (cn — bnca(e»]‘ =0
j=0

and

n—1

zS):O.

1 .
1 1 w J . _ .
{1

~
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Then
1 n—1 . 4
b—[ Z poT) — c,,] S X
n j:o
under the probability measure v for P-a.e. w € Q.

Proof. We check the conditions of Theorem 5.3.
The proof for « € (0, 1) is similar to the proof of Proposition 5.4, the proof of the case
o € [1, 2) is similar to the proof of Proposition 5.7. ]

5.3. The annealed transfer operator. We assume that the random dynamical system
F:Qx[0,1] - @ x [0, 1],
F((,(), -x) = (UCU, Tw(x)),

which can also be viewed as a Markov process on [0, 1], has a stationary measure v
with density . The map F : Q x [0, 1] - 2 x [0, 1] will preserve P x v. Recall that

P:={(p1.- ... pm)}".
We use the notation Py, ; for the transfer operator of 7; : [0, 1] — [0, 1] with respect to
a measure p on [0, 1], that is,

/ f-goTidu= [(P,L,if)g dp forall f e L'(), g € L™(w).

The annealed transfer operator is defined by

Pu(f) =) piPui(f)

i=1

with adjoint

U(f)=)_ pifoT

i=1

which satisfies the duality relation

/ f(goU)du = /(Pﬂf>g du forall f € L'(1), g € L™().

As above, we assume there are sample measures dv® = h,, dx on each fiber [0, 1] of
the skew product such that

Pwha) = hawa

where P, is the transfer operator of 7,,, with respect to the Lebesgue measure.

Therefore,
v(A):/ [/ he dx]d]P’(a))
QlLJa

for all Borel sets A C [0, 1].
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5.4. Decay of correlations. We now consider the decay of correlation properties of the
annealed systems associated to maps satisfying conditions (LY), (Dec), and (Min) and
intermittent maps.

By [ANV1S5, Proposition 3.1] in the setting of maps satisfying conditions (LY), (Dec),
and (Min), we have exponential decay in BV against L!: there are C > 0,0 < A < 1 such

that
‘/fgoU"dv—/fdv/gdv

In the setting of intermittent maps, by [BB16, Theorem 1.2], we have polynomial decay
in Holder against L*°: there exists C > 0 such that

‘/fgoU"dv—/fdv/gdv

We now consider a useful property satisfied by our class of random uniformly expanding
maps.

< CMIflBvlglL )

< Cn'Vrmin|| £ lnsiderllg | o -

Definition 5.9. (Condition U) We assume that almost each v is absolutely continuous
with respect to the Lebesgue measure m, and

d w

forsome C >0, P-ae.weQ — c! < hy, = dL < C, m-a.e. (5.8)
m

the map w € Q +— h,, € L°°(m) is Holder continuous. 5.9

Consequently, the stationary measure v is also absolutely continuous with respect to m,
with density & € L°°(m) given by h(x) = fQ he, (x)P(dw) and satisfying equation (5.8).

LEMMA 5.10. Properties (LY), (Min), and (Dec) imply Condition U. Namely, there exists
a unique Holder map w € Q — h,, € BV such that P,h,, = hs and equations (5.8) and
(5.9) are satisfied by [ANV15].

Proof. By condition (Dec), and as all the operators P, are Markov with respect to m, we
have

I Pn+k 1— pn

o—n+k) o ""w

Ly < Ck" |1 = PX_y 1By < Ck", (5.10)

which proves that (P, 1),>¢ is a Cauchy sequence in BV converging to a unique limit
h, € BV satisfying P,h, = hs for all . The lower bound in equation (5.8) follows from
the condition (Min), while the upper bound is a consequence of the uniform Lasota—Yorke
inequality of condition (LY), as actually the family {/},cq is bounded in BV. To prove
the Holder continuity of w — h,, with respect to the distance dy, we remark that if w and
o’ agree in coordinates |k| < n, then

lho — horllBy = I1PX s (hg—tyy = hyt)llBY < CO" < Cdp(, o). 0

,]{w

Remark 5.11. Note that the density & of the stationary measure v also belongs to BV and
is uniformly bounded from above and below, as the average of 4, over 2.
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5.4.1. The sample measures h,. The regularity properties of the sample measures

hy, both as functions of w and as functions of x on [0, 1], play a key role in our

estimates. We will first recall how the sample measures are constructed. Suppose

w:=0(..,0_1,00,®1,...,Wn,...,) and define h,(w) =Py ,...Py_,1 as a

sequence of functions on the fiber I above w. In the setting both of random uniformly

expanding maps and of intermittent maps {/, (w)} is a Cauchy sequence and has a limit /.
In the setting of random expanding maps, #,, is uniformly BV in w as

hn (@) — hpp1(@)BY < 1Pw_Po_y - -« Po_,(1 = Po_, DBV < CA".

In the setting of intermittent maps with ymax = maxi<;<n,{y;}, the densities h,, lie in
the cone

L:={fe %0, 1) N LY(m), f =0, f non-increasing,
X7maxtl f increasing, f(x) < ax "mm(f)}

where X (x) = x is the identity function and m ( f) is the integral of f with respect to m. In
[AHN™15], it is proven that for a fixed value of yyax € (0, 1), provided that the constant
a is big enough, the cone L is invariant under the action of all transfer operators Py, with
0 < ¥ < Ymax and so (see e.g. [NPT21, Proposition 3.3], which summarizes results of
[NTV18])

(@) = Bk @ 1y < 1P Py - Pur (L= P o P Dl 1y

< Cymaxnl_l/}’max (log i’l) 1/¥max ,
whence h,, € L'(m). In later arguments, we will use the approximation
18 (@) = Booll L1y < Comat' /7™ (log n) !/ 7max. (5.11)

We mention also the recent paper [KL21], where the logarithm term in equation (5.11) is
shown to be unnecessary and moment estimates are given.

We now show that &, is a Holder function of @ on (€2, dg) in the setting of random
expanding maps.

For 6 € (0, 1), we introduce on €2 the symbolic metric

dy(w, ') = 6%,

where s(w, @) = inf{k > 0: wy # wz for some |¢| < k}.
Suppose w, o’ agree in coordinates |k| < n (that is, backwards and forwards in time) so
that dg (w, @’) < 6" in the symbolic metric on 2. Then

||ha) - ha)/”BV S ||PCU71 Pa)l o Pw7n+1 (h(a*"‘Flw) - h(g’*”*’la)’))”Bv
< ! = Cldg(w, )% >,

Recall that || f]lco < C|| fliBV, see e.g. [BG97, Lemma 2.3.1].

That is, Condition U (see Definition 5.9) holds for random expanding maps.

The map w — h,, is not Holder in the setting of intermittent maps; in several arguments,
we will use the regularity properties of the approximation %, (w) for h,,.
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However, on intervals that stay away from zero, all functions in the cone L are
comparable to their mean. Therefore, on sets that are uniformly away from zero, all the
above densities/measures (dv = h dx, hy, h,(w)) are still comparable.

Namely,

forany § € (0, 1), there is Cs > 0 such that
helL — 1/Cs < h(x)/m(h) < Cs for x € [§, 1]. (5.12)
Indeed, #/m(h) is bounded below by [LSV99, Lemma 2.4], and the upper bound follows

from the definition of the cone.

6. Ancilliary results
Let xo € [0, 1], and, for @ € (0, 2), recall we define the function ¢y, (x) = |x — x| ~1/%. Tt
is easy to see that ¢, is regularity varying with index « and that p = 1.

6.1. Exponential law and point process results. We denote by J the family of all finite
unions of intervals of the form (x, y], where —o0o <x <y <ooand 0 ¢ [x, y].

For a measurable subset U C [0, 1], we define the hitting time of (w, x) € Q x [0, 1]
to U by

Ry (o) (x) :=inf{k > 1: TX(x) e U}. (6.1)

Recall that ¢y, (x) 1= d(x, xo)_l/ % depends on the choice of x¢ € [0, 1]. Recall also

that
p=J | a4,

n>0 wef

the set of discontinuities of all the maps 7.

THEOREM 6.1. In the setting of §2.1, assume conditions (LY), (Min), and (Dec). If xo ¢ D
is non-recurrent, then, for P-a.e. w € Qand all0 < s < t,

lim v (R, (6" w) > |n(t —5)]) = (Tl
n— oo

where A, := ¢ 1 (by]), J € J.

THEOREM 6.2. In the setting of intermittent maps, assume that Ymax < % Then for m-a.e.
xo for P-a.e. w € Qandall0 <s < t,

lim 17 "Ry, (6" w) > [n(t —5)]) = e I,
n—oo
where A, = qjx_ol(bnj), Jed.

THEOREM 6.3. In the setting of §2.1, assume conditions (LY), (Min), and (Dec). If xo ¢ D
is non-recurrent, then for P-a.e. w € Q,

d
N;:) — N(a),

under the probability v®.
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THEOREM 6.4. In the setting of intermittent maps for m-a.e. xo for P-a.e. w,
d
N0, 1] x ) = Ny ((0, 1] x ).

After some preliminary lemmas and results, Theorem 6.1 is proved in §8.1, Theorem 6.2
in §8.2, Theorem 6.3 in §9.1, and Theorem 6.4 in §9.2.

7. Scheme of proofs

7.1. Two useful lemmas. We now proceed to the proofs of the main results. We will use
the following technical propositions which are a form of spatial ergodic theorem which
allows us to prove exponential and Poisson limit laws.

LEMMA 7.1. Assume Condition U and let x,, : Y — R be a sequence of functions in L' (m)
such that By, (| xn|) = O~ L(n)) for some slowly varying function L. Then, for P-a.e.
w € Qandforall € > 1,

kn—1
Jim, mp jg(j)(Ev(,jw(xn)—Eu(xn)) =0.

Therefore, given (s, t] C [0, 00) and € > 0, for P-a.e. w, there exists N (w) such that

[nt]
> (B i O — Eulin)

r=|ns]+1

<é¢

fJoralln > N(w).

Proof. We obtain the second claim by taking the difference between two values of ¢ in the
first claim.
Fix £ > 1. For § > 0, let

kn—1
Ul ) = {we Q[ Y (E b ) — Evtn) za}
j=0
and
kn—1
B”(«S)={wesz: sup | Y (B i () — By () za}.
o<k=t | 735
Note that

4
B"©®) = J vt ©®.
k=0

We define f,(w) = E,o(x,) and ?n = Ep(f,). We claim that f;,, : Q — R is Holder with
norm || f,|l¢ = O(n~'L(n)). Indeed, for w € 2, we have

[fn(@)] = ‘ /y Xn(x) dv®(x)

C~
< Mol Mxalzy, < —Lin),

m
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and for w, @’ € 2, we have

Ifn(w)—fn(w’)|='/yxn(x) de(x)—/yxn(x) dv? (x)

< /Y O] - o () — by ()] dm(x)
< o — hoylliLge lxnll Ly

C~
S _L(n)dg (Cl), Cl)/),

n

since w € Q +— hy, € L®(m) is Holder continuous. In particular, we also have that
fn=0m""Ln)).
We have, using Chebyshev’s inequality,

kn—1
P(U(8)) = ]P’({a) eQ: Z(fn ool —f| > 5})
j=0
1 kn—1 ] N 2
o((Svew-7))
j=0
1 kn—1 . _
< 8—2[ 3 Elfuoo! =,
j=0
+2 ) Ee((fuoo' = f)(faoo! —?n»]
0<i<j<kn—1

By the o-invariance of PP, we have
Eplfuo o/ — 1> =Eplfa — ful%

and, since (€2, P, o) admits exponential decay of correlations for Holder observables, there
exist A € (0, 1) and C > 0 such that

Ep((fuoo' — F)(fuoa! —F)) =Ep((fu — f)(fuool™ —F,))
< CM7 fu = Full3.

We then obtain that
C — . _
P(U(9)) < S—Z[knnfn —TalZ 2 Y W, —fnné}
0<i<j<kn—1
nk )
< C8—2||nt|@
k=~ 2
< CW(L(R)) ,
which implies that
KZ

P(B"(8)) < cm@(nw.
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Let n > 0. By the Borel-Cantelli lemma, it follows that for P-a.e. w € 2, there exists
N(w, 8) > 1 such that ¢ BL?'"")(8) forall p > N(w, 5).

Let now P := [p!*"| <n < P’ = [(p+ 1)!*7] for p large enough. Let 0 < k < ¢.
Then, since || fulloc = O 'L (n)),

kP—1 . . kn—1 ' _ kn—1 ' _
Y (elo)=F) = > (faelw) = F < D I falolw) = F,|
j=0 Jj=0 j=kp
I_p . T a1+
<P Py < cH0D

because on the one hand,

P'—P _(p+ D] —[pt] (1)
= ZO -1,
P Lp'+7] p

and on the other hand, by Potter’s bounds, for T > 0,

L) < CZ(P)(E) < CZ(P)(i/) < CL(P).
P P
Since
kP—1 ' B
D (falelw) =T, <8
=0

for all 0 < k < ¢, it follows that for P-a.e. w, there exists N (w, §) such that v ¢ B"(25)
for all n > N(w, §), which concludes the proof. O

We now consider a corresponding result to Lemma 7.1 in the setting of intermittent
maps.

LEMMA 7.2. Assume that Ymax < 1/2, and that x, € LY(m) is such that En(xn) =
Om™Y), lxnllse = O() and there is § > 0 such that supp(x,) C [8, 1] for all n.
Then, for P-a.e. w € Q and forall £ > 1,

kn—1
nli>nc}o OZII:I;K 12—(:) (]Ev”j“’(xn) - EV (Xn)) =0.

Proof. In the setting of intermittent maps, we must modify the argument of Lemma 7.1

slightly as h,, is not a Holder function of . Instead, we consider h! = P; _i, 1 and use
that, by equation (5.11),
||h£0 — hw||L1(m) < Ci =1/ vmax (leaving out the log term). (7.1)

Note that hiu is the ith approximate to h,, in the pullback construction of &,. Let vé) be the
measure such that dv’ /dm = hi .

https://doi.org/10.1017/etds.2024.5 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.5

3060 R. Aimino et al

Consider

[i@) =By (xn) > fa(@) = Eyo(xn),

F=Ee(f), Fn=Ep(fy).

By equation (5.12), on the set [§, 1], the densities involved (h’tf), hy, h =dv/dm) are
uniformly bounded above and away from zero. Thus, || fi [lcc = O(n™1).

Pick 0 < a < 1 suchthat 8 := ((1/ymax) — Da — 1 > 0.

For a given n, take i = i,, = n“. By equation (7.1), for all , n, and i = n¢,

| £1(@) = fa(@)] < Nl = Booll L1 oy | Xl Lo @y = O™ FFD).
Then
[Fo = Fal = O™ P+D)

and
kn—1

Z [fi(0"®) — fu(o"w)]| < Ctn™P
r=0

Given ¢, choose n large enough that for all 0 < k < ¢,

kn—1 kn—1 )
{a) eqQ: Z(:)(fn(o’a)) —fl > 8} C {a) eQ: Z(:)(f,f(a’w) S ;}
By Chebyshey,
kn—1 ) e 4 kn—1 ‘ .
P( Z(f;; >§>§8—2 ;EP([fJOUr—f;F)

[ Z Z Ep[(f,;'oa’—?ﬁ;)(f,;'oa“—?inn]

=0 u=r+1
We bound

kn—1 kn—1

i 72 i2 g
Z Er(lfy = Ful) = C D Ifl% = —

r=0

and note that if |[r — u| > n“, then by independence,

Pl(fi 00" = F)(faoo" = T =Eelfi 00" — FIBplf 00" — 7,1 =0
and hence, we may bound

kn—1 kn—1
. - —i Cce
2 D Eel(fo0” = F)(faoo" = Fll < ——

r=0 u=r+1
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Thus, for n large enough,

Ct
]P’({a)eQ: >8}>§1—.
nl-ag?

The rest of the argument proceeds as in the case of Lemma 7.1 using a speedup along a
sequence n = p!t1 where n > a/(1 — a), since || fulloo = O(n~1) still holds. O]

kn—1

D a0 w) = 7,

r=0

7.2. Criteria for stable laws and functional limit laws. The next theorem shows that for
regularly varying observables, Poisson convergence and Condition U imply convergence
in the Jj topology if & € (0, 1) and gives an additional condition to be verified in the case
o €l,2).

Note that equation (7.2) is essentially the condition in equation (5.5) of Proposition 5.7.

THEOREM 7.3. Assume ¢ is regularly varying, Condition U holds, and that
N® 4 N

forP-a.e. v € Q.
If a € [1, 2), assume furthermore that for all § > 0 and P-a.e. w € €,

k-1
1 .
. > [poT) Lsorii<eby — Evoio (@Lgi<eb,))]

za)zo.

(7.2)

lim lim sup v{ max
e—=>0 p—o0 1<k<n

d . o1
Then X — X (o) in D0, 00) under the probability measure v* for P-a.e. w € Q.

Remark 7.4. From equation (5.8) and Theorem 5.1, it follows that the convergence of X
also holds under the probability measure v.

Proof of Theorem 7.3. When« € (0, 1), we check the hypothesis of Proposition 5.4. Using
equation (5.8), we have
nf—1

nt
. D E (9 gi<en,))| < € Ev(¢Ligi<en,))-
n ]:O n

Using Proposition 3.2, we see that the condition in equation (5.3) is satisfied since o < 1,
thus proving the theorem in this case.

When o € [1,2), we consider instead Proposition 5.7. First, we remark that the
condition in equation (5.5) is implied by equations (7.2) and (5.8). It remains to check
the condition in equation (5.4), which constitutes the rest of the proof.

If @ € (1, 2), we have

|nt]—1

1
b—[ > Evafw(¢1{|¢|5sbn})—t(0n—ana(S))}

j=0

< AJ() + By (1) + Cre(t)

(7.3)
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with
|l
A1) = b—[ > Evofw(qs)—tcn},
n =0
|l
By (1) = E[ X(:) Eva.iw(¢1{¢>8bn})_nt]Eu(¢1{|¢|>£bn})i|,
=
and

nt
Cpet) = ‘b_Ev(¢1{¢>sb,,}) — tcg(e)
n

Since ¢ is regularity varying with index o« > 1, it is integrable and the function
w — E,o(¢) is Holder. Hence, it satisfies the law of the iterated logarithm, and we have
for P-a.e. w € 2,

k—1
1 . _ 1oglog k
'% ,;0 Eoio(®) = Ev<¢>>’ = 0<—ﬁ )

Thus, we have

Vnt,/log log(n£)>
5 .

n

sup AL(r) = (’)(

0<t<¢

As a consequence, we can deduce that lim,— o Supg<,<¢ A} (t) = 0 since b, = nal (n)
for a slowly varying function L, with o < 2.
By Proposition 3.2, we also have

im_nby 'y (@1j)e,) = cale).
In particular, we have

lim sup C;.(t) =0.
n—00 <1<y ’
This also implies that E,,(|x,[) = O(~!) if we define x, = b, '¢1{4/>ep,}- From
Lemma 7.1, it follows that lim,,—, o supy<,<¢ B, (1) = 0.
Putting all these estimates together concludes the proof when o € (1, 2).
When o = 1, we estimate the right-hand side of equation (7.3) by A7 (¢) + B, (1) with

n,e
lnt]—1

1
Ay () = b_[ Z ]Euajw(¢1{¢5abn})—nlEu(¢1{¢5abn})”

and

nt
B, (1) = b_Ev(¢1{shn<|¢|§bn}) — tcy(8)
n
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We define x, = b;l(ﬁl{\tb\fsbn}. By Proposition 3.2, we have E,, (| x,|) = O(n’IZ(n))

for some slowly varying function L, and so by Lemma 7.1,

lim sup A7 (1) =0.

n—>00 g /<y

However, by Proposition 3.2, we have
. —1
Jim nb, By (@lien, <ig|<eb,)) = Cale)

and so limy,— o0 SUPg<,<; By (1) = 0 which completes the proof. O

8. An exponential law
We denote by 7 the family of all finite unions of intervals of the form (x, y], where
—oc0o<x<y<ooandO ¢ [x, y]. For J € J, we will establish a quenched exponential
law for the sequence of sets A, = (gbxo)’1 (b, J). Similar results were obtained in [CF20),
FFV17, HRY20, RSV14, RT15].

Since ¢ is regularly varying, it is easy to verify that

lim nv(A,) = Iy (J).
n—oQ
In particular, m(A,) = O(n™").

LEMMA 8.1. Assume Condition U and that ¢ is regularly varying with index «.
If A, C [0, 1]is a sequence of measurable subsets such that m(A,) = O(n~"), then for
all0 <s < t,

|nt] )
nll)ngo ([ Z V(TJa)(An)j| — n(t — S)V(An)> =0.

j=lns]+1

The same result holds in the setting of intermittent maps if A, C [8, 1] for some § > 0
with m(4,) = O~ In particular, if A, = ¢x_01 (byJ) for J € J and xo # 0, then for
all0 <s < t,

Lnt) A
im0 v A = (= 9)TTa().
j=lns)+1

Proof. For the first statement, it suffices to apply Lemma 7.1 or Lemma 7.2 with x,, = 14, .
The second statement immediately follows since lim,, nv(A,) = Iy (J). O]

COROLLARY 8.2. Assume the hypothesis of Lemma 8.1.
Let J € J and set A, = (b_l(bn.l). Then for P-a.e. w € Qand all0 < s < t,

[nt] )
im ] (1 —ve@a,)) = M),
n—oQ
j=lns]+1
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Proof. Since v®(A,) is of order at most n ! uniformly in w € €, it follows that

|nt] _ Lnt] )
log [ [] a- v"j“’(An)):| = —( > v“"‘”(A,,)) +0m™h.

Jj=lns]+1 j=lns]+1
By Lemma 8.1,
lim N VO (A) = (t — $)TTg(J)
n) — - o )
S jgfsz
which yields the conclusion. O

Definition 8.3. For a measurable subset U C Y = [0, 1], we define the hitting time of
(w,x) € 2 x Y toU by

Ry (o) (x) :=inf{k > 1: TX(x) e U},

and the induced measure by v on U by

To establish our exponential law, we will first obtain a few estimates, based on the proof
of [HSV99, Theorem 2.1], to relate v” (R4, (w) > [nt]) to ZJL.":%_I v’ ®(A,) so that we
are able to invoke Corollary 8.2.

The next lemma is basically [RSV14, Lemma 6].

LEMMA 8.4. For every measurable set U C [0, 1], we have the bound

k .
v?(Ry (@) > k) — [J1 - v“’ww))'

j=1

J—1

= S0 ¢k — . U) (1 =)

j=1 i=1
k .
<Y V) ¢4 (U,

where
colk, U) := vjj(Ry (@) > k) — v’ (Ry (w) > k)|
and

co(U) :=sup cy(k, U).
k>0

Proof. Note that {Ry(w) > k} = [T17/(U° N {Ry(ocw) > k — 1}) and so, using the
equivariance of {v®},cq,

VY(Ry(w) > k) =v°°(U°N{Ry(ocw) > k — 1}).
Hence,

VY(Ry(w) > k) =v"?(Ry(ow) >k —1) —v°“(U N{Ry(cw) >k —1}).
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We note that
VY(Ry(w) > k) =v"°(Ry(cw) > k—1)
VU)WV (Ry(ow) >k — 1) + cou(k — 1, U)]
= —=v"?°U)W°“(Ry(cw) >k —1) —v°°U)csek — 1, U).
Iterating we obtain, using the fact that for P-a.e. w, v*(Ry(w) > 1) =1,

j—1

k _ k , _
v’ (Ry(@) > k) = [ =7 2W) = Y v W)y, (k- j, U) [ (1 = v7 @),
j=1

j=1 i=1

which yields the conclusion. O
We will estimate now the coefficients c,,(U).

LEMMA 8.5. For any measurable subset U C Y such that 1y € BV, we have, for all N,

1
ve(U)

co(U) = vj(Ru(@) < N) +v?(Ry(®) < N) + 1P [y — v (W)Ih) 11 )

8.1)

and

v (Ry(@) < N) <

N .
oy Ru@ =N). V(Ry@) <N) < ; 7 OU). (8.2)

Proof. The estimates in equation (8.2) follow from

N
(Ry() < N} = J@)~ @),

i=1
and therefore
N .
v (Ry(@) < N) <Y v7 ().
i=l1
For equation (8.1), note that
co(U) = V9(Ry (@) < j) —v°(Ry () < j)I.
If j < N, then
co(U) <= v3(R(@) < N) +v’(R(w) < N).
If j > N, we write
VY (Ry (@) < j) —v°(Ry (@) < j)
= VW (Ry(@) < j) —vi (T, N (Ry(@Nw) < j— N))
+ v (T, N Ry @V w) < j— N) — v (T, N (Ry(cVw) < j — N))
+ v(T, N (Ry(oeNw) < j — N) —v°(Ry (@) < j)
= (a) + (b) + (o).
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To bound terms (a) and (c), note that
{(Ru(@) < j} = (Ru(@) = NJUT, M ({Ry(o"w) < j = N)})
50
W (Ry (@) < j) = v (T, Y (Ru(@™w) < j = N)| < v*(Ry(@) < N) (8.3)

and similarly for vy;.
To bound term (b), we use the decay of P£. Setting V = {Ry(cVw) < j — N}, we have

WO, N (V) — v (T, N (V)]
1
= 5w ’ fY 1yly o TN by dm — v (U) /Y 1y o TV h, dm’
1

ve(U)

‘ f 1 PY [y = v*(U)]he) dm‘
Y

< D 1P (y — v @A)l 1 (- 0

8.1. Exponential law: proof of Theorem 6.1. We can now prove the exponential law for
Ay =07 bpd), J € J.
Proof of Theorem 6.1. Due to rounding errors when taking the integer parts, we have
WO Ry, @ w) > (0t — 5)]) = v (R, (0 w) > ne] = (ns))]
<v7"9A,) < Cm(Ay) — 0,

and it is thus enough to prove the convergence of v’ L"SJ‘”(R A, (0 slgy > |nt| — |ns)).
By Lemmas 8.4 and 8.5, for all N > 1, we have

Lt ,
v R, 0 0) > ) — (s~ [T (= v (A)| < @ + (D + (D),

j=lns]+1
(8.4)
with
Lnt] _
M= > 1A, N (R4, (0 w) <N,
j=lns]+1
Lnt] , ,
M= Y v A7 (Ra, (07 0) < N),
j=lns]+1
and

[nt] _
=" PN, (s, =" “(Agi) L1 om)-
j=lns]+1
To estimate (I), we choose ¢ >0 such that J C {|x| > ¢} and we introduce
V., = {|¢| > eb,}. For a measurable subset V C Y, we also define the shortest return
to V by
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ro(V) = inf Ry(w)(x),
xeV
and we set
r(V) = inf r,(V).
we
‘We have

V@A, N {R, (07 w) < N}) < v’ °(V, N {Ry, (07 w) < N})

N
< Y vewun @ )T )
i:rojw(V)
< Z / Pl (y,h,i,) dm.
i=r_j, (Vo)

It follows from condition (Dec) that
+
‘ / Ly, P, (A, hgs,) dm = v (V)0 o v, )‘

<y, I 1P, (y, — UM I
< COmV) Ly, — v (V) lhy i, By
< CO'm(Vy),

as BV is a Banach algebra, and both |1y, ||y and |4, |y are uniformly bounded.
(Recall that, from the definition of ¢, it follows that V,, is an open interval, and thus 1y,
has a uniformly bounded BV norm.)

Consequently,

|nt] ) L .
UENDY Z WV O, + 0@ mVi)]

j=lns]+li=r_; (V,)

olw

< C(m(V,)’nN + m(V,)no" ")y,

However, we have by equation (8.2),

Int] A N o
=< > e Y v e,

j=lns]+1 i=1
< CnNm(Ap)?,

and it follows from condition (Dec) that

Lnt] ,
am < coV Yl — v (A, lIBY
Jj=lns]+1

< cnoM,
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since {hy}weq 1S @ bounded family in BV, A, is the union of at most two intervals, and
thus ||14, [Igv is uniformly bounded. We can thus bound equation (8.4) by

Cm(V,)’nN +m(V)no0™ Y + m(A)*nN +no™) < C(n™'N + 6"V 4 noMy,

and, assuming for the moment that r(V,) — +00, we obtain the conclusion by choosing
N = N(n) = 2logn and letting n — oo.

It thus remains to show that r(V,,) — 4o00. Recall that V,, is the ball of center xg
and radius b~ 'e™*n~!. Let R>1 be a positive integer. Since xo is assumed to be
non-recurrent, and that the collection of maps T} for w € Q and 0 < j < R is finite, we
have that

g := inf inf |TJ(x0) —x0| > 0
e 0<j<R
is positive. Since all the maps Ta{ are continuous at xo by assumption, there exists ng > 1
such that foralln > ng, j < R,and w € 2,

. 4 SR
x €Vy = |T)(x) — T)(x0)| < ER

Increasing n g if necessary, we can assume that b~ lemop~l < (6r/2) for alln > ng.
Then, foralln > ng, w € 2, j < R, and x € V,,, we have

. . . . )
|T;) (x) — x0| = |T) (x0) — xol — |T)(x) — T (x0)| > 7R > b e,

and thus T (x) ¢ V.
This implies that r(V,) > R for all n > ng, which concludes the proof as R is
arbitrary. O

Remark 8.6. A quenched exponential law for random piecewise expanding maps of
the interval is proved in [HRY20, Theorem 7.1]. Our proof follows the same standard
approach. We are able to specify that Theorem 6.1 holds for non-recurrent xp, since our
assumptions imply decay of correlations against L' observables, which is known to be
necessary for this purpose, see [AFV15, §3.1]. Our proof is shorter, as we consider the
simpler setting of finitely many maps, which are all uniformly expanding. In addition, we
use the exponential law in the intermittent case of [HRY20, Theorem 7.2] to establish the
short returns condition of Lemma 8.7 below.

8.2. Exponential law: proof of Theorem 6.2. To prove the exponential law in the
intermittent setting, Theorem 6.2, we need a genericity condition on the point x¢ in the
definition (2.1) of ¢y, .

LEMMA 8.7. If Ymax < %, for m-a.e. xy and for P-a.e. w € L,

Ltn] )
Jim T m(By o) N R () < Lnllogm) ™) =0
J=lsn]+1

forallc >0andall0 <s < t.
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Proof. Let N = |n(log n)~'anV, = B.,-1(xp). First, we remark that for m-a.e. xo and
P-a.e. w,

m(Vy 0 {Ry, (@) < N}) = o(n™ ). (8.5)

This is a consequence of [HRY20, Theorem 7.2]. Their result is stated for two intermittent
LSV maps both with y < % but generalizes immediately to a finite collection of maps with
a uniform bound of ymax < % The exponential law for return times to nested balls implies
that for a fixed ¢, for m-a.e xg, and P-a.e. w,

: _ —t
Jlim l)w(vn)\/“)(Vn N{Ry, (@) <nt}) =1—-e"",

which shows in particular, since {Ry, (w) < N} C {Ry, (w) < nt} for all n large enough,
that for all ¢+ > 0, m-a.e xg, and P-a.e. w,

lim sup vV, N{Ry,(w) < N}) <1—e". (8.6)

n—oo V9(Vy)

Using equation (5.12), taking the limit + — O proves equation (8.5). Note that, even
though the set of full measure of x(o and w such that equation (8.6) holds may depend on ¢,
it is enough to consider only a sequence 7; — O.

Now, for k > 0 and n¢ > 1, we introduce the set

2—k
QZO — {a) e Q:m(V, N{Ry,(w) < N}) < — foralln > no}.
n

According to equation (8.5), we have for all k > 0,
s noy __ no _
m}inoolp(gk ) _IP( U Q ) =1.
no>1
By the Birkhoff ergodic theorem, for all k > 0, ng > 1, and P-a.e. w,
n—1

lim — 2(:) 1oro (07 w) = P(Q),
]:

n—>o0o n 4

which implies that forall 0 < s < ¢,
1 Lnt]

li - 1,00 (07 w) = P(Q}0).
nLH;O (|_an _ LnSJ) jzgi_'—l QkO(O' Cl)) ( k )

Let ng = no(w, k) such that P(,°) > 1 — 2% and for all n > ny,

1 Lnt]

_ 100’ P(Q}0) —27*,
(lnt] — Ins]) j_%ﬂ g (07@) 2 P

Then, for all n > ny(w, k), we have
1 |nt]

3 1 g0 (0lw) <27%D,
— (2,7
(i) = ns]) |, &= T

https://doi.org/10.1017/etds.2024.5 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.5

3070 R. Aimino et al

Consequently,

Lnt] —k
> m(Vu N {Ry, (@) < N}) < (Int] — LnSJ)ZT + (Lnt] = s 27 Vm(vy).
lns]+1

This proves that

[nt]
lim sup Z m(Vy N {Ry, (w) < N}) < C27*
n—oo
lns]+1
and the result follows by taking the limit k — oo.
Note that the set of xo and w for which the lemma holds depends a priori on ¢ > 0, but
it is enough to consider a countable and dense set of ¢, since for ¢ < ¢/,
{Bgp-1(x0) N {Rp

cn

S N}} - {Bc/n*l(xo) N {R(gc/,171(x()) S N}} D

—1(xo0)
The exponential law for random intermittent maps follows from Lemma 8.7.

Proof of Theorem 6.2. 'We consider the three terms in equation (8.4) with N = |n(log n) ™' .
Let V,, = {|¢| > eb,}, where ¢ > 0 is such that A, C V, for all n > 1. Since V,, is a
ball of center xq and radius b~ 'e~*n~!, and since V,, C [, 1], the term

[nt] ) |nt]
M= Y VA N{Ra, (/o) <NH<C Y mVyN{Ry,(o/w) <N
Jj=lns]+1 j=lns]+1

tends to zero by Lemma 8.7 for m-a.e xg.
The term

|nt] i ) _
= Y vA)7 (Ra, (07 w) < N) < CnNm(A,)*
j=lns|+1

also tends to zero since N = o(n). Lastly, we consider

Lnt] _
am =" PN, (a, =" (ADgi) L1 ny-
j=lns]+1

We approximate 14, by a C! function g such that llgllct <n', g =14, on A,
and ||g —14,ll;1 <n™F (recall A, is two intervals of length roughly 1/n so a simple
smoothing at the endpoints of the intervals allows us to find such a function g). Later we
will specify T > 1 as needed. By [NPT21, Lemma 3.4] withh = h, and ¢ = g — m(ghy),
for all w,

”Pc{)\/([g _ m(gha))]ha))”L1 < CnTNl_l/Vmax(log N)l/)’max
< CnT+1—1/Vmax (log n)(z/ymax)_l_
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Using the  decomposition 14, —V“(A4,) = (14, — 8) — W (A,) —m(ghy)) +
(g —m(ghy)), we estimate, leaving out the log term,

(II) < Cln' ™" 4 p"H21/rma,

where the value of C may change line to line. Taking ymax < % and 1 <7 < (1/Ymax) — 2
suffices. O

9. Point process results
We now proceed to the proof of the Poisson convergence. In §11, we will consider an
annealed version of our results.

9.1. Uniformly expanding maps: proof of Theorem 6.3. Recall Theorem 6.3: under
the conditions of §2.1, in particular conditions (LY), (Min), and (Dec), if xo ¢ D is
non-recurrent, then for P-a.e. w € Q,

N,;U —d> N

under the probability measure v®.

Our proof of Theorem 6.3 uses the existence of a spectral gap for the associated transfer
operators P, and breaks down in the setting of intermittent maps. The use of the spectral
gap is encapsulated in the following lemma.

LEMMA 9.1. Assume condition (LY). Then there exists C > 0 such that for all w € , all
f, fn € BV with

sup | fillLeegmy <1 and  sup || fjllgv < o0,
j=1 j>1

we have

= Cllflsv(sup 11 llmv)-

sup ’
n>0 j>1

BV

Pﬁ(f-]_[fjoT$>
j=1

Proof. We proceed in four steps.
Step 1. We define

n
go=11/s01i
=0

where we have set fiy = 1. We observe that for all n > 0, there exists C,, > 0 such that for
allw € Q,

n+1
lghlimon < (sp I fillimen ) <1 and lghlsy < Cu((sup £l ). O1)

j=1 j=1
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The first estimate is immediate, and the second follows, because

Var(gh™) < Var(g™)|| fur1 © T || ooy =+ 118 | oo my Var(fug1 o TP
< Var(gl) + Var(fug1 o T
= Var(g") + Z Vary (fu41 0 T2
Te Al
= Var(gl) + Z Var s ) (fas1)
Te At

< Var(g") + #ALT ) Var(f,41),

and so we can define by induction C,,+1 = C,, + sup,,cq #.AZ,Jrl which is finite, as there
are only finitely many maps in S.

Step 2. We first prove the lemma in the case where r = 1 in the condition (LY). Before,
we claim that for f € BV and sequences (f;) C BV as in the statement, we have

n
Var(P(fgi) < D p IPL T (£el ™Dl Il fa—jllBy
j=0
n—1
+D Y IPE el D g gy sl oo m) - 9.2)
j=0

This implies the lemma when » = 1, since
1P (Fg Do < 1™ Moo IPE 1 £lllLoeemy < CIlf Iy
and

IPE (£ Dt < IFEE  Npiim < I leeamllgl™ Iion < ILf v

We prove the claim by induction on n > 0. It is immediate for n = 0, and for the
induction step, we have, using condition (LY),

Var(Py ! (fgith)

—V n+1 n n+lyy _ n+1 n

= Var(P2 (£l furt 0 T2 = Var(PEH (£82) fur)

< Var(PLE LD frt lomy + 1P CF &2 Lo (my Var(foe)

< (pVar(P,(fga)) + DIP(f8e) L1 n) | fat 1l Loom)

+ 1P g Loy Var(fu)

< pVar(PL(fei)) + DI PECFEI L1y s 1 Loy + I AT (£ Loy || frr 1BV

which proves equation (9.2) for n 4 1, assuming it holds for n.

Step 3. Now, we consider the general case r > 1 and we assume that 7 is of the particular
form n = pr, with p > 0. We note that the random system defined with 7 = {T},cq
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satisfies the condition (LY) with » = 1. Consequently, by the second step and equation
(9.1), we have

P
170 (f8ullBy = 115,00 By (f l_[ 8qire © TJ) BV
Jj=1

= ClL Al (899 115, v ) = CCrlFlaw (sup 1 )

]>

Step 4. Finally, if n = pr + g, with p >0 and g € {0, ..., r — 1}, as an immediate
consequence of condition (LY), we obtain

IPL(fei)lley = I PLo , PE (82 g2,k o T ) lIBY
=IPZ, (PP (fgl g o ) IBy < CIPE (fgl gl s, By

However, from Step 3, we have

IPL (£828 ol Lty < 182wl I PL (FEE N L1

< IPL"(F8E) Ly < C||f||BV<SuI]> 118y ),
]>

and, using equation (9.1),
Var(PY (fgl Vgl ) < IPE" (£l )| Looomy Var(gl,r,)
+ Var(PL" (fgE )8 r oyl Lo (m)
= (Cll gl Nl P Ill=m + CIl flIsv]((sup 115 l1sv)

j>

=c(t+ max C,)Iflsv(sup I filav).
q=0,....,r—1 j>1

which concludes the proof of the lemma. O

Proof of Theorem 6.3. We denote by R the family of finite unions of rectangles R of the
form R = (s, t] x J with J € J. By Kallenberg’s theorem, see [Kal76, Theorem 4.7] or

[Res87, Proposition 3.22], N < N ifforany R € R,
@ lim V(NS (R) = 0) = BN (R) = 0)
and
(b) nli)rrolo E,oN; (R) = EN()(R).
We first prove equation (b). We write

R:URi,

i=1

with R; = (s;, t;] x J; disjoint.
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Then

k
ENG (R) =) (ti — s)Ta (Ji)

i=1

and

-

k
EvwoNg(R) =Y By Ny ((si, 1] x J;) =
i=1

i—1
D By, oTsh

1 ns;<j<nt;

DR ()

|
-M”

i=l ns;<j=<nt;
kolngl-1
=Y Y vy Bad)).
i=1 j=lnsi|
By Lemma 8.1, for P-a.e. w € €2, we have
ko lng)-1
im0 Y vy 0ndi)) = (1 = s)Ta (o),
i=1 j=|ns;|

which proves equation (b).
We next establish equation (a). We will use induction on the number of ‘time’ intervals
(si, t;] € (0, o0]. Let R = (s1, t1] x J1, where J; € J. Define

An = ¢ bn1).
Since

{(N®(R) =0} = {x : T (x) & Ay, ns1 < j+ 1 <nn)

= {lAﬁ ° Tagnsd . 1A,‘; ° Tal;nsljJrl ..... L o TaEntljfl £ 0)
|nty]—1—|ns; ] '
N {x : ( 1_[ Lag e Tajlnmw> o T,/ (x) # 0},
=0

we have that
WO(N2(R) = 0) — v " (Ry, (@) > [n(ty — s1)))]
< v "MoRy (@ 1w) = 0) = 7" 9(A,) < Cm(Ay) — 0,  (9.3)

because, due to rounding when taking integer parts, |nt;] — [ns;] — 1 is either equal to
[n(ty —s1)] — 1 orto [n(¢ty — s1)]. By Theorem 6.1,

UO-[nSle(RAn(O,LnS]Ja)) > I_n(tl _ sl)J) N e—(l|—51)na(.])

as desired.
Now let R = U';zl(si, Ll x JiwithO <sy <t <---<s; <tyand J; € J. Further-
more, define s} =s; — sy and #; =1, — 5.
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Observe that, accounting for the rounding errors when taking integer parts as for
equation (9.3), we get

k
v‘”(Né”( (s1. 111 x J,-) - 0) - v"”““’(NX””“"( Jesr 1% J,-> ~ 0)‘
i=1

<2C ) m(gy (badi)) = 0 94

C?v

1

M-

so, after replacing w by o /11w, we can assume that s; = 0. Let

Ry = (0, 1] x Ji,

k
R, = U(Si, ] x Ji,
(=2
k
Ré = U(si —$,ti — 87 X Jj.
(=2

Then, with A, = ¢ (bs 1),

WI(NI(R1 U Ro) = 0) — v'[{Ra, (1) > Lnt ]} 0 T2 (N 1(RY) = 0] — 0
9.5)
as n — oo, uniformly in n € €2, as in equation (9.4). Moreover, as we check below,
WI{Ra, () > Lnty )} 0 T, 52 (N7 "2 1R = 0)]
—V1(Ra, () > [nt1]) - V(N (R2) = 0)] = 0 9.6)

as n — oo, uniformly in 5 € Q. Therefore, setting n = o"*2)w in equations (9.5) and
(9.6), we have, by Theorem 6.1,

Tim v "N Ry U Ry) = 0) — Ty Mo (ye e (Ry) = 0)] =0,

which gives the induction step in the proof of equation (a).

We prove now equation (9.6). Our proof uses the spectral gap for P} and breaks down
for random intermittent maps.

Similarly to equation (9.4),

[nsy ]

[V (NJ(Ry) = 0) — v(T,” "2 (N7 "(Ry) = 0))] — 0 asn — oo, uniformly in 7.
We have, using the notation

U={Ra,(n) > lnt1]}, V ={N"""(R)) =0},
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that
WU N T2l (vy) — o1 @ (T 2 (v
= ‘ / P21y —v(U)hy)Lydm

< C||PII((1y —v'(U))hy) By

ol L Iy U (TR Y

< colmal=lnndy plnd 1y —v(U))hy) |1y,

where the last inequality follows from the decay, uniform in 7, of {P,é‘}k in BV (condition
(Dec)).
However,

sup sup || PV (A (g, (> nny — VI (Ra, (1) > Lt ))hy)lBy < 00, (9.7)
n n

which proves equation (9.6). This follows from Lemma 9.1 applied to f = h, and
fi= lAZ’ because

[t ]

Ly, =ty = | | 1ag o T,
j=1

and both [|h;||pv and |[14¢ ||pv are uniformly bounded. Note that for the stationary case,

the estimate in equation (9.7) is used in the proof of [TK10b, Theorem 4.4], which refers
to [ADSZ04, Proposition 4]. O]

9.2. Intermittent maps: proof of Theorem 6.4. We prove a weaker form of convergence
in the setting of intermittent maps, which suffices to establish stable limit laws but not
functional limit laws.

In the setting of intermittent maps, we will show that for P-a.e. w,

NE((0, 1] % ) 5 Nigy((0, 11 x )

Proof of Theorem 6.4. We will show that for P-a.e. w € 2, the assumptions of Kallen-
berg’s theorem [Kal76, Theorem 4.7] hold.

Recall that 7 denotes the set of all finite unions of intervals of the form (x, y], where
x <yandO ¢ [x, y].

By Kallenberg’s theorem [Kal76, Theorem 4.7], N [(0, 1] x ) —d N@)((0, 1] x ) if
forall J € 7,

(a) nli)ngo V(N ((0, 1] x J) = 0) = P(N(y((0, 1] x J) = 0)
and

(b) lim EoNg((0, 11 % J) = E[Niw) (0, 1] x J)].
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We prove first equation (b) following [TK10b, p. 12]. Write

k
I=J
i=1

with J; = (x;, y;] disjoint.

Then
k
ENG) (0,11 x J) = Y Ty (i) = TMa(J)
i=1
and
k n n
Ewo Ny, 1] x )= "Y" Euoll ot s, 1) © T77'=>" Evoll 415,y © 7711
i=1 j=1 j=1
We check that
n
1 0} — ] =
im X; Evo gt p, 1) © To) = Mo (J)
J=
k
for J = U;_; Ji-

Write A, := ¢! (b,J). Then

Evell i, © TJ1=v"""(A,),
hence
n
RS Z ]E“‘”[lw;o‘ oy © Lo ] =Ta(J)
j=1
by Lemma 7.2.

Now we prove equation (a), that is,
lim v®(N((0, 1] x J) =0) = P(N)((0, 11 x J) =0)
n—oo

forall J € J.
Let J € J and denote as above A, := q);ol (bpJ) C X =0, 1]. Then

(NP0, 11 x J) =0} = {x : TJ(x) € A, 0 < j+1<n)={Ra,(w)>n—1}N A"
Hence,
W?(N,((0, 1] x J) = 0) = v*(Ra, (@) > n)| < Cm(A,) — 0
and by Theorem 6.2, for m-a.e. xq
Mo (J)

V?(Ra, (w) > n) — e

This proves equation (a). O
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10. Stable laws and functional limit laws
10.1. Uniformly expanding maps: proof of Theorem 2.4. In this section, we prove
Theorem 2.4, under the conditions given in §2.1, in particular, conditions (LY), (Dec),
and (Min).

For this purpose, we consider first some technical lemmas regarding short returns. For
we R, n>1,ande > 0, let

&) ={x €0, 1]:|T,(x) — x| < &}.
LEMMA 10.1. There exists C > 0 such that forallw € 2, n > 1, and ¢ > 0,
m(&;(€)) < Ce.

Proof. We follow the proof of [HNT12, Lemma 3.4], conveniently adapted to our setting
of random non-Markov maps. Recall that .47 is the partition of monotonicity associated
to the map 7. Consider I € A!. Since inf; [(T)))'| > A" > 1, there exists at most one
solution x;—L € I to the equation

TI(x7) = x7 *e, (10.1)
and since there is no sign change of (7})’ on I, we have
EP(e)NT C [x),x; 1. (10.2)
We have
T)(x) — Tl (xp) =x] —x; +2e,
and by the mean value theorem,
T2 (x) — T2 (x| = (T ()] Ix) — x| for somec € 1.

Consequently,

1
[xt — x| +2e] < A7"|x} — x| + 2¢ sup )
) 1 1 1 1 1 |(Tar);)/|
(10.3)

b —x; 1< ( sup —

x; —x; | <| su

re 1Ty
Note that if there is no solutions to equation (10.1), then the estimate in equation (10.3)
is actually improved. Rearranging equation (10.3) and summing over / € AJ}, we obtain,
thanks to equation (10.2),

2¢e 1

+ —

mENE) = Y Iy a0 ) SUp o < Ce.
Ie Al Ie AL @

®

The fact that

1
sup <C (10.4)
,ZA )]

for a constant C > 0 independent from w and n follows from a standard distortion argument
for one-dimensional maps that can be found in the proof of [ANV15, Lemma 8.5(3)] (see
also [AR16, Lemma 7]), where finitely many piecewise C? uniformly expanding maps
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with finitely many discontinuities are also considered. Since it follows from condition (LY)
that || P fllgv < C| fllv for some uniform C > 0, we do not have to average equation
(10.4) over w as in [ANV15], but instead, we can simply have an estimate that holds
uniformly in . O

Recall that, for a measurable subset U, R‘l‘} (x) > 1 is the hitting time of (w, x) to U
defined by equation (6.1).

LEMMA 10.2. Let a > 0, % <y <1,and 0 < k < 3y — 2. Then there exist sequences
(Y1(n)n>1 and (y2(n))y>1 with y1(n) = O(n™) and y2(n) = o(1), and for all w € R, a
sequence of measurable subsets (AY)n>1 of [0, 1] with m(AY) < y1(n) and such that for

all xo ¢ A%,
n—1
(log m) Y m(B,-y (x0) N {RE®, ) < lalogn]}) < ya(n).
i=0
Proof. Let

={xe[0,1]:|TJ(x) — x| <2n"V forsome 0 < j < |a logn|}.

Since B,y (xp) N {R < lalogn]} C B,-v(x0) N Egi“’, it is enough to con-

B _y (xo) —
sider
n—1 )
(log n) Z m(B, -y (x0) N EZ'®).
i=0

According to Lemma 10.1, we have

la logn]|
mE) < Y mEy@n 'ﬂ))<c
j=1

log n

‘We introduce the maximal function
1 xo+t o1 n—1

M (x0) = sup — ( Z 1.0 (z)) dz = sup o Z m(By(x0) N E'®).

t>0 2t —t

By [Rud87, Equation (5), p. 138], for all A > 0, we have

n—1

Z IE;;"w
i=0

Let p > 0 and & > 0 to be determined later. We define

<< Z (Es'oy < & log”. (10.5)

C
m(M; > 1) < -

= {x0 € [0, 1] : m(B,—y (x0) N E®) = 2n~ V1)),

so that we have

n—1

n—1
> m(B,-v(x0) NEJ ) = ( > lFf,f@<xo>)2n—“’“+p>.
i=0

i=0
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By definition of the maximal function M, this implies that

n—1

M;lu(-xo) 2 nwp( Z lF’;riw(-xO))’
i=0

from which it follows, by equation (10.5) with A = (log n)n®~¥?,
m(AY) <m(My > (log myn® Py < Cn=EHI=PW=D =y (),

where

n—1
AY = {(Z 1Fg,-w) > (log n)ns}.

i=0
If xo ¢ A%, then
n—1 .
(logn) ¥ " m(B,—y(x0) N ET )
i=0
n—1

< (log n)( > 1Fnofw<xo>)m<3nw (x0)) + 2(log myn !~V (17
i=0

< C(log n)((log myn~ V=5 4 p=WIHA=D) =y, ().

Since % <y < land 0 < k < 3y — 2, it is possible to choose p > 0 and & > 0 such
thatk =&+ (1 —p)Y — 1, ¢ > &, and ¥ (1 4+ p) > 1 (for instance, take £ = ¢ — § and

p =91 =148y with8 = (3¢ — 2 — «)/2), which concludes the proof.

LEMMA 10.3. Suppose that a > 0 and % < ¥ < 1. Then for m-a.e. x¢o € [0, 1] and P-a.e.

w € Q and, we have

n—1
lim (log n) > m(B,-y (x0) N {Rg;"jw () < lalogn]}) =0.
i=0

Proof. Let 0 <k <3y —2 to be determined later. Consider the sets (A%),>1 given
by Lemma 10.2, with m(A%) < y1(n) = O(n™"). Since k < 1, we need to consider
a subsequence (ng)g>1 such that Y ,_, y1(nx) < oo. For such a subsequence, by the
Borel-Cantelli lemma, for m-a.e. xq, there exists K = K (x0, w) such that for all k > K,

X0 ¢ A‘,‘l’k. Since limg_, o0 y2(nx) = 0, this implies

nip—1 )
Jim (log ne) 3 5 m(B, v (x0) M{RE () < lalog me]}) =0.
i=0 "k

We take ny = |k% | for some ¢ > 0 to be determined later. To have Zkzl y1(ng) < oo,
we need to require that k¢ > 1. Set Uy’ (xo) = B,—v (x0) N {Ry 0 < la logn]}. To

obtain the convergence to 0 of the whole sequence, we need to prove that
n—1 ng—1

lim sup
k=00 ny<n<niyy

i=0 i=0
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For this purpose, we estimate

n—1 ) ng—1 )
(logn) > m(UT “(x)) — (log i) Y m(U,‘,’k“’(Xo))’
i=0 i=0

<@+ dD + ) + AV) + (V),

where
n—1 ) n—1 )
(D) = |logn —log nk| Y m(Uy “(x0)), () = (logmi) Y m(UT “(x0)),
i=0 i=ng
ng—1
(D) = (log mg) Y Im(B,s (x0) N {RG, ) = la log n]})
i=0

—m(B, s (x0) N (R, ) < Lalog ]},

nip—1
(IV) = (log mi) Y Im(B, v (x0) N {RB ? oy < lalogn]}))
i=0

= m(B,-y (x0) N{RE?, ) = lalogn]]],
k

ni—1
(V) = (ogng) Y Im(B, v (x0) N (RG ww (o) < Lalogn]})
i=0

—m(B, - (x0) N (R, “, oo = la Tog melD)

Before proceeding to estimate each term, we note that |ng; — ng| = O(k~179),
n = n Y1 = O™, [ log ngst —log el = OG™")  and  m(UP(x0)) <
m(B,-y (x0)) = O(™V).

From these observations, it follows

() < C|log ngs1 — log nilnpp1k=¢V < ck=1=0=¥)0),
(1) < C(log ng)|ni+1 — nilk ™5V < C(log )k~ 1=0=¥0),

(Il < C(log nk)nkm(Bnk_q, (x0) \ B,v (x0))
< C(log npneln}y —ni V| < Cllog kyk=(1=0=¥0),

ni—1
(IV) < C(log ny) Z m(B, w(xo) N {RB G0\ ) = < lalognl})
i=0
ni—1
< Cllogny) ) allogmym(B, v (x0) \ B, (x0))
i=0
< C(log k)Zk—(l—(l—llf)C),
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and
np—1
(V) = Cllogn) D m(B,—(x0) N {lalogn] < Ry ‘“w o) < lalogn]})
i=0
nr—1
< Cllogmy) ) allogniyr —log nklm(B, - (x0))
i=0

< C(log k)k—(]—(lﬂ//)g)'

To obtain equation (10.6), it is thus sufficient to choose x > 0 and ¢ > O such that
k <3¢% —2,k¢ > 1,and (1 — )¢ < 1, which is possible if ¢ > %. L]

We can now prove the functional convergence to a Lévy stable process for i.i.d.
uniformly expanding maps.

Proof of Theorem 2.4. We apply Theorem 7.3. By Theorem 6.3, we have N2 < N@)
under the probability v for P-a.e. w € Q. It thus remains to check that equation (7.2)
holds for m-a.e. xo when « € [1, 2) to complete the proof. For this purpose, we will use a
reverse martingale argument from [NTV18] (see also [AR16, Proposition 13]). Because of
equation (5.8), it is enough to work on the probability space ([0, 1], v*) for P-a.e. w € Q.
Let B denote the o-algebra of Borel sets on [0, 1] and

Box = (T5) " (B).
To simplify notation a bit, let
Jo,jn(x) = bxg ()¢, 1<eb) () = E i, (Do L1y 1<ebn))-

From equation (5.8), it follows that E,;, (| fu,jx|) < Ceby,, and from the explicit definition
of ¢, we can estimate the total variation of f, ;, and obtain the existence of C > 0,
independent of w, €, n, and j, such that

| fw,jnllBV < Ceby. (10.7)
We define
k—1
Sa),k,n = Z fa),j,n o Ta])
j=0
and
Hw,k,n o T£ = va(Sw,k,nle,k)- (10.8)
Hence, H,,,1,, = 0 and an explicit formula for H,,x , is
1 k—1
Hw,kn = j (fa)Jn a’/w)
hakw o (7 w

From the explicit formula, the exponential decay in the BV norm of Pn ] from condition
(Dec), equations (5.8) and (10.7), we see that || Hy k. llBv < Ceby, Where the constant C
may be taken as constant over w € 2. If we define
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k
Mw,k,n = Sw,k,n - Hw,k,n o Tw>

then the sequence {M,in}k>1 1S a reverse martingale difference for the decreasing
filtration B, x = (Tg)’l(B) as

Ev‘” (Mw,k,n |Ba),k) =0.
The martingale reverse differences are
Mw,k+l,n - Mw,k,n = Ww,k,n o Talf,
where

Yoin = fokn + Hojn — Hog+1,0 © Tyks1,,.

We see from the L* bounds on ||Hy g xlloc < Cbye and the telescoping sum that

k—1 k—1
> VoinoT) =" fojmoTl| < Ceby. (10.9)
j=0 j=0
By Doob’s martingale maximal inequality,
k—1 1 n—1 2
w . J
o | s ] 2 0] 2 | S v o
]:
Note that
n—1 n—1 2
D Ewlyg 0Tl = E[ 2 Vojno Tcg}
j=0 j=0

by pairwise orthogonality of martingale reverse differences.
As in [HNTV17, Lemma 6],

n—1
Evo[(Sonn)’1 =Y Ewl¥e ;, 0 T+ EvwlH, 1 = EwlHj,, o T2,
j=0

So we see that

k—1 2.2
1 2 C-e
vw{ 1?1?;1 Z Vo,jn O T >p 8} < b282 Evol(Swnn) ]+28—2, (10.10)
where we have used IIHQZ)] alloo = C2b582.
Now we estimate
n—1
Evol(Sonn)®1 < Y Byl f2, 0TI +2 Z Y Evolfujno T+ fuinoThl
Jj=0 i=0i<j

(10.11)
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Using the equivariance of the measures {v*},cq and equation (5.8), we have
n—1
> Bwlfy .0 Ti1 < CnEy(@] g, 1<eh,)) ~ Ce* by, (10.12)
j=0

by Proposition 3.2 and that

lim nv(|gy| > Aby) =A17% forid >0,
n— oo

since ¢y, is regularly varying.
However, we are going to show that for m-a.e. xo,

n—1

o 1 ) ,
lim lim sup 7 Z Z Eyvolfojn o Td - fuinoT1=0. (10.13)

#20 n—oon Uy 0TS

The first observation is that, due to condition (Dec),
Evol frjn © T+ fwin © Tyl < CO/ 7| fuinllByl fojnll 1 < Ce?bp67 ™",
where 6 < 1. Hence, there exists a > 0 independently of »n and ¢ such that
> BwlfojnoT) - foino Tl < Cen b}
j—i>lalogn]
and it is enough to prove that for ¢ > 0,

n—1i+|alogn]

Y Y EBuwlfojnoT): fuinoTil=o0b) = o0,

i=0 j=i+l

By construction, the term E,o[ f,,;, o Ta’; “ fw,jn o Ta{ ] is a covariance, and since ¢
is positive, we can bound this quantity by E,o[f o T} - f o Ta{] =E sio[fn- fuo Taj,-;i],
where f, = ¢XO1{|¢X0‘58;)”}. Then, since the densities are uniformly bounded by equation
(5.8), we are left to estimate

n—1 i+lalogn] o
> > Eulfa: fuoTl 1 (10.14)

i=0 j=i+1

Let % < ¥ < 1 and U, = B,-v (x9). We bound equation (10.14) by (I) + (I) 4 (III),

where
n—1i+lalogn] N
0= > [ o heserlam
im0 joip1 U@L HTHUD
n—1i+lalogn] N
(II) - o fn . fn ° Tji—l dm,
l‘g(; ];Fl Unﬁ(Tﬁjl_:)—l(U;l‘) olw
and

n—1i+|alogn]

am=> 3 /U for fao T dm.

i=0  j=i+1
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Since || fulloo < &by, it follows that

n—1 i+lalogn]

M= > mUNTH U

i=0 j=i+1
n—1 )
< ae’by(logn) Y m(U, N{RY " < alogn)),
i=0

which by Lemma 10.3 is a o(b,%) as n — oo for m-a.e. x.
To estimate terms (II) and (III), we will use Holder’s inequality. We first observe by a
direct computation that

/ ¢2, dm = On? /e~ 1), (10.15)
We consider term (III) first. Let A = Uf. We have

. fa - fao TUJ[;! dm < /A Oxy - fn o Taji;l dm

1/2 o 1/2
(f > dm> (/f,foT;,.;’ dm) (10.16)
1/2 1/2
< c( / o3 dm) ( f 12 dm) . (10.17)
A

By equation (10.15), (fA d)%o dm)'/? < cn¥/?@/e=  and by Proposition 3.2,
( f2dm)'/? < Cn'/*~1/2 Hence, we may bound equation (10.16) by CnI+¥)(1/a=1/2),
To bound term (II), let B = U, N (Taf,.;l)*l (US). Then,

. oTj.—i dm < . oTj._i dm
/;jnﬂ(T.ii—i)l(U;l_) fn fn olw _-/;gfn ¢X0 oim

1/2 1/2
< (/ fn2 dm) (/;;(proTonl dm) .

(10.18)

Asbefore, ([ f2dm)'/? < Cn'/*=1/2 and

T] zd 1/2 T] z J 1/2
B¢xo° ol 4 ¢XOO olw (T’ Hws) m
1,2
- C(/ pe dm) < CpV/22/a=1)
< . <
Ug

by equation (10.15), and so equation (10.18) is bounded by CnI+¥)(1/a=1/2),
It follows that (II) + (III) < C(log n)n!+U+V)A/a=1/2) — ,2/®) since ¥ < 1. This
proves that equation (10.14) is o(b%) and concludes the proof of equation (10.13).
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Finally, from equations (10.11), (10.12), and (10.13), we obtain

1
lim lim sup ﬁva[(Sw,n,n)ﬁ =0, (10.19)
n

e—>0 nooo

which gives the result by taking the limit first in n and then in ¢ in equation (10.10). O

10.2. Intermittent maps: proof of Theorem 2.6. 'We prove convergence to a stable law in
the setting of intermittent maps when o € (0, 1).

Proof of Theorem 2.6. We apply Proposition 5.8. By Theorem 6.4, it remains to prove
equation (5.7), since @ € (0, 1). We will need an estimate for [E, o ( |¢x0|1{¢x0 <¢b,)) Which
is independent of w. For this purpose, we introduce the absolutely continuous probability
measure vy,x wWhose density is given by Apax(x) = «x~mx, Since all densities 4, belong
to the cone L, we have that i, < (a/k)hmax for all w. Thus,

. na
= Z(:) E oio(PxoLiigyyl<ebn) = E;Evmax (DxoL{igsy 1 <ebn))-

We can easily verify that ¢,, is regularly varying of index « with respect to vpax, with
scaling sequence equal to (b,),>1 up to a multiplicative constant factor. Consequently, by
Proposition 3.2, we have that, for some constant ¢ > 0,

]Evmax(¢x01{|¢x0|§8bn}) ~ Celfﬂlnl/otfl ’

which implies equation (5.7). O

11. The annealed case

In this section, we consider the annealed counterparts of our results. Even though the
annealed versions do not seem to follow immediately from the quenched version, it is
easy to obtain them from our proofs in the quenched case. We take ¢, (x) = d(x, xg)~ Ve
as before we consider the convergence on the measure space 2 x [0, 1] with respect to
v(dw, dx) = P(dw)v®(dx). We give precise annealed results in the case of Theorems 2.4
and 2.6, where we consider

|nt]—1
1 .
X% (w, x)(1) :E[ ; ¢>x0(Ta{x>—tcn}, 1>0,

viewed as a random process defined on the probability space (2 x [0, 1], v).

THEOREM 11.1. Under the same assumptions as Theorem 2.4, the random process X (t)
converges in the Jy topology to the Lévy a-stable process X ) (t) under the probability
measure V.

Proof. We apply [TK10b, Theorem 1.2] to the skew-product system (€2 x [0, 1], F, v)
and the observable ¢,, naturally extended to €2 x [0, 1]. Recall that v is given by the
disintegration v(dw, dx) = P(dw)v®(dx).
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We have to prove that:
@  Nu> Ny
(b) ifaell,2),forallé > 0,
= ‘
b Z["’XO(TJ’C)I{\%OM\sabn}(x)

lim lim sup v((w, x) : max
e—>0 n—soo 1<k<n

— Ey (o Lfjgny I<eba))]| = 8) =0,

where

. 71
Ny(w, x)(B) := N”(x)(B) =#{j >1: (1, M) € B}, n>1.
n n
To prove item (a), we take f € C;('((O, o0) x (R\ {0})) arbitrary. Then, by
Theorem 6.3, we have for P-a.e. w,

lim Epo(e My = E@e V).
n—oo
Integrating with respect to IP and using the dominated convergence theorem yields
lim Ev(e_N"(f)) — E(e_N(f)),
n— o0

which proves item (a).

To prove item (b), we simply have to integrate with respect to P in the estimates in
the proof of Theorem 2.4, which hold uniformly in @ € €2, and then to take the limits as
n— oocand e — 0. O

Similarly, we have the following theorem.

THEOREM 11.2. Under the same assumptions as Theorem 2.6, X (1) —d> X (o) (1) under
the probability measure v.

Proof. We can proceed as for Theorem 11.1 to check the assumptions of [TK10b, Theorem
1.3] for the skew-product system (€2 x [0, 1], F, v) and the observable ¢,,. O]
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A. Appendix
The observation that our distributional limit theorems hold for any measures p < v®
follows from Zweimiiller’s work [Zwe(07, Theorem 1, Corollary 1, and Corollary 3].

Let

n—1
Sn(x)=bi[2¢on{(x)—an]

j=0
and suppose
Sn _)V[u Y7

where Y is a Lévy random variable.

We consider first the set-up of intermittent maps. We will show that for any measure v
with density A that is dv = h dm in the cone L, in particular Lebesgue measure m with
h=1,

Sy = Y.

We focus on m. According to [Zwe07, Theorem 1], it is enough to show that

wan) dve — / V(S,) dm — 0

for any ¢ : R — R which is bounded and uniformly Lipschitz.
Fix such a ¥ and consider

n—1
fw(%[;}«pon{u)—an})(m—1)dm
1 n—1 ]
s/x/f(b—[ZmT;kw(x)—an])Pﬁ(hw—1>dm
n j:O

< ¥ llooll PE (e = DIl L1 -

Since ||P£(hw — Dl L~ 0 in case of Example 2.2 and maps satisfying conditions
(LY), (Dec), and (Min), the assertion is proved. By [Zwe(7, Corollary 3], the proof for
continuous time distributional limits follows immediately.
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