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Abstract We consider families of special cycles, as introduced by Kudla, on Shimura varieties attached to
anisotropic quadratic spaces over totally real fields. By augmenting these cycles with Green currents, we
obtain classes in the arithmetic Chow groups of the canonical models of these Shimura varieties (viewed
as arithmetic varieties over their reflex fields). The main result of this paper asserts that generating series
built from these cycles can be identified with the Fourier expansions of non-holomorphic Hilbert-Jacobi
modular forms. This result provides evidence for an arithmetic analogue of Kudla’s conjecture relating

these cycles to Siegel modular forms.
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2 S. Sankaran

1. Introduction

The main result of this paper is a modularity result for certain generating series of ‘special’
cycles that live in the arithmetic Chow groups of Shimura varieties of orthogonal type.

We begin by introducing the main players. Let F' be a totally real extension of Q
with d = [F: Q], and let o1,...,04 denote the archimedean places of F. Suppose V is a
quadratic space over F that is of signature ((p,2),(p+2,0),(p+2,0),---,(p+2,0)) with
p > 0. In other words, we assume that V ®r ,, R is a real quadratic space of signature
(p,2) and that V is positive definite at all other real places.

We assume throughout that V is anisotropic over F. Note that the signature condition
guarantees that V is anisotropic whenever d > 1.

Let H = Resp;oGSpin(V). The corresponding Hermitian symmetric space D has two
connected components; fix one component DT and let H*(R) denote its stabilizer in
H(R). For a neat compact open subgroup Ky C H(Ay), let T := H*(Q) N Ky, where
H*(Q)=H(Q)NHT"(R), and consider the quotient

X(C) = I\D. (1.1)

This space is a (connected) Shimura variety; in particular, it admits a canonical model
X over a number field £ C C depending on Ky, see [13] for details. Moreover, as V is
anisotropic, X is a projective variety.

Fix a I'-invariant lattice L C V such that the restriction of the bilinear form (-,-) to L
is valued in Op, and consider the dual lattice

L'={xelL| (xL)Ccoz'}, (1.2)

where 3;1 is the inverse different.
For an integer n with 1 <n <p, let S(V(Af)™) denote the Schwartz space of compactly
supported, locally constant functions on V(A;)™, and consider the subspace

S(L™) = {p e S(V(Ay)™" | supp(yp) C (L") and (x+1) = p(x) for all I € L"g». |
1.3

Note that S(L") is finite-dimensional, and is isomorphic to C[(L’)"/L™]'. This isomor-
phism is induced by the following map: a basis function e, € C[(L")"/L"] attached to
the coset p € (L')"/L™ is associated to the characteristic function ¢, € S(V(Af)"™) of
u+L®6;

For every T € Sym,,(F') and D-invariant Schwartz function ¢ € S(L™), there is an
FE-rational ‘special’ cycle

Z(T,¢) (1.4)
of codimension n on X, defined originally by Kudla [13]; see Section 2.3 below.

It was conjectured by Kudla that these cycles are closely connected to automorphic
forms; more precisely, he conjectured that upon passing to the Chow group of X, the
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generating series formed by the classes of these special cycles can be identified as the
Fourier expansion of a Hilbert-Siegel modular form. When F = Q, the codimension one
case of this conjecture follows from results of Borcherds [2], and the conjecture for higher
codimension was established by Zhang and Bruinier-Raum [4, 19]. When F # Q and in
codimension one, the result follows from work of Bruinier [3], which we review in Section 3
below. For higher codimensional cycles with F' # Q, the result was established by Yuan-
Zhang-Zhang [18], contingent on the convergence of the generating series in an appropriate
sense. The same situation was investigated by Kudla [12] for more general signatures,
who established the result (including convergence) contingent on the Beilinson-Bloch
conjecture.

More recently, attention has shifted to the arithmetic analogues of this result, where
one replaces the Chow groups with an ‘arithmetic’ counterpart, attached to a model X
of X defined over a subring of the reflex field of F; these arithmetic Chow groups were
introduced by Gillet-Soulé [9] and subsequently generalized by Burgos-Kramer-Kiihn [5].
Roughly speaking, in this framework cycles are represented by pairs (£,9z), where Z is a
cycle on X, and gz is a Green object, a purely differential-geometric datum that encodes
cohomological information about the archimedean fibres of Z.

In this paper, we consider the case where the model A is taken to be X itself. In
order to promote the special cycles to the arithmetic setting, we need to choose the
Green objects. For this, we employ the results of [8], where a family {g(7’,¢;Vv)} of Green
forms was constructed. Note that these forms depend on an additional parameter v €
Sym,, (F ®gR)s0, which should be regarded as the imaginary part of a variable in the
Hilbert-Siegel upper half space.

With these Green objects in hand, we obtain classes

Z(T,v) € CHX(X) ®¢c S(L™), (1.5)

where éﬁ@(X ) is the Gillet-Soulé arithmetic Chow group attached to X; these classes
are defined by the formula

~

Z(Twv)(p) = (Z(T.9),0(T,p:v)) € CHE(X). (1.6)

For reasons that will emerge in the course of the proof of our main theorem, we will also
need to consider a larger arithmetic Chow group ﬁg(X ,Deur), constructed by Burgos-
Kramer-Kithn [5]. This group appears as an example of their general cohomological
approach to the theory of Gillet-Soulé. There is a natural injective map @E(X ) —
éﬁ@(X ,Deur); abusing notation, we identify the special cycle A (T,v) with its image
under this map.

Theorem 1.1. (i) Suppose 1 <n <p. Fix Ty € Sym,,_(F), and define the formal
generating series

Fin(r) = Y Z(Tw)4". (17)

=i 1)
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where T € HE lies in the Hilbert-Siegel upper half space of genus n, and v =Im(T).
Then F/‘sz (1) is the g-expansion of a (non-holomorphic) Hilbert-Jacobi modular
form of weight p/2+1 and index Ty, taking values in @8(X,Dcur) ®S(L™)Y wvia
the Weil representation.

(i) When n =1, the generating series

() = Y Z(tv)d' (18)
teF
is the g-expansion of a (non-holomorphic) Hilbert modular form of weight p/2+1,
valued in CHL(X)® S(L)V.

Some clarification is warranted in the interpretation of this theorem. The issue is that
there is no apparent topology on the arithmetic Chow groups for which the series (1.7)
and (1.8) can be said to converge in a reasonable sense. In a similar vein, while the Green
forms g(T,v) vary smoothly in the parameter v, upon passing to the arithmetic Chow
group, they are regarded as elements of the quotient space of currents modulo exact
currents; there does not appear to be a natural way in which the family of classes Z (T,v)
can be said to vary smoothly in the arithmetic Chow group.

To give a more precise account of the main theorem, what is being asserted is the
existence of the following objects:

(i) finitely many classes Z1,... Z, € @C”(X,Dcur) (or in éﬁé(x) when n=1),
(i) finitely many S(L™)Y-valued Jacobi modular forms (in the usual sense) fi,..., fr,
(iii) and a Jacobi form g(7) valued in D*(X)® S(L")Y (where D*(X) is the space of
currents on X) and is locally uniformly bounded in T,

such that the T’th coefficient of the Jacobi form ), fi(T)Z; + a(g(7)) coincides with
Z(T,v). Here. a(g(1)) € @"(X,Dcur) is an ‘archimedean class’ associated to the current
g(7). A more detailed account may be found in Section 2.6.

To prove the theorem, we first prove the n =1 case, using a modularity result due to
Bruinier [3] that involves a different set of Green functions. The theorem in this case
follows from a comparison between his Green functions and ours.

For n > 1, we exhibit a decomposition

Z(T,v) = A(T,v)+ B(T,v) (1.9)

in CH" (X, Deur) ® S(L™)V, which is based on a mild generalization of the star product
formula [8, Theorem 4.10]. The main theorem then follows from the modularity of the
series

~

da(T):= Z A\(T,v) qr and op(T) = Z E(T,V) qt, (1.10)
T=(3 1) T=(5 1,)

which are proved in Corollary 6.3 and Theorem 5.1, respectively. The classes /Al(T,V)

are expressed as linear combinations of pushforwards of special cycles along sub-Shimura

varieties of X, weighted by the Fourier coefficients of classical theta series; the modularity
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of g/i; A(7T) follows from this description and the n =1 case. The classes B (T,v) are purely
archimedean, and the modularity of (;AS g (7) follows from an explicit computation involving
the Kudla-Millson Schwartz form [14].

This result provides evidence for the arithmetic version of Kudla’s conjecture — namely,
that the generating series

on(r) = Y Z(Tv)d" (1.11)

TeSym,, (F)

is a Hilbert-Siegel modular form'; indeed, the series P/‘?]TQ (1) is a formal Fourier-Jacobi
coefficient of ¢, (7). Unfortunately, there does not seem to be an obvious path by which
one can infer the more general result from the results in this paper, as the decomposition
of Z (T,v) that we use depends on the lower-right matrix 75, and it is not clear how to
compare the decompositions for various T5.

2. Preliminaries

2.1. Notation

e Throughout, we fix a totally real field F with [F: Q] =d. Let o1,...,04 denote
the real embeddings. Using these embeddings, we identify F' ®gR with R?, and
denote by o;(t) the i’th component of t € F ®g R under this identification.

For any matrix A, we denote the transpose by A’.
If A € Mat,(F ®gR), we write

d
e(A) = [ exp (2ritr(0i(A))). (2.1)
i=1
o If (V,Q) is a quadratic space over F| let (x,y) denote the corresponding bilinear
form. Here, we take the convention Q(x) = (x,x). If x €V and y = (y1,...,yn) €
an we set <Xay> = (<Xay1>7' "7<Xayn>) S Ma’tlyﬂ(F)'
Fori=1,...d, weset V; =V ®p, R.
Let

He = {7 =u+iv € Sym, (F®gR) | v> 0} (2.2)

denote the Hilbert-Siegel upper half-space of genus n attached to F. Via the
fixed embeddings oy,...,04, we may identify Sym, (F ®R) ~ Sym,, (R)?; we let

'More broadly, Kudla’s program seeks to establish the modularity of generating series of the
form

B(r) = S Z(T,v) 4",
T

where Z(T,v) = (Z(T),a(T,v)) € éﬁn(/\’) ®S(L™)Y; here, Z(T) is a suitable integral model
of Z(T), defined on a suitable model X'/Op of X. Putting aside what ‘suitable’ should mean
here, we note that there is a natural map CH™(X) — CH™(X) given by passing to the generic
fibre; applying this map coefficient-wise, the modularity of a generating series of the above
form would imply the modularity of (1.11).
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0i(1) = 0;(u) +io;(v) denote the corresponding component, so that, in particular,
oi(v) € Sym,,(R)sq for i =1,....,d. If 7 € H¢ and T € Sym,, (F), we write

q" =e(7T). (2.3)

2.2. Arithmetic Chow groups

An arithmetic cycle of codimension n is a pair (Z,g), where Z is a formal C-linear
combination of codimension n subvarieties of X, and g is a Green current for Z; more
precisely, g is a current of degree (n—1,n—1) on X(C) such that Green’s equation

ddcg + 52(@) = w (24)

holds, where the right-hand side is the current defined by integration® against some
smooth form w. We write ZZ(X) for the complex vector space of arithmetic cycles.
Given a codimension n — 1 subvariety Y and a rational function f € E(Y)* on Y, let

div(f) = (div(f), —log| f[* oy) (2.5)

denote the corresponding principal arithmetic cycle. Let E;tg(X ) denote the subspace
spanned by (a) the principal arithmetic divisors and (b) classes of the form (0,7) with
n € im(0) +im(9) a current of degree (n —1,n—1). Then, by definition, the codimension
n arithmetic Chow group is the quotient

CHE(X) = Z(X)/Ratp(X). (2.6)

In addition, Gillet and Soulé define an intersection product for these Chow groups, giving
CHE(X) = @,CHE(X) the structure of a ring; for more details on all these constructions,
see [9, 16].

In their paper [5], Burgos, Kramer and Kiihn give an abstract reformulation and
generalization of this theory: their main results describe the construction of an arithmetic
Chow group

CH™(X,C) = Z2(X,C)/Rat2(X,C) (2.7)

attached to a ‘Gillet complex’ C. One of the examples they describe is the group attached
to the complex of currents D,,; we will content ourselves with the superficial description
of this group given below, which will suffice for our purposes, and the reader is invited to
consult [5, §6.2] for a thorough treatment.

Unwinding the formal definitions in [5], one finds that the space of arithmetic classes
QE(X,DCM) admits a description as the space of tuples (Z,[T,g]), with Z as before, but
now T and g are currents of degree (n,n) and (n—1,n — 1), respectively, such that?

ddcg+5z(¢;) :T+ddc(’l7) (28)

2Here and throughout this paper, we will abuse notation and write w both for a smooth form
and the current it defines.

3The reader is cautioned that in [5], the authors normalize delta currents and currents defined
via integration by powers of 27, resulting in formulas that look slightly different from those
presented here; because we are working with C-coefficients, the formulations are equivalent.
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for some current 1 with support contained in Z(C); we can view this as a relaxation of
the condition that the right-hand side of (2.4) is smooth. There is a natural map

ZH(X) = ZH(X, D)y (Z,9) > (Z,w,g])- (2.9)

In this description, it turns out that the space of relations f/{a\tg(X ,Deur) is the image of
Ratf(X) under this map; as a consequence, we obtain an injective map

CHZ(X) — CHZ(X, Dew), (2.10)
cf. [5, Theorem 6.35]. Moreover, while ﬁE(X ,Deur) is not a ring in general, it is a module
over CHE(X).

A nice consequence of preceding description of ZAE(X yDeur) is that any codimension n
cycle Z on X gives rise to a canonical class (see [5, Definition 6.37])

Z = (Z,[62,0]). (2.11)

Finally, we record the following intersection formula, which will be useful in the sequel.
Let (Z,g) € CHL(X) be an arithmetic divisor, where g is a Green function with logarithmic
singularities along the divisor Z. Suppose Yean ¢ Eﬁm(x ,Deur) is the canonical class
attached to a cycle Y that intersects Z properly; then by inspecting the proofs of [5,
Theorem 6.23, Proposition 6.32], we find

(Z7g) _i}can = (ZYv [W/\(SY(C)?Q/\(SY((C)]) € 6ﬁgLJrl()(v,Z)cur)' (212)

Remark 2.1. One consequence of our setup is the vanishing of certain ‘archimedean
rational’ classes in CH™(X) and CH"(X,D¢yy). More precisely, if Y is a codimension
n — 1 subvariety, then

(0,0y(c)) =0 € CHE(X). (2.13)

To see this, let ¢ € Q be any rational number such that ¢# 0 or +1, and view ¢ as a
rational function on Y its divisor is trivial, and so

OZ(T'RJ(C) = (0,—loglc|*6y(c)) = —loglc|*-(0,0y(c)), (2.14)

and hence, (0,dy(c)) =0. As a special case, we have (0,1) =0 ¢ Gﬁé(){)

2.3. Special cycles

Here, we review Kudla’s construction of the family {Z(T)} of special cycles on X, [13].
First, recall that the symmetric space D has a concrete realization

D={zePY(V®,, rC)| (22) =0/(z%) <0}, (2.15)

where (-,-) is the C-bilinear extension of the bilinear form on V; the space D has two
connected components, denoted D*, which are interchanged by conjugation.
Given a collection of vectors x = (x1,...,X,) € V", let

D} = {ze€D" |z Loi(x;) fori=1,....,n}, (2.16)
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where, abusing notation, we denote by 01: V — V; =V ®p », R the map induced by
inclusion in the first factor.

Let I'x denote the pointwise stabilizer of x in I'; then the inclusion D} C DT induces a
map

I \Df = I'\D" =X, (2.17)

which defines a complex algebraic cycle that we denote Z(x). If the span of {x,...,x,}
is not totally positive definite, then D} =@ and Z(x) = 0; otherwise, the codimension of
Z(x) is the dimension of this span.

Now suppose T € Sym,, (F') and ¢ € S(L™), and set

Z(To) = Y o(x)-Z(x), (2.18)
e

where
UT) = {x=(X1,....xn) € V" | (x4,%x;) =T};}. (2.19)

This cycle is rational over E. If Z (T,ap)h # 0, then T is necessarily totally positive
semidefinite, and in this case, Z (T7g0)h has codimension equal to the rank of 7.
Finally, we define a S(L")Y-valued cycle Z(T)% by the rule

Z(T)": o Z(T,p)" (2.20)

for p € S(L™).

2.4. The cotautological bundle

Let £ — X denote the tautological bundle: over the complex points X (C) = I'\D™, the
fibre &, at a point z € DT is simply the line corresponding to z in the model (2.15). There
is a natural Hermitian metric ||-||2 on £(C), defined at a point z € D* by the formula
[vl2,. = —(vz,02) for v, € 2.

Consider the arithmetic class

o=-a(&|-le) € CHE(X); (221)
concretely, @ = —(divs, —log||s||Z), where s is any meromorphic section of €. Finally, for
future use, we set

Q= —c1 (& le) € AVH(X(T)), (2.22)

where —Q = ¢1(&,]| - |l¢) is the first Chern form attached to (&, -|l¢); here, the Chern
form is normalized as in [16, §4.2]. Note that — is a Kéhler form; cf. [8, §2.2].

Remark 2.2. Elsewhere in the literature, one often finds a different normalization (i.e.,
an overall multiplicative constant) for the metric |- ||¢ that is better suited to certain
arithmetic applications; for example, see [15, §3.3]. In our setting, however, Remark 2.1
implies that rescaling the metric does not change the Chern class in éﬁ}c(X ).
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2.5. Green forms and arithmetic cycles
In this section, we sketch the construction of a family of Green forms for the special
cycles, following [8].

We begin by recalling that for any tuple z = (z1,...z,) € Vi* = (V @4, 7 R)™, Kudla
and Millson (see [14]) have defined a Schwartz form @k (z), which is valued in the space
of closed (n,n) forms on DT, and is of exponential decay in z. Let T'(x) € Sym,, (R) denote
the matrix of inner products (i.e., T'(z);; = (,2;)), and consider the normalized form

P (x) = () ™), (2.23)

In [8, §2.2], another form v°(x), valued in the space of smooth (n—1,n—1) forms on
D is defined (this form is denoted by v°(z)[2,—9) there). It satisfies the relation

ddv°(Vuz) = —u%g@f{M(\/ﬂx), u € Rso. (2.24)

For a complex parameter p > 0, let
o du
o . . o .
9°(z;p) = /1 v (\/ﬂx)rlﬂ), (2.25)

then g°(z,p) defines a smooth form for Re(p) > 0. The corresponding current admits a
meromorphic continuation to a neighbourhood of p =0, and we set

§°(2) = CT °(a3p). (2.26)
Note that, for example,
o0) = vyor [ g (2.27)
8 - p=0J; wulte 7 ’

In general, the current g°(x) satisfies the equation
dd®g®(z) +0py AQ" T = gy (), (2.28)

where r(z) = dimspan(z) = dimspan(zy,...,2,); for details regarding all these facts, see
8, §2.6].

Now suppose T € Sym,, (F). Following [8, §4], we define an S(L™)Y-valued current
g°(T,v), depending on a parameter v € Sym,,(F ®gR)s.0, as follows: let v =01(v) and
choose any matrix a € GL,,(R) such that v =aa’. Then g°(T,v) is defined by the formula

C(TV)(p) = Y ex) ¢ (o1(x)a), (2.29)

xeQ(T)

where o1 (x) € V{*; by [8, Proposition 2.12], this is independent of the choice of a € GL,, (R).
Note that g°(T,v) is a [-invariant current on DT and hence descends to X (C) =T\D*.
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Next, consider the S(L™)Y-valued differential form w(7T,v), defined by the formula

W(TV)(p) = Y pX)ekulor(x)a),  o1(v)=ad, (2.30)
xeQ(T)

and which is a g-coefficient of the Kudla-Millson theta series

OxMm(T) = Z w(T,v)q", (2.31)

TeSym,, (F)
where 7 € H?, and v = Im(7). We then have the equation of currents
dd°g°(T,v) + Sz(m)c) AV = w(T,v) (2.32)

on X; see [8, Proposition 4.4].
In particular, if T is non-degenerate, then rank(7") =n and g°(7,v) is a Green current
for the cycle Z(T)%. In this case, we obtain an arithmetic special cycle

Z(T,v) == (Z(T)%,g°(T,v)) € CHE(X)®cS(L™). (2.33)

Now suppose T € Sym,, (F') is arbitrary. Let r = rank(T"), and fix ¢ € S(L™). We may
choose a pair (Zo,g0) representing the class @"~" € CHg(X), such that Z; intersects
Z(T, )" properly and go has logarithmic type [16, §11.2]. We then define

Z\(T7v7@) = (Z(T,g@)h 'ZOa go(T7V7@)+go/\5Z(T,ga)h((C)) € aﬁg(X) (234)

The reader may consult [8, §5.4] for more detail on this construction, including the fact
that it is independent of the choice of (Zy,go).
Finally, we define a class Z(T,v) € CHZ(X)® S(L™)" by the rule

~ ~

Z(Tv)(p) = Z(T,v,p). (2.35)

Remark 2.3. In [8], the Green current g°(7,v) is augmented by an additional term,
depending on log(detv), when T is degenerate see [8, Definition 4.5]. This term was
essential in establishing the archimedean arithmetic Siegel-Weil formula in the degenerate
case; however, in the setting of @3 present paper, Remark 2.1 implies that this additional
term vanishes upon passing to CHZ(X) and can be omitted from the discussion without
consequence. In particular, according to our definitions, we have

~

Z(0,,v)(0) = 0(0)-G". (2.36)

2.6. Hilbert-Jacobi modular forms

In this section, we briefly review the basic definitions of vector-valued (Hilbert) Jacobi
modular forms, mainly to fix notions. For convenience, we work in ‘classical’ coordinates
and only with parallel scalar weight. Throughout, we fix an integer n > 1.

We begin by briefly recalling the theory of metaplectic groups and the Weil represen-
tation; a convenient summary for the facts mentioned here, in a form useful to us, is

https://doi.org/10.1017/51474748025101023 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101023

Arithmetic special cycles and Jacobi forms 11

[10, §2]. Let Sp,, denote the symplectic group, viewed as an algebraic group: given any
ring R, we have

soa(f) = {gamm 19 (, o= (, T}

For a place v < 00, let Spn( ») denote the metaplectic group, a two-fold cover of Sp,, (F,);

as a set, Spn( F,) =Sp,(F,) x {£1}. When F, =R, the group Spn( ) is isomorphic to
the group of pairs (g,¢), where g = (4 B) € Sp,,(R) and ¢: H,, — C is a function such
that ¢(7)? = det(C7+ D). In this model, multiplication is given by

(9:6(7))- (9,0 (7)) = (99", 6(g'T) ¥ (7). (2.37)

At a non-dyadic finite place, there exists a canonical embedding Sp,,(O,) — Sp,, (F,),
which splits the double covering K over K; here, K is the inverse image of K under
the projection map Sp,,(F,) — Sp,,(F,). Consider the restricted product vaoo Sp,,(F,)

with respect to these embeddings. Then the global double cover é\f)n 4 of Sp,,(A) is the
quotient T[] <oo Sp,,(F,)/I of this restricted direct product by the subgroup

I:= {(Lfv)véoo | HEU =1,¢e, =1 for almost all v}. (2.38)

Moreover, there is a splitting

Lp: Spn(F)%égn’A, 7»—>H(’y71)v~l. (2.39)

Let I’ denote the full inverse image of Sp,(Op) under the covering map
HU‘OOSpn( ) = Sp,,(F ®gR). We obtain an action p of I' on the space S(V(A;)™)
as follows. Let w denote the* Weil representation of Sp,, , on S(V(A)"). Given 5 € I,
choose 7y € HU<OO Spn( F,) such that ¥y, € im(vr) and set

p(7) = W), (2.40)
Recall that we had fixed a lattice L C V. The subspace S(L") C S(V(Af)™), as defined in
(1.3), is stable under the action of I’ ; when we wish to emphasize this lattice, we denote
the corresponding action by pr..

For a half-integer « € %Z, we define a (parallel, scalar) weight x slash operator, for the
group I” acting on the space of functions f: H¢ — S(L™)V, by the formula

= [Lou(0m) oL f(97), 7= (9000 (7))ol (2.41)

v|oo

where g = (gy)w-

4Here, we normalize the Weil representation as in [11, Section II.4]. This representation also
depends on the choice of an additive character ¥ p: Ap/F — C; we choose the standard one,
and suppress this choice from the notation.
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If n > 1, consider the Jacobi group G’ = Gin_l C Sp,,: for any ring R, its R-points are

given by
a 0 b ap—>bx
A | 0 a b
J - _ n—1 | 4
G'(R):=q9g= Pa— 4 cn—dn <C d) € SLy(R), p,7 € My p—1(R)
0 0 0 lp—1

(2.42)
Define I'/ C I to be the inverse image of G’ (OF) in éI’R

Definition 2.4. Suppose f: H? — S(L")V is a smooth function. Given T € Sym,,_, (F),
we say that f(7) transforms like a Jacobi modular form of genus n, weight x and index
T if the following conditions hold.

(a) For all uy € Sym,, _,(Fg),
Fr+ (%)) = e(Taw)f(r). (2.43)
(b) For all 5 €T,
fle(r) = (7). (2.44)

Let A, 1, (p)) denote the space of S(L™)Y-valued smooth functions that transform like
a Jacobi modular form of weight x and index T5.

Remark 2.5.

1. If desired, one can impose further analytic properties of f (holomorphic, real analytic,
etc.).

2. If n =1, then we simply say that a function f: H{ — S(L)V transforms like a (Hilbert)
modular form of weight « if it satisfies f|.;[¥](7) = f(7) as usual.

3. An S(L™)V-valued Jacobi modular form f, in the above sense, has a Fourier expansion
of the form

fr) = ) v, (2.45)
T=(3 ;)
where the coefficients c¢;(T,v) are smooth functions cy(T,v): Sym, (F ®gR)so —
S(L™)V.
4. For each i =1,...,d, let (¢,(7)), be the collection given by ¢,,(7) =1 if j # i, and
¢, (1) = —1. Let €(i) = (Id,(¢»)). Then, using the formulas in [11], we have that

Flele@)(r) = (=1)PrramV g (7).
In particular, if 25 # dim V (mod 2), then A, 1, (p}) = {0}.

We now clarify what it should mean for generating series with coefficients in arithmetic
Chow groups, such as those appearing in Theorem 1.1, to be modular.
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First, let D"~ 1(X) denote the space of currents on X (C) of complex bidegree (n — 1,
n—1), and note that there is a map

a: D"N(X) = CHA(X,Dew),  alg) = (0,[ddg,g]). (2.46)
Definition 2.6. Define the space A, r,(pV;D" 1(X)) of ‘Jacobi forms valued in
S(L™)V ®@c D""1(X)’ as the space of functions
& HE - D" HX)@c S(L™)Y (2.47)
such that the following two conditions hold.

(a) For every smooth form « on X, the function £(7)(a) is an element of A, 7,(pY),
and in particular, is smooth in the variable 7.

(b) Fix an integer k£ > 0 and let || - || be an algebra seminorm, on the space of smooth
differential forms on X, such that given a sequence {«;}, we have ||a;||x — 0 if and
only if «;, together with all partial derivatives of order < k, tends uniformly to zero.
We then require that for every compact subset C C HY, there exists a constant ¢y ¢
such that

1€(T) ()| < ol (2.48)
for all 7 € C and all smooth forms «.

The second condition ensures that any such function admits a Fourier expansion as in
(2.45) whose coefficients are continuous in the sense of distributions (i.e., they are again
S(L™)V-valued currents).

Definition 2.7. Given a collection of classes
{Y(T,v) | T € Sym,,(F),v € Sym,,(F @gR)s0} (2.49)
with Y(T,v) € éﬁ"(X,Dcur) ®c S(L™)Y, consider the formal generating series

Or(r) == Y. Y(T,v)q". (2.50)
T=(i7.)

Roughly speaking, we say that {ISTQ (1) is modular (of weight x and index T3) if there is
an element

&(T) € A1, (p}) ©c CHA(X, Do) + a(Ay 1, (pY; D" (X)) (2.51)

whose Fourier expansion coincides with C/I;TQ (7). More precisely, we define the modularity
of @7, (7) to mean that there are finitely many classes

Z1,...,2, € CH"(X,Deur) (2.52)
and Jacobi forms
fla"'fT eA&Tz(pv)? geAl‘i,Tz(pv;Dnil(X)) (253)
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such that

~

Y(Tv) = e (T,v) Zi+a(cy(T,v)) € CHE(X, Deur) ®c S(L™) (2.54)

forall T= (% 7,) .
Remark 2.8.

1.If Zy,....2, € Gﬁg (X) and g(7) takes values in the space of (currents represented
by) smooth differential forms on X, then we say that ®r, () is valued in CHg(X)®
S(L™)V; indeed, in this case, the right-hand side of (2.54) lands in this latter group.

2. As before, one may also impose additional analytic conditions on the forms f;,g
appearing above if desired.

3. Elsewhere in the literature (e.g., [2, 3, 19]), one finds a notion of modularity that
amounts to omitting the second term in (2.51); this notion is well-adapted to the
case that the generating series of interest are holomorphic (i.e., the coefficients are
independent of the imaginary part of 7).

In contrast, the generating series that figure in our main theorem depend on these
parameters in an essential way. Indeed, the Green forms g°(7T,v) vary smoothly in
v; however, to the best of the author’s knowledge, there is no natural topology
on CH"(X), or CH"(X,Dey,), for which the corresponding family Z(T,v) varies
smoothly in v. As we will see in the course of the proof of the main theorem,
the additional term in (2.51) will allow us enough flexibility to reflect the non-
holomorphic nature of the generating series. Similar considerations appear in [6] in
the codimension one case.

3. The genus one case

In this section, we prove the main theorem in the case n = 1; later on, this will be a key
step in the proof for general n. The proof of this theorem amounts to a comparison with
a generating series of special divisors equipped with a different family of Green functions,
defined by Bruinier. A similar comparison appears in [6] for unitary groups over imaginary
quadratic fields; in the case at hand, however, the compactness of X allows us to apply
spectral theory and simplify the argument considerably.

Suppose t > 0. In [3], Bruinier constructs an S(L)Y-valued Green function ®(¢) for
the divisor Z(t) = Z(t)". To be a bit more precise about this, recall the Kudla-Millson
theta function Ok (7) from (2.31). As a function of 7, the theta function Oky is non-
holomorphic and transforms as a Hilbert modular form of parallel weight k =p/2+ 1. Tt
is moreover of moderate growth, [3, Prop. 3.4] and hence can be paired, via the Petersson
pairing, with cusp forms. Let Axnm(T) € Sk(pr) denote the cuspidal projection, defined
by the property

<®KM;9>Pet = <AKMa9>Pet (3.1)

for all cusp forms g € S, (p).
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Writing the Fourier expansion

Axm(T ZCA ¢, A€ AMN(X)®@c S(L)Y, (3.2)

it follows from [3, Corollary 5.16, Theorem 6.4] that ®(t) satisfies the equation
dd®[®(t)] + 0z() = lea(t) +B(t)-Q (3.3)

of currents on X, where

deg(Z(t))

B = - —om

e S(L)Y. (3.4)
Recall here that (—2)? induces a volume form on X.

For future use, we define ®(¢) =0 = B(t) if ¢ is not totally positive.

Finally, we define classes Zp,(t) € CH{(X) ®c S(L)Y as follows:

(Z(t),®(t)), ift>0
Zp(t) = G®evy ift=0. (3.5)
0, otherwise,

where evg € S(L)Y is the functional ¢ — ¢(0).
We then form the generating series

~

OBe(7) = Zn:(t) " (3.6)

t

Theorem 3.1 (Bruinier). The generating series <$BT(T) is a (holomorphic) Hilbert
modular form of parallel weight k = p/2+ 1. More precisely, there are finitely many
classes 21, 7, Gﬁ}c(X) and holomorphic Hilbert modular forms fi,...,f. such that
Zp:(t) = ¢p,(t) Z; for allt € F.

Proof. The proof follows the same argument as [3, Theorem 7.1], whose main steps
we recall here. Bruinier defines a space M} (pr) of weakly holomorphic forms [3, §4] of
a certain ‘dual’ weight k; each f € M,’C(pL) is defined by a finite collection of vectors
¢f(m) € S(L)Y indexed by m € F. Applying Bruinier’s criterion for the modularity of a
generating series (cf. [3, (7.1)]), we need to show that

> ep(m) Zp.(m) = 0 € CH' (X) (3.7)

for all f € Mj(py). Given such a form f, let co = c;(0)(0), and assume ¢y € Z. By
[3, Theorem 6.8], after replacing f by a sufficiently large integer multiple, there exists
an analytic meromorphic section U of (w®*)~c such that

div " = Z cr(m)-Z(m)*" (3.8)
m7#0
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and
—log [ T"> =" cp(m)-®(m). (3.9)
m#0

Recall that X is projective; by GAGA and the fact that the Z(m)’s are defined over E,
there is an E-rational section ¢ of w™° and a constant C € C such that

div(y) = > ep(m)Z(m),  —logl[t:*"|* = —log||T*"|]* +C. (3.10)
m#0
Thus,
—co & = div(y) = Y cp(m)- Zp:(m) + (0,0) € CHY(X). (3.11)
m##0

However, as in Remark 2.1, the class (0,C) vanishes, and thus, we find

> ep(m)Zpe(m) = co-B+ Y cp(m)Zp:(m) = 0 (3.12)

m m#Q0

as required. O

Now we consider the difference

$1(7) = PBe(T) = Y _(0,6°(,v) — (1)) 7', (3.13)

t

whose terms are classes represented by purely archimedean cycles. Comparing the Green
equations (2.28) and (3.3), we have that for ¢ # 0 and any smooth form 7,

ad[g°(t,0) — B(1)](n) = /X (6°(,v) — B(1)) dd°n = /X (w(t,v) —ealt) — BHR) A
(3.14)

where w(t,v) is the t’th g-coeflicient of Okm(7); in particular, [9, Theorem 1.2.2 (i)]
implies that the difference g°(¢,v) — ®(¢) is smooth on X (C).

Theorem 3.2. There exists a smooth S(L)Y-valued function s(7,z) on H{ x X(C) such
that the following holds.

(i) For each fized z € X (C), the function s(T,z) transforms like a Hilbert modular form
mT.
(ii) Let

s(r,2) = ch(t,v,z) q' (3.15)
t
denote its g-expansion in T; then for each t, we have
(0,g°(t,v) = ®(t)) = (0,¢5(t,v,2)) € CHE(X)®cS(L)Y. (3.16)

Combining this theorem with Theorem 3.1, we obtain the following:

https://doi.org/10.1017/51474748025101023 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101023

Arithmetic special cycles and Jacobi forms 17

Corollary 3.3. The generating series b1 (1) is modular, valued in aﬁ(lc(X) ®S(L)Y, in
the sense of Remark 2.8(i).

Proof of Theorem 3.2. Recall that the (1,1) form —Q is a Kéhler form on X. Let
—Ax denote the corresponding Laplacian; the eigenvalues of —A x are non-negative and
discrete in R>(, and each eigenspace is finite-dimensional.

Write Ax = 2(09* +9*0) and let L: n— —n A (=) denote the Lefschetz operator.
From the Kihler identities [L,d] = [L,0] = [L,As] = 0 and [L,0*] =0, an easy induction
argument shows that

d*oL* = [Fod* — ikdoLF ! (3.17)
for k> 1.
Thus, for a smooth function ¢ on X, we have
Ax(8) (=) = Ax o LP(¢) = 200" o LP(¢) (3.18)
= 2090 (LPod* —ipdo L’ ") (¢) (3.19)
= —2ip 00 (p A ()P~ 1) (3.20)
= —dmp dd® (oA (—Q)P71); (3.21)

note here that p = dimc(X).
Consider the Hodge pairing

2 = g(—Q)P =(=1)? gar. .
(rale= [ fat-oy =17 [ fa0 (3.22)
If A> 0 and ¢, is a Laplace eigenfunction, we have that for any t # 0,
(0°(t,v) = ®(t),0x) 2 = A1 (g (t;v) — (1), — Axa) 2 (3.23)
=0 [ (@) —a0) (CAxan) (3.24)
X
— T [ (@) - 00) @) @)
A x

:(_1)p+14%/x(w(t,v)—CA(t)—B(t)Q)wAQP*l. (3.26)

Note that fX G\ QP = (1,¢))r2 =0, as A >0 and so ¢, is orthogonal to constants; thus,
the term involving B(t)Q2 vanishes, and so

(@ (1) = 00001 = (DT [ (v —ea@)AB (320

for all ¢t # 0. This equality also holds for ¢ = 0, as both sides of this equation vanish.
Indeed, for the left-hand side we have g°(0,v) =0 (cf. (2.27)), and ®(0) =0 by definition;
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on the right-hand side, cx(0) =0 as Axm(7) is cuspidal, and the constant term of the
Kudla-Millson theta function is given by

w(0,v) =Q®evy. (3.28)
Now define
h(T,2) = (L*)P" o x (Oxm(T) — Axm(T)), (3.29)

where * is the Hodge star operator, and L* is the adjoint of the Lefschetz map L. Then
h(T,z) is smooth, and transforms like a modular form in 7, since both Ok (7) and
Axm(7) do; writing its Fourier expansion

h(tT,z) = Zch(t,v,z) q', (3.30)

we have

(on(t,v,2),0) 12 :(_1)%1/ (@(t,v) —ex(£) AGQP (3.31)

X

for any smooth function ¢.
Note that for any integer N and L? normalized eigenfunction ¢, with A # 0,

[(h.ox) 2] = AN (= AKX (h),0x)| < A7V = A (W)]I7-. (3.32)
Choose an orthonormal basis {¢y} of L?(X) consisting of eigenfunctions, and consider
the sum
s(m,2) =4mp > AT (héa) 2 6 (2). (3.33)
A>0

By Weyl’s law, there are positive constants C; and C5 such that
#A | A<z} ~a™ (3.34)
and [|¢x | L= = O(A“2). These facts imply that there exists an integer N > 0 such that
Cn =Y A"N||gallp~ < oo.
A>0

For such fixed N, we then have the estimate

Y Ao 2 oA (2) < | = AX ()72 D AT NIgallLe = |- AX ()72 On < oo

A>0 A>0

In particular, the sum (3.33) is absolutely convergent, locally uniformly in 7 and z, and
hence defines a smooth function in (7,z).
Writing its Fourier expanison as

s(1,2) =Y es(t,v,2)q, (3.35)

t

we have

<Cs(t,V,Z),(]S>\>L2 = <go(t,V)—‘I)(t),¢)\>L2 (336)
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for any eigenfunction ¢y with A # 0. Thus, ¢,(t,v,2) and ¢°(t,v) — ®(¢) differ by a function
that is constant in z; as (0,1) =0 € CHL(X), we have

(0,6°(t,v) = ®(¢)) = (0,c4(t,v,2)) € CHL(X) @c S(L)", (3.37)

which concludes the proof of the theorem. O

4. Decomposing Green currents

We now suppose n > 1 and fix Ty € Sym,,_; (F).

The aim of this section is to establish a decomposition Z(T,v) = E(T,v) —I—E(T,v),
where T'= (% 7,). Our first step is to decompose Green forms in a useful way; the result
can be seen as an extension of the star product formula [8, Theorem 4.10] to the degenerate
case.

Let © = (21,...,2,) € (V1)" = (V®p.o, R)* and set y = (v2,...,2,) € V"' By [8,
Proposition 2.6. (a)], we may decompose

W)= [ i) AdaVE) s+ [ (Vi) A (Vi) (4

for Re(p) > 0.
By the transgression formula (2.24), we may rewrite the second term in (4.1) as

[ iz av i) i

-[7(/ t (Vi) du ) A (Vi) i+ st A [ (Vi)

= [T a0 B A i) s + el A5 )

For ¢t > 1, define smooth forms

ay(r1,y) ::/1 guo(ﬁxl)%Auo(ﬂy) (4.3)
and
Bular)i= [ v () S nov (Vi) (1.4

so that

. 00 . d e} t d d
(4,2):%/1 Bat(xl,y)—kaﬂt(xl,y)tl—fp - -/1 {/1 VO(\/axl):} /\ddCVO(\/iy)tl%,,

+ k(1) Ag°(y,0)- (4.5)
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Finally, we consider the second integral above; as Re(p) is large, we may interchange the
order of integration and obtain

/1°° (/; (\/axl)d )/\ddc ‘Vty) 1, th
_ /100 VO (Vaz:) A (/u ddcu"(\/fy)titp) %L
= /100 VO (Vuzy) A (/uoo SSDKM(\[y) ) d;

/100 VO(\/axl)/\@f(M(\/ay)zﬁ::pP/loo’/o(\/axl)/\ (Aww%M(\/zy)tld‘tP) %
(4.6)

Note that the first term in the last line above coincides with the first term in (4.1).
Combining these computations, it follows that

o o o i [ = dt
8°(0.0) = Ghaa(o) A8 )+ 5= [ Doulen) + 0B

wo [rvamn ([ e Vi ) .

This identity holds for arbitrary x = (z1,y) € V;* and Re(p) > 0, and is an identity of
smooth differential forms on D.

To continue, we view the above line as an identity of currents, and consider meromorphic
continuation.” Note that (as currents)

< du
o[ e ( [T i )
> o * o n— T dt du
:P/l v (\/ﬁml)/\/u (SDKM(\/EZ/)_‘SD;;/\Q - (y)) e
* du
o n—1—r
where r(y) = dim span(y). The first term vanishes at p = 0; indeed, the double integral in

the first term is holomorphic at p = 0, as can easily seen by by Bismut’s asymptotic® [1,
Theorem 3.2]

(4.7)

(4.8)

5More precisely, we mean that for every smooth form «, the function [6°(z,p)] () = [ 8°(x,p) A
«a admits a meromorphic continuation in p, such that the Laurent coefﬁments are continuous
in « in the sense of currents.

6This asymptotic is meant in the sense of distributions. To be more precise, we say that a

family of currents T3, parametrized by ¢ > 0, is O(t*%) if the following holds. Let k£ > 0 be any
integer, and let || -|| denote a norm on the space of smooth differential forms on X such that
for a sequence 75, we have ||, || — 0 if and only if 7,, together with all partial derivatives up
to order k, converge uniformly to 0 on X. Then there exists a constant C'= C). such that

ITe(m)| < Ct™ = [In]|

for all smooth forms 7.
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Pin (Vy) = 8 AQUTITTW = O/ (4.9)
as t — oo.
Next, let
& dt > dt
a(zr1,y;p) 5:/ Oét(il?by)tlTp, B(x1,y;p) 5:/ ﬂt(z’y)tlTp' (4.10)
1 1

A straightforward modification of the proof of [8, Proposition 2.12.(iii)] can be used
to show that a(x1,y;p) and B(x1,y;p) have meromorphic extensions, as currents, to a
neighbourhood of p = 0. We denote the constant terms in the Laurent expansion at p =0
by a(z1,y) and S(z1,y) respectively. Thus, as currents on D, we have

0°(71,y) = prm (1) A g°(y) +da(z1,y) +d°B(z1,y)

= d 411
+CTp:0/ Vo (Vuze) Aoy AQn—1-r(y) U (4.11)
1

ulte

for all z; € Vi and y € (V7)™ L.
As a final observation, note that if z1 € span(y), then v°(y/ux) /\61@; = dpy; see [8,
Lemma 2.4]. Thus,

> d
A1) = Ol [ 17 Adg £ Q170 S
1 v utte
_ 90(731) A 5@? A Qn_l_r(y), if 2y ¢ span(y) (4'12)
0, if 1 € span(y).
In the case that the components of x = (z1,y) = (z1,...,7,) are linearly independent, we

recover the star product formula from [8, Theorem 2.16].
Now we discuss a decomposition of the global Green current g°(T,v), for v €
Sym,, (FR)s0. Write

vi=o1(v) = (”1 “12> (4.13)

/
Ulz (%)

with v; € Ryo and vi2 € My ,,—1(R); recall that o1: F — R is the distinguished real
embedding. Set

vy 1= Vg — Vj5v12/v1 € Sym,,_;(R)s0, (4.14)
and fix a matrix a5 € GL,_1(R) such that v = a3 - (a3)’.

Proposition 4.1. Let T € Sym,,(F) and v € Sym,,(Fr)so as above, and define S(L)" -
valued currents a(T,v) and 6(T,v) on X by the formulas

a(Tv)(p)i= Y ex)(oreny), (4.15)

xeQ(T)
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where we have written o1 (x) = (z1,y) € V1@ (V1)" !, and

oTe) = 3 ol (voren+ 22 ) ngetaas). (4.16)
Then
0°(T,v)(¢) = a(T,v)(p) +b(T,v)(p) (mod imd + ima). (4.17)

Proof. First, the fact that the sums defining a(7,v) and b(7,v) converge to currents on
X follows from the same argument as [8, Proposition 4.3].
Now recall that

(Tv)(e) = > ex)g°(xa), (4.18)

xeQ(T)

where z = 01(x), and a € GL,(R) is any matrix satisfying v = aa’. Note that

(U1 Y12 U1 / _ 1
V= <v’12 v2> =0 ( v;> 0’ where 6 = <v’12/v1 1n_1) . (4.19)

Thus, we may take
aze(Vaf), (4.20)
2
and so, applying (4.11) , we find

TV = Y e (@ (V7 ;) 7= (11,9)

xeQ(T)

X§T)¢<x>90( o yfy>
> e )(sDKM (fﬂfﬁr

xeQ(T)

N Jiy@)
# BB+ L ) (o + 2 ).

) Ng°(yas) +O0a(y/v

(4.21)
Again, an argument as in [8, Proposition 4.3] shows that the sums

m = Z o(x) a(y/v1 y'vb,ya;) (4.22)

xeQ(T) \/ﬂ

and
Y- 0/12 *

mim 3 o)Ay + L o (4.23)

x€Q(T) 1

converge to ['-invariant currents on D, and hence define currents on X. Moreover, it follows
easily from the definitions that
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/
2 o) = (Vo) (4.24)

Thus, we find
9°(T,v)(¢) = a(T,v) () + b(T,v)() + 1 + Ina, (4.25)
as required. O

Next, we define an S(L")V-valued current ¢(T,v) as follows. For x € Q(T'), write
o1(x) =z = (21,y) € Vi ® V""" as above; then

YITV)(P) = D ox) pfu(Voren) Adye AQTT) (4.26)

xeQ(T)

defines a I'-equivariant current on DF, and hence descends to a current (also denoted

Y(T',v)) on X(C).
Lemma 4.2.

(i) Let w(T,v) be the Tth coefficient of the Kudla-Millson theta function, as in (2.50);
then

dd°e(T,v) = w(T,v)—¢(T,v). (4.27)
(ii) We have
dd®a(T,v) + 05120y AT = §(Tv), (4.28)
where r(T) = rank(T).
Proof. With v = 01(v) and taking a =0- <‘/W a;> as (4.20), we have

W(IV)(p) = D wx)pkulea)

xeQ(T)
= > oboviar (v + L2, )
- ’ .29
xeQ(T) \/a ( )
/
= Z o(x) PR <\/>5L’1+)/\<PKM(?J@2)
xeQ(T) \/T
for ¢ € S(L™), where the last line follows from [14, Theorem 5.2(i)]. Therefore,
AWBTN)() = Y o) oo (Vi + 22 ) Adaog (o) (4.30)
xeQ(T)
_ yv 12 n—1—r(y) o *
= Z p(x) ofm | Vore +—= o1 A 0y NQ + erm(yas)
xeQ(T)
(4.31)
= 3 eetan (VAT 2 ) N6y A0 (T ),
xeQ(T) f
(4.32)
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For v € V4, the restriction ¢%;(v) /\511));r depends only on the orthogonal projection of v

onto span(y)*; see, for example, [8, Lemma 2.4]. In particular,
o y’Uig o
orm | Vviz:r + Non Nbpy = ok (Vv121) A by (4.33)
1 : :

The first part of the lemma follows upon applying the definition of v(T,v) in (4.26).
The second part then follows from the first, together with Proposition 4.1
and (2.32). O

We finally arrived at the promised decomposition of Z (T, v). Recall that in defining the
cycle Z(T,v) in Section 2.5, we fixed a representative (Zg,go) for @~ "(T) such that Z
intersects Z(T') properly. By the previous proposition,

dd® (a(T,v) + go Az (ryac)) +0z(Tyinzoc) = Y(T,V); (4.34)

we then obtain classes in éﬁE(X,Dcur) ®c S(L™) by setting

ATv) == (Z(D)" Zo, [(T,v), a(T,v) + go Az 1y ()] (4.35)
and
B(T,v) = (0, [w(T,v) = (T,v), b(T,v)]), (4.36)
so that
Z(T,v) = A(T,v)+ B(T,v) € CHX(X,Deur)®c S(L)". (4.37)

Remark 4.3. Suppose T = (} 7, ) as above; if T5 is not totally positive semidefinite, then
D, =0 for any y € Q(T3), and hence, A(T,v) = 0.

5. Modularity I

In this section, we establish the modularity of the generating series

op(r)= Y. B(Tv)q". (5.1)
T=(31,)
Note that
E(T,v) = (0,[dd°b(T,v),b(T,v)]) = a(b(T,v)); (5.2)

thus, in light of Definition 2.7, it suffices to establish the following theorem.

Theorem 5.1. Fiz T; € Sym,,_(F), and consider the generating series

Er)= > b(Tv)d", (5.3)
T=(I1,)

Then &(T) is an element of Ay 1,(p); D*(X)) with k =p/2+1; see Definition 2.6.
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Proof. We begin by showing the convergence of the series (5.3). By definition,

S @@ =Y Y wtav)ea (v L0 ) gl o7

(52 T (x1,y)€Q(T) v
- T1/2 T2
(5.4)
where 21 = 01(x1) and y = 01(y), and here we are working with I'-equivariant currents
on DT.
For v € Vi, consider the normalized Kudla-Millson form

prm(v) = e T Ry (v), (5.5)
which is a Schwartz form on V;, valued in closed forms on DT. More precisely, fix an
integer k, a relatively compact open subset U C DT, and an algebra seminorm || - || T

measuring uniform convergence of all derivatives of order < k on the space of smooth
forms supported on U. Then there exists a totally positive definite quadratic form Qg on
V such that

lprn ()l 7 < €=V, (5.6)

where the implied constant depends on & and U, and we abuse notation and write Qu
for the induced positive definite quadratic form on V;. Similarly, for y € V"1, write

g(y) = e TR go(y). (5.7)

If ]D);r NU = (), then g(y) is smooth on U, and the form Qr may be chosen so that

_Nn—1 ) n—
o)l g < e == QU y=(y1,.. 1) €V (5.8)

see [8, §2.1.5].

Finally, for the remaining real embeddings os,... 04, let v, € S(V;") denote the stan-
dard Gaussian on the positive definite space V; =V ®p o, R, defined by ¢, (%1,...,2,) =
e~2724zi:7i) Then a brief calculation gives

/

d
@@= Y elx1y)exu (wmwy'””)Ag(ya;)-memm(xl,y)aa e(Tu),

T (x1,y)€T) VoL i=2
(5.9)
where we have chosen matrices a; € GL,,(R) for i =2,...,d, such that o;(v) =a;-a}.
Let
S1i={y e (L)"" |{y,y) =T» and D} NT # 0} (5.10)
and
Sy :={y e (L))" ! |{y,y) =Tz and Dy NU = 0}. (5.11)
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We claim that S is finite. To see this, first note that for a point z € D* C P(V; ¢), there
is an associated positive definite form @,on Vi, determined by the formulas

Q.() —Q(v), if v € Re(z)+Im(z)
2\V) =
Q(v), ifve (Re(z)+Im(z))*
for v € V1. Moreover, this quadratic form varies smoothly in z, and we have the equivalence

zeD) <= Q.(y)) =Q(y:) foralli=1,....n—1

for y = (y1,...,yn_1) € V"L
Without loss of generality, we may suppose that Qu is chosen so that Qu(v) < Q. (v)
for all v € Vi and 2z € U on Vi, and that Qu(v) < 1(v,v) on V; for i > 1. Then

S C {y =(y1,--,¥n-1) € (LN | Quly:) < tr(Ty) for i = 1,...,n—1}.

The latter set is finite, as Qy is totally positive definite and L’ is a lattice.
Using the estimates (5.6) and (5.8), and standard arguments for convergence of theta
series, it follows that the sum

Z Z LP(Xl» )SDKM (fxl +— \/—1 ) /\g ya2 ngool Jz(xlvy)az) e(Tu)

—_(* * QT 2
r=(% ) )0 =

(5.12)

converges absolutely to a smooth form on H¢ x U. The (finitely many) remaining terms,
corresponding to y € S1, can be written as

> Iy(T) (@) Aalyas), (5.13)

y€S1

where, for any y € V"~ ! and p € S(L"), we set

FE) = 3 slmylero (\ﬁm i )H%ol (o3(x1,3)as) e(T(x1,y)u),

(5.14)

where T'(x1,y) = (i’:l’;? <<x;’»yy>> ) Again, the estimate (5.6) shows that the series defining

fy(T) converges absolutely to a smooth form on H? x DF. Moreover, for a fixed y € V" ~!
and any compactly supported test form o on D, the value of the current g°(ya})[a] varies
smoothly in the entries of a3 (this fact follows easily from the discussion in [8, §2.1.4]).

Taken together, the above considerations imply that the series £(7)(y) converges
absolutely to a I'-invariant current on D7, and therefore descends to a current on X
that satisfies part (b) of Definition 2.6 as 7 varies. In addition, this discussion shows that
given any test form «, the value of the current £(7)[a] is smooth in 7.

It remains to show that £(7) transforms like a Jacobi modular form (i.e. is invariant
under the slash operators (2.41)). Recall that the form ¢k is of weight p/2 + 1; more
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precisely, let U(1) C §f)1(R) denote the inverse image of U(1), which admits a genuine
character x whose square is the identity on U(1). Then w(k)exm = (x(k))? ?pkum for all
ke (7(1), where w is the Weil representation attached to Vi; cf. [14, Theorem 5.2].

To show that () transforms like a Jacobi form, note that (by Vaserstein’s theorem

[17]), every element of I'/ can be written as a product of the following elements.
(i) For each i =1,....,d, let
&) = (@) € [T Spa(F) (5.15)
v|oo

be the element whose v’th component is (Id,1) if v # oy, and (Id, — 1) if v = 0.
(ii) For p,A € My ,_1(Op), let

1 0 0 L
_ )\/ 1n7]_ ,LL/ 0 J
o= | 5T | €67 (On). (5.16)
0 0 0 1,-1

Let tp(ya,u) € %H!A denote its image under the splitting (2.39); we choose 7 ,, € r’
to be the archimedean part of a representative ¢p(yx, ) = Va1 V-

(iii) For r € Op, let

1 0 r 0
10 1,10 0 7
=179 "0 1T o € G’ (Op), (5.17)
0 0 0 1,-1

and choose an element 7, as the archimedean part of a representative of ¢z (7, ), as
before.

(iv) Finally, let

0 0 |[-1 0
10 1,4]0 0
S=| 45150 (5.18)
0 0 [0 1,

and take S € I'/ to be the archimedean part of a representative of ¢ (.5).

Now, rearranging the absolutely convergent sum (5.12), we may write
&) = Y fy(m)Aslyas). (5.19)
yEQ(T2)

Using the aforementioned generators, a direct computation shows that vi = vo —
vi,vi2/v1, viewed as a function on H¢, is invariant under the action of I it therefore
suffices to show that for a fixed y, the S(L™)"-valued function fy(7) transforms like a
Jacobi form.
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It is a straightforward verification to check that fy(7) is invariant under the action of
€(1), Y, u, and 7,.. For example, the invariance with respect to €(¢) follows from Remark 2.5.
The element %TL acts on S(L™) by the formula

P(n) (@) (x1,y) = e(2(xn,y)p’ —(yN.y")i') o(x1 =y N, y), (5.20)

and 7y, acts on HY by the formula

o T = T Tio+T1 A+ (5.21)
Ao Tho+T N+ To+ N T+ Ti )+ A )7 ’

T1 T12

where T = ( /

S, ) Moreover, writing ¥, = (YA, u: (¢0))» as in Section 2.6, we have

[1¢o(7) =1. For x; € V and y € V"~! a direct computation gives
tr (T(xl,y) ‘Re(y,,- 7-)) =tr (T(xl +y)\’,y)u) +2(x1,y)1 + YN, y)u'; (5.22)

therefore, applying the above identity and the change of variables x; — x1 —y -\, we
find

Felonueme) = 3 gl )eron (fu Ly )+ yr)

{HSD(X” oi(x1,y (A, ) )}e(T(xl,y)Re(w,#‘r)) (5.23)

Z {90 X1 — y>\ ( <X1, > yX,y }SDKM (\/>1'1+ \/7)

x1€V
d
x HSDooi(Ui(XhY)ai) e(T'(x1,y)u) (5.24)
i=2
= Fy(T) (p(hx,0)%) (5.25)

as required.
Similarly, for r € O, the element 77! =4_, acts on S(L") by the formula

p(i=r)(@)(x1y) = e (T(x1,¥) (7)) ¢(x1,5)-
However, 7, acts on H¢ by
rY’l"T:T—’_(TOn—l)'

The invariance of fy (7) under the action of 4, follows immediately.

As for S, recall that t12(S) acts on S(V(A)™) by the partial Fourier transform in the first
variable; the desired invariance follows from Poisson summation on x; and straightforward
identities for the behaviour of the Fourier transform under translations and dilations. O
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6. Modularity II

In this section, we prove the modularity of the generating series (’5 A(T). By Remark 4.3,
we only need to consider totally positive semidefinite matrices 75, and we assume that
this is the case throughout this section.

We begin by fixing an element y = (y1,...,yn—1) € Q(T2), and setting y = o1 (y). Let

Uy =span(yi,...,yn-1) CV, (6.1)
so that Uy is totally positive definite. Let
Ay:=UyNL, and Ay:=UyNL (6.2)
and set
A=Ay®Ay CL, (6.3)
so that
AcCcLcL cA. (6.4)

In light of the definition (1.3), we have a natural inclusion S(L™) — S(A™), and the
composition

S(L™) = S(A™) 5 S(A}) @c S((Ay)™) (6.5)

is equivariant for the action of f‘], via pr, on the left-hand side, and via pa, ®pas on the
right; this latter fact can be deduced from explicit formulas for the Weil representation;
cf. [11, Proposition 11.4.3].

Note that Uyl is a quadratic space of signature ((p,2),(p’ +2,0),...(p’ +2,0)) with
p’ = p—rank(T3), so the constructions in Section 2 apply equally well in this case. In
particular, let X, (C) = Fy\ID)Z‘J". Then for m € F and vy € (F ®grR)s.0, we have a special
divisor

Zurg (mov1) = (Zug (m), g, (mv1) ) € CHE(Xy) @ S(A7)", (6.6)

where we introduce the subscript U;- in the notation to emphasize the underlying
quadratic space being considered.
Let

Ty: Xy = X (6.7)

denote the natural map, which defines the cycle Z(y) of codimension rank(7s). We define
a class

Zy(m,v1) € CH¥TDH(X D) @ S((AL)™) (6.8)
as follows: if p € S((Aj;)”) is of the form ¢; ® w2 with ¢; € S(Aj;) and @; € S((Ay)"1),

we set

Zy(mv1) (1@ 2) 1= 02(0) 7y, (Zug (movisen)) € CHMPIT(X, Do), (69)

https://doi.org/10.1017/51474748025101023 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101023

30 S. Sankaran

and extend this definition to arbitrary ¢ by linearity. Here, the pushforward is given
explicitly as

Ty, (ZU; (mﬂ’wﬁl)) = (Wy,*ZU; (m) (1), [WU; (m,VMPl)A5Z(y),90(m,V1,<P1)5Z(y)D-

Observe that this pushforward is an element of éﬁE(X ,Deur); the existence of pushfor-
ward maps along arbitrary proper morphisms, which are not available in general for the
Gillet-Soulé Chow groups, are an essential feature of the extended version, [5, §6.2].

Finally, for 7= (:/112 :.122) € H7}, we define the generating series
dy(T1) = Y Zy(mvi)ai, (6.10)
meF

where 71 € HY with v; =Im(71), and ¢}* = e(mT;).

There is also a classical theta function attached to the totally positive definite space
Uy, defined as follows: let ¢ € S(Ay) and suppose ¢ = 1 ® 2 with ¢ € S(Ay) and
@2 € S(A}~1). Then we set

Oy (T)(P1®02) == @aly) Y 1 (V) e(ANT1I+200y)Th0) e(Th - 72), (6.11)
XeU,

and again, extend to all ¢ € S(A}) by linearity. It is well known that 0y(7) is a
holomorphic Jacobi modular form of weight dimU,, /2 = rk(7T>)/2 and index T5; see, for
example, [7, §I1.7].

The Fourier expansion of 0y (7)(¢) can be written, for ¢ = 1 ® 2 as above, as

Oy (T)(P1@02) = @aly) Y. ry(Topr) ¢, (6.12)
T=(%1,)

where 7y (T) € S(Ay)Y is given by the formula

Ty ((7?52 7%;) 7901) = Z 1(N)- (6.13)
AEUy
<)‘7)‘>=T1
Ay)=Tr2
Finally, note that given T as above, we must have either rank(7T") = rank(7%) + 1, or
rank(7T') = rank(T3).

Lemma 6.1. Suppose rank(T) = rank(T3) + 1. Then for any y € Q(Ts), we have
ry(T) = 0.

Proof. Suppose ry(T) # 0; by definition, there exists A € Uy, = span(y) such that
(A\y) € QT). Since V is anisotropic, we have rank(7T) = dimspan()\,y). However,
A € Uy, so dimspan(\,y) = dimspan(y) = rank(75), which contradicts the assumption on
rank(7"). O
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Proposition 6.2. As formal generating series, we have

ba(m)= D ATw)g"= Y by(r) @I @by (r), (6.14)

(1) ve
where
és\y(,r) .@n—']-(Tg)—l = Z Zy(m7V1) .an—r(Tz)—l q’{n; (6-15)
meF

here, we view the right-hand side of (6.14) as valued in S(L™)Y by dualizing (6.5).

Proof. By linearity, it suffices to evaluate both sides of the desired relation at a Schwartz
function ¢ € S(L™) of the form ¢ = @1 @, for ¢; € S(L) and @9 € S(L"71).
Then we may write

Z(T)(p1@¢2) = Y (p1@¢2)(x) Z(x) (6.16)
xeQ(T)
mod I
= Z P2(y) Z e1(x1)Z(x1,y)- (6.17)
yeQ(Tz) x1€Q(TY)
mod T (x1,y)=T12
mod Ty

We may further assume that

P = OPl €SU)ESUF)  ad g =ghe g ST e SN

(6.18)
in this case, p2(y) = ©5(y)¥5(0).
For a vector x; € V' as above, write its orthogonal decomposition as
x1=x; + x{ € UyaUy, (6.19)
and note that ngsl,y) = D&cw where 71 = 01(x1), etc., and [y, ) =Ty y)-
Thus, decomposing the sum on x; as above and writing 7' = (72112 7;322 ), we have

Z(T)(p1 @ p2)

= Y e | D dEDHzEly) |- > el

yEQ(T2) meF x’l’GU;' x} €Uy
mod I (xy,xy=m (x1,x1)=T1—m
mod Ty (x’l,y):Tm

= Y e Y| X Aenzedy) |y () ), (6:20)

yEQ(T?) meFr x’l’eUyL
mod I'

(1, x1)=m
mod T’y
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which we may rewrite as

Z(T) (prow) = > O Y mye (Zug D) v (" 52 ) ¢t) (6:21)

yeQ(T2)
mod I'

> Y zme e {amr (B )e) ) 622
ST

where in the second line, Zy(m) denotes the S((Aj)")Y-valued cycle

Zy(m): " = ¢5(0) my, Zy s (m, 7). (6.23)

Now suppose that rk(T") = rk(73) + 1. Then, by Lemma 6.1, the term m = 0 does not
contribute to (6.21), and so all the terms 2yt (m) that do contribute are divisors. To
incorporate Green currents in the discussion, recall that, at the level of arithmetic Chow
groups, the pushforward is given by the formula

~

Zy(m,v1)(¢") = £5(0) my,« Zys s (m,v1,67) (6.24)

:(Wy,*Zu;(m,wi'L WU;(mth(P/l/)AaZ(y)ag%;(mvvlvwal)A(SZ(y)})a (6.25)

where, as before, we use the subscript U;- to denote objects defined with respect to that
space.
This may be rewritten as

Zy(m,v1)(¢") = Zy(m )Canm

+<P2 Oa |:in m V17801)A5Z 5Zy(m)7 927; (mavlawlll) AdZ(y):|) ’
(6.26)

where Zy(m)ca“ = (Zy(m),[6z,(m),0]) is the canonical class associated to Zy(m). Thus,

~

Zy(m,v1)-@" D) = Zy (m)= - @I (0, [By (myvi),ay (mova)]), (6.27)
where ay (m,v1) and Sy (m,v1) are S((Ay)™)Y-valued currents defined by

g (V) (@) = @4(0) g, (mvafl) Ay A D (6.28)
and

By (m,vi)(¢") = ¢5(0) wus (m,vi,07) Adzy) A" =57 (1) oy AP

(6.29)
where ¢ = ] ® 5 as before.
Turning to the class A(T,v), it can be readily verified that
A(T,v) = Z(T)en . on—sD 4 (0, [W(T,v) = dzer) AQ"*rk<T>,a(T,v)]), (6.30)
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where the currents a(7,v) and ¢(7,v) are defined in (4.15) and (4.26), respectively. Now,
by the same argument as in (6.21), and under the assumption rank(T") = rank(7%) + 1,
we have (as a I'-invariant current on D)

ATV (1 002) = Y waly) Y eilx)g(Vara) Adys AQTTD (6.31)

yeQ(Ts) x1€Q(T1)
(x1,y)=T12

= > e > | D P (Vo) Adps AT
yeQ(T2) meF x| eUt
(x7,x{)=m

(6.32)
<o (T 52 ) ) (6.33)

where we use the fact that g°(\/v121) A 5]1»; only depends on the orthogonal projection
of 1 onto U, = 01(Uy ). Thus, as S(L™)"-valued currents on X, we obtain the identity

a(T,v)(p1®@p2) = Z Z ay (m,vy) <P1/®90'2/)'{¥7/2(y)ry ((quf;n TTf) #Pi)}

y mod 'meF
(6.34)

with ¢; = ¢, ® ¢} as above.
A similar argument gives

(T, V) () = 2(1) () AT (6.35)

>3 Bymvieleds) {eb)ry (B 52 ) ) )

y mod 'meF

and so in total, we have

A(Tv)(p1® p2) (6.36)
S Y Z vl @) om D Loy (T 52) ) o)}
ymodI' m

whenever rank(7) = rank(75) + 1.

Now suppose rank(T) = rank(73). Then for any tuple (x1,y) € Q(T'), we must have
x1 € Uy, and in particular, the only terms contributing to the right-hand side of (6.36)
are those with m = 0. However, we have

aT,v)=0,  Y(T,v)=0bz0m) ANQ" D), (6.37)
and hence,
A(T,v) = Z(T)ean . n—rk(D), (6.38)
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with these observations, it follows easily from unwinding definitions that (6.36) continues
to hold in this case.

Finally, the statement in the proposition follows by observing that the T”th ¢ coefficient
on the right-hand side of (6.14) is precisely the right-hand side of (6.36). O

Corollary 6.3. The series q/ﬁ\A(T) is a Jacobi modular form of weight k:= (p+2)/2 and
index Ty, in the sense of Definition 2.7.

Proof. Fix y € Q(Tg) By Corollary 3.3, applied to the space UJ- there exist finitely
many Zy.1,...,2y,r € CHC( y), finitely many (elliptic) forms fy 1,...,fy,» € Ax(px.) and
an element gy € A, (py.;D*(X)) such that the identity

S Zus (mv)g™ =3 fya(r1)3 + algy () (6.39)

meF 1=1

holds at the level of ¢-coefficients; here, 71 € H‘f and vi = Im(71). Moreover, from the
proof of Corollary 3.3, we see that gy, (7) is smooth on X.
Therefore, applying Proposition 6.2 and unwinding definitions, we obtain the identity

QZA(T) = Z Z yz ))Zyz + CL((G (7-)@9 (T))/\éz(y)/\Qn rank(Ts)— 1)
YEQ(Tp) i=1
mod I"
(6.40)

of formal generating series, where
Zyi = my(3y) 0" TD71 € CHE(X, Denr), (6.41)

and we promote the elliptic forms fy ; and gy to S ((Aj;)”)v—valued functions by setting

Fyi(m)(@) = @2(0)- fy,i(T1)(e1),  Gy(T) =¢2(0)-gy(T1) (1) (6.42)
for p =1 R pq € S(A;;)@S((A;;)"’l) and T = (:;12 :122

It remains to show that Fy, ;(7) ® 6y (7) and Gy (7) ® 6y (7) are invariant under the slash
operators (2.41) for elements of r/ ; this can be verified directly using the generators
(5.15)—(5.18), the modularity in genus one of f, ; and gy, and explicit formulas for the
Weil representation (as in, for example, [11]). O
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