MAPS WHICH INDUCE THE ZERO MAP ON
HOMOTOPY

C. S. HOO

1. Introduction. In this paper, all spaces will have the homotopy type
of simply connected CW-complexes, and will have base points which are
preserved by maps and homotopies. We denote by [X, Y] the set of homo-
topy classes of maps from X to ¥, and by N[X, Y] the subset of those homotopy
classes [f] which induce the zero homomorphism on homotopy, that is,
fpmi(X) = m(Y) is the zero homomorphism for each <. We wish to find
conditions which would imply that such a map is necessarily null-homotopic.
We express our conditions in terms of Postnikov systems and Moore-Post-
nikov decompositions of certain fibre spaces.

In (3), D. W. Kahn obtained a condition for N[X, Y] to be zero. This
paper represents an attempt to improve this result. We prove below a result
(Theorem 2) which implies Kahn’s result. This work was done while the
author was a Fellow of the Summer Research Institute of the Canadian
Mathematical Congress in 1966.

2. Suppose that Y is a simply connected space and QY is the loop space
of Y. Let Q¥ — PY — Y be the path space fibration over Y. Then a Moore-
Postnikov decomposition of this fibre space (see (4; 5)) gives a sequence of
fibre spaces and commutative diagrams:

K(ri1(Y), 7 — 2)

(21) ...'_)Yi—)yi_l_)...’—)Y;;——)Yz:Y

T/
PY

In case 7,_1(Y) = 0, we can clearly identify Y; and Y, ;. In general, we
shall do this and omit the unnecessary terms in this sequence. A Postnikov
system for ¥ provides a sequence of fibre spaces and commutative diagrams:

K(r:(Y),1)

(2.2) R D AR At I
g\ /g
Y
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such that the map g; induces an isomorphism on homotopy groups in dimen-
sions <1.

In diagram (2.1), let us denote the composite map ¥V;—...— Y by
g+ This is a fibre map and the fibre space ¥; — Y is induced from the fibre
space PY*1 — V*! by the map g,—1. Thus the fibre of ¢, is 2Y*, and Y,
is (¢ — 1)-connected and ¢; induces isomorphisms on homotopy in dimen-
sions >17. Let §; € H (Y, 7;(Y)) be the fundamental class of V,. Let f be
a map from a space X to V. If X is a CW-complex, then f*5; is the obstruc-
tion to lifting the map f to ¥V 1.

We recall that the fibration

K(ra(V),i—2) L v, B v,

is principal (see (4)), that is, there is an action
w K@ (V),i—-2) XYV, -7V,
of the fibre on the total space with the following property: for classes u,
v € [X, Y], pyu) = p4(v) if and only if there exists a class
w€ [X, K(ri—1(Y), 72 — 2)]
with
v (o X u)A: ¥, o ¥y X Vi K(ra(V), i — 2) X Vo V.
Moreover, if /; and I, are the usual inclusions
K(mi1(Y),1—2) CK(mia(Y), 2 —2) X Yy,
VCK@#@i(Y),71—2) XY,

respectively, then wl/; ~j and wl, ~ identity.

3. In this section, X will have the homotopy type of a finite-dimensional
complex. For any space Y, we wish to consider N[X, V]. Suppose that
0 < n(l) <n(2) <...are the dimensions in which Y has non-zero homo-
topy groups, and let m; = m,; (Y).

Then we have a Moore-Postnikov decomposition of the fibre space
QY —» PY — Y as follows:

K(miy,n(t—1) — 1)
j’n(i)
)
3.1) oo YV S YV > o YV = V.

N,
PY

We have an analogous result for the fibration QX — PX — X. Combining
various terms we have the diagram
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Ducwy Proy
el n(i)"——)Xn(i—l)—*---'_) n(l)——')X-
We note, of course, that p,(; is the composition
Xty = Xn-1— + + - = Xyimn1 = Xugimn-

Let gusy = Pnqvy -+ - - Pucoy: Xy = X.

Suppose we have a map f: X — Y. Let fi = fp.y: Xuay = Vo). Let
Suity € H(V,(4, 7;) be the fundamental class. Suppose for some 7 > 1 we
have defined f;: X, — Ya for all j < 4 such that ¢/, f; = fj—1 Pucy for
such j. Now consider the function f;_1 pnciy: Xuy — Yaci—n. Since the ob-
struction to lifting fi—1 pnciy to Yy lies in H* D (X, (y, T7im1y = 0, we see
that there exists a map f;: Xy — Yap such that p'yep fi =~ fict Pucy. Thus
we have the elementary

ProrosiTioN 1. A map f: X — Y induces maps fi: Xuy = Yay for each ¢
such that f1 = fpay and p'uc fo > fio1 Puco)-

Let F,—1p be the fibre of p,(y: Xuwy = Xuci—y. The homotopy sequence
of this fibration shows that F,;_1 is (n(z — 1) — 2)-connected and

T (Fageny) =0 ifj<n(G@—1) —1lorj>n() —1,
0: w1 (Xni—n) X mi(Fog—n) i n(@ —1) =1 <j<n@) —1,
where 9 is the homotopy boundary. Let
& niimny € H'OD(Xy(imn, - (X)),
&nei—n—1 € H'EOW(Fyimn, Mo (X)),
ay(imn-1 € H"D WK (rim, (e — 1) — 1); i)
be the fundamental classes. Then 7(a’s;—1y-1) = 6’ni—1y and
7(eni—n-1) = du(i-1),

where 7 stands for the transgression. Suppose f: X — YV is a map. Then we
have induced maps f;: X, — Yuy. We observe that

(fz] Fn(i—l)) & Tn(i—l)-—l(Fn(i—l)) — Ti—1
and

fi—l #° Tn(i—1) <Xn(i—1)) - ﬂn(f—l)(yn(i—l))

are identifiable with
fe ma—n (X)) = mn(Y) = 7o

Each of the above homomorphisms induces a coefficient homomorphism which
we shall denote by f*, (see (2)). Then we have

PROPOSITION 2. f*,6",¢i—1y = f*i—10ni—1y for each 1.
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Proof. For simplicity, let us denote m,(i—1)(X), Pucyr 2'ncrs fi| Facimn by
71, s, P'i, B, respectively. Let § denote the coboundary in the cohomology
sequence of a pair. Then we have the following diagram of commutative
squares:

—1)— ) _
HY I(Fn('i——l); 7' 1) = H" 1)(Xn(i); Fuins 7'1)

*—1 )
—&—)Hn(z—l)(Xn(i—l); ' i1)
f*e [vf*c

_1)— ) é _
H P (Fyiny; me1) —H" 1)(Xn(’l)y Futi-n; mio1) A

i—1
——‘*Hn(l )(Xn(i—l); 7"1‘—1)

p*
k*i f*i f*i—l
H" O YK (1, n(@ — 1) — 1); m4_1) iH"”‘D(Yn(i),K(m_l,

n(i@—1) —1); me1) ———%1 Hﬂ(i-l)(yn(i—l); Ti-1)
pi*

f*e

We have
f*ed'niimy = frer(@nii—n-1) = f*c p*t (& nimn—1)
= p* 1 f*6(&n—n-1) = p*if* (@ nii-n—1)-
Now o',¢i—1y—1 can be represented by a map
&: Fy—y > K@@' iy,n(t — 1) — 1).

The homomorphism f4: mu(s—1)(X) — 7,1 induces the coefficient homo-
morphism

fre H' Y (Xpimn; Tagi—n (X)) = HOD (Xpimn; mim1).
Let fo: K(mpi—(X),n(t — 1) = 1) > K(miy,n(t — 1) — 1) be a map
which induces f 4 on the (n(z — 1) — 1)st homotopy group. Then f* (o (1—;)—1)

can be represented by the map f, &. Hence as an element of Hom (x’,;_;, m;_1),
it is the map
id

y ’ #
Tl T 17 Ti—1.

Also, the element f*;(a,;—1—1) can be represented by the map

Fan Lo Km0 —1) = 1) S K (e n(i — 1) — 1),

Hence it corresponds to the homomorphism

Tai—1—1 (Frciey)) }—* i1 —1? Ti—1.

it

https://doi.org/10.4153/CJM-1968-076-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-076-7

ZERO MAPS 763

Thus we have

fre(@ni—n-1) = f*i(anci-1-1).

f*ebn(m1) = p*i8f* (@ na—n—1) = p*i 8 *i(on(i—1—1)
= p*f* 6 (ni—n—1) = f*im1 p* 0 (0n(i—1-1)
= f* 1 7(@—n-1) = fFic1 0uimp-

Remark 1. Thus we see that if [f] € N [X, Y], we have that f*8,() = 0
for each 7 > 1.

Hence

Remark 2. We now state a simple result which we shall be using repeatedly.
Consider the principal fibration # — E — B. Let u: F X E — E be the action
of the fibre. Suppose f: X — E is a map and w: X — F is a map such that
w =~ 0. Then it is easily seen that f~u(w X f)A: X > X XX > F X E— E;
for example, see (4).

THEOREM 1. [f] € N[X, Y] if and only if each f; lifts to a map hy: Xy
— Yoy such that by pacy = fi, p'noy Bi > fir.

Proof. Suppose there exist such maps %;. Now
figr me(Xnn) = m(Yaep)

coincides with fy: m4(X) — m(Y) for & > n(j). Since YV, is (n(j) — 1)
connected, the result follows easily.

Conversely, suppose [f] € N[X, Y]. The obstruction to lifting f;—; to Y,y
is f*,—10,(:—1. By Remark 1 following Proposition 2, it follows that this is
zero. Thus we can find maps &;: Xy—1) — Y such that p/yy by >~ fi1. It
remains to show that f; >~ k; p,(,. Consider the maps f;, % Puiy: Xunco = Ya(yy.
Now  p'ueoy fi =2 fimt Pnts) =2 Pucoy Bi Pucy. Since p'ny: Yoy = Yooy is a
principal fibration, there exists a map w: X,y — K(wrs_1, 2(¢ — 1) — 1) such
that f; >~ u(w X k; pupy) A, where A is the diagonal map of X, . Now w~0
since X,y is (#(2) — 1)-connected. Hence u(w X ki pucsy) A =~ hy pncy. This
completes the proof.

Now let gusy = Puy « - - Puiy: Xny — X. This is a fibration which is
induced from the path space fibration QX"®-1 — PX"()-1 — Xn9-1 by the
map gy(y-1: X — X"»~1 Thus we have a diagram

Xn( 9 PXn(i)—l

Gn(1)
X Xn(i)~1
gn(i)—l
We can convert the map g,(»y—1 into a fibration. It is easily seen that when
we do this, the fibre is precisely X,(;; for example, see (5). Thus we can
consider

Xt In(s) | X gn(i)—l; xnn-1
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as a fibration. We then obtain an exact sequence:

0 H"O (X", gy L0 ppovx oy L0, oy oy s
Hence H*® (X*®—1 7.} = 0 if and only if
s H*O(X, 74) = H O (Xy0, 74)
is a monomorphism. Thus we obtain a result which is equivalent to Kahn'’s
result.

ProrosiTioN 3. If X has the homotopy type of a finite-dimensional complex
and
Tacn: H'O(X, i) = HD (X, 74)

is ¢ monomorphism for each 1 = 1,2,..., then N[X, Y] = 0.

Remark. This result could also be proved directly by using our results
above.

Now we recall that in (4), Thomas defined two sequences of cohomology
operations depending on Y. They are described as follows. In a Postnikov
decomposition of Y:

- YO - Y —
let k,; be the 7th k-invariant of ¥, that is,

kn(i): Yn(l) —)K(ﬂ'i+1, n(1 + ].) + 1).
Let
Yoy = —Runy O Luy: K(myy n(1)) = K(migr, n(2 + 1) 4+ 1).

This gives a sequence of cohomology operations defined for z > 1. Let
q)n(i)—l = U\I’n(i): K(”riy 1’1/(1) - 1) - K(ﬂ'i+ly n(i + 1))1

where ¢ is the suspension of cohomology operations. Then, in (4), it is shown
that ®,y—1 = 7 *(i+10ncirn and image of &,¢;_1y—1 C kernel of ¥, for each
1 > 1. Finally, we observe that since ¥,(; is the first k-invariant for the
space Yy, we have ¥,; (6,¢») = 0.

We shall also need the following result, which we quote from Thomas (4).

ProposITION 4. Let g be a map from a CW-complex X into Y,y (1 > 2).
The map p'ury g Uifts to Yyipn of and only if

g¥0u(s) € image By(;—n—1 C H"P (X, 7).

We now recall that, in (2), Kahn showed that a map f: X — ¥ induces
maps f(H=1; X*(H-1 — Y*D-1 which, when combined with our constructions,
give a diagram of homotopy commutative squares:
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Xn(i) —"f—i—) Y(n )
In(D) 1 q'n(iy
X —L) Y

Bn(d)—1 l l g'n(i)—l

X1 -1
fn(’i)—l
This leads to a commutative diagram

rk

0 __,H”(i)(Y"(i)_l, ) IO N H"(i)(Y, ) —
fn(i)—l* f*
() a(D—1 N n(1) .
0 H X 1) ——— H"X, 7)) 5—
()1 9 n(d

where each row is exact; for example, see (1). For ¢ > 1, we have the fol-
lowing commutative square:

%
—1)— — i)—1 —1)—
0 — DO g gy SO, gDl ) 0
Bpeimny—1 Pr(i-n-1

0 — H™ (X1 1y P H(X, 1) —

Thus
B, (i1 H"VUX, 7im1) C g¥ucp—1 HO (X0, 1)),
Then, for each ¢ > 1, we put

[ker (0] N g¥ncp-1 A" X", 7))
(I)n(i—l)—l Hﬂ(l_l)_l (X, 7ri—1) !

where [ker ¥,,] is the least subgroup of H™® (X, r,) which contains the
kernel of ¥,¢y: H*O(X, m;) — HHD+H(X, 7,0,).

Put "X, Y) = [ker ¥,] N gy H*® (XD, 1q).
Clearly, if H*® (X™®-1 1,) = 0, then T*®(X, ¥Y) = 0. Our result is:

TrEOREM 2. If X has the homotopy type of a finite-dimensional complex and
T (X, Y) =0 for all © > 1, then N[X, Y] = 0.

Proof. Suppose [f] € N[X, Y]. We need to show that f lifts to each ¥Y,;.
The obstruction to lifting f to Y,z is f*8,1. Now

P [Fony = 10y = 0.

X, Y) =

The fibration

N X Xn(l)-—l
29e) gn(1)—1

Xn(l)
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gives an exact sequence

* %
0 _)Hn(l)(Xm(l)-l’ ) £ n(1)~1 Hn(l)(X, ) P O Ko, 1) — -
Hence f*6,y = g*ww-1(a) for a unique ¢ € H*® (X™D~1 7). Now
Y,y f*ouy = Yoy 8uy = 0.
Thus
fEou € [ker ¥omy] M g5 w—1 Hyy (XD, 1rq)
= T"O(X, V)
= 0 by hypothesis.

Thus we can find a map ls: X — Y,(9 such that p’, o l. ~f. Now

P b2 Gudy 2 [ = f1 Puy = P'u fo

Hence there exists a map w: X, — K(ry, n(1) — 1) such that I gy =~
(o X f2)A, where A is the diagonal map X, — Xue X Xu». Since w 2:0,
it follows that Iy g,z = fs. Suppose f lifts to a map I;; X — ¥V, for 7 > 2
with ¢'neo i =~ f and I; guiy >~ fi. We need to show that f lifts to YV, (;11y. Now
put u = I*;8,». We have T (W) = ¢ X80y = f*1 8, = 0. The
fibration

Xueo X > X"
EI0) En(i)—1

gives an exact sequence
0 H'O (X", ) E207y ppioy o To0, ooy oy
Hence we have u = g*,(»-1(v) for a unique class » € H*® (X*-1 7.}, Also,
Yooy () = Wu(oy I¥i 0 = %5 Was) dnp = 0.
Thus p € [ker Wucn] M gracn—1 H"® (X*O~1, ;). By hypothesis,
™®(X,7) =0.

Hence *,0,y = u € im &,;_1y_1. By Proposition 5, it follows that
Pluco U lifts to Y,4p, that is, there exists a map li1: X — Y,y with

D' Pncirn Livi = P'ay bie Thus  @ngirn Lt > P'a@ « +« Pnco P'ncirn i =2
g’n(i) ll zf. NOW

P P'ncien Livt @i 2 D'aoy Lt Quessn
=~ Py bi Quesy Prcirn
’
>~ p'uoy Fi Pucirn

! /
=~ puny Plrcirn forr
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This means that there exists a map wi: Xy41y = K (741, 2(¢ — 1) — 1) with
P'n(itn Livt Guiry 2 pw(wr X p'acirn fi41)A, where A is the diagonal map
Xty = Xni+ny X Xairp. Since w3 =~ 0, we have

D' nirn) Lot Qucerny =2 0'n (g figre

Again, this means that there exists a map ws: Xy(iy1y — K (7, #(2) — 1) with
liv1 Queirn =2 pulwz X fir1)A, where A is the diagonal map X, 1y — Xpcen X
Xoueirn. Since we ~ 0, it follows that

liv1 Gueany 2 figr.
This completes the induction and the proof.

Now, following (4), we shall define a sequence of non-negative integers
(1) s follows. Suppose that =, is a cyclic group, and let f: S"® — ¥ represent
a generator. Define 7,(; to be the least positive integer such that

Tn(1) Si € f* Hn(i)(y; 7ri)y

where S; generates the cyclic group H*® (5", «,). If f* H*®(Y, =;) = 0, or
if 7; is not cyclic, put 7,5 = 0. Denote by 7¥*,(;) the cohomology operation
given by multiplying each cohomology class by the integer 7,¢;. We shall
consider this operation only in dimension #(z) and with coefficients in ;.
Define, for each 7 > 1,

ker ™,y N [ker ¥, »]

R'(X,7) = . :
( ) ker T*n(i) m m q’n(i—l)—l

where
T*ﬂ(i): Hn(i) (X! 7ri) - Hn(i) (Xr 771)'

Y, H*O (X, m;) = H DX, 7444),
‘bn(i—l)—lz Hn(i_l)—l(X, 7I'1_1) — H™® (X, 7l',;).

If ¢ =1, put R*(X, YV) = [ker ¥,(y] N g¥ry—1 "D (X"D~1 7;). Then we
have

THEOREM 3. Let X be a space having the homotopy type of o finite-dimen-
stonal CW-complex. If R*9(X,Y) = 0 for all i > 1 and

T H'O (X0, 1) — HAO (XD, 1)
is zero for all © > 2, then N[X, Y] = 0.
Proof. Since RPU(X,Y) =0 = T"D(X, YY), we have, as in the proof of
Theorem 2, that there exists a map lo: X — YV, with 'y lo ~f and
Iy @uezy = f. Suppose that for some ¢ > 2, we have a map I;: X — Y,(, with

@ li>~f and I; ¢,(1y =~ f;. We need to show that f lifts to Y,un. Put
o= 1*8,5. Then g*,(» () = ¢*uc *:6uy = f*i8u» = 0. The fibration

(-1
Xn(i) X -> Xn
() En(p—1
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gives an exact sequence

i i)—1 i) (9)
0—-H" X" 1) —— H"OX, 7)) ——— H"" Xy, ™) >
£ (-1 q n(d

Hence we have that u = g*,(y_1(v), where v € H*®(X*®—1 7)., Also
Yo () = Wy 4 8uy = %5 W) By = 0.
Thus u € ker ¥,,. Further,
a0 (1) = ™00 Fr-1() = -1 7w (V).

Since » € H*O(X"®-1 7.), the hypotheses of the theorem imply that
™y (w) = 0. Thus u € [ker ¥,(;] N ker 7*,(;y. By hypothesis, R*? (X, ¥)=0.
Hence p € im &,¢;—1y—1. It follows from Proposition 4 that we can find a map
livi: X > Yoy with p/uy 2ncirny Liv1 = Py L. The proof is completed by
reproducing the last part of the proof of Theorem 2.
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