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convolution operators on L7[0, 1] with 1 < p < oo is non-supercyclic. On the other
hand, there is a truncated convolution operator, which possesses irregular vectors.
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1. Introduction. Throughout the paper, all vector spaces are assumed to be over
the field K being either the field C of complex numbers or the field R of real numbers, Z
is the set of integers, Z , is the set of non-negative integers, R, is the set of non-negative
real numbers and N is the set of positive integers. The symbol L(X) stands for the space
of continuous linear operators on a topological vector space X and X* is the space
of continuous linear functionals on X. A family F = {F, : a € A} of continuous maps
from a topological space X to a topological space Y is called universal if there is x € X
for which the orbit O(F, x) = {F,x : a € A}isdensein Y. Such an x is called a universal
element for F. We use the symbol U/(F) to denote the set of universal elements for F.
If X is a topological vector space, and F is a commutative subsemigroup of L(X), then
we call F hypercyclic if F is universal and the members of U(F) are called hypercyclic
vectors for F. We say that F is supercyclic if the semigroup F, = {zT :z e K, T € F}
is hypercyclic and the hypercyclic vectors for F, are called supercyclic vectors for F. An
orbit O(F,, x) will be called a projective orbit of 7. Werefertoatuple T = (T1, ..., T,)
of commuting continuous linear operators on X as hypercyclic (respectively, supercyclic)
if the semigroup generated by T is hypercyclic (respectively, supercyclic). The concept
of hypercyclic tuples of operators was introduced and studied by Feldman [5]. In the
case n = 1, it becomes the conventional hypercyclicity (or supercyclicity), which has
been widely studied, see the book [1] and references therein.

Gallardo-Gutiérrez and Montes—Rodriguez [6], answering a question of Salas,
proved that the Volterra operator

Vr(x) = fo fodr, (L)

acting on L,[0, 1] for 1 < p < oo, is non-supercyclic. This led to a quest of finding
supercyclic or even hypercyclic operators as close as possible to the Volterra operator.
In [9], it is observed that L2[0, 1] admits a norm | - || defining a weaker topology such
that V is || - ||-continuous and the continuous extension of V to the completion of
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(L2[0, 1], || - |) is hypercyclic. The mainstream of the quest dealt with searching of
hypercyclic or supercyclic operators commuting with V.

Truncated convolution operators form an important class of operators commuting
with V. Let Cy[0, 1] be the Banach space of continuous functions f : [0, 1] - C
satisfying f(0) = 0 and carrying the sup-norm and let M be the space of finite o-
additive [K-valued Borel measures u on [0, 1). For © € M, we consider the operator
C,, € L(Gy[0, 1]) acting according to the formula

1
C.f(x)= /0 fr(®dn, where fi.(t) =f(x —t)if t < xand f,(r) = 0if £ > x.

In other words, C,f is the restriction to [0, 1] of the convolution of f and w. According
to the well-known properties of convolutions, || C,.f ||, < lllllf |l forevery f e Col0, 1],
where || u| is the total variation of w and ||f]|,, is the norm of f in L7[0, 1]for 1 < p < o0.
Thus, C,, extends uniquely to a continuous linear operator on L”[0, 1] for 1 < p < oo
and the norm of this operator does not exceed || i||. The same holds for L*°[0, 1]: the
obstacle of Cy[0, 1] being non-dense in L°°[0, 1] can easily be overcome by either using
the density of Co[0, 1] in L>[0, 1] in x-weak topology and *-weak continuity of C, or
by simply restricting to the non-closed invariant subspace L>°[0, 1] of the extension of
C, to L'[0, 1]. This allows to treat each C,, as a member of each L(L?[0, 1]). From the
basic properties of convolutions, it also follows that the set

A={C,:neM}

of truncated convolution operators is a commutative subalgebra of L(Cy[0, 1]) and of
each L(L”[0, 1]). For instance, C,,C, = C,, where 5 is the restriction to [0, 1) of the
convolution of u and v. Since V' = C, with A being the Lebesgue measure on [0, 1),
A consists of operators commuting with V. It is worth noting [10] that on L![0, 1],
Co[0, 1] and L°°[0, 1], there are no other continuous linear operators commuting with
V, while this fails for L7[0, 1] with 1 < p < oo.

In[7, 9], it is shown that V" is not weakly supercyclic (=non-supercyclic on 27[0, 1]
carrying the weak topology). In [3, 4, 7], it is demonstrated that certain truncated
convolution operators are not weakly supercyclic. Léon—Saavedra and Piqueras—
Lerena [7] raised a question whether any 7' € L(Z”[0, 1]) commuting with ¥ is not
weakly supercyclic. This question was answered affirmatively in [14]. Still, there
remained a possibility of existence of a hypercyclic or at least supercyclic tuple of
truncated convolution operators.

THEOREM 1.1. Let T, ..., T, € A. Then, for any € L'[0, 1], the projective orbit
lwTy . Thf ke, welk)
is nowhere dense in L'[0, 1] equipped with the weak topology.

The usual comparing the topologies argument provides the following corollary:

COROLLARY 1.2. There are no tuples of truncated convolution operators weakly
supercyclic when acting on LP[0, 1] with 1 < p < oo.

Since only truncated convolution operators commute with ¥ acting on L'[0, 1],
the following result holds:
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COROLLARY 1.3. There are no weakly supercyclic tuples of operators on L'[0, 1]
commuting with V.

Our method applies not only to finitely generated semigroups. For example, it
also takes care of the semigroup of the Riemann—Liouville operators, which form a
sub-semigroup of A. Namely,

1

Vif(x) = @

/ f(O)(x — 1) 'dt withzeTl={zeC:Rez> 0},
0

where T' is the Euler’s gamma function. Of course, to consider V* with non-real
z, we need the underlying space to be over C. Clearly, V> = C,. with u. being
the absolutely continuous measure on [0, 1) with the density a.(x) = FT_;) Since
a. € L'[0, 1]for every z € 1, each V“ is a truncated convolution operator and therefore
belongs to A. Moreover, it is easy to verify that VZV* = V=% for every z, w € I1
and ¥V = V. Thus, {V*}.cn; is a semigroup and V" is exactly the nth power of V,
which justifies the notation V2. The map z +— V* from IT to L(L?[0, 1]) is operator
norm continuous and holomorphic. Thus, {}V'?}.cq is a holomorphic operator norm
continuous semigroup of operators acting on L7[0, 1]. In [13], it is shown that for
every a € (0, /2), the subsemigroup {V"®' :r > 0, —a < 6 < a} is non-supercyclic
on I7[0, 1] for 1 < p < 0o. We prove the following stronger result:

PROPOSITION 1.4. For every f € L'[0, 1], the set {wV*f : z € T1, w € C} is nowhere
dense in L'[0, 1] with respect to the weak topology. In particular, the semigroup {V+}.cn
is not weakly supercyclic.

In order to compensate for the lack of chaotic behaviour of the orbits of operators
commuting with 7 in terms of the density in the underlying space, we show that these
operators can exhibit chaotic behaviour in terms of the norms of the members of the
orbit. The following definition is due to Beauzamy [2]. Let X be a Banach space and
x € X. We say that x is an irregular vector for T € L(X) if lim, , _ |7"x|| = 0 and
lim,— « || T"x|| = 0o. The concept of irregularity was studied by Prajitura [11]. It is
worth noting that Smith [15] constructed a non-hypercyclic continuous linear operator
T on a separable Hilbert space such that each non-zero vector is irregular for 7.

THEOREM 1.5. There are a truncated convolution operator T and f* € Cy|0, 1] such
that

lim | 7"f]lc =0 and lim | T"f]|; = oc.
n—0oo

n—oo

In particular, f is an irregular vector for T acting on L”[0, 1] for each p € [1, oo].

2. Obstacles to weak supercyclicity. In this section, we develop techniques for the
proof of Theorem 1.1 and prove Proposition 1.4. We say that a topological vector space
X carries a weak topology if the topology of X is the weakest topology making each
f € Z continuous, where Z is a fixed linear space of linear functionals on X separating
the points of X. Of course, any weak topology is locally convex. Moreover, X* = Z
if X carries the weak topology defined by the space Z of functionals. As usual, when
speaking of the weak topology on a given topological vector space, we always mean the
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weak topology defined by X* with X* being the dual of X with respect to the original
topology of X.

We say that a subset A of a topological space X is somewhere dense if it is not
nowhere dense.

The following lemma exhibits a feature of weak topologies. Its conclusion fails,
for example, for infinite-dimensional Banach spaces. Recall that a subset B of a vector
space X is called balanced if Lx € B for every x € B and A € K such that |A| < 1.

LEMMA 2.1. Let X and Y be topological vector spaces with weak topology and
A : X — Y be a continuous linear operator with dense range. Then, A(M) is somewhere
dense in Y for every M somewhere dense in X.

Proof. Since A is continuous, it is enough to show that 4(U) is somewhere dense
in Y for every non-empty open subset U of X. Since A4 is linear and translation maps
on a topological vector space are homeomorphisms, it suffices to verify that A(U) is
somewhere dense in Y for every neighbourhood U of 0 in X. It is easy to see that the
sets of the shape

U={xeX:|4%gx)| <1, i) <1 forl <j<m, 1 <k<n}

form a basis of neighbourhoods of 0 in X, where g1, ..., g, are linearly independent
functionalsin Y*andf, ..., f, € X*aresuchthatf; + A4*(Y*)arelinearly independent
in X*/A*(Y™*). Note that 4* is injective since 4 has dense range, and therefore the
functionals A*g; are also linearly independent. Thus, it suffices to show that A(U) is
somewhere dense in Y for U defined in the above display. Clearly,

AU)=WnNV, where W ={yeY:|gyl <lforl <j<m}
and V = {Ax: |fi(x)| < 1for 1 <k < n}.

Since W is a non-empty open subset of Y, the job will be done if we verify that V' is
dense in Y. Assume the contrary. Since V' is convex and balanced, the Hahn—Banach
theorem implies that there is a non-zero f € Y™ such that |f(y)| < 1 for each y € V.
That is, |[f(4x)| = |A*f(x)| < 1 whenever |fi(x)| < 1 for 1 < k < n. It follows that A*f
is a linear combination of f;. Since A* is injective, A*f # 0, and therefore a non-trivial
linear combination of f; belongs to A*(Y*). We have arrived to a contradiction, which
completes the proof. O

LEMMA 2.2. Let K be a compact subset of an infinite-dimensional topological vector
space X such that 0 ¢ K. Then, A = {Ax: A € K, x € K} is a closed nowhere dense
subset of X.

Proof. Closeness of A in X is a straightforward exercise. Assume that A is
somewhere dense. Since A is closed, its interior L is non-empty. Since K is closed
and 0 ¢ K, we can find a non-empty balanced open set U such that UN K = &.
Clearly, Ax € L whenever x € L and 1 € K, A # 0. Since U is open and balanced, the
latter property of L implies that the open set W = LN U is non-empty. Taking into
account the definition of A, the inclusion L C A, the equality U N K = @ and the fact
that U is balanced, we see that every x € W can be written as x = Ay, where y € K and
AreD={zelkK:|z| <1}.Since both K and D are compact, Q ={Ay: 2 € D, y € K}
is a compact subset of X. Since W C Q, W is a non-empty open set with compact
closure. Since such a set exists [12, p. 23] only if X is finite dimensional, the proof is
complete. Il
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Now we can prove Proposition 1.4. Its proof resembles the proof of the main result
in [14] and gives an idea of the proof of Theorem 1.1 in the following sections. For
f e L0, 1], we say that the infimum of the support of f is 0 if for every & > 0, f does
not vanish (almost everywhere) on [0, £].

LEMMA 2.3. Let f, g € L'[0, 1] be such that the infima of the supports of f and g are
0. Then, there exist truncated convolution operators C, B € L(L'[0, 1]) injective and with
dense range such that Cf = Bg.

Proof. Let pu and v be the absolutely continuous measures on [0, 1] with the
densities g and f, respectively. Applying the Titchmarsh theorem on the supports of
convolutions to u * v, we see that C,,, C, and their duals are injective. Thus, C,, and
C, are both injective and have dense ranges. Next, C,f and C,g both equal to the
restriction to [0, 1] of the convolution /" * g. Thus, C,.f = C, g and therefore C = C,
and B = C, satisfy all required conditions. O

Proof of Proposition 1.4. Let f € L'[0, 1]. If f vanishes (almost everywhere) on [0, €]
for some ¢ € (0, 1), then each V*f belongs to the space L of g € L'[0, 1] vanishing on
[0, €]. Since L, being a proper closed linear subspace of L![0, 1], is nowhere dense
(in the weak topology), the result follows. It remains to consider the case when the
infimum of the support of f is 0. Consider the multiplication operator M e L(L'[0, 1]),
Mh(x) = xh(x). It is straightforward to verify that

VM — MV? = —zV**! forevery z € II. 2.1

Clearly, the infimum of the support of Mf is also 0. By Lemma 2.3, there exist
truncated convolution operators B, C € L(L'[0, 1]) injective and with dense range
such that CMf = Bf. Assume that Proposition 1.4 does not hold. That is, the set
Q= {wV?f :zell, we C}issomewhere densein L'[0, 1] carrying the weak topology.
By Lemma 2.1, V(Q) = {wV*f : z € 1, w e C} is also somewhere dense in L'[0, 1]
with weak topology. Applying (2.1) with z replaced by z+ 1 to f and multiplying
by C from the left, we get CV*H'Mf — CMV**f = —(z + 1)CV*+2f. Using the
commutativity of A, we obtain V**'CMf — CMV**'f = —(z+ 1)CVV**!f. Since
CMf = Bf, we have

Verlly‘_ CMVZJrlf — —(Z + I)CVVZJrlf

Using commutativity of A once again, we arrive to

(CM — B)V*f = (z+ 1)(CV)V**'f whenever Rez > —1. (2.2)
Pick any non-zero g € L'[0, 1], which lies in the interior of the closure of {wV**1f :
z € I1, w € C} in the weak topology. Since CV is injective, CVg # 0 and we can pick
¢ € (L0, 1])* = L>[0, 1] such that ¢(CVg) = (CV)*¢(g) # 0. Take ¢ > 0 such that
[((CM — B)*¢(g)| < c|[(CV)*¢(g)| and consider the weakly open set

W ={heL'0,1]: (CM — BY*¢(h)| < c[(CV)*p(h)]}.

By Lemma 2.2, theset {w V>t f : Rez > 0, |z| < ¢, w € C}is nowhere dense in L'[0, 1]

with the weak topology. Since g € W and g lies in the interior of the closure of
{wV**1f:z e I, w e C} in the weak topology, we can find w € C\ {0} and z € T
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such that |z| > cand wV*'f € W. Using (2.2), we have
(CM — By p(w V' f) = (z + D(CV) p(w V).
Since w V**!f € W, we have
(CM = B o(wV='f)] < c[(CV)*'o(w V1.

By the last two displays, |z| < |z + 1] < ¢ and we have arrived to a contradiction. [

The proof of Theorem 1.1 goes along the same lines as the proof of Proposition 1.4.
However, we need some extra preparation. A strongly continuous operator semigroup
(T}, on a topological vector space X is a collection of continuous linear operators
T on X labelled by the elements of an additive sub-semigroup G of R” containing 0
and such that 71 = 1, T+ = TUT for any ¢, s € G and the map ¢ — TUx from G
to X is continuous for each x € X, where G carries the topology inherited from R”.
Ifn=k+mand G= Rﬁ x 7", then for the sake of brevity, we shall call a strongly
continuous operator semigroup {711},.;, an operator (k, m)-semigroup on X. In this
case, we will often write 7; with 1 <j < n instead of Tl where e; is the jth basic
vector in R” and we shall write 77 instead of 7191, In this notation, 7V = T I K3

LEMMA 2.4. Let X be an infinite-dimensional topological vector space, x € X, ¢ > 0
and {T11} 1eRE X7 be an operator (k, m)-semigroup on X. Then, the set

Q. = {wTx: welk t;<ce for 1 <j<n}

is nowhere dense in X.

Proof. First, observe that the general case is easily reduced to the case m = 0.
Indeed, it follows from the fact that the union of finitely many nowhere dense sets is
nowhere dense. Thus, we can assume that m = 0. If x is not a cyclic vector for {711} 1Rk 5
Q. is contained in a proper closed linear subspace of X, and therefore is nowhere dense.
Thus, we can assume that x is cychc for {71}, g . Without loss of generality, we can
also assume that there is / € {1, ..., k} such that T, 7(X)is dense in X if j > [/ and T;(X)
isnot dense in X if j < /.

Claim 1. For every s € R%, T¥x = 0 if and only if 71 = 0.

Proof. Assume the contrary. Then, thereis s € RX such that T # 0 and Tx = 0.
Then, x € L = ker T # X. Since the linear space L is invariant for every 71 and
contains x, the linear span of the orbit of x with respect to {T[t]}teRi is contained
L. Since the latter is a proper closed linear subspace of X, we have arrived to a
contradiction with the cyclicity of x for {711}, g . O

Claim 2. Foreverys € R¢, 78 = Oifand onlyif 77" ... T} = 0 (if/ = 1, we have
the empty product, which is always assumed to be 7).

Proof. Since Tj(X) is dense in X forj >/, B(X)isdensein X, where B =T, ... T}*.
Since T = 4B w1th A=T)"...T,"| and AB = BA, the density of the range of B
implies that 71 = 0 if and only 1f A =0. O

Since x # 0 and {T [’]}teRi is strongly continuous, we can pick ¢ € (0, ¢) such that
Ti...Tf x #0. By Claims 1 and 2, T/x # 0 whenever #; < ¢ for j < I. Thus, the
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compact set
K={T"x:t;<eifj<landt; < cifj> 1}
does not contain 0. By Lemma 2.2,
Q={wl:wek ;<eifj<landt; < cifj > /)
is closed and nowhere dense in X. On the other hand,
e \Qc| T,
j<l

and therefore Q. \ © is nowhere dense in X since m # X for j < [. Hence, Q. is
nowhere dense as the union of the nowhere dense sets Q2 and 2, \ . ]

REMARK. In the above proof, we have repeatedly used the elementary fact that if
{T"};>0 is a strongly continuous operator semigroup, then 7" for ¢ > 0 either all have
dense ranges or all have non-dense ranges.

LEMMA 2.5. Let X be an infinite-dimensional topological vector space carrying a
weak topology, B be a commutative subalgebra of L(X), x € X, {Tm}tem <z be an

operator (k, m)-semigroup on X such that each T has dense range and belongs to B,
MeLX), B,CeB, [Tj, M]=SjeB for 1 <j<n=k+m, CMx = Bx, C(X) is
dense in X and the convex span of the operators Ry, ..., R, does not contain the zero
operator, where

R=T..T.1STii... Ty (2.3)
Then, O = {wTWUx:wel, te Ri x 2"} is nowhere dense in X.
Proof. Observe that
[AB, M] = B[A, M]+ A[B, M]if A, B,[A, M], [B, M] € B.

It follows that [T, M] = rTjr - S;whenever r € Nandj > k. Similarly, it is easy to check
that [77, M] = rT; _lSj whenever r > 1 is rational and j < k. By strong continuity,
(77, M] = rTj’ *lSj whenever r > 1 is real and j < k. Applying the above display once
again, we arrive to

[TV M) = ((t + DRy + -+ + (t, + DR)TY forevery t € RE x 77,

where R; are defined in (2.3)and 1 =(1,...,1). Forr e [Rﬁ x I8, let N(f) =n+t; +
<o+ t,and A(F) = (% %) € R"and for A € R", let Ry = MR + ... + ARy
Then, forevery t € Rﬁ x 7", Rp(n) is a convex combination of R;. In this notation, the

above display can be rewritten as
[TV M] = N(0) Ry T,

Multiplying the equality in the above display by C from the left and applying the result
to x, we obtain CTU UM x — CMTIHx = N(#)CRyy 1y TWx. Since C commutes with
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each 71 we get
T CMx — CM Ty = N()CRp o T x.
Since CMx = Bx and B commutes with each T, we arrive to
DTx = N(t)CRy T"x for each t € RE x 77, where D = (B— CM)T.  (2.4)

Assume that Lemma 2.5 does not hold. That is, the interior W of the closure
of O in X is non-empty. From the definitions of O and W, it follows that there is
s € RE x 77 such that T¥x € W. Next, we observe that the convex span K of the
vectors CTH R x, ..., CTHIR,x does not contain 0. Indeed, assume that it is not the
case. Then, there are Ay, ..., A, € Ry such that Ay +---+ A, = 1 and CTYR;x = 0.
Since 0 is not in the convex span of R;, Rpyj # 0. Since C and T have dense ranges
and commute with Rp;j, 4 = CTHIRy) # 0. Since 4 commutes with each 711, ker 4 is
invariant for each 7. Since x € ker 4, we have O C ker A4, and therefore O is nowhere
dense in X because ker 4 is a proper closed subspace of X. Thus, 0 does not belong to
the convex compact set K. By the Hahn-Banach theorem [12, p. 46], there is f € X*
such that Ref(y) > 1 forevery y € K. In particular,

Ref(CTYR;x) = Re C*Rif(TVx) > 1 for 1 <j < n.
Let ¢ = |D*f(T¥x)| + 1. Then, the open set
U={veX: :|DW) <c, ReR}kC*f(v) > 1forl <j<n}

contains 7%lx and therefore U N W is non-empty. By Lemma 2.4, the set O, = {wTx :
w € K, N(#) < c}isnowhere dense in X. Since O isdense in U N W and O, is nowhere
dense, O\ O. intersects U N W. Thus, we can pick z € K and ¢ € Rﬁ x 7% such that
N(t) > cand u = zTWx € UN W. Applying f to the both sides of (2.4), we obtain
D*f(u) = N (t)RE‘m)] C*f(u). Hence,

N(O)Re Ry, C*f (w) = Re D*/f(u) < [D*f ().

Since the real number Re Riin €™ '/ (u) is in the convex span of the numbers Re R C*f (),
each of which is in (1, oo) (because u € U), we have Re R €™ ‘f(u) > 1. The inclusion
u € U also implies that |D*f(u)| < ¢. Thus, by the above display, N(t) < ¢, which is a

contradiction. O

In order to apply Lemma 2.5 to prove Theorem 1.1, we need more information on
truncated convolution operators.

3. Elementary properties of truncated convolution operators. Throughout this
section, when speaking of C,,, we assume that it acts on Cy[0, 1] or on L7[0, 1] with
1 <p<oo.

First, observe that C,, =1 precisely when u =§, where § is the point mass
at 0: 8({0}))=1 and 8(4)=0 if 0¢ A. As we have already mentioned, the
Titchmarsh theorem on supports of convolutions implies that C, and C;, are
injective if inf supp (1) = 0. Hence, C,, has dense range if inf supp (u) = 0. In the
case inf supp 4 = a > 0, the same theorem ensures that C, is nilpotent with the order
of nilpotency being the first natural number n for which na > 1. If ©({0}) = 0, then p
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is the variation norm limit of its restrictions pu, to [27", 1]. Hence, C, is the operator
norm limit of the sequence C,,, of nilpotent operators. Thus, C, is quasi-nilpotent if
w({0}) = 0. It immediately follows that the spectrum o (C,,) is the singleton {1({0})} for
each u € M. Recall that a power 7" of an operator T is the identity / if and only if 7 is
the direct sum of operators of the shape ¢/ with ¢" = 1. In the case when the spectrum
of T is a singleton, this means that 7" = ¢/ with ¢ = 1. The above observations are
summarized in the following proposition:

PROPOSITION 3.1. Let © € M. Then,
(3.1.1) C, is injective if and only if C,, has dense range if and only if inf supp () = 0;
(3.1.2) C =al if and only if C,, = cI (equivalently, i = ¢§) with " = a;
(3.1.3) o(Cp) = {n({O}}.

We need some extra information on truncated convolution operators.

LEMMA 3.2. T € A is invertible if and only if T = ce? with ¢ € K\ {0} and A € A
being quasinilpotent.

Proof. Of course, ce? belongs to A and is invertible if ¢ € K\ {0} and 4 € A.
Assume now that 7" € A is invertible. By (3.1.3), T = C,, with ¢ = u({0}) # 0. Thus,
u=cd +v,wherev € Mand v({0}) = 0. Thatis, T = ¢(I + S), where S = %Cu e Ais
quasi-nilpotent. Since S is quasi-nilpotent, the operator

o (=1
A=In(I+8) =) — s

n=1

is well-defined, belongs to A and is also quasi-nilpotent. It remains to observe that
T = ce’. ]

LEMMA 3.3. Let {T"};>0 be a strongly continuous operator semigroup such that
each T' belongs to A and T is invertible. Then, there are a quasi-nilpotent A € A and
a € K\ {0} such that T' = e for t € R,.

Proof. By Lemma 3.2, there are ¢ € K\ {0} and 4 € A quasi-nilpotent such that
T' = ce. Then, for every k, m € N, (T¥/me=*A/myn — T By (3.1.2), T¥/me=*4/m is a
scalar multiple of the identity. Thus, 77¢~"4 is a scalar multiple of the identity whenever
t € R, is rational. By strong continuity, 77¢~'4 is a scalar multiple of the identity
for each ¢ € R,. Thus, there is a function o : Ry — K\ {0} such that T"e™™ = «(#)]
for t € R,. Since {T;} and {e~*4} are strongly continuous operator semigroups, whose
members commute, {«(z)/} is a strongly continuous operator semigroup as well. Hence,
a is continuous, @(0) = 1 and a(z + s) = a(?)a(s) for every ¢, s € R,. It follows that
there is a € [ such that a(f) = ¢ for t € Ry. Thus, 7" = e foreacht € R,. [

Let now M be the operator of multiplication by the argument acting on the same
space as the truncated convolution operators:

Mh(x) = xh(x).

LEMMA 3.4. Let u € M. Then, the commutator [C,,, M] belongs to A. Moreover,
[C, M] = C,, where ' € M is the measure absolutely continuous with respect to . with
the density p(x) = —x.
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Proof. It is easy to verify that the set of 4 € M satisfying [C,,, M] = C,, is closed
in M with respect to the weak topology o provided by the natural dual pairing
(M, CJ0, 1]). Thus, it is enough to prove the required equality for u from a o-dense
set in M. As such a set, we can take the set of absolutely continuous measures with
polynomial densities. By linearity, it suffices to prove the equality [C,,, M] = C, for
u being absolutely continuous with the density d(x) = x" for n € Z,. In the latter
case, the required equality is an elementary integration by parts exercise (left to the
reader). O

Since /' = 0ifand only if u = ¢8 with ¢ € Kand Cs = I, we arrive to the following
corollary:

COROLLARY 3.5. The equality [C,,, M] = 0 holds if and only if C,, = cI with c € K.

The operator M is needed in order to apply Lemma 2.5 to prove Theorem 1.1. The
trickiest part of such an application is due to the fact that the condition of 0 being not
in the convex span of the operators R; may fail for operator semigroups contained in
A. The next lemma allows us to determine exactly when does this condition fail.

3.1. Main lemma. Recall that for a non-zero finite Borel o-additive complex
valued measure © on R with compact support, its Fourier transform

A = fR I (i)

is an entire function of exponential type [8, p. 84] bounded on the real axis. Moreover,
the numbers a = inf supp (1) and b = sup supp () determine the indicator function
of it. Namely,

h(0) = Tim

r——+00 r

In|z(re®)] [ bsing, if6 €0, ], G.1)
" lasing, if6 € (—m,0). '

Furthermore, by the Cartwright theorem [8, p. 243], 1t is of completely regular growth
on each ray {re” : r > 0} with 6 e (—m, 0) U (0, ). That is, for every 8 € (—m, 0) U
(0, ), there is an open set Ey C (0, co) such that

In [z (re” A0, 1N E,
lim InpGre)l _ h,(6) and liﬂl MO. AN Es) _
'ZE;O r r—+400 I

1, 3.2)

where A is the Lebesgue measure on R. Recall that a subset of R, satisfying the second
equality in (3.2) is said to have density 1. Thus, the completely regular growth condition
means that upper limit in the definition of the indicator function turns into the limit if
we restrict ourselves to r from a suitable open set of density 1.

LEMMA 3.6. Let 1, . .., iy, be finite Borel o-additive complex valued measure on R
with compact support satisfying inf supp (u;) = 0 for 1 <j < n. Foreachj e {1, ..., n},
let

’
szlul*--'*Mj—l*Mj*ﬂj—%l*n-*ﬂm
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where x is the convolution and (' denotes the measure absolutely continuous with respect
to o with the density p(x) = —x. Also assume that ¢y, ..., ¢, > 0 and

inf supp (v) > 0, where v = cjv; + ... + c,v,.

Then, 1;({0}) # 0 for 1 <j < n.

Proof. Assume the contrary. Then, without loss of generality, we can assume that
11({0}) = 0. We can also assume that ¢; > 1 for every j. Indeed, multiplying all ¢; by
the same positive number does not change anything.

Since 11({0}) = 0, w; is the variation norm limit of the sequence {{t1,,}nen Of the
restrictions of g to[27", 1]. Leta € (0, 7/2)and A, = {re” : r > 0, 0 € [a — 7, —a]}.
By definition of the Fourier transform, each 7 ,(z) converges to 0 as |z| — oo for z
from the angle 4,. Moreover, [}, converge to r uniformly on 4,. Hence,

lirll wi(re?)y=0 for —m <6 <0. 3.3)

r

Since inf supp (¢;) = 0 and inf supp (1)) > 0,

each fz; and each /I; is bounded on the half-plane {z € C : Imz < 0}. 3.4

For convenience of the notation, we denote f; = j1; for 1 <j < n. Differentiating the
integral defining jz;, we see that i/ is the derivative of fi;:

W= 1.

Since the Fourier transform of the convolution of measures is the product of their
Fourier transforms, we have

5= —ifi oSS fir1 - S

It immediately follows that
noof
V=i S G~ (3.5)
i

Since inf supp (v) > 0, there are a, ¢ > 0 such that
[D(re?)| < ce” " for —r <6 < 0andr > 0. (3.6)

Pick 6 € (—m, 0)such that theray £ = {re” : r > 0} is free of zeros of the entire functions
/;- Then, there is a connected and simply connected open set U C C such that £ C U
and f; have no zeros on U. Then, the multi-valued holomorphic function f;" ...f<
splits over U and we can pick its holomorphic branch ¢ : U — C. Differentiating and
using (3.5), we obtain

4 .o~
ipv

S </
¢ _‘”;C«’f,- A

Using the definition of ¢ and the above display, we have
9@ = PIAEI . @)1 and o) = (@) ... (L), (3.7
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for each z € U. Since ¢; > 0, (3.3), (3.4) and the second equality in (3.7) show that
lp(re”)] — 0 as r — +o0. (3.8)

Since ¢; > 1, (3.6), (3.4) and the first equality in (3.7) imply that there is b > 0 such
that

@' (re”)| < be™*™? for each r > 0. (3.9)

According to (3.8) and (3.9),
o(re”) = —e™" / N ¢'(pe”)dp,
and therefore using (3.9) once again, we get
lp(re”)] < bfw e dp = de® M forall r > 0,

where d = —=2. Hence,
asin@

B | 6
fm el Gne <o, (3.10)

r—>—+00 r

On the other hand, by (3.2), there are open subsets Ej, ..., E, of (0, co) of density

o106
1suchthatw—>0asr—>+oo,reEj.SinceE:Elﬂ...ﬂEnisalsoasetof

density 1, E is unbounded and w — 0 asr— +oo, re E for 1 <j < n Since
In|p(re?)| = 37, ¢ In |fj(re®)|, we arrive to

- Infp(re”)|
m —F8m =

li 0,
"T:EOO r
which contradicts (3.10). The proof is complete. O

4. Proof of Theorem 1.1. Since the interior of the closure of a projective orbit
of a tuple of commuting continuous linear operators does not change if we remove
the operators with non-dense range from the tuple, we can, without loss of generality,
assume that the operators 7; in Theorem 1.1 have dense range. Thus, Theorem 1.1is a
corollary of the following more general result:

THEOREM 4.1. Let {T[’]},E[Rﬁ 7" be an operator (k, m)-semigroup on L'[0, 1]

consisting of truncated convolution operators with dense range. Then, for any f € L'[0, 1],
the projective orbit

O={wl:welk teRy x2Z7)

is nowhere dense in L'[0, 1] with respect to the weak topology.

Proof. Assume the contrary. That is, O is somewhere dense. We can also assume
that the number k + m is minimal possible for which there exists an operator (k, m)-
semigroup on L'[0, 1] of truncated convolution operators with dense range possessing a
somewhere dense projective orbit. Next, the infimum ¢ of the support of f must equal to
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0. Indeed, otherwise O is nowhere dense as a subset of the proper closed linear subspace
Lofg e L'[0, 1]vanishingon [0, c]. Let M : L'[0, 1] — L'[0, 1] be the multiplication by
the argument operator Mh(x) = xh(x). Since the infimum of the support of Mf is also
0, Lemma 2.3 provides truncated convolution operators B and C with dense range such
that CMf = Bf. By Lemmas 3.2 and 3.3, we can, without loss of generality, assume
that 1 <j<kand 7} = 'Y with a quasi-nilpotent 4; € A for each invertible 7. In
particular, each 7; with j > k is non-invertible. Denote S; = [T, M]for 1 <j < m+ k.
By Lemma 3.1, T; = C, for 1 <j < m+k with u; € M and inf supp (i;) = 0. By
Lemma 34, S, = Cu where u/ is the measure absolutely continuous with respect to
with the density p(x) = —x. If the convex span of the operators Ry, ..., R, with

Rj= T1~-~7}—IS/7}+1-~-Tk+m

does not contain the zero operator, Lemma 2.5 with B = A guarantees that O is
nowhere dense. This contradiction shows that 0 is in the convex span of R;. Then,
thereare 1 <ji <... <j, <k+mandc,...,c. > 0such that (R, +--- 4+ ¢R;, =
0. Since each T} has dense range, the last equality and the definition of R; imply that

R+ +¢R, =0, where R, =T;,...T;, ST, ...T;.
Since R; = C,, with v; being the restriction to [0, 1) of the convolution

—_— . . / . .
Vi= My % ook Wy % g ok [y, kX

the equality ¢;R| + - - - + ¢,R, = 0 implies that the infimum of the support of ¢jv; +
.-+ 4+ ¢, is at least 1. By Lemma 3.6, 1j,({0}) # 0 for 1 </ < r. By Lemma 3.1, each
Tj, is invertible. Hence, 1 < j; < k and Tf] =i for1 </ <randte R, with A, €A
being quasi-nilpotent. Re-arranging the order of 7; with 1 < j < k&, if necessary, we
can, without loss of generality, assume that j; =/ for 1 </ < r. That is, Ti’ = ' for
1 <j < rwith quasi-nilpotent 4; € A. It is easy to verify that

Sj = [Tj’ M] = [eAf’M] =eAf[Aj’M] = T'/[A/’M] for 1 <]< r.

Thus, the equality ¢;R| + --- + ¢.R, =0 can be rewritten as 7 ... T.(ci[41, M]+
-+ +¢[A,, M]) = 0. Since T; are invertible for 1 <j <r, we have [c141+ -+
¢;Ar, M] = 0. By Corollary 3.5, c; 41 + - - - + ¢4, = ¢l with ¢ € K. Since 4; commute
and are quasi-nilpotent, ¢; 4y + - - - + ¢, A4, 1s also quasi-nilpotent and therefore ¢ = 0.
Thus, ¢4 + - - - + ¢, 4, = 0. Hence, the R-linear span of Ay, ..., A4, coincides with the
R-linear span of A», ..., 4,. Thus,

(T : ¢ € [Ri x Z7''y € M, where

M= (e e T T T LT

. r—1 k—r m
R Tt e R se Ry, g e 2.

Hence, the semigroup M admits a somewhere dense projective orbit. Since M is the
union of 2"~! subsemigroups M, with & € {—1, 1}"~!, where

Mg — {ene]Az eT,-,]E,-,[A,- TSl TSk—r qu Tqm

. r—1 k—r m
r+1° Tk k+1 - k-ﬁ-m"tGIR SeR-‘r’qu-‘r}’

+

at least one of the semigroups M, admits a somewhere dense projective orbit. Since
each M, is an operator (k — 1, m)-semigroup of truncated convolution operators with
dense range, we have arrived to a contradiction with the minimality of k 4 m. O
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5. Proof of Theorem 1.5. Throughout this section, we use the following notation.
For a € L'[0, 1], v, is the absolutely continuous measure on [0, 1] with density a and
R, =1+ C,, = Cs,,,. Of course, each R, is a truncated convolution operator.

LEMMA 5.1. Both sets

A ={(a,f) e L0, 1] x Co[0, 1]: | Rf ||} — oo}
and B = {(a.f) € L'[0,1] x Co[0, 1] [|R'f [loc — 0}

are dense in the Banach space L'[0, 1] x Cy[0, 1].

First, we shall prove Theorem 1.5 assuming Lemma 5.1 and we shall prove the
latter afterwards.

Reduction of Theorem 1.5 to Lemma 5.1. For n € N, let

A, = J(a./) € L'[0, 1] x Co[0, 1] = | REf Iy > n}
k>n
and B, = | J{(a./) € L'[0. 1] x Gol0. 1]+ [|RYf llow < 17"},

k>n

It is easy to see that the sets 4, and B, are open. Moreover, 4 C A4, and B C B, for
each n € N, where 4 and B are defined in Lemma 5.1. By Lemma 5.1, 4, and B, are
dense in L'[0, 1] x Cy[0, 1] for every n € N. By the Baire theorem, = Moo (4, N By)
is a dense Gs-subset of L![0, 1] x Cy[0, 1]. In particular, © is non-empty and we can
pick (a, /) € Q. By the definition of Q, lim,,_, » | R'f||; = oo and lim,,_, _ [|R"f]|ec = 0.
Thus, the truncated convolution operator 7' = R, and /" € Cy[0, 1] satisfy all desired
conditions. O

The proof of Theorem 1.5 will be complete if we prove Lemma 5.1. The proof of
the latter is based upon the following two theorems proved in [3, Theorems 1.2 and 1.3].

THEOREM A. Let r > 0, W € A be quasi-nilpotent, 1 < p < 00,0 >0, -7 < a <
mand T = I + V' (be™I + W), where V" is the Riemann—Liouville operator. Then, for
each non-zero " € L7[0, 1],

tim 2 pypreen (LIISUDR DY o (@),
n—oo pl/r+1) r 1

where cos;(f) = max{cos ¢, 0}. Furthermore, the norms || 7|, of the operators 7" on
the Banach space 17[0, 1] satisfy

In|T"
lim T

_ 1/(r+1) o )
Jim — e = (r+ 1)b COS+<_r 1)

THEOREM B. Let ¢ > 0,1 < p < oo, V be the Volterra operator and let X be the set
of positive monotonically non-increasing sequences a = {a,}°°, such that Y- | lnrg—/"z >
—oo. Then, for any non-zero f € L,[0, 1], there exists a € X for which a, < ||(/ —
cV)'fll, for each n € N. Conversely, for any a € X, there exists a non-zero f € L,[0, 1]
for which ||(/ — ¢V)'f]l, < a, for each n € N. Moreover, if 1 < p < oo, then the set of

f € L,[0, 1] for which [|( — ¢V)'f ||, = O(a,) is dense in L,[0, 1].
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Proof of Lemma 5.1. Take a(x) =1+ a;x+ - - - + a,x" being a polynomial with
the constant term 1 and f being any non-zero function from Cy[0, 1]. Then, 0 < s <
1, where s = inf supp(f) € [0, 1). It is easy to see that R, =1+ V + “7‘V2 + -+
= V™1 Hence, R, = I + V(I + W), where W is a quasi-nilpotent operator from A.
By Theorem Awithb =r=p=1anda =0,

In |RLf
o IR

n—oo  pl/2

=2(b(1 —s))'/* > 0.

It immediately follows that ||RIf||; — oo. Thus, (a,f) € A for every non-zero f €
Co[0, 1] and every polynomial a with the constant term 1. Since the set of such
polynomials is dense in L'[0, 1], 4 is dense in L'[0, 1] x Co[0, 1].

Assume now that a(x) = —1 + a;x + - - - + a,x" is a polynomial with the constant
term —1. Then, Ry =1 —V + 4 V2 + .- + Ly = (I — V)(I 4 zV*(I + W)) with
z e K\ {0}, kK > 2 and W being a quasi-nilpotent operator from A. Pick » > 0 and
o € (—m, ] such that z = be®. Then, R, = (I — V)T, where T = I + be™ VK(I + W).
By Theorem A,

. In || 7"
im

Jim =T = (ke DY cos(—k * ) (5.1)

+1
Pick your favourite numbers ¢ and d such that % <c<d< % and consider the sequence

sp=e" forneN.Sinced < 1, 3 % > o0 and therefore Theorem B implies
that the set

M ={g e L'[0,1]: It = V)'glli = O(s,))

is a dense subset of L![0, 1]. Since V : L'[0, 1] = Co[0, 1] is a bounded linear map
with dense range, V(M) is a dense subset of Cy[0, 1]. Since for every g € M, ||(I —
VY'Vgleo < I = V)'g|ly (V has norm 1 as an operator from L'[0, 1] to Co[0, 1]), we
see that ||({ — V)f|lec = OC(s,) for every f € V(M). Hence,

IR Noo=IT"(I = V) flloo < I1T" ol = VY[ lloo=OCsul T"lc) for eachf e V(M).

Since k > 2 and ¢ > 1, from (5.1), it follows that ||7" ] = O(e"). Since s, = e
by the above display, [|R'f[e = O(" ™). Since d > ¢, ¢ — 0 and therefore
IR looc — O for f € V(M). Thus, (a,f) € Bif f € V(M) and a is a polynomial with
the constant term —1. Since the set of such polynomials is dense in L'[0, 1] and V(M)
is dense in Cy[0, 1], Bis dense in L'[0, 1] x Cy[0, 1]. ]

The following questions remain open:

QUESTION 5.2. Does there exist a truncated convolution operator T on L*[0, 1] such
that every non-zero f € L*[0, 1] is an irregular vector for T?

As we have mentioned, for 1 < p < oo, there are continuous linear operators on
17[0, 1] commuting with V' other than truncated convolutions. Thus, the following
question remains open (although probably a negative answer could be obtained by a
not so sophisticated modification of the proof of Theorem 1.1).

QUESTION 5.3. Let 1 < p < 0o. Does there exist a weakly supercyclic tuple of
continuous linear operators on LP[0, 1] commuting with V'?
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