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Abstract

A. Mark and J. Paupert [Presentations for cusped arithmetic hyperbolic lattices, 2018, arXiv:1709.06691.] presented
amethod to compute a presentation for any cusped complex hyperbolic lattice. In this note, we will use their method
to give a presentation for the Eisenstein-Picard modular group in three complex dimensions.

1. Introduction

To study discrete subgroups of Lie groups, it is a challenging work to determine a presentation of a
discrete subgroup. The purpose of this paper is to give a presentation of an arithmetic lattice in PU(3, 1),
which is the holomorphic isometry group of complex hyperbolic space HZ.. It is well known that complex
hyperbolic space is one of the non-compact rank one symmetric spaces.

As is widely known, the classical modular group PSL(2, Z) is a free product of a cyclic group of
order 2 and a cyclic group of order 3. To see this, there are many different ways. One of them is an
algebraic method that uses a continued fraction algorithm to compute it directly. The other one is a geo-
metric method that uses the action of PSL(2, Z) on the hyperbolic plane. One can consider PSL(2, Z) as
a discrete subgroup of PSL(2, R) that acts isometrically on the hyperbolic plane H?. There will be a fun-
damental domain for this action. The presentation for PSL(2, Z) can be obtained by applying Poincaré’s
polygon theorem to the fundamental domain.

There are two kinds of generalizations of PSL(2, Z) in higher dimensional hyperbolic space, (real)
hyperbolic space Hj, and complex hyperbolic space H{.. Before we introduce these generalizations in
detail, we would like to explain some notations. Let O, be the ring of integers in Q(v/—d) with d being
a positive square-free integer. O, is a Euclidean domain whend =1,2,3,7, 11.

In the real case, Bianchi groups PSL(2; O,) are subgroups of PSL(2, C) with entries in O,. Here,
PSL(2, C) is the orientation-preserving isometry group of H;,. These groups are arithmetic lattices that
are finitely presentable. Presentations for Bianchi groups can be obtained geometrically. Considering
the actions of the Bianchi groups on hyperbolic space, Swan [13] developed a method to find the Ford
domains. Based on these domains and using the generalization theorem of Macbeath [7], Swan derived a
method to obtain presentations for the Bianchi groups. In particular, finite presentations for the Euclidean
Bianchi groups can be derived from a result of Cohn, see [1] and [2].

In the complex case, Picard modular groups PU(n, 1; O,) are subgroups of PU(n, 1) with entries
in O,. Here PU(n, 1) is the holomorphic isometry group of Hf.. These groups are arithmetic lattices
that are finitely presentable. To the best of our knowledge, the presentations for some of them are
known. A presentation for the Eisenstein-Picard modular group PU(2, 1; O;) was found by Falbel and
Parker in [5], in which they studied the geometry of the group. A few years later, a presentation for the
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Gauss-Picard modular group PU(2, 1; O,) was given in [4]. In his paper [20], Zhao gave a finite sys-
tem of generators for each one of the Euclidean-Picard modular groups PU(2, 1; O,). We remark that
the sister of the Eisenstein-Picard modular group was studied in [10], and a presentation was given in
[19]. In particular, Stover [12] showed that the quotient spaces of HZ. by the Eisenstein-Picard modular
group and its sister group are the only two arithmetic cusped complex hyperbolic 2-orbifolds with min-
imal volume. The sister of the other Euclidean-Picard modular groups was studied in [16], in which a
finite system of generators of them was constructed. The methods in these papers are geometric, that is,
they construct fundamental domains for the Euclidean-Picard modular groups PU(2, 1; O,) acting on
complex hyperbolic space. On the other hand, one can give a finite system of generators for some of the
Picard modular groups using an algebraic method. In [3], the authors obtained a system of generators for
the Gauss-Picard modular group PU(2, 1; O,) by using the continued fraction algorithm. One can also
use this method to derive a system of generators for the Eisenstein-Picard modular group PU(2, 1; O5),
see [14].

For the Picard modular groups in three complex dimensions PU(3, 1; O,), we know very little. Since
it is very difficult to construct a fundamental domain for PU(3, 1; O,) acing on H2, we do not know a
presentation of PU(3, 1; O,). In [17], the authors gave a system of finite generators for PU(3, 1; O;) by
using the continued fraction algorithm. In [18], a finitely generating set of PU(3, 1; O,) was given by
using a combined geometric and algebraic method. Unfortunately, it seems that it is difficult to give a
presentation for these two groups. In a recent work, Mark and Paupert [8] present a method to obtain a
presentation for Picard modular group PU(2, 1; O,) with d =1, 3,7, by applying a result of Macbeath
[7]. Polletta [11] discussed the application of their method to the Picard modular groups, PU(2, 1; O,),
when d =2, 11, and obtained presentations for these groups. Inspired by their work, in this paper, we
obtain a presentation for PU(3, 1; O;) (see Theorem 4.4).

To do this, we use the method of Mark and Paupert [8]. Let I' = PU(3, 1; O,). Consider the action of
I' on H%. One can construct a suitable horoball V based on the cusp of I', such that the I"-orbits of V
form a covering of H%- Let E(V)={g e T'|g(V) NV # @}. Then, by Macbeath’s theorem [7], " will be
generated by E(V) together with relations g - h = gh for each pair g, h € E(V) with V. N g(V) N gh(V) # 0,
where gh € E(V).

In practice, our process is as follows.

Step 1: give a presentation for the stabilizer subgroup I, of I, which fixing the point at infinity g..,
see Corollary 2.6.

Step 2: give a suitable coarse fundamental domain D, of I',,,, see Definition 3.1.

Step 3: determine the covering depth of I', which is at most 4, see Section 3.2.

Step 4: find all the O;-rational points of depth at most 4 in D, and a system of representatives {p,, : @ €
{0,31,32,41,42,43}} of ' .-orbits of these O;-rational points, see Section 3.3.

Step 5: give amap A, € I" sending g, to p, for each « € {0, 31, 32,41, 42, 43}, see Section 4.1.

Step 6: determine y, W, W’ € ', such that A7'W~'A,y A, = W' for each triple (A, p,, p.), where A, €
{1y, As1, Ay, Ayt Agp, Ags ), Pis e be two O;-rational points of depth at most 4 in D, and A,, A,
be two maps sending g, to p,, p., respectively. See Section 4.2.

Step 7: obtain a presentation I' = (S|R), where S consists of the generators of I', and A, with « €
{0,31,32,41, 42,43}, and R consists of relations of 'y, and the forms A_'W™'A,yA, =W’
given in Step 6.

2. Background
2.1. Complex hyperbolic space and its isometry group

We will introduce some material on complex hyperbolic geometry in this subsection. More details can
be found in Goldman’s book [6] and Parker’s notes [9].
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Let H be a Hermitian matrix given by the following

0 0 1
H= 0 I,,,l 0 N
I 0 0

where I,_; is the identity matrix. H induces a Hermitian form on the complex vector space C"™' given
by

(z, W) =WHz =2 Wyi1 + Zop W1 + 202 + - - - + 2,W,,

where 2=1(21,22, - - » Zp» Zup1) and W= (W1, Wy, - - -+ , W,,, W,y )’ are vectors in C*!. Equipped with this
Hermitian form, we write C™*! instead of C"*!.

Let V, (resp. V, or V_) be the set of positive (resp. null or negative) vectors in C™!, that is the
vectors with (z,z) > 0 (resp. (z,z) =0 or (z,z) <0). Let P: C*' — CP" be the canonical projection.
The complex hyperbolic space is defined to be H{, = P(V_) associated with the Bergman metric, which
is the Siegel domain in CP". The boundary of complex hyperbolic space is defined to be dIH}, = P(V}),
which can be viewed as the one-point compactification of the Heisenberg group.

Let U(n, 1) be the unitary group preserving the Hermitian form. The holomorphic isometry group of
complex hyperbolic space is PU(n, 1) = U(n, 1)/U(1).

Now, let us focus on the boundary of three-dimensional complex hyperbolic space dH}.. Let N' =
C? x R be the five-dimensional Heisenberg group with the group law

(21,2 D1, &, V) = (@ + &1, 20 + G, £+ v+ 2Im(E 20 + 62)).

Thus, 9H. identifies with N U {g..} and the Siegel domain can be identified with A x R, . This identi-
fication gives the horospherical coordinates of points in HY.. In details, the standard lift of (¢,, &, v, u) €

. t
N xR, is (w ¢, &, 1) . For each u > 0, the horosphere of height u is the subset of the
Siegel domain given by H, = N x {u} and horoball of height u is B, = N x (u, +00).

The Cygan metric on N is defined to be

. . . — — 172
deye (21,22, 0, G V) =[G — 2P+ 16—l —it+iv—2iIm (42, + Hzo)| . (2.1
This metric can be extended to a metric on H_fc — {g} as the following

. . . — — 12
deye (21522, 1, u1) 5 (81, G2 vy ) = ||§1 — 2’ + 1% — 2l + [y — u,| — it 4 iv — 2ilm (§1Z1 + §2Zz)| .
(2.2)
The Cygan sphere centered at p, = (z,, 25, t) € N with radius r is defined by

S,p)={p=,o.vw)eH. | dey(p,po)=r}.

4

Let g = (gy);,—; € PU@3, 1) such that g(¢u) # geos 1.€., a1 # 0. The isometric sphere of g is defined
to be

{ze Y [z, goo) | = 1{z, €7 (guo)) |}
The isometric sphere of g is a Cygan sphere centered at g~'(g.,) with radius r = \/2/[g41].
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For any given point (z;, 25, ) € NV, let

1 -z, —% =z \2—2\z2\2+ir
0 1 0 Z
N(lezz,t) = 0 0 1 Z
2
0 O 0 1

Then, N, .,, € PU(3, 1) fixes g, and translates the origin (0, 0, 0) € N to the given point.

2.2. Picard modular groups

Let O, be the ring of integers in the imaginary quadratic number field Q(+/—d), where d is a positive
square-free integer. When d = 1,2 (mod 4), O, =Z[+/—d], and O, =7 [%‘7] when d =3 (mod 4).
The Picard modular group PU(xn, 1; O,) is the subgroup of PU(n, 1) with matrix entries in O,,.

In this paper, we will study the Picard modular group in three complex dimensions with d = 3. It is
well known that O; = Z[w], where w = ’”Tﬂ’ is a cubic root of unit.

Theorem 2.1 ([17]). Let I' =PU(3, 1; Z[w)). Then, I' can be generated by four elements Iy, M\, M, and

N o.v3), where
0 0 0 1 1 -1 0 o
L]0t ooy o 10
00 —1 o "CATlg o 1 0]
1 0 0 0 0 0 0 1
1 00 0 1 0 00
0010 0 —w 0 0
M, = . M,=
0100 0 0 1 0
000 1 0 0 01

Moreover, the stabilizer subgroup T, that fixes the point at infinity q., is generated by M,, M, and
Naovi:

Lemma 2.2. The subgroup generated by M, and M, has the following presentation
<M1’ M2|M27 Mg7 (M1M2)2 = (M2M1)2>'

Remark 2.3. The subgroup generated by M, and M, is a finite group with order 72, which is isomorphic
to the semidirect product of Z¢ X Zs With Z,.

Remark 2.4. For any M in the subgroup generated by M, and M,, M can be written as
M = M, M,M, M,
where 0 <j<5,0<k<5andp=0,1.
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To obtain a presentation for I',, we define the following notations:

T, =N, 0,0,2v/3)>
Ti =N3>
T, = N(l,o,ﬂ»
I3 =N3>
Ty =N,0./3-

Besides, for simplicity, we define
Ts=N( o2 =T, T,
T6 = N(fw,f(ulﬂ) = TéT;lTII’

which will be used to describe some relations of PU(3, 1; Z[w]) in Section 4.

Lemma 2.5. Let T be the group generated by T, Ty, T,, Ts, and T,. Then, T has the presentation
T= (TO» Tl7 TZ, TS, T4 | [T17 TZ]a [T17 T4], [TZ» ]—‘3]9 [T% T4]’ [T17 T}]TO» [T29 T4]TO) .

Furthermore, T is a normal subgroup of I ..

Proof. Let IT : N — C? be defined by I1(z,, 25, £) = (21, 22), for all (z,, 25, 1) € N. Then, we have the
sequence

0>R>NIC=0.

This induces the following exact sequence

0 — R — Isom(N) =5 Isom(C?) — 0.

Since Ty, Ty, T, T3, and T, are Heisenberg translations, the group 7 is a subgroup of Isom(N'). When
we restrict to the subgroup 7, we obtain the exact sequence

0232 T 74 0.

Observe that the kernel of TT, is generated by Tj,. The generators of IT,(T) = Z* are I1,(T)), T1.(T>),
I1,(T5), and I1,(T,), of which each pair is commutative. Hence, the relations of T are generated by the
commutators

[Ty, T2), [T\, Tu], [T>, T3], [T5, T4, [T, T3] = T(;l, [T, Ti]1= T(;1~

It is obvious that 7, commutes with T, T,, T5, T4.
Note that I', is generated by 7, M, and M,. Since

MlTlMl_I = Tz,MszMl_l = TI,M1T3M1_| = T4,M1T4M1_1 = T3,

and
M, T\M;"' =T,, M, .M, =T,T,", M, TsM;" = T;, M, .M, "' =T, T,
we have
M\ ToM; =Ty, MyTM; ' =T,
Thus, the group T is normal in I',. O

We can obtain the presentation of the stabilizer subgroup I',, by using the procedure introduced in
Lemma 15 of [8]. In short, we know that I, has two subgroups, T and (M,, M,), where T is normal in
I'. Then, I', admits a presentation (gen|rel), where the set gen consists of M,, M, and the generators
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1 V3

3T %6 °
0

1 V3
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Figure 1. A fundamental domain A for the group of orientation-preserving symmetries of Z[w] C C.

of T, the set rel consists of relations of those two subgroups and of the form M;T;M;' = G € T with
i=1,2andj=0,1,2,3,4.

Corollary 2.6. The stabilizer subgroup T, has a presentation as the following:

[T\, To), [T, Tu), (T2, T51, [T5, Th), [Ty, T51T0, [ T2, T4l T,
M\ T\M;" =T, M, T\M," =T,, M, T,M," =T,T,",
M\ T:M;' =T, M,T;M;" =T, M,T,M;"' =T,T,, > )
Mf, MS, (M1M2)2 = (M2M1)2

r TO& Tl& T27 TS’ T4,
T\ MM,

3. The action of PU(3, 1; Z[w])
Let I' =PU(3, 1; Z[w]), and I', be the stabilizer subgroup of PU(3, 1; Z[w]) fixing the point at infinity.

3.1. A coarse fundamental domain for T .,

Definition 3.1. The coarse fundamental domain D,, C dH;. for the cusp stabilizer T, is defined to be
Dy ={(z1,22,1) €HA|z1 € A,z € A, 0 <1< 24/3),

where A is the isosceles triangle in C with vertices 0, % — %5 % + %g see Figure 1.

Lemma 3.2. The I -translates of D, cover 0H..

Proof. The restriction of ', on the subsets 0 x C x {0} or C x 0 x {0} is the group of orientation-
preserving symmetries of Z[w] C C, which is the (2, 3, 6)-triangle group. A fundamental domain for
this group acting on C is the isosceles triangle A. By the same argument of [5, 18], we conclude that
the fundamental domain for I', on dH. is contained in D, O
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We review some terminology from [8]. A vector v € OF is called primitive if for every 0 # A € O;,
%v € (’);‘ implies that A is a unit. The units in O; are 1, w, w*. Moreover, every Z[w]-rational point in CP?
has a primitive representation, which is unique up to multiplication by a unit in O;.

Definition 3.3. The depth of a Z|w]-rational point x is given by |{(v,qu)|* = |v4|*>, where v=
V1, V2, V3, Vy)' is any primitive integral lift of x.

3.2. Covering depth of T

Recall that u(n) = % is the height at which balls of depth n appear, in the sense of Corollary 1 of [8].
Let B ((z1, 22, 1), 1) denote the open Cygan ball centered at p = (z, 22, ) € dHZ. with radius r. It is easy to
see that the isometric sphere of g € PU(3, 1; Z[w]) has radius r < \/E In particular, the isometric sphere
of I, is a Cygan sphere centered at (0, 0, 0) with radius r = +/2. We will show that four Cygan balls of
radius +/2 will cover the set Do, x {u(5)}.

Proposition 3.4. Let u, =2/+/5 and H,, be the horosphere of height u, based at 0o. Then, the prism
Dy, x {uy} is covered by the intersections with H,, of the isometric spheres

B ((o, 0,0), ﬁ) B ((0, 0,2v3), ﬁ) B ((0, 1,v/3), «/5) .B ((1, 0,v/3), ﬁ) :

Proof. The method of the proof is similar to the proof of the main result in [18]. We proceed with the
following steps.

o Ifz,2,€ A and 1 € [0,2/+/3], then
(2l + 2l +uo) + 2 <(2/3+u)* +4/3=3.77...<4.
So the point is in B ((O, 0,0), ﬁ)
o Ifz,2, € A and 1 € [4/+/3, 2+/3], then
(2] + 122l + uo)* + V3 =1 < /3 +up)* +4/3=3.77... < 4.
So the point is in B ((0, 0, 2\/5), ﬁ)
o If 7,2, € A with Re(z,) <Re(z;), and r € [2/\/§, 4/\/§] then consider

2
(2P + Jzo 4 o) + (1 = V3 +2Im(z))

Note that —Re(zl)/ﬁflm(zl)§Re(z1)/\/§. For a given Re(z;) =x, this expression is
bounded above by

F) = (1 = 2x 4+ 4x%/3 + 4%/3 + up)* + (1/+/3 + 2x/3/3)%

Elementary calculus shows that this function attains its maximum values at one of the
endpoints. (To see this, note that f'(0) < 0 < f'(1/2) and f”(x) > 0.) We have

fO)=(14u)+1/3=3922...<4,
FQ/2)=Q/34+uy)’ +4/3=3.77...<4.

Thus, the point is in B ((1, 0, «/3), «/E)
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o If z;,2 € A with Re(z,) < Re(z,), and 7 € [2/+/3, 4/+/3] then consider
2

(il + Jzal o) + (1= /3 + 2Im(z,))

Note that —Re(zz)/\/g <Im(z,) §Re(z2)/\/§. For a given Re(z,) =x, this expression is
bounded above by the same function f(x). As above, this function is less than 4 and so the

point is in B ((0, 1, ﬁ), «/5) O

Remark 3.5. This proof of Proposition 3.4 was given by the referee. We would like to thank him for
allowing us to write it here.

Corollary 3.6. The covering depth of T is at most 4.

3.3. 7 [w]-rational points in D,

We will give the points of depth at most 4 in D,. The standard lift of a Z[w]-rational point ¢ = (z;, 22, )
in D, and the primitive lift of g, are given by

—lz* = |zl* + it

Qs =

S O O =

where z;, 2, € C and 7 € R. Note that the standard lift of ¢ may not be integral. But we can choose some
A € Z|w] such that Aq is a primitive integral lift. The depth of ¢ is

Goo, Aq)[* = [A[%

In order to find the Z[w]-rational points of depth & for 1 < h <4, we need to find A € Z[w] such that
|A|? = h up to multiplication by a unit. Let A = a + bw with a, b € Z. Then, |A|> = a*> — ab + b?, and so
we need to find a, b € Z such that a*> — ab + b* = h for 1 < h < 4. Note that there are no Z[w]-rational
points of depth 2. By a simple calculation, we have the following:

Depth h A

1 1

3 —14w.24+w, 2+w?
4 2, 34w, 34+0*

Now we can find the point ¢ = (z;, 22, ) € D4, such that Aq is a primitive integral lift for a fixed X,
that is, Az, € Z|w], Az, € Z[w], and AM € Z[w]. We will list depths that contain Z[w]-rational
points in D,,. Furthermore, we need only consider one representative from each I',-orbit. We list the
set of I',-orbit up to depth 4 in the following:

« Depth 1: (0,0, 0) and (0, 0, 2\/5), both of them are in the same I" -orbit;

« Depth 3: (O, 0, %ﬁ) in one I'.-orbit, and (0, 0, ‘;‘\/5) in the other I' .-orbit;

« Depth 4: (0,0, /3) in one I"-orbit; (%, 1.3 3) and (%, 1, %\/5) in the other two different
orbits.
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Integral lifts of the representatives of I ,,-orbits of these points are as follows:

0 -1 —2
0 0 0

Po= ol P31 = 0 > P = 0 >

1 iv3 iv3

iv3 Lt L

0 1 1
Pa = 0 > Po= 1 > Piz= 1
2 2 2

4. Generators and relations of PU (3, 1; Z[w])
4.1. The generators

Let A, € I be a map sending ¢., to p,, where « is in the set {0, 31, 32,41, 42, 43}. The matrix form of
A, is given by

0 0 0 1 -1 0 0 i3
0 -1 0 0 1 0 0 »
A():IO: O 0 _1 0 9A3l= 0 1 0 5A32—A317
1 0 0 0 i3 0 0 2
i 1 0 0 0]
—i — —1—/3i
i3 0 0 2 V3i | 0 0
4 0 -1 0 0 4 2
41 = . s Ay = —1=+/3i >
0 0 1 0 V3i 0 | 0
2 0 0 i3 2
1—3i 1—4+/3i
1 A V3i J3i
L 2 2 i
i —34+/3i —3+/3i T
i3 +/3i +fli«/§
2 2
_1 /
+—\/§l 1 0 0
2
A43= 1 \/5
L 0 1 0
2
143 1+4/3i

4.2. The relations

By applying generators to points of depth at most 4, we obtain the cycles. The general method to get
these can be found in [8]. Here, we just describe it briefly. Let A, be a map in the set of generators
{Io, As1, Az, Agy, Asa, Agz ). Let py, p. be two Z[w]-rational points of depth at most 4 which are listed in
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Section 3.3. Let y € I'.. If A,(vp,,) and p. have the same depth, and there exists a map W € I', such
that A,(yp,) = W(p.), then one obtains A_'W™'A,yA, =W’ €', here A, and A, be two maps sending
g t0 py, and p,, respectively. Therefore, one obtains a relation A_'W~'A,yA, W' =1Id.

In practice, by using the following observations, we can simplify the process of solving the equations

A ypy) = W(p.).

Lemma 4.1. M] commutes with 10, A31,A32,A41,A42,A43, and M2 commutes with 10, A31, A32, A41.

Proof. All of these can be computed directly. U
Lemma 4.2. Suppose that A,(yp,) = W(p.) and A7'W='A,yA, =W'. Let M € (M,, M,).

1. IfAM =MA,, then A (Myp,) = MW(p,) and A-'W="M~'A, My A, = W'
2. IfAM = MA,, then A,(y Mp,) = W(p,) and A-'W~'A,y MA, = W'M.

Proof. The first item is obvious. To see the second item, it is suffice to show that M(p,) = p,. Since
Pr=Ap(g) and M € ',

M(p,) ZMAh(qoc) ZAI)M(qOO) =Ah(ch) =Db- O

Lemma 4.3. Suppose that A,(y.py) = Wi(p.) and A;'W A, y,A, =W, with i=1,2. Let y, =My,M™"
with M € (M,, M,).

1. If M commutes with A,, A, and A,, then W, = MW M~ and W, = MW ,M~".
2. If M commutes with A,, Ay, but not A,, then Wy = MW, and W, = WM.

Moreover, in both of the two cases, the relation coming from y, can be derived from the relation
coming from y,.

Proof. (1). If M commutes with A,, A, and A., then M(p,) = p, and M(p.) = p.. Therefore,
Ayopy =AMy M ™' p, = MA,y\p, = MW, M~'p,,
which means that W, = MW, M~". It implies that
AT WA A, = A MW M A My M A, = MA] W A AM T = MW M
and so W, = MW,M~". Thus,
ATWSA AW =M AT WA AW M =M Id- M =1d.
(2). If M commutes with A,, A, but not A., then
Ayapy =AMy M~ p, = MA,y\p, = MW,p,,
and so W, = MW,. Thus,
AW A A, = AT WM AMy M A, =AW A AM T = WM
and so W, = W;M~". Thus,
AW A AW, =AW A AW =14, 0

Our main result is the following.
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Table 1. Let y =N, ., be a Heisenberg translation. If A,(yp,) = W(p,.), then

AT'WA,yA, = W'. The case A, = Iy, py = Po, P31 Da2s Par

Dy 14 W(p.) w

Do Id G Id

Do T,'T\T, T, T, T (po) T,' T ' TuM MM,
Do T, M, T3 T, T5(po) M;'M\T;!

Po T(;sz TOT;I(PO) MMM\ T,T,
Do Ty T, (p3) M M;M,M;

Po T(;l P31 ToM1M§M1M§
Po T, Tfl T(;IT] (Ps1) T3M2M|M§M1
Do T,'T\T;! T, T T T (ps2) T,T;'M5'M\ MM,
Do T,'T; T, ' T5(ps) M3

Do T\T,T,'T? Ty ' Ts(par) M;*M\ML T, TS T,
Po T\T, MEIMlM;lTJI(P43) MM\ M,

Po T,°T T, MM M;(psr) M;' MM

Dai T,'T, ToT; ' Tx(po) MM;' M M3T,!
Dsi Id Ty (po) Ty MMM\ M;
251 T(;l Pa M1M§M1M§
Pai T,'T\T, MM M, T, (pas) Ty TeM My MM
P T,'T, Ty ' T*Ts(po) T, ' T, ' MM MM,
2 Ty To(po) MMM M?
P32 Id Ty (pa1) MMM, M;
px Ty T, T (MM; ' (pas) MMM,

Pa1 T, T T, *(po) Ty'T\M;

Dar Id Ty (ps1) M, MM\ M;
Pai Ty P MMM\ M}

635

Theorem 4.4. Let ' =PU(3, 1;Z[w]). Then, T' has a presentation (S|R), where S consists of
Iy, A3y, Asy, Ay, A, Az and the generators of T, R consist of the relations of T, the relations given in
Lemma 4.1 and the relations from Tables 1 to 16.

Proof. Lety =N, ,,»M € I's,, where N, ., ,, be a Heisenberg translation and M € (M, M,). We need
to solve A, (yp,) = AuN¢, ., oM (p,) = W(p,) for every pair (A, py).
If MA, =AM, then by Lemma 4.2,

ANy oM (py) =AM - M™'N, ., y\M(py) = MANG, 2,5(py) = MW (p,),
where N¢, -5 = M~'N, ., »M. Moreover, suppose that A}’ I}NV‘IA(IN(EI,EZ,;)Ab =W eI, then
AS'WIM AN, L MA, = AT W AN, 2, A, = W

This means that the relation coming from N, ., ,M is the same as the relation from N, z, 5. Thus, it is
equivalent to solve A,Ng, 5,5y = W(p,). If MA, = A,M, then by Lemma 4.2,

ANy £0M(Py) = AdNiy 20 (P5) = W(P0).

Similarly, the relation coming from N, ., »M is the same as relation from N, ,, ,. Therefore, in both of
the two cases, it suffices to solve A N, ., »(Ps) = W(p.).
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Table 2. Let y =N, ., be a Heisenberg translation. If A,(yp,)=W(p.), then
AZ'WA,yA, = W'. The case A, = Iy, p, = pa

Pb
P

P4
P
P2
243
P4z
Pa2
Pa
§2%)
P
Pa2
P
P
P
Pw
j2%)

14
Id

T,T,'T,!
T, ' T, T, "
T;!
T5'Ts
T, 'Ts!
LI T T,
T,'
T5'T;'Ts
15T\ T;
T,T,' Ty
T,'T,'Ts
T,T,'T;!
T;'Ts
T,T,°T, ' T
nT'Ts

W(p.)
T.T,T " (po)

T5°T5 ' (po)
3T T ' T3 (po)
ToT: Ty (po)

Ty ' T\ T T (po)
T5'T5 ' (ps1)

T,'T; ' Tu(psn)
TOTS(p31)
MM ML T Ty(par)
To' T\ Ts(ps2)
MMM T, To(pa)
T5' Ty ' Ts(pa)
ToT5 ' T3 (o)
MMM T3 Ta(pas)
LT T, T3 (pa)
My M M2Ty > Ty(pas)

W
Id
T, 'T:T,

T\ T:M5' M\ M3
MMM, T,T,M,
T,1,'T; ' My ' M M2
T\M,

T, 'T; ' My MM,
TXT,'M,

T, 'T,'"M5'M,
Ty ' TeM M2M M5 * M,
T\ T;M3M, M,
T,'T,'T\M, ' M,M,
M MM \M;'M,
T,M>M\M,*

T, T,;'M MM, M;*M,
T, TsM; ' MM,

Table 3. Let y =N, ., be a Heisenberg translation. If A,(yp,)=W(p.), then
A'WTA,yA, = W' The case A, = Iy, p, = pa3

Po
P43

Ps3
Ps3
Pa3
P
Ps3
P
P
P43
P43
P
P
P43
P43
P43
P

4
T,

T,

W(p.)
Ts(po)
T5T4(po)
T T, T} (po)

T T T3 Ts(po)
T3T ' T. T3 (po)
o Ts(p3)

5 (px)

ToT ' T 15 Tu(ps))
MM ML TS Tu(pas)
T, ' T\ T, ' Ts(pss)
MM MG TG Ta(pas)
T6'T7'T5 ' Ts(pa)
5 (ps3)

My MM T Ty(pas)
3T T3 (pas)
MM MG T To(pas)

W
1d
T,
T,'M;*M\M,
T,'M,M;'M\M,"
T\T, ' TsM,M,M,>
T,'T;'M,

M,
T,M>M,M?
M;'M,

MM\ M5
T,' T\ T;T,M2M, M
T,' T\ T, T.M>M,M5*
T, T\ TsT. MM M5
M,M,

T, ' T\ T\MM M
3T, ' TsMy*M\M;
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Table 4. Let y =N, ., be a Heisenberg translation. If A,ypy)=W(p.), then

AZ'WTA,yA, = W'. The case A, = As,

Po Y W(p.)
Po T, T\ Ts5(po)
Po Ty Po

Po Id P

Do T\T, MM M, T T T (pan)
P31 Id Px»

D31 T, T, 'Ts(ps)
P32 ld Goo

P41 Id To(po)
2 TT;" T; ' Tu(po)
D ld ToTs ' (o)
P43 I, TT : Iy : Ty 1To([70)

W
T3T7°T; ' MMM, M
T, 'M\MM\M;
T,M\ MM, M3
T, T\ T,M\M, ' MM
MMM, M
T, T\ ;MMM\ M,
Id
MMM\ M
T, T, T, M, M M
Ty ' TeM,

T,'T, ' M,

Table 5. Let y =N, ., be a Heisenberg translation. If A,ypy)=W(p.), then

AT'WA,yA, = W'. The case A, = A

Po Y W(p.)
Po Id To(po)
Do T, ToT5 ' (po)
Do T'T, MMM M5 T TS (pa)
Po Ty P4

P31 Id /B

Pz 1d P3i

P32 Tfl T\ T5(ps1)
Pa Id Po

Pa Id Is ](Po)
P N lT; : T§ Ts5(po)
Da3 Ty TT3T5 (po)

W
ToM MM\ M3
T,' T, ' ;M MM\ M,
T, T, ' T, T, 'M3M, M
MMM\ M
Id
MMM, M
T;M MM\ M
T,'M MM\ M3
Ty T5M,
T:T,'T,'M,

T, ' T, T, M*M, M?

637

By Lemma 4.1, M commutes with Iy, A;;, Ay, and Ay4,. Thus, we have to solve A, N, ., »(») = W(p,)

for every pair (A,, p)-
Besides, we should solve A, N, ., »M(p,) = W(p,) for the pairs

(As, py) € {(Ap, Pa2), (A, Paz), (Auss Paz)s (Asz, paz)}s

with M # Id, since M does not commute with A, and Ay. For these four cases, it suffices to solve
AN, 20Mpy = Wp, with M =MMM: and M =M, (j,k=1,2,3,4,5) by Lemma 4.2, since M =

MMM M5 (see remark 2.4) and M, commutes with Ay, and A;.

In practice, there should be several solutions (y, W) of A,(yp,) = W(p,.) for fixed triple (A,, py, Pc)-
However, we do not need to consider all of the solutions. Suppose that (y,, W) and (y», W,) be two dif-
ferent solutions. If y, = My,M~" for some M € (M,, M,) commuting with A, and A,, then by Lemma 4.3,
the relation coming from y, can be derived from the relation coming from y;. Thus, the relation coming

from y, can be omitted.

The solutions of A,(yp,) = W(p.) and A7'W~'A,yA, = W’ are given in Tables 1-16.
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Table 6. Let y =N, ., be a Heisenberg translation. If A,(yp,)=W(p.), then
AT'WA,yA, =W'. The case A, = Ay

Dy 14 W(p.) w

Po T, ToT; " (po) T, 'TiM;

Po Id P32 ToM1M§M1M§
Do T, Dai M\M;M M}
P31 Id To(po) M1M§M1M§
P Id Do T, MMM\ M:
P4 1d UES Ild

P 1d (Mle)zTonlel(P43) T, T2M§M|M§
Pa T,'T T 5 (pan) T,1,'M;

P2 ToTl_]Tz_1 (M1M2)2(p43) T§T5M§M1M§
D 1Ty T, Ta(pan) T,1;'T, ' M}
P Tonl (MlMgl)QT{l(P43) T2M;M]M;

D3 Id M2M M2 (py,) T, ' Ts ' M, MMM,
Das Ty T, T Ty ' Ta(pas) T, 1, I,T, ' T.M;
P T, T Ty MMM (par) T, TM M, > M\ M;*
D3 T,'Ts 3T 'T, ' Ty (pas) ToTsM;

D3 T (MM, T Ty (a2) T, ' T,M;M\M;

As follows, we shall explain the computations for the case A, = I, and p, = p, in Table 1. The others

are similar.

Lety =N, ., € I's be a Heisenberg translation. Recall that z,, z, € Z[w], t/ V3 €Z, and the integers

|zi]* + |z2|* and ¢/ /3 have the same parity. One can compute that the depth of Iy(y py) is

dep

Obviously, we have the following.

e Ifdep=0,thenz; =2, =t=0.
e Ifdep=1,then |z;| =|z|=1,1=00r |z;|> + |]* = 1,1 = +/3.

(zi + |2’ + 7
2 .

« Ifdep=3,thenz; =2, =0,r==42v3 or |z;]> + |2.|> = 3, 1 = £/3.
o Ifdep=4,then |z|> + | =4.1=00r 5| = |z| = 1,1 = £2/3.

It is obvious that there are many solutions of N, .,,. Note that M\N., ., M;'=N,. , and
M,N, .,»M;"' = N_,., ., Thus according to Lemma 4.1 and Lemma 4.3, it suffices to consider the

following 12 cases.

. dep =0: N(OA,O,O) =1d.

L] dep = ] . N(l,l,O) = T(;ITITz, N('.O,\/g) = Tz, N(ly(),—\/g) = T(;sz.

e dep=3: Nggrs3 =To, Noo 205 = T(;l’ Noji—wvsy =T T;l» Noi1—w-v3) = TJITI T§l~

e dep=4: Ngowo = T51T32, Na 1200 =T TZT(;ITaz’ Nuioyn=TiT5, Ny 2p3 = T52T| T,.

Finally, for each one of the above cases, we find W(p,.) and W’ such that A;l W-Iyyl, = W', where
W, Wel.. O
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Table 7. Let y =N, ., be a Heisenberg translation. If A,ypy)=W(p.), then
AZ'WA,yA, =W'. The case A, = Ay

Dy 14 W(p.) w’

Po Id Po T5

Do Ty ' T T, ' T\ Tx(po) T, 715!

Po Ty 'Ts ToTy (po) T, T\ T, TAM2M, M

Po Ty T>(po) ToT; ' TuM MM M,
Do T,'T, T, ' T\ T, Tu(po) 3T\ T, T, " MM\ M5!
Do T,'T," P31 7'M,

Do T, T, 'T.T;! T, ' To(p3) T:T,'M;*M M,
Po T(;le T, T&lTl T (ps1) T§T5M1

Po T,T7' T, M M;' M \M,(py,) T,T, ' T;y'M,

Do T, T;" MM, T, Ty(py) T, ' T, Ty My ' M My
Do T T ' Ty ' T, MMM, M2Ty ' Ty(pas) T, T, ' TsM,M,\M;*
Do T, 'T,T;" M2T, ' Ty(pas) .M, MM\ M
Do T,T7'T;! MM; " (py) T, 'T, ' MyM M,
Do Ty T, Ty MMM, T, Ty(pan) T T, ' T; ' To(M M3 )?
Do T, ' T\ Ty M M2M M, Ty T Ty(pas) T T, ' M,M\M,*
Do 2T ;! M M>(ps) T,T, ' T, M, M, M
Pai T;! T,T; ' Ty(po) Ty T, ' M; > M M ?
P31 TJIT27§1 TzMzT(;l(Pm) TJIT4M§

Ds1 T,T,'T;! M M;*(p) M M;'M\M; "M, T}
P32 To_] T, Ts(po) To_lTs_lMl

P32 T,°Ts To(po) T, TsM,

P TOTFIT;I M1M§(p4z) TonleleMle
D T, 'T,T;" M; T, (ps3) T,'T.M MM, M,
P T, 'T,T;! Ty ' Ty(pas) T, ' T,M,M;*M M,
Dai T, Ts MyM\M>(pys) ToTs(M M)

P4 T(;l M2M1M2T52T3T4(P43) M1M§M1M§

P T, MMM M5 Ty Ts(pas) T, TeM2M M,
Par T,T7'T;! T (pa3) 2T, ' TsM MM M,
Pi T;" T, M M2M M5 ' Ty Ts(paz) T, ' TeM3M M
D 1! M\ Ty ' Tu(psy) T, Ty T, TeM My M M?
D T ' Ty MMM M2Ty To(pas) .M\ MM,

Px T,' T, T\ Tx(psr) TeM;M M;

)2 7,15 Pai ToM; M\ M;

D T, 'T,T5" M5'M M2 (pyy) T,T,"

P T1_IT6 T0T4_1(P42) MngMz_]

Ds3 T,' My M M5 Ty (pas) MM\ M,

DPas T, TS MM\ MET, > T5Ty(pas) T, T\ T,M;* MM, *
Das T, T ' Ty MMM M, Ty "' Ty(par) Ty T, Ty ' M My > M\ M2
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Table 8. Let y =N, ., be a Heisenberg translation. If A,(yp,)=W(p.), then
AT'WA,yA, = W'. The case A, = Ay

Pv 14

Po Id
Po Y
Po T\ T,
Po T,

Po T
Po T,
Do TTy!
Po Ty : T,
Do T5'Ts
Po TT,'Ts
Po T,'T,T,
Po ;T
Po T;

Po 15!
Po T]Z T;
Po Ty 'Ts
P31 1d
P31 T,Ts
P31 Ty 1T3
P31 Té Ty 'Ts
P T,'T.T,
D3 T,'T;
P Té Ty 'Ts
P4 Ty 'T;
Dai T, 'T\Ts
P Id
P T,Ts
Par TS N 'Ts
Pa T, 'T;
P2 Id
D Ty
P43 Ty 'T;
P T
P43 Ty 1T1 T;
P43 Id
Pa3 5!
Pa3 T5'T;'Ts
P43 Ty :

Wp.)
To(po)

T\ T>(po)
T\ T5(po)

Ty T\ T, (po)
T>(po)
T,'T\T»(px)

Px»

Tr(ps1)
MM; " (p3)

M\ M5T,(ps)
M;lM,Mz(p@)
MMy "M M, Ty ' Ty(pa)
M\ M»(p43)
MM \M3T (pso)
MMM, T; T3 Ty (pao)
M \M,T; ' Ty(pa3)
Ts(po)
ToTs(po)

M M T, Ty (pa2)
MM, T,T,(ps2)
Ty, Ty ' Ta(po)

M\ M;(ps3)
MM T T, (pan)
M\ M5 (pas)
MM M, Ty(ps)
MM MET, T3 Ty (pan)
MMM (psr)

T, (ps2)
M1M51M|M§T4(P42)
MM M, To(p.2)
MoM ML T, T Ty(pao)
MMM M, T; ' Ty(pa)
T ' T3 (pss)

T MM M, T; Ty(pso)
T, ' T\ To(par)

Pa
MleMEZ(P43)

Ty ' ToTy(pas)

W
Ts
1!
2T\ T,T, MM M,
T,'T,T:M5>M\M,

T\ T, 'T;T, (MM, ')?
Ty ' ToM,
ToT, ' M,

T2T,'T,Ty ' T.M2M M?
T.M,M M,

T, 'T,'M3M,
T, 'T,T,
T,T, ' MiM, M
Ty T M MM
T, T, T, ' M, M2M\ M
T T, ' Ty ' TeM MM M
T2T,'TsM; ' MM,
T:'M,

Ty TeM,

T, ' T, Ty ' MyM M
T, T, T, MM, M;*
T\ T, ' TsT,  M2M, M?
Ty ' TuM,M\M,
1,75 ' T, ' MM,

T,' T.M3M, M
T, (M,M3)*

Ty *TeM MM\ M,
Ty TeM My > MM, *
T, ' T, ' M, M2M\ M5!
2T, ' T, ' M MM M5
M;'M\M;!

T, 'M;'M\M;!
2T, TsM\M5°M\M5*
T,T*T, ' MM M, ?
T, ' TeM MM M5!
T, TsM3:M, M
M3M,\ M3
T,
M;*MM,
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Table 9. Let y =Ny, ., be a Heisenberg translation and M € (M,, M,). If A,(yMp,) = W(p,.), then
AZ'WTA,yMA, = W'. The case A, = Ay, and p, = py,

M 4 Wp.) w
M, Ty T3 ' TiM, Ty (psy) M; MM, T} T, T,
T, T,T; ' (ps,) M,M\M;*M, T, T,
M; T, (M M) Ty Ts(pan) MM MM\ T, T, T,
T, 'Ts (M M2)*T,*T,T5(pa3) MM \M;'M\T,
T,T," (MM, )Ty (pas) M;'M MM, T;
TT,'T;" (M\M,)* Ty ' Ty(psy) MM MM\ T, T
M3 (e Ty ' T\ T5(po) M;*M MM, TST T,
ToT,'T,'T; M T M, T3 (po) MM MM, T, T}
T.T;'T! (M M) Ty Ty(pan) MMM M\ T, T,
M3 T,T,' T, Ty T, Ty (po) MM\ M3T\ T, T?T,"!
T, Ty ' T* T Ty (po) MM\ MET, T, T,
T,'T," T2T'T;  (po) MM M2T,T;'T,
T,T;'T,? T.T," (po) M2M M5 T T3 ' T?
MMM, T, T,'T\(ps)) MMM, 'T, T
T;T," Ty ' T\ Ts(par) MM M2TS ' TS T,
M,M M T;! T.T; ' (ps) MM\ T,T,
T, T:T," T, ' T\ Tx(ps1) MM\ T;'T;T,
MMM} T;! T,T; " (po) MM, MiT, T, T,
T\7T," T, ' T\ Tx(po) MoM\MT; ' T,
MM\ M; T:T,' T, (MM, TsT; ' To(pas) (M3M,)*T;s
T'T;°T? MM M5 ML T, T (pan) M;*M MM, T;T,T,' T\ T,
T;'T, (M M)’ T3> Ty T, T+(pa3) T;
T,'T,'T,'T, T, T\ M MM, Ty ' M2T,(pas) (M2M\)*T; ' T,
;' T, T, T, Ty ' T,T\M My M M2TS T (pay) MM MM\ T:T T, T, T,
T,'T;! M M;*M\M,(ps,) M5'M MM\ T, T\ T, T, *
T7T," T, ' T\M MM M (pas) (M2M )T} ' T,
T,T;'T,! M ,M,M M3 (p.y) M MMM\ T, T,
T;! Goo MM\ M T,
MM\ M; ;T T\ T5(po) MM\ TS T, ' T,
T;! ToT>T5 ' (po) MM\ T,T,
MMM, T," T, T, (p3) M, M:T, T,
T,T,T,* Ty T Tu(ps)) M MT,T;'T,
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Table 9. Continued

MM\ M T,'T\T," Ty ' Ty (M, M) (ps3) M M;*M M, T, TT, T,
T,T\T,” Ty ToM\MyM M3 T;(py3) M;'"M\M2T,TT\ T,
T\ T,T,T,* Ty ' T\ Ts(pso) MM MM\ T; ' T,
1d (M \M>)*(ps») MMM,
T, 2T ' T, (pa) MM MM, T5T, T, >
T\ T,' T, Ty (pay) M;°M MM\ T,
T, T;T," Ty ' Ti(M M5 (pas) M,M\M;*M, T, 'T,
M2M,M? T.T;'T," T, (o) M;'MMM, T, T TS T,
T.T,T,* T, T, T Ts(po) M2M My ML TST ' T,
T;! TXT, ' Ty (o) MM MG ML T, T Ty
T," Ty ' T, Ty (po) M;'M\M2M\ T, ' T, 'T,,
M2M M} T.T,'T," ToT, ' T\ (po) MM\ T, T, 'T,
T;' T,T4(po) MM\ T;T\T,"
M2M\ M3 T,'T' T, T, T\ M, MM, My(p.,) M2M\M2T,T-T,"
T;'T,T;" Ty T T/(M M2Y () MMM T,
T;! T.M MM, M3 (p.y) M;'M M
T;'T) (MM ') (pao) MM M, T,

Table 10. Let y = N, ., be a Heisenberg translation and M € (M, M,). If A.(y Mp,) = W(p.), then
AT'WA,yMA, = W'. The case A, = Ay and p, = py

M 4 Wp.) w
MMM, ;! T, T\(po) MMM, T, T, T,
T,T," Ty T, Tu(po) M;*M M, T,T;"
MM\ M? T,'T\T," T\ Ty (po) MM MM\ T, TAT T,
T, T.T,* Ty ' T2 T\ Ty (po) M;'M\M2M\ T, T, 'T,
T, 2T, T, (po) M;'M MM TS T T
T,'T, Ty ' T, Ts(po) MMM M\ T ' T ' T,
MM\ M ', Pai T,T;
T, T, 7' T, ToTy " (pa) MM M;' M\ T, T, T,
T.T;'T;" T, T\ MMEM M5 (pas) M, M:T
LT,'T;'T," ToT, ' (ps2) M;'M MM, T5T, Ty !
T\T,T,'T,* T\ T, T, M, *M My ' M, (ps,) T,'T,
T;,'T,T," Ty ' ToM;* M My M (pys) MM\ T,
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Table 10. Continued

T,T\T,? Ty ' T\ To(par) Ty
T," MMM\ M5 *(psy) (MM’ T;T,T,T,?
T\T;' T, 2T, ' T, T (ps) My MMM\ T, T, ' TS T,
MM, M3 TT,'T,'T,' T,'T,(p3) MM M;*T'T,T,
T;! T, T, T (ps2) MM M;*T, T,
MMM, ;' T\ T;" T, ' T,T\ MMM, M3 (ps») MM\ MM\ T, T;T, T,
T,’T;! T5 ' Ty (M M3 (pa3) (MM’ T, T, 5T,
T,'T, T, T\ .M\ MM M, (p.y) MM\ MM\ T, ' T,
T T T Ty ' T,(M M3 (pss) (M3M\)°T ' T,
T,'T,T\T,° o ' Ti(MM3Y (pss) (MM T\ T T3
T,'T;" M MM\ M5 (psr) MM M5 ' ML TS T, TS T,
(Y Ty ' (M M3 ) (ps) (MM’ T, 'T,
T,'T'T, M, MM\ M,(p,,) M2M MM T T,
T, G MM M;*T,
MiM\M? T,'T\T," ToT>T5 ' (po) M\ MT; ' TsT,
iy T T5(po) M, M:T,T,T;"'
MiM M T, 'T\T;' T, T,T;" (p3) MM M, T; ' Ts T,
T, TJITln(Pn) MMM, T,T,
MM, M T, °T;'T, T\T;" (par) M5 M\ M2T] T, T,
T, Ty ' T\ Ty(par) MM \M;'T,T,
MM, M; T, Ty T T3(p3) MM TT,
T T T ;' To(ps) MMT, ' T3 T,
MMM, T,'T,! T, Ty (po) MMT,T'T,
T ToT\ T, (po) M MT;T, T,
MM, M? T\ T\ T, ' T;" M\ MyM M5 (pa) MM M2T, TS,
T,'T\T;" Ty T Ty(M M2 (par) M;>M M, T,
M3M\M? T,'T;," (M\M3)*(pa2) MM \M3T,
T, T\ M, MM, M,(ps,) MM\ M3
M3M\ M3 T, Ty T Ty(ps)) MM\ T;T\T,"'
T,'T;°T, ' T, T,'Ti(ps) MM\ T, T, ' T,

https://doi.org/10.1017/S0017089523000186 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089523000186

644 Jieyan Wang and Baohua Xie

Table 10. Continued

MEM, M5 T,'T,'T, Ty 'T\(M M3’ (pas)
T T2, ' T2 T ' T ()
T;'T;'T;'T, 75" Ti(par)
T, Ty ' T T5(pao)
T2 ' T, ' Ty T5 ' Ti(M, M) ()
T\ T T T5,' T, (M M) (pa2)
T,'T;'T, 75 ' T\ To(M,M3) (o)

MM MM\ T, T, T5T, "
M,M MM\ T;'T,
(MM, )*Ts
MM MM\ T, T\ T,
MM MM\ T;' T,
MM M T T, T,
MMM,

Table 11. Let y = N, ., be a Heisenberg translation and M € (M, M,). If A.(y Mp,) = W(p,), then

AT'WA,yMA, =W'. The case A, = Ay, and p, = pa;

M Y W(p.) w
M, T," Ty Ty Ts(po) T;!
T,T;'T;! T.T5 "' (po) T, 2T, T
M3 TI'T;! ToT7 ' T3 (po) T, ' TiT. My MM,
T\ T, Ty T, " (po) Ty Ty ' TuMyM M,
T," Ty Ty Ty(po) T,T, ' T, MyM M,
T,°T, T, ' T?T,T5(po) T T T MM M ?
M T,°T, Ty ' Ty To(par) T,T;' MMM,
T,°T,T;" T\M2M M5 ' Ty Ts(pay) .1, T, ' M\M2M\ M
T,'T," MM M2Ty To(pas) M, 'M\M;!
Ty ' T ' T, Par T.M?M M’
T7'T,! MM M5 (par) ToT Ty ' M My M, M?
Ty T, Ty(pa) T, ' TsM>M M,
7' T, Ty M2M M Ty Ty (pas) T,T; ' M2M,M?
T,'T ' T, Ty ' Ts(psy) Ty T\ TeM; MM,
T,'TI,T;! ToM5 "M M2Ty  Ty(pay) T, T, T, ' MM2M\ M5!
T, T,' Ty M5'M M2 (py) T,15 ' Ty ' M, M5 M\ M
M 7T, T, T\ Ts(ps) T2Ty ' Ts(M,M3)?
T, Ts T.T; ' (ps) Ty(M\M3)
M,M\ M, T, oo M,M\ M,
T,°T, T\ MyM M, T, T (pa3) MM, M>
T,°T, T, T\ M5 MM, Ty (pas) T, ' T.M>M M
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Table 11. Continued

645

T,T,'T;! MM MET, ' Ts(pas) T ' T, T,M; > MM,
T MM M5 (pa) Ty TsT; MyM M,
MM, M T,°T, ToTT; ' (po) ToT; ' TsM>M, M?
T, T\T5(po) ToT, ' M2M,  M?
M,M,M; T," Ty ' T\ Ts(p) ToTy'M,
T, T, T;" LTy (p3) T, T:T' M,
MMM} T, T, T\T; (pa) 2T, ' T; ' MyM M,
T,” T, T (psr) T,T;'M;> M, M;*
T," Ty ' T\ Ts(par) T,TsM;* M, M;*
Ty'T;'T, Ty T Tu(pay) T ' T,M, MM,
MM, M; T, Ty ' T\ Ts(ps1) T, T, ' M2M, M?
2T T;? T; ' (ps1) T,T; ' TsM2M M
MMM, T," T,T.(po) T,T, ' M2M, M?
T,°T, T,T\ T, (po) T,T; ' TsM2M M3
MM\ M? T,°T, MM M, Ty Ty(pas) T,T, ' Ts(M,M?2)?
Ty M;'M\M; ' (pi) (M\M3)
M2M\M? T, T, T\T, ' (p31) T,M; ' M\ M;"
T,'T,T;'T, Ty ' T, Ty(ps1) T, ' TeM, ' M M,
MM\ M; T,°T, Ty T T3 () T, (M, M3)?
T, ' Ty ' Ty LT 'T, (po) Ty
T, T T\ MoM M, Ty (pas) T,T; ' TsMiM M
T, MMM, T, Ty(pss) T ' TeMy ' M M2
T T, ' T,T;? T.M,M M, T, " (ps3) T,'M,
T7'TI,T;! Ty ' To(pay) MMM,
T, 'T,T;" MM M, T, > TsTy(psy) T, ' T,T; ' M3
7' TI,T;'T, MM M T, Ts(psy) 2T, ' T, M5 ' M M?
T,'T,T;'T, Ty ' Ty Ty(pan) T, T, ' T,
T ' T T T (pa) ToT, ' Ts(M\M3)
T, T, ' T, M>M, M,(ps,) T,T;'T; ' M;
T, Ty Ty (par) T,T\ T, ' TsT; ' M, MM,
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Table 12. Let y =N, ., be a Heisenberg translation and M € (M, M>). If A,(y Mp,) = W(p.), then
AT'WA,yMA, = W'. The case A, = Ay and p, = pas

M 4 Wp.) w
MMM, T,°T,T;" T\T," (ps) T, T, T ' M,
T, Ty ' Ty Ty(ps) T, T, ' M,
MM\ M T, T, MM MT, T Ty(pas) (M\M,)?
T, ' I.T5 " MM M, T; ' Ts(par) T, ' T, (M M,)?
T,° T\ T, My MM T, (pgs) Ty T, T, (M M;*)?
M3M\ M T,°Ts T\T, " (po) T, ' T,MM,M;
Ty ' T,T; T, ' T, T, (po) ToT, ' TsM;M\M;
MiM\M; T, ' T,T;" T, T\ T*T.(po) T3T'T,° T, (M\M,)?
7' T,T;! T, ' T, T5(po) T, T\ Ty (M, M, ?)?
Ty ' T ' T 2T, ' T, (po) Ty ' T, Ty(M M,)?
T, T, T,T; ' (po) Ty T, T5(M M;*)?
MiM\M, Ty Ts T, Ty (par) TXT'T; ' MMM,
Ty T T, Ty T Ts(pay) T, ' T:M, MM,
T,” T\ T, (pa1) T\T,'M,*M,M,>
T Ty T Ty(pay) T,T,M;*MM;>
MiM\M? T, T, T,T; "' (ps1) T\M, ' MM’
Ty T TS T, Ty T Ts(psy) T ' ToM; ' MM
M3;M\M; Ty T, Ty (po) Ty ' TsM3M M,
T,'T\T,' T, ' Ti Ts(po) T,T; ' TsM3M\M;
MMM T,'\T, T, T\ My ' MM; ' Ty (pas) T, T, T, M; MM,
T,°T\ T, T\ MM\ M, T, > Ty(pas) T, T, MMM,
Ty ' T ' T MMM, *(ps,) T,'M;*M\M,*
T7'T;'T, MM MET, Ty (pas) T, ' T,MM M ?
T, Ts G T,'T\T,M;*M M,
MiM\M; T, T, ToT>T;5 ' (po) T, M;'M, M’
5T 'T, T,T5(py) 12T, T ' My MM
MMM, T, T, T, Tu(ps1) T,T, ' M2M,M?
3T, 'T,? T.T; (ps1) ToT; TsM2M,M?
MM M? Y e 315 ' T, (i) T,T; ' Ts(M, M)
T,T,'T," MM\ M,(ps,) T, T, T, 'M,M3M,
T, Ty ' To(pay) T, T, I,T; ' T.M;
T, M,M\M;>T, ' Ts(psy) T, TeM2M M
T,'T\ T, MM M, Ty TsTy(pan) T,'T\T, "M, MM,
T, 'T\T:T," Ty ' T\ T(ps) T,'T; ' Ty
Ty Ts T.M,M M, T, (pa3) ToT; ' TsMiM\ M;
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Table 12. Continued

T\T,'T:T," M*M ML T, Ty(pan) 2T\ T, " MMM
T, 7;'T;" T T (pay) M;
Ty ' T, ' T T2T7'T;  (pan) T,
T,T\T;'T;? T\MM M, T, (ps3) T,'M,
T,°T, Ty ' ToTi(ps) T, (MM3)*
M3M\M; T, T, ' Ts 2T, ' Ty (po) Ty T, T;(M\M,)?
N1,y Ty Ty Tu(po) T, 'TT, (MM,
Ty Ts T,T; " (po) Ty ' T\ Ty(M M)
T,'TT,! T ' TP, T5(po) LT7T, T (M M)
MEM,\ M3 Ty T, To T, T, ' (po) T,M;' M M;*
Ty T, ' T T,T4(po) T, ' TeM, ' M, M,
MM\ M3 75T, ' Ts MM ML T T3 (pas) Ty (M M; ')’
T,°T;" M;' MM (pir) I, 'T5!
Ty Ts MM MET, T3 Ty (pan) (M, M3)?

Table 13. Let y = N, ., be a Heisenberg translation and M € (M, M,). If A.(y Mp,,) = W(p.), then
A'W'A,yMA, = W'. The case A, = Ay and p, = ps,

M Y W(p.) W’
M? T, 'T,T, ToT; ' (p31) T, T\ T, (M, M3)?
ToTs Ty ' T\ T T5(ps1) TT,'T; (M M3 )
M3 T,'T, MoM M5 (pys) T, T, ' TsM MMM
Id M3Ty(ps) T T MM M;?
T7'T, M M3T,(ps,) T3T,'T,°"M MMM,
T, ' T-T; MM M, Ty Ty(pas) T,'T\T,M;' M, M?
TT,'Ts T,M,M M, T, Ty(pan) T T, ' T; ' To(M M3
T7'T,T, M;2M M, (ps3) ;M MM\ M;*
T, T.T;" P T2T, ' T, ' M5 > MM,
ToTs Ty ' T\ Ts(pss) T,M2M\M?
T, 'T2TT, Ty ' Ty Ty(pas) ToT, ' M; ' M, M
T, T, T To(pay) T,T;M;*M, M,
T.T, MM M, Ty Ty(pas) T, TsM, ' M, M?
2T, T\(M\M)* Ty ' Tu(psy) TXT'T;'M,
M T, ' T, T3(po) T, T\ T,T; ' M2M,M?
T, T, T,T5 " (po) TsM2M\ M
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Table 13. Continued

T, ' T, T, T2T4(po) T3T,°T, ' M5 MM
1d 2T, T, T, (po) T, T, T, M; ' MM,
M; Id T2Ty (o) T\T;
I,'Ts 3T, ' Ts(po) T,T; ' T,
MMM, T,T," MM, M,(p43) T,T;"
ToT, ' Ts MM\ M5 Ty Ta(pas) .MM, "'M,M?
ToTs MM M, T, > TsTy(pys) ToTs
MM\ M? ToTs Ty ' T\ T, Ty(po) Ty ' T.M,M\M,
T,T, ' Ts ToT; ' (po) 1,1, T, ' MyM\M,
MM, M ToT; ' Ts T3(po) ToTy ' (M\M; ')
ToTs T2T.(po) T,T,\T, T, (M, M?)?
TT;'Ts T\ T,T; " (po) T T (M M )?
T,'T\T, T2T. T, T, ' (po) T2Ty(M,M2)?
MMM T,'T, M3 MM (pss) T, M, MM,
T,'TI,T, T5(par) T, 1T, ' M
T,'T,T? M\ Ty ' Ts(pas) T,1,T; ' MiM\M;
1d MM\ M3Ts(par) T, ' T MM\ M:
T,'T, MM\ MET(pan) T,T,'M,
T;'T\T, Ti(ps1) ToM;
ToT, ' Ts Ty ' Ts(pas) T,T,
T,T;'T, ToTy ' (Pa3) T,'T\T?T,
T, 'Ts MM MET, T3 Tu(pas) T:M;
T, T ToM; ' MM (ps) T ToMIM M}
T,'T\T,T? T\ M5 ' M M5 (ps,) T,T,'M,
T, ToT, (pss) T, T,(M, M3y
MM\ M; T,'T,T? T2T; ' Ts(ps) ToT; ' TeM, > M M,
1d ToT; ' (p3) T,T, ' M;*M\M;>
MMM, T, T, T, ToT5 ' (po) ToT; ' TsMyM M,
ToTs T3T, ' Ts(po) Ty ' Ty\M,M\ M,
M2M, M> T,T;'Ts MM M5 (pa) T\ TsM2M M?
T3T,'Ts T,M, M, M,(ps,) T, T, T; ' M; ' M, M?
T.Ts MM M, T, Ty(pas) T.M,
T,T,Ts T\ MM M5 ' Ty ' T (pa) T T,M; MM
T,Ts oo T\ T,M>M,M?
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Table 14. Let y = N, ., be a Heisenberg translation and M € (M, M,). If A,(y Mp,,) = W(p.), then
AT'WA,yMA, = W'. The case A, = Ay and p, = py

M Y Wp.) w
MM\ M; T,Ts T3T, ' Ts(po) 2T, ' Ty ' MM M3
T2T;'Ts 73Ty (po) T, T\ T, MM, M;
M2M\ M T,Ts T3T, ' Ts(ps) T\ MM, M,
T,T;'T, ToT5 ' (p) T2T,T; ' MyM\ M,
MM\ M; ToTs TT, ' Ts(pa) T,M; M, M;*
T, T, ' T,T; ' T, ToT5 ' (par) T.T:'M;' M M5!
T2T? T2Ty ' Ts(pay) T3Ty ' TsM2M, M?
Id ToT, ' (par) T, T, ' M2M, M?
MMM, T, T, Ty TT' T, T5 ' (po) T2Ty(M,M2)?
T2T; ' T, T\ T, T, (po) T T Ty(M MY
ToTs5 T7Ts(po) T, T, 'T,T; (M, M;)*
M3M,M? ToTs T3T; ' Ts(po) 2T, ' T, ' MiM,\ M
T, 'Ts ToT, ' (po) T, 0Ty MM M3
MM\ M TT,'T; M2M\M; ' Ts(pay) 3T, T, MMM M,
ToTs MM M, Ty TsTy(pan) Ty ' To(M M2y
T, T\ T, MM M, Ty(ps») Ty ' T\ T.(M, M2)?
MiM\M; Id T,T, ' (ps1) T,T,M,
T, Ty ' T\ T, Tu(ps) T,T, 'T;:M,
MMM, T, ' Ts M, ' MM, (pas) T:M;
Ty T\ Ts T,(ps)) T,T;' .M, MM,
T,'T\T? Ty Ts(pas) T,T,T; (M, M3)?
T,T;" M2M\M2T;(p.y) T,T,'M,
T\T:T," ToT, ' (p43) T, ' T, T;T?
Id MIM\MET,(psr) T, ' TeMIM M
T,'TI,T; To(par) ToM\M3M,
T3T,'Ts M2MMAT, ' T3 Ty (pas) .M\ MM,
Ty ' T\ T, T T,M; ' MM (ps,) T,T'M,
T, T,T;" Ty ' Ty(pas) T,T,
T, T T\M;' MM (ps) T, ' TeMIM M
T, ToT; ' (p43) T\ T;(M,M;)?
MM, M? T\ T:T;" ToT; ' (p) T2T,T; ' MyM\ M,
ToTs T2T; ' Ts(ps) T.M,M, M,
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Table 14. Continued

MMM 1d MM My (pss) (M, M3)?
T, MMM, ' Ty ' Ts(pas) T\M MM M;"
T,\T, MM M, T T3 Ty(pas) T\ T,(M,M3)*
MiM\M; T, T2T; ' Ts(po) T, ' TeM, > MM,
1d ToT; ' (po) T, ' M;*M\M;?
MMM, Id ToTy ' (ps) T,T7 ' M;>M M
T,'T\T? T3T,'Ts(p3) Ty T, TeM; M M2
MM, M> T,T,T; ' TsT;! ToT; " (par) T3 T T My MM
T,Ts T2T; ' Ts(pa) T,M;' M, M;*
T°T? 2T, Ts(par) T3T, ' TsM2M M2
1d ToT5 " (par) T,T; ' M2M, M?
MM\ M; Id ToTs ' (ps1) T,T:M,
T?T, T2T, ' Ts(ps) T T, ' T,M,
MM\ M; T T5T; ' Ts(po) Ty ' TeM;* M M5?
1d ToT5 ' (po) Ty 'My* M My
MM\ M; Id Goo ToM; ' M M;!
T M5 M M2 (py3) T T M MM
T,'T; MM M T, Ts(pss) T,T; ' MM, M
T,T;' T, MM, M,(ps,) 2T, ' T, ' M5 '\ M M
T, T\M2M M5 ' Ty Ts(pas) T,T,M>M,M?

Table 15. Let y = N, ., be a Heisenberg translation and M € (M,, M,). If A,(y Mp,) = W(p,), then
A'WA,yMA, = W'. The case A, = Ay and p, = pa;

M Y Wp.) w
M, Ty Ty(po) I TV T MoM My
T 'Ts T2T,(po) T,T;,' T, M > MM,
T,'T, T:T\T,'T, ' (po) T, 'T?T,M5*M\M,
T, 'T,T, T\ T.T; ' (po) T, ' TsM MM,
M T, T, T, 275 (po) T\M\M;"' M, M?
T 'Ts T\ T>T5(po) ToT; ' Ty ' TM M, ' MM,
M; T 'Ts MM M, Ty TsTy(pan) T TM; M M,
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Table 15. Continued

T,>T,T; M2M M5 ' Ts(pay) T,'Ts'M,
T,'T, MM M, Ty(ps») T, ' T.M, > M, M,
T, T T, M5'"M\M?T,(p.y) MM\ M;
M3 T T)T5 ' (ps1) T\ T5T; M, M2M, M5!
T, T\ T,y TT,'Ts(ps) T, 7'M, MM M
MMM, T, M5 "M M5 (pa3) T T, (M, M2)?
T,'Ts Ti(pa) T,Ty (MM, ')
T, T, ' Ts T Ty ' Ta(pas) T, Ty ' T.M M5 M, M?
Ts MM MET, TS Ty (pas) (M M;")?
Ty '\ T, T ToM; ' M\M; (ps) T, T, T, M2M M
T, ' T, M2M\M2T5(p.y) T,1, ' T; ' M2M\ M
T,' T\ Ty ToT, ' (pa3) T,T,T; "M\ MM\ M5
M,M,M? T,'T\T, ToT; ' (p3) T,MM,
T,'T,Ts T2T; ' Ts(px) T, T, T, Ty ' MM,
MM M} T, T, MM, M,(ps3) Ty ' T.M M5 ' M M?
T,'T,T, M;'"MM2Ty ' Ty(pas) (M, M,)?
T, T\ T, M2M\M; ' Ty Ty (pas) T, ' T\ T,(M, M%)
T2T; ' T MMM, T; (pas) T2Ty TsM M5 ' M, M?
MM\ M; T,'T, ToT; ' (po) Ty T\ 15 ' TsM M
T,'T,T, T2T; ' Ts(po) T,'M\M;
MMM, T, ' T, T, ToT;5 ' (px) TsM, M
T, ' TsTs T2T, ' Ts(pz) T, T, ' T, "M\ M}
MM\ M? T\TT; 2T, Ts(par) T, T, T:M5 MM,
T,'T\T; Ty T, (par) 2T, ' T; ' MyM M
M2M\M: T,'T,T, ToT5 ' (p31) T\M>M\M;"
T,T,Ts T2T, ' Ts(ps) T,T;'T; ' T.M2M\ M,
MM\ M; T3T5'Ts ToT; ' Ts(po) T, 'T;'M\M;
T,'T,T, ToT5 ' (po) Ty ' T;M M3
MM\ M; T\ T T, T, My "M M2(py3) T, ' T,M,M\M;*
T 'T; MM M Ty Ts(pas) M;'M,M?
T,'T, MM M5 (pas) T,T; ;MM\ M5
T,'T, T, MM, M,(ps,) T, 'M;*M\M;*
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Table 15. Continued

T,'T,T? M *M ML T, Ty(pas) 5T, ' M5 ' MM
T,'T2T, M "M M2Ty  Ty(pas) Ty ' TsM, > MM,
T,T;'T, T\ MM, M,(p4,) T, T T MMM,
T2T'Ts T\ MMM, ' Ty ' Ts(pa3) T, ' T, T,M; > MM,
T,'T,T, Goo T,\M,M\M,*
MM, M? T,'T\T; ToT, ' (p31) T,M; ' M, M>
ToT»Ts T3T; ' Ts(pa) T, 15 ' TsT, '\ My ' M M2

Table 16. Let y = N, ., be a Heisenberg translation and M € (M, M,). If A.(y Mp,) = W(p,), then
A'W'A,yMA, = W'. The case A, = Ay; and p, = pa;

M % W(p.) w’
MMM} T,'T\T; M>M M5 (pas) T,T, T, MMM
T,'T, M3T,(p) T, (M\M;)
T,'T\T, Ty ' T\ To(par) 1d
T2T,'Ts MM\ M, T, ' Tx(ps3) Ty ' T,(M,M,)?
T, 'T?T,T; T, MM M, T, Ty(par) 2T ' T MMM,
T,Ts Pai 515!
ToT,Ts Ty T\ Ts(pas) T ToM MM M2
MM\ M} T2T;'Ts T>T;(po) 2T T, T, ' M MM M5
T,'T\T, T\ T.T, " (po) T, T, T, M MM M,
T,'T, T2, T, T; ' (po) T, ' T\ TsM MM M
T,' T, T, T,(po) T,T,'M\M;*M\M,
M3M M3 T, 'T,T, T3T; ' Ts(po) 1,75 ' MM, M,
T;'T, 13T, (po) T,T; ' T,M>M M
MMM, T,'T, MM, M, (p43) T, ' TsM \M*M, M
T, ' T\ Ts MM\ M5 Ty Ta(pas) (M, M,)?
T, T, T, MM M2Ty ' Tu(pas) Ty T\ Ty (M, M;?)?
2T, 'Ts MM M, T, > TsTy(pys) 2T, TsM MM, M,
MMM LT, 'Ts T2T5 T(po) T, 'T.T MM,
T,'T\T, ToT; ' (po) Ty ' TLMM,
MM M T, T, T, T5(po) T,T, ' M, M,M\M,*
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Table 16. Continued

T,'T, T2 T5' T, (po) T, T, T, M MMM,
T, T\ T, T, T,T; " (po) Ty ' T TsM MMM, ?
T2T,'T; T2T,(po) TXT,\ T, T, ' M\ M, > M\ M,
MM M, T, My MM (pas) (MM,
T;! MM M2T,(pa2) T, T, ' T, ' M2M M5!
T,'T, T\(ps1) Ty(M\ M3y
T, T, Ty Ty ' Ts(ps3) .M, M*M,M;"
T.T;' ToT; ' (pss) T, T\ T2M\M>M M5!
T,'T\T, MM MET  T5 Ty (pas) T, T, (M, M?2)?
T2T; ' T, .My MM, (py) Ty T Ty M5 M M3
MM\ M; T;! T, (px) T\T, ' TsM\ M}
T, ' T,T, T2Ty ' Ts(ps) T,T,'M,\M;
MMM, T,'T, ToT5 ' (po) Ty T T T, MM,
T T, T2T, ' Ts(po) Ty MM,
MEM\M? T,'T\ T, Gso T,M;*M M,
T,'T\T, ' Ty MM M5 (pu3) T, TsM; MM,
T,'Ts M;*M ML T, ' Ty(pas) MM M5!
T, 'Ts M5 "M M3 (py3) T T, T, M;* M\ M,
T,'T, T, MM, M,(ps,) T,'M;*M\M;*>
T,'T,\T? MoM M Ty Ts(pas) T, ' T,M2M\ M,
T,'TT, T\M2M M5 ' Ty Ts(pas) Ty ' .MM\ M
T, T;T;" T MM M, (ps) Ty ' T, T MM M,
T2T,'T; ToM, ' M M2 T, ' Tu(pa) T,T, ' T;sM, M, M,*
M3M\M; T,'T, T2T; (po) T\T:T, ' M, ' M, M?
T,'T\T, T3T, ' Ts(po) ToT, ' My ' M\ M?
MEM, M} Ty T, Ty T2T, ' Ts(p3) T,T;' MM,
T, ToTy ' (p32) T\ T, T.M3M,
MM\M; T,T7'T;! ToTs ' (par) T,T; ' T; ' MM M5
Ty T, Ty 2T, Ts(par) T, T;M,M, M;?
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Remark 4.5. One can see that A31 = (TOIO)72(M1M;)2, A32 = (To[o)z(MlM;)z, and A41 = (T010)3 frOm
Table 1. From Tables 7 to 8, one can obtain that A, = I,Tsly and Ay = TolyTely, here Ts = T, T, T, T5 T,
Te=TT;'T,".

Remark 4.6. In fact, ' has a presentation with 15 generators and 591 relations. One can simplify the
presentation in GAP(via the command IsomorphismSimplifiedFpGroup) to get a new presentation
with 4 generators and 511 relations. The details of this presentation are available there [15].

From the presentation of I", we get the following useful information by using GAP.

Corollary 4.7. The abelianization I'" of T is Z/277.

Acknowledgement. The authors are grateful to Prof. John Parker for his valuable comments and suggestions. The authors would
like to thank the anonymous referee, whose constructive suggestions helped improving earlier versions of the manuscript. This
work was supported by NSFC (No.11701165, No.11871202, No.12271148).

References

[1] P. M. Cohn, On the structure of the GL; of a ring, Inst. Hautes Etudes Sci. Publ. Math. 30 (1966), 5-53.
[2] P. M. Cohn, A presentation of SL, for Euclidean imaginary quadratic number fields, Mathematika 15 (1968), 156—163.
[3] E. Falbel, G. Francsics, P. D. Lax and J. R. Parker, Generators of a Picard modular group in two complex dimensions,
Proc. Am. Math. Soc. 139(7) (2011), 2439-2447.
E. Falbel, G. Francsics and J. R. Parker, The geometry of the Gauss-Picard modular group, Math. Ann. 349(2) (2011),
459-508.
[5] E.Falbel and J. R. Parker, The geometry of the Eisenstein-Picard modular group, Duke Math. J. 131(2) (2006), 249-289.
[6] W. M. Goldman, Complex hyperbolic geometry, Oxford Mathematical Monographs (Oxford University Press, Oxford,
New York, 1999).
[71 A.M. Macbeath, Groups of homeomorphisms of a simply connected space, Ann. Math. 79 (1964), 473-488.
[8] A.Mark and J. Paupert, Presentations for cusped arithmetic hyperbolic lattices, 2018, arXiv:1709.06691.
[9] J. R. Parker, Notes on complex hyperbolic geometry (2015). Available at: https://www.maths.dur.ac.uk/users/j.r.parker/
img/NCHG.pdf.
[10] J.R.Parker, On the volumes of cusped, complex hyperbolic manifolds and orbifolds, Duke Math. J. 94(3) (1998), 433-464.
[11] D. Polletta, Presentations for the Euclidean Picard modular groups, Geom. Dedicata 210(1) (2021), 1-26.
[12] M. Stover, Volumes of Picard modular surfaces, Proc. Am. Math. Soc. 139(9) (2011), 3045-3056.
[13] R. G. Swan, Generators and relations for certain special linear groups, Adv. Math. 6(1) (1971), 1-77.
[14] J. Wang, Y. Xiao and B. Xie, Generators of the Eisenstein-Picard modular group, J. Aust. Math. Soc. 91(3) (2011),
421-429.
[15] J. Wang and B. Xie, Generators and relations of the Eisenstein-Picard modular group in three complex dimensions (2022).
Available at: https://github.com/Jieyanwang/Presentation-Eisenstein-Picard-Modular-Group.git.
[16] B. Xie, Generators of the sister of Euclidean Picard modular groups, Math. Z. 286(1-2) (2017), 521-543.
[17] B. Xie, J. Wang and Y. Jiang, Generators of the Eisenstein-Picard modular group in three complex dimensions, Glasg.
Math. J. 55(3) (2013), 645-654.
[18] B. Xie, J. Wang and Y. Jiang, Generators of the Gauss-Picard modular group in three complex dimensions, Pacific J.
Math. 273(1) (2015), 197-211.
[19] T. Zhao, A minimal volume arithmetic cusped complex hyperbolic orbifold, Math. Proc. Cambridge Philos. Soc. 150(2)
(2011), 313-342.
[20] T. Zhao, Generators for the Euclidean Picard modular groups, Trans. Am. Math. Soc. 364(6) (2012), 3241-3263.

[4

=

https://doi.org/10.1017/S0017089523000186 Published online by Cambridge University Press


https://arxiv.org/abs/arXiv:1709.06691
https://www.maths.dur.ac.uk/users/j.r.parker/img/NCHG.pdf
https://www.maths.dur.ac.uk/users/j.r.parker/img/NCHG.pdf
https://github.com/Jieyanwang/Presentation-Eisenstein-Picard-Modular-Group.git
https://doi.org/10.1017/S0017089523000186

	Introduction
	Background
	Complex hyperbolic space and its isometry group
	Picard modular groups
	The action of PU(3,1;"026E30F mathbbZ'133"026E30F omega'135)
	A coarse fundamental domain for "026E30F Gamma _"026E30F infty 
	Covering depth of "026E30F Gamma
	"026E30F mathbbZ '133"026E30F omega'135-rational points in D_"026E30F infty

	Generators and relations of PU (3,1;"026E30F mathbbZ'133"026E30F omega'135)

	The generators
	The relations

