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Abstract

We investigate a sequence of Galton—Watson branching processes with immigration,
where the offspring mean tends to its critical value 1 and the offspring variance tends
to 0. It is shown that the fluctuation limit is an Ornstein—Uhlenbeck-type process. As a
consequence, in contrast to the case in which the offspring variance tends to a positive
limit, it transpires that the conditional least-squares estimator of the offspring mean is
asymptotically normal. The norming factor is n3/2, in contrast to both the subcritical case,
in which it is n!/2, and the nearly critical case with positive limiting offspring variance,
in which it is n.
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1. Introduction

Let {&k,j, ex: k, j € N} be independent, nonnegative integer-valued random variables such
that {&; ;: k, j € N} and {¢; : k € N} are identically distributed. Recursively define

Xk—1
Xe=) &j+e forkeN,  Xo=0. (1.1)
j=1

The sequence (Xy)rez, is called a branching process with immigration. We can interpret Xy
as the size of the kth generation of a population, where & ; is the number of offspring of the
jth individual in the (k — 1)th generation and & is the number of immigrants contributing to
the kth generation. Assume thatm := E&; 1, A := E¢y, o= var & 1, and b? := vare; are
finite. The cases m < 1, m = 1, and m > 1 are referred to respectively as subcritical, critical,
and supercritical. For k € Z4, let  denote the o-algebra generated by {Xo, X1, ..., Xi}.
Then, by (1.1),
E(Xy | Fr—1) =mXp—1+ X, k € N.
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Clearly,
My = X — E(Xi | Fi—1) = Xxg —mXg—1 — 4, k €N,

defines a martingale difference sequence (Mj)ren With respect to the filtration (F)iez., -
Moreover, we obtain the recursion

Xy =mXp—1+Ar+ M, fork eN. (1.2)
In the critical case m = 1, Wei and Winnicki [16] considered the random step functions
XM(@) =Xy, teRy, neN,

as random elements in the Skorokhod space D(R, R, ), where |-| denotes the lower integer
part, and proved the weak convergence

1
-X™ 3 %, asn — oo, (1.3)
n

in D(R4, Ry), where (X(#)),cRr, is a (nonnegative) diffusion process with generator A such
that

Af(x) =Af'(x) + 3o2xf"(x),  feCEMRy),

and X (0) = 0. Here C2°(Ry) is the space of infinitely differentiable functions on R that have
compact support. The process (X (?));cr, can also be characterized as the (unique) solution
to the stochastic differential equation

dX () =Adt + o/ X(@)dW (1), teRy,

with initial condition X(0) = 0, where (W (?)),cRr, is a standard Wiener process.

For each n € N, let {E(”), ) 1 k, j € N} be independent, nonnegative integer-valued
random variables such that {E,E ]) k Jj € N} and {SIE ). : k, j € N} are identicall dlstrlbuted In
this paper, we consider a sequence of branching processes with immigration (X ) keZ, 1 €N,
given by the recursion

x ™
k=1
X" = Z g,ﬁ"]’ +e fork,neN, Xy =o. (1.4)

Assume that m, := E£"), A, := Ee{", 0} := var£{"), and b7 := vare{" are finite for all
n € N. The sequence (1 4) is said to be nearly critical if m, — 1 as n — oo. Now introduce
the random step functions

XM @) =X, 1eRy neN

Under the assumptions that
i) mp=14ant+o0m1) asn - oo, for some « € R;
(i) a,% —o02>0asn — oo;

(n) 2 .
(i) E (lé — my| 1{|§1(T’1)—mn|29\/ﬁ}) — 0asn — oo, forall & > 0; and

(iv) Ay = A > 0and b2 — b* > 0asn — oo,
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Sriram [15] proved that

1
-x™ 2 x, asn— oo, (1.5)
n

where (X (1))ser, is a (nonnegative) diffusion process with generator A, such that

Agf() = A+ ax) f'(x) + 2o?xf(x),  feCIRy),

and X (0) = 0. The process (X4 (¢))seRr., 18 the (unique) solution of the stochastic differential
equation

dXy(t) = A+ aXy(t)dt + 0/ X () dW(2), t e Ry,

with initial condition X, (0) = 0. In Theorem 2.1, below, we show that Sriram’s result (1.5)
is also valid if U,% — 0 (in which case condition (iii) is not needed). In this case, the limit
process X, is a deterministic function X (¢) = ux(t) := )\fé e ds, t € Ry, satisfying the
(nonrandom) differential equation dux(t) = (A + aux(¢)) dt, t € R,. In fact, this function
can be considered to be a degenerate, i.e. deterministic, diffusion process with generator A, such
that Ay f (x) = (A +ax) f/(x), f € CX(R4). Note that the convergence of finite-dimensional
distributions of a sequence of branching processes with immigration has been investigated by
Kawazu and Watanabe [10] and Aliev [1].

Based on Sriram’s result (1.5), we can easily obtain the asymptotic behaviour of the least-
squares estimators of m, and A, (see Section 3). (Note that these statistics have also been
investigated in the subcritical and supercritical cases; see also Section 3.) We are interested
in the asymptotic behaviour of these estimators in a nearly critical case in which the offspring
variance anz tends to 0. For this purpose, the limit theorem (1.5) of Sriram does not suffice, as will
be explained in Remark 3.3. Instead, we have to go one step further in the investigation of the
asymptotic behaviour of the sequence X . In Section 2, we prove a fluctuation limit theorem
in the case in which 0 — 0, i.e. we show that the sequence (X™ —E %™)/n'/? has a limit
process X asn — oo. The process (X (1))teRr, turns out to be an Ornstein-Uhlenbeck-type
process driven by a Wiener process in the sense of Definition 1.4.9 of [9].

We remark that Li [13] proved a similar result for sequences of continuous-time discrete-
state branching processes with immigration. He started the nth process from an appropriate
nondegenerate initial distribution in such a way that its mean function became a constant an, with
a > 0. After centring by subtracting an, and normalizing by dividing by n'/2, he also obtained
an Ornstein—Uhlenbeck-type limit process, but driven by a spectrally positive Lévy process.
The basic difference comes from the fact that Li did not assume finite second moments of the
offspring distributions. The method of proof is also different: Li apphed Laplace transforms,
while we have chosen another apFroach To explain our method, let Fgr k ) denote the o~ algebra
generated by { X, ) , X, (") ,forn e Nand k € Z,. Let

M = x" — E(X,ﬁ”) | 7D =X —ma XY = A, koneN,
and introduce the random step functions

Lt
MP@) =" M",  1eRi neN
k=1

In order to prove convergence of the sequence (X —E X™)/n!/? asn — oo, we first show,
using the martingale central limit theorem, that M /n!/? has a limit process M asn — oo,
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where (ﬂ(;))t€R+ is a Wiener process. Then we show that (X —E D(,'(”))/nl/2 is a function
of M™ /n'/2 and use a continuous-mapping-type argument to derive its convergence.

Grimvall [4] proved a fluctuation-type limit theorem for a sequence of branching processes
without immigration. (See also Lamperti [12].) In this case, the processes (X](Cn))keZ cannot
start from 0, and the process X fﬁ; | can be centred by subtracting the initial value X gl), as in
[13]. With suitable normalization, the limiting process will be a Wiener process, and its drift
and variance depend on the limiting behaviour of the offspring mean and variance, respectively;
see [4, Theorem 4.4]. In our case, the (deterministic) time change concerning the limit process
(M(#))seR, is usually not linear, which is an effect of the immigration part. Grimvall not only
gave sufficient conditions for the convergence of a suitable normalized sequence X EZ; =X (()"),
but also proved that the Lindeberg-type condition on the offspring distribution is necessary
and sufficient for the convergence. This suggests that our Lindeberg-type conditions on the
offspring and immigration distributions are close to being optimal.

Based on the result of Section 2, we prove in Section 3 that the least-squares estimators of m,,
and A, are asymptotically normal, in contrast to the case in which the offspring variance tends
to a positive limit. The norming factor for the offspring mean is 7%/, in contrast to both the
subcritical case, in which it is n!/2, and the nearly critical case with positive limiting offspring
variance, in which it is n. We remark that the results of the present paper are generalizations of
those of [7] and [8], where a Bernoulli offspring distribution was assumed.

2. Fluctuation limit theorem

Consider the sequence of branching processes with immigration given in (1.4). We first
investigate the asymptotic behaviour of the sequence X /n in the case that o,% — 0. We
prove the following analogue of Sriram’s result (1.5).

Theorem 2.1. Suppose that
@O mp=1l4+ant+omnYHasn— 00, for some a € R;
(i) crnz — Q0asn — oo, and
>iii) Ay, — A andb,% — b% asn — oo, for some A > 0 and b*> > 0.

Then, weakly in the Skorokhod space D(R., R}),

— D
n XM 3 uy asn — oo,

where

t
wx(t) = A/ e ds, reRy.
0

Remark 2.1. Note that, in the case in which a,% — 0, no Lindeberg condition (such as condition
(iii) of Sriram [15] or condition (iii) or (v) of our Theorem 2.2, below) is needed on the random
variables {g,ﬁf’} tneN 1<k j<njor{el’:neN1<j<n)

Proof of Theorem 2.1. The theorem can be proved by an argument similar to that of
[3, Chapter 9, Theorem 1.3], where it was applied to a branching process without immigration;
see also [16] in the case of a single branching process with immigration, and [15] in the case

of a sequence of branching processes with immigration when 62 — o2 > 0.
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Observe that (X,((n)/n)keZJr is a Markov chain with values in E,, := {¢/n: £ € Z4}. For
each f € C°(Ry), define

T, f (x) —Ef< 1(Z€(n) ("))>, x € E,,.

Since X™(0) = 0, n € N, from the results of [3, Chapter 1, Theorem 6.5 and Chapter 4,
Corollary 8.9] it is sufficient to show that

lim sup |A;j (x)| =0 forall f e CPR4), 2.1)

}’l*)OOer

where A,{(x) =n(T, f(x)— f(x))—(A+ax) f'(x)forx € E,and f € C°(R4). Introducing

5 = Z(g“’) D+e"”,  keZy, neN,

we have T,, f(x) =E f(x + n_15(”)) By Taylor’s formula,
Tof(x) = f(x) = f'(x)n~"ESW +n‘2E( (B)? / (1 =v)f"(x+vn 15<">)dv>.
Since, for x € E,,

E 3" = n(my, — Dx + iy,
E(3™)? = nolx + b2 + 22 + n?(m, — 1)2x% + 2n(my, — 1Dxan, 2.2)

we have A‘,{(x) = A‘,’:’l(x) + A‘,{;Z(x) + A‘,’:ﬁ(x), where
A,{,I(X) = f1 ) ((my — 1) —a)x + (g — 1)),
AL, ) =07 E((zf‘"))Z / (= v)(f"(x +vn” ' 8) — £7(x) dv>,
A,{j(x) = %xf”(x)a,? + Ef”(x)(bﬁ + 12 4+ n%(m, — D2x% + 2n(m, — Dxiy).
To prove (2.1), it suffices to show that lim,,_, 5o A,{ (x,) = 0 for every sequence (x,),eN, With
X, € E, and n € N, such that x, — x € [0, co]. Assumptions (i)—(iii) clearly imply that

lim;, s oo An‘i(xn) =0 fori = 1, 3 and for all such sequences x, — x € [0, oo]. In order to
handle A,{’Z(xn), suppose that the support of f is contained in [0, c]. Since

nx
x+on '3 = x4 on”! (Z@ﬁ”) - D+ e“”) > x(1 ),
s

the first term of the integrand in A,{’z(x) isOif v < 1 — ¢/x. Consequently,

1A Sl < 07 AL oo (/) A D2 + 1 () D EGBI)2, (2.3)

where || - ||oo denotes the supremum norm. Using (2.2), we can easily check that the right-
hand side of (2.3) tends to O for all sequences x, — x € [0, co]. Thus, we conclude that
lim; 00 A o 2(xn) = 0 and, hence, obtain (2.1).
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The main result of the paper is the following fluctuation limit theorem.
Theorem 2.2. Suppose that
O mp=1l4+ant+omn YHasn— 00, for some a € R;

(i1) a,% = ,Bn_l +omnYHasn— oo for some B > 0;
(iii) nE <|.§(") —my|? l{léff'l)—mn|>0n‘/2}) — O0asn — oo, forall & > 0;
@iv) Ay, — A and b,% — brasn — oo, for some A > 0 and b2 > 0; and

V) E(ls(") Al21 ) — Oasn — oo, forall6 > 0.

{Ie{" ~hn|>6n1/2)

Then, weakly in the Skorokhod space DR, R2),
n 2™ —EX™, MM) > (X, M) asn — oo,

where (z/\Z(t))IGRJr is a Wiener process e/Q(t) = W(T 1)), t € Ry, with

t t
T () :=[ o(s)ds,  o@):= b2+ﬂA/ e*ds, teRy;
0 0

(W(0)):eRr, is a standard Wiener process; and
~ t ~
X(@t) = f U= dM(s), teRy,
0

is an Ornstein—Uhlenbeck-type process driven by (ﬂ ())reRr, -

Remark 2.2. Conditions (iii) and (v) are, in fact the Lindeberg conditions for the triangular sys-
tems {E(" /n'?:neN,1 <k, j<n}and {eJ /nl/2 n € N, 1 < j < n}, respectively; see
also Grimvall [4], who investigated fluctuation theorems for sequences of branching processes
without immigration, and the remarks in the introduction. Clearly, conditions (iii) and (v) hold
if the offspring and immigration distributions satisfy Lyapunov-type conditions, i.e. if there
exists a y > 0 such that n!~¥/2E |E(n) my|*t’ — 0 and nV/2E |s(”) |2+V — 0 as
n — oQ.

Example 2.1. If El(nl) has a Bernoulli distribution with mean 1 — an™", where a > 0, then
m, =1—an~ 1ando =an '+ on ) asn — oo; that is, wehavea = —aand B = a.
This special case was 1nvest1gated in [7] and [8]. If the offspring dlstrlbutlons are geometric
distributions with parameter pn = 1 —an~', wherea > 0, i.e. P(E1 | = E) = p,(1 — p,)t!
£=1,2,...,thenm, = pn =1+an™! —i—o(n_l) anda =(1 —p,,)pn =an~! —l—o(n_l)
asn — 00. In thiscase,a = aand § = a Finally, suppose that the offspring d1str1but10ns have
a common range {0 1, 2}, such that P(E1 1) =0) = an1, P(Eln1 =D)=1—-(a+bn"!, and
P(éf"l) =2) =bn~!, wherea, b > 0. Thenm, = 1+(b—a)n"'ando? = (a+b)n" 1—|—0(n 1
asn — oo,i.e.a=b—aand B =a+b.

We note that condition (iii) is trivially satisfied in the first and third cases. In the second
case, the centred fourth moment of the geometric distribution with the above parametrization
tends to 0 as n — oo and, thus, by Remark 2.2, condition (iii) holds.
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Remark 2.3. We remark that (JZ (1)):eRr, is a continuous zero-mean Gaussian process with
independent (but not necessarily stationary) increments. It has stationary increments if and
only if ,3A~= 0, when M(7) = W(bzt), t € R4, is a Wiener process with variance b2. The
process (M(f));cr, is always a martingale, meaning that we can define stochastic integrals
with respect to it. Its covariance function has the form

cov(M(s), M(1) = T(s A1) fors,teR,.

By comparing the covariance structures, we obtain another representation of the process, of the

form
t
ﬂ(r):/ Vo(s)dW(s), reR,.
0

Consequently, the process (ﬂ(l)),eR . 1s the unique solution of the stochastic differential
equation

dM(1) = Vo(t) dW (1), teRy,
with initial condition A (0) = 0. The process (56 ()):eR, is a continuous zero-mean Gaussian
martingale with covariance function

SNt
cov(X(s),X(t)):/ @S2y du  fors,t € Ry.
0

We remark that the process (DNC(t)) teR, has independent increments if and only if « = 0, when
X = M. By comparing the covariance structures, we have the representation

t
X(t) = e""/ e % /o(s)dW(s) forteR,.
0

Hence, for the process 'g(t) = e X (1), t € Ry, we have d'g(t) = e Y (e)V2dW(1).
From 1t6’s formula, we find that the process X () = e* Y(¢) is the unique solution of the
stochastic differential equation

dX(@t) = aX @) dt + Vo) dW (@), teRy, X(0) = 0.

In order to prove Theorem 2.2, we need the following lemma.

Lemma 2.1. Let (Xy)ez, be the branching processes with immigration given in (1.1). Then,
forallk € Z4 and m # 1, we have

k 2k k k—1
-1 -1 -1 -1
m A, var X = m 2 + (m )om )A02,

EX; =
T m? — 1 m — H(m? — 1)

and, if m = 1, we have E X = kA and var X} = kb? + %k(k — l)kaz. Moreover,

[k—£|

cov(Xi, X¢) =m var Xgae, E(M} | Fio1) = 02 X1 + b?

forallk,l € 7.
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Proof. The formulae for E Xy, var Xy, and cov(Xy, X,) are direct consequences of the
recursive relationships

EXy=mEX;_1+ A fork e N, 2.4)
var X; = m?var Xy_1 + 0> E Xj_1 + b* fork e N,
cov(Xg, X¢) = mcov(Xy, Xo—1) forO <k < ¥,

which follow from calculating the conditional expectation with respect to X;_1 in the first two
cases, with respect to the o -algebra ¥;_1 in the third case, and then taking the expectation. The
final assertion of the theorem is obvious.

Proof of Theorem 2.2. We will make the following steps.
(A) We prove that MO = M /nl/? > M , using the martingale central limit theorem.

(B) We show that X® := (X® —E X®)/n!/2 = &, (M™), where &, d: DR, R) —
D (R, R) are measurable mappings such that &, — & in an appropriate sense, implying
that (X®, M™) 2 (& (M), M).

(C) We prove that CID(WN{) =

Step (A). By the martingale central limit theorem (see, e.g. [9, Theorem VIII.3.33]), it suffices
to prove that, for all t € R,

L]
= STEMM? | FM) S T() asn — oo, 2.5)
n

k=1

where ‘=’ denotes convergence in probability, and that, forall & > 0 and ¢ € Ry,

L)
(n)\2 rv(n)
—ZE( S ‘ 7 )—> 0 asn— oo. (2.6)

By Lemma 2.1, E((M(n))2 | J“-'k(")]) = cer(")1 + b,%. Thus, in order to prove (2.5), we have to

show that
2 [nt]

t v
3 Zx(’” LS ﬂx/ (f e du> dv asn — oo. 2.7
0 0

This statement will clearly hold once we have proved that

2 Lnt] t v
( ZX(") ) — ,BA/ </ e du) dv asn — oo, (2.8)
o \Jo

2 |_ntj
9, (n)
— E X 0 . 2.9
Var< n & k—l) — asn — oo 2.9)

By Lemma 2.1, along a subsequence with m, = 1, we have
2 \_ntj

ZEX;(J’)I _ %?_1)_) %ﬁxzz S oo, 2.10)
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Assumption (i) of Theorem 2.2 implies that
n(m, —1) > a asn — 0. (2.11)

For sufficiently large n € N, we have m,, = e*»/", where
a+o)\"
ap =nlogm, =log|1+ ——— | — o asn — oo.
n

Thus,
mlntl = eomlntl/n _ e a5 pn — oo, (2.12)

Consequently, along a subsequence with m, # 1, we find that

2 Lnt] 2 Lnt] at
o ) no; An my - —1 |nt] BA (e —1
- E EX;”, = - — —t
n —~ k—1 <

n(im, — 1)\ n(m, — 1) n o o

if @ # 0; otherwise, the limit is % ﬂktz. Taking this convergence and (2.10) into account, we
recover (2.8).
In order to prove (2.9), we first note that, by Lemma 2.1,

2 i) 4
a, g,
Var<7” > X,E"_)I) = (U, ()b + Vn(t)xna,f)n—;, (2.13)
k=1
where
lnt]  op_»n |nt]—k+1
—1 —1
Y ( o —1) ity # 1,
= M 1 m, — 1
Un() =1
D k=Dt —k+1) = 1) ifm, =1,
k=1
% (7 =D (w1
0 (my — D(mE ~ 1) my — 1 nr
Vi) =1
> 3k =k —2@(nt] —k+1) = 1) ifm, = 1.
k=1

If m, = 1 then lim,—o0 Uy (t)/n® = 13 forall t € Ry and lim,_, o V,,(t)/n* = {51* for all
t € R,. Thus, taking into account assumptions (ii) and (iv), along a subsequence with m,, = 1,
we have

4 n20tb UL (1) N n30 S, V(1)

(Un ()62 + V,,(z))\,,a,f)‘;—g = S0 asn— oo, (2.14)

n n3 n n4
for all € Ry. If m;, # 1 then, using (2.11) and (2.12) in the case of @ # 0, we have

Uyt e —4e* 4201+ 3
lim =

n—oo p3 2a3 ’
o V) e* —4(at — e —2at —5
lim = ;
n—o00 n4 20(4
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otherwise, the limits are %t3 and ﬁt“, respectively. Hence, forall r € R, along a subsequence
with m, # 1 we again obtain (2.14). From (2.13), we recover (2.9) and, finally, (2.5).
To prove the conditional Lindeberg condition (2.6), we consider the decomposition M, )

1)
Nn et N k’ where e
k-1

1 2
L

Note that, for any pair of random variables, Y and Z, and for any 6 > 0, we have

Lyriz>0) < 1yy)>0/2) +1(1z|>6/2) - (2.15)
Hence, it suffices to show that
1 Lnt]
P
L") = - ZE((N(’)) Lix o0 i ’ g‘ﬁ)l) %0 asn— oo, (2.16)
k=1 ’
fori,j =1,2,all6 > 0, and all t € R;. To prove (2.16) fori = j = 1, we introduce the

random step functions
Lnt]

8,(t) := Z(s"” —my), teRy, neN.

We note that E §,(r) = 0, while condition (ii) implies that var §,(t) = Lntja,% — Bt.
Denote by D([0, ¢], R1) the Skorokhod space of nonnegative, cadlag functions on [0, ¢], and
let C ([0, t], R ) be the closed convex cone of nonnegative, continuous functions on [0, ¢]. For
fixed® > 0 and r € R4, we have

o L"ZJ ) 2 1
L1n1(t)— ZE<5n< > 1{|5,,(€/n)|>9ﬁ}>‘£ X« =F,,<;DC(")>,
k-1

where the measurable mapping F;,: D([0, t], Ry) — R is defined by

\_ntj 2
k-1
Falx) = ZE< ( ( )) 1{|5n(x<(k—1>/n>>|>9ﬁ}> forx € D([0, 7], Ry).

By Theorem 2.1, we have n~ Ly 2 Uy as n — 00, where poc is a continuous,
nonnegative, monotone-increasing function. In view of the continuous-mapping theorem
(see [2, Theorem 5.5]), in order to prove (2.16) it suffices to show that F,(x,) — O if
x € C([0,7], Ry) and x, € D([0,¢],Ry), with ||x; — x|leo — 0 asn — oo. (We
use the fact that, in this case, x, — x in D([0, ], R}) if and only if |x, — x]lcc — O;
see [9, Proposition VI.1.17].) Note that, in fact, we may restrict ourselves to just the function
x = pux 1jo, since the limit process concentrates on the point ux € C(Ry, R.), but the proof
is the same for a general function x. We can see that F, (x,) = A, + B,, n € N, where

[nt] [nxn ((k—1)/n)]

1 ) 2
Avi=30 )0 E(E 7 = mal 1{\/sn<xn(<k71>/n>>|>0ﬁ})v
k=1 j=1
o Lnt) Ly (=) /)] i1
. £ ()
Bii==3 ) ZE< i = ma) &G = m) l{un(xn((kf1)/n>>|>9ﬁ})-
k=1 i=2 j=1
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(n)

Define the random step functions 8, ;(u) = 48,(u) — (élyj

j.n € N. Using (2.15) we obtain, for any u € Ry,

— m,,) l{jfnu} for u € ]R.;,_,

(n) 2 (n) 2
E(|51,j — M| 1{|4,1<u)\>9ﬁ}) = E('ﬁj = M| (1{|g;7;_mn|>eﬁ/z} +1{\5n,,«<u>|>9ﬁ/2}))'

The random variable & 1("]) and the random step function (4, j (u)),cr, are independent for all

Jj»n € N so, using the Markov inequality, we have

E(|51(f1; - mn|21{\5n.j(u)|>9ﬁ/2}) <4607 oyl (Lnu = 1).

Since x,, tends to a continuous function in the uniform topology, there exists N € N such that
xp((k —1)/n) < ||x|loo + 1 forall k € N, if n > N. Thus,

An = (Ixlloe + Din E (1" = ma[*1 +4072(|x o + DPeno,

{1E{") —ma|>0./n) )

if n > N. The first term on the right-hand side tends to 0 by assumption (iii), and the second
term is O (n~!) by assumption (ii). Thus, we find that A, — 0 as n — oo. To estimate B,,,
introduce the random step functions

lnul i—1

Vo) =23 Y (" —m)E") —my),  ueRy, neN.

i=2 j=1

Using the Cauchy—Schwarz and Markov inequalities, we obtain

E(Wn(un 1{|g,,(u)|>m}) <07 'n T V2E V) E 85 )2

("?, n € N, are independent if

for allu € Ry and n € N. Since the random variables Sl(f'i) and & f

i # j, we see that
EV2(u) = 2|nu(lnu) — 1o forallu € Ry andn € N.
Thus, for n > N, we have

Lnt] k-1 k-1 12
|B,| < Cn_3/20n3 E \\nxn< )J (\\nxn< )J — 1) < Ct(Ix]loo + 1)3/2}10,?,
n n

k=1

where C := 21/29~!. Clearly, the right-hand side tends to 0 since na,? — Qasn — oo, by

assumption (ii). Thus, we find that B, — 0 as n — oo. Consequently, we conclude that
F,(x;) — 0 and, finally, we recover (2.16).
In the case thati = 1 and j = 2, we note that

(1)\2 (n) 2y (1) ()
E ((Nn’k) Lin@povm ’ ;rk_l) = a2X™ P8 — A,| > 0/n)
and, moreover,

P(le™ — 1, > 04/n) <020 ' E ((g}”) =) Lo, g );
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hence, (2.16) is a consequence of (2.7) and assumptions (ii) and (v). In order to establish (2.16)
fori =2 and j = 1, we use the estimate

@2 M) = g2, —1 g @2 (N2 | =)
E((Nn’k) A ‘?k_l) <0720 "BV | 7))

X, 2
=62 E<(s,§") - An)2<z (& — m,,)> ‘ 3—‘,5”1)
j=1
=672 202 X",

Thus, (2.16) follows from (2.7) and assumptions (ii) and (iv). Finally, we have

)2 mY _ m 5 2
E<(Nn’k) 1{|N,§?2|>9ﬁ} ‘?k—l) _E((El An) 1{|ei’”fxn|>eﬁ}>

and, hence, the case i = j = 2 follows from assumption (v). Having thus proved (2.16), we
conclude step (A).
Step (B). By the difference equation (1.2) and the recursion (2.4), we obtain the recursion

XM —EX" = m, (X", —EX") + M,

with solution X,E") —E X,(c") = lezl mﬁ_jM](.n). Hence,

¥ (1) 1 = (nt]—j 5 ,(n) = lntl=j [ =) J () Jj—1
X (Z‘)ZTZWZH Mj szn M ; — M T .
n j=1 j=1

Again writing m, = e/" where o, — o, we have

- nt]/n -
R0 (1) = / ean(lntl /n=s) 4§70 ().
0

which suggests that xm 2 fé (=) d i (s). We prove this weak convergence in the
following way: we rearrange the sum, then use the continuous-mapping theorem, and, finally,
rearrange the result using It6’s formula. Thus, we write

[nt]
X"t = ﬁ“’)(WJ) +ay / " en(Lntl/n=5) ) (5) d.
n 0

This implies that (X, M®) = W, (M™), with the mapping ¥, : D(R4, R) - DR, R?)
defined by

Lnt)/n
W, (x)(t) = (x (@> +a,,/ e"‘”(L"’J/"_S)x(s)ds,x(t)> for x € D(R., R).
n 0

We want to show that W, (M ™) > W (M), where the mapping ¥: D(R;, R) — D(R,, R?)
is defined by

t
W(x)(1) = (x(t) —i—a/ e““s)x(s)ds,x(t)) forx € D(R,, R).
0
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Since almost all trajectories of the limit process are continuous, in view of the continuous-
mapping theorem, it suffices to check that ¥, (x,) — W (x) if x € C([0,¢],R) and x,, €
D([0, t], R), with x, — x as n — oo. (Note that the mappings ®, and ® can be defined as
the first coordinates of the mappings ¥,, and W, respectively.)

Step (C). 1t6’s formula yields

t t
X (1) =/ e@=) dM(s):M(t)+a/ e“U=9) M(s)ds,
0 0

whence \Il(ﬂ) = (5& , ﬂ). This completes the proof of Theorem 2.2.

3. Asymptotics of the least-squares estimators

Consider the branching process with immigration given in (1.1). If the immigration mean
A is known, then the conditional least-squares estimator 771,,, based on the regression equation
(1.2), can be obtained by minimizing the sum of squares

DXk —mXp—y = 1)° 3.1
k=1

with respect to m. It takes the form

Do X1 (X — )
n — n 2
2k=1 Xy
If the immigration mean A is unknown, then the joint conditional least-squares estimator

(M, 3:,,) of the vector (m, A) can be obtained by minimizing the sum of squares (3.1) with
respect to m and A. The components of this estimator take the form

DR Xk (X — X) ~ = L=
n = knl ¥ 2’ Ap =X —my Xy,
Dokt (Xk—1 — Xy

where

o 1 n o 1 n
X = Z];Xk, X, = ;k;xk,l.

In the subcritical case (m < 1), under the assumptions that Eéfl < oo and Ee? < 00, the
estimators 71,, and (1, A,) are asymptotically normal:

n' 2@, —m) = N(0,c?) asn — oo,
n! 2, —m)\
- — N(0,X) asn — oo,

n'2 (0 — 1)
where the variance ¢? and the covariance matrix ¥ can be respectively expressed in terms of
the moments, up to the third order, of the offspring and immigration distributions (see Klimko
and Nelson [11]); closely related estimators were proposed and studied by Heyde and Seneta
[5], [6] and Quine [14].
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In the critical case (m = 1), the estimators m,, and (111,,, X,,) are not asymptotically normal,
but
1 2 1 2y rl
. X)) — A+ 50 X(t)dr
n(m,,—l)—>2 @) (1 2 )fo @ asn — oo, 3.2)
Jo X(@)2dr

and

1 2 1.2y 1
nGi, -1 > 3 X(1) (X)) + 50 )fo X(t)dt as 7 — 00: (33)

Jy %02 dr — (f) %) dr)?
see [17]. The proof is based on the convergence result (1.3). Wei and Winnicki [17] also proved
that A, is not a consistent estimator of A.
Now let us consider the sequence of branching processes with immigration given in (1.4).
In the case in which A, is known, the estimator 1, for m,, is given by

Zk 1X(n) (X(n) _ )\‘n)
S ()2

If both m,, and A, are unknown, then the components of the joint estimator (772,,, 3:,,) are given
by

o~

n

(n) (n) ()
1 X1 (X — X)) - NP\

= , =X — i, X
Zk (X =X

* 0

where, now,
—(n) _ ZX(n) ZX(n)

Using the convergence result (1.5), due to Sriram [15], we can easﬂy show that (3.2) and (3.3)
hold with X replaced by X in the case that anz — 02> 0.

By applying the continuous-mapping theorem and using Slutsky’s argument, in the nearly
critical model of Theorem 2.2 we can derive the asymptotic behaviour of the estimators m, and
(M, Ay) in exactly the same way as was done in the case of a Bernoulli offspring distribution
in [7] and [8].

Theorem 3.1. Suppose that the assumptions of Theorem 2.2 hold, for some A > 0. Then
LY fo o (1) dM (1) D
Jo () dr
where ‘2’ denotes equality in distribution, ux(t) = A fo e du, t e Ry, and
2 o px@e@dr

(o mox®?dn?

32, — my) — = N(0, ),

with o(t) = b*> + Bux (1), t € R,.
Moreover,
Jo () dM (@) — T M(1)
<n3/2(n7n - mn>> o Jo (1) — Tig)? dt
n!2Gn = ) M) fy poc0) de — T fo poc(0) dH(0)
Jo (o (1) — Toxg)? d

2 N (0, %),
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where Ty = fol woc(t) dt and
. 1
(o (1) — ix)* d)?

(07, j))1<i, j<2»
with

1
- fo (1) — Tisg)?0(0) di

1 1
A /0 (uxm—ﬁx)( /0 ,ux(t)zdt—ﬁxux(t))g(t)dt,

1 1 2
022 1= /0 ( /0 Mx(t)zdt—ﬁxux(t)) o(0) dr.

Remark 3.1. We remark that, in this case, A, is again a consistent estimator, in contrast to the
case in which 02 — o2 > 0.

Remark 3.2. If b> = 8 = 0 then the limiting normal distributions are degenerate, i.e. ¢ = 0
and T = 0. Thus, in this case, we find that n3/2(71, — m,) — 0, n3/2(f#, —m,) — 0, and
nlﬂdn —An) S 0asn — 0o, which means that the norming factors n3/2 and n'/? are not
appropriate.

Remark 3.3. The result of Sriram’s [15] convergence theorem, i.e. XK /n 2 W, implies
only that n(#ii, — m,) — 0, while, from the convergence X® = (X® —E X™)/n!/2 > X
of Theorem 2.2, we can derive that n3/%(im,, — m,) 2w (0, ¢?). A heuristic argument for this
goes as follows. On the one hand, we have

i — 1) = Sy XD @0y dXD (1) = niy [ X (1) dr
’ Jy X0 ()2 dr '

From Sriram’s result, we find that

o Jo moc) dpxc() = & fy pac (o) dr
Jo (o) dt

and, from dux () = (A + aus(2)) dt, we conclude that n(m,, — 1) 2 and, thus,

n(iiy — 1)

n(itin — my) = n(iy — 1) —n(m, — 1) = 0.
On the other hand, we have
S @ 12X (1) 4 0~ E X (1) d M (1)

n3/2("7n —my) = 1 =
fO (n*l/ZX(") )+ n—1E 9(;(”)(t))2 dt

Theorem 2.2 and the fact that n ="' E X" (r) — uc(¢) imply that

D — gy & 0 1D MO
fol wx ()2 dr

as stated. The above considerations show that the ‘main term’ of each integrand becomes the
nonrandom function wy;, while the random fluctuation term X disappears as n — oo; this
results in the asymptotic normality of the estimator 771,,.
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