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Abstract

In this article, we study rational matrix representations of VZ p-groups (p is any prime). Using our
findings on VZ p-groups, we explicitly obtain all inequivalent irreducible rational matrix representations
of all p-groups of order < p*. Furthermore, we establish combinatorial formulae to determine the
Wedderburn decompositions of rational group algebras for VZ p-groups and all p-groups of order < p*,
ensuring simplicity in the process.
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1. Introduction

This paper consistently employs the following notation: G for a finite group, Irr(G) for
the set of all complex irreducible characters of G, F for a field with characteristic 0
and p for a prime number. In representation theory, a challenging and crucial task is
to compute all inequivalent irreducible matrix representations of G over F, even for
F = C. In this paper, we deal with F = Q. For a given character y € Irr(G), we define
Q(y) as follows:

Q) =me) D, X%
0eGal(Q(y)/Q)
where mq(x) represents the Schur index of y over Q. Note that Q(y) corresponds to the
character of an irreducible Q-representation p of G. Conversely, if p is an irreducible
Q-representation of G, then there exists y € Irr(G) such that Q(y) is the character
of p. Generally, obtaining an irreducible Q-representation p of G that affords the
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character Q(y) is a challenging task. A significant and interesting task is to determine
all inequivalent irreducible matrix representations of G over Q for several reasons. For
example, one problem in rationality concerns the realizability of an F-representation of
G over its subfields, specially, the realizability of a C-representation of G over R or Q.

In this article, we study irreducible rational matrix representations for some classes
of p-groups. In Section 3, for any p-group G, we present Algorithms 15 and 20 for
computing an irreducible rational matrix representation of G that affords the character
Q(y), where y € Irr(G). These algorithms rely heavily on results from [9, 31, 32]. To
obtain an irreducible rational matrix representation of a finite p-group G affording
the character Q(y), where y € Irr(G) is equivalent to finding a pair (H,y), where
H < G and ¢ € Irr(H), with some suitable properties (see Algorithms 15 and 20).
We refer to (H, ) as a required pair for an irreducible rational matrix representation
of G that affords the character Q(y). Importantly, using a required pair (H,y), we
can also compute an irreducible complex matrix representation of G that affords the
character y. In Section 4, we study required pairs for VZ p-groups. A group G is called
a VZ-group if all its nonlinear irreducible characters vanish off the centre. VZ-groups
have been extensively studied by various researchers in [8, 18, 19, 25, 26]. By using
our results on VZ p-groups, we explicitly obtain all inequivalent irreducible rational
matrix representations of all p-groups of order < p* (see Sections 5 and 6).

In parallel, this article delves into an investigation of the Wedderburn decompo-
sition of QG with a specific focus on VZ p-groups. For a semisimple group algebra
FG, the Wedderburn components are matrix algebras over finite extensions of F in
the case of positive characteristic, and Brauer-equivalent to cyclotomic algebras in the
case of zero characteristic, as per the Brauer—Witt theorem (see [30]). Further, the
Wedderburn decomposition of FG aids in describing the automorphisms group of FG
(see [11, 22]) or studying the unit group of the integral group ring ZG when F = Q
(see [7, 14, 16, 28]). The Wedderburn decomposition of QG has been extensively
studied in [2—4, 17, 21, 23, 24]. They used various concepts such as computation
of the field of character values, Shoda pairs, numerical representation of cyclotomic
algebras and so forth, to compute simple components of QG. We prove Theorems 1
and 2, which provide a combinatorial description for the Wedderburn decomposition
of rational group algebra of a VZ p-group. Our results formulate the computation of the
Wedderburn decomposition of a VZ p-group G solely based on computing the number
of cyclic subgroups of Z(G) and Z(G)/G’, which is similar to the Perlis—Walker
theorem for an abelian group (see Lemma 6). Indeed, we prove the following theorems.

THEOREM 1. Let G be a finite VZ p-group (odd prime p). Let m|, my, and mj
denote the exponents of G/G’, Z(G) and Z(G)/G’, respectively. Then the Wedderburn
decomposition of QG is as follows:

Q=P ans) P anMoizen(QUs)

dylmy dalmy,dydms
@ (aa, = ay Mgz (QLa,)),
dalmy,da|m3
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where ag,, aq, and azlz are the number of cyclic subgroups of G/G’ of order d,, the
number of cyclic subgroups of Z(G) of order d, and the number of cyclic subgroups of
Z(G)/ G’ of order d,, respectively.

THEOREM 2. Let G be a VZ 2-group. Let my, my and m3 denote the exponents of
G/G', Z(G) and Z(G)/G’, respectively. Suppose k = |{y € nl(G) : mg(x) = 2}| and
H(Q) represents the standard quaternion algebra over Q. Then the Wedderburn
decomposition of QG is as follows:

QG = @ Aad, Q(gdl) @ IdMI/Q\G/Z(G)II/2 (H(Q)) @(CQ - Cl/z - k)MIG/Z(G)|1/2 Q)

dymy

’
B Moo @Qs) B (@ - a))Mgzep(QEa)),
dylma ,drtms dalmy dalms

where agq,, a; and a(l € {2,d, > 4}) are the number of cyclic subgroups of G/G’ of
order dy, the number of cyclic subgroups of Z(G) of order | and the number of cyclic
subgroups of Z(G)/G’ of order I, respectively.

In Section 4.2, we derive several consequences from the above theorems. Further,
if G is a nonabelian p-group of order p* of maximal class, then G has a unique abelian
subgroup of index p (see Section 6.2). We prove Theorem 3, which formulates the
computation of the Wedderburn decomposition of a non-VZ p-group G of order p*.

THEOREM 3. Let G be a nonabelian p-group (odd prime p) of order p* of nilpotency
class 3, and let H be its unique abelian subgroup of index p. Let m and m’ denote the
exponents of H and H/G’, respectively. Then the Wedderburn decomposition of QG is
as follows:

6= PaGie) P “meen P ad;ade(Q(gd»,

dim,dtm’ d|m,d\m’

where a, and a), are the number of cyclic subgroups of order d of H and H|G,
respectively.

In this article, we also provide a brief analysis of primitive central idempotents
and their corresponding simple components in the Wedderburn decomposition of the
rational group ring of a VZ p-group (see Section 4.3).

2. Notation and some basic results

2.1. Notation. For a finite group G, the following notation is used consistently

throughout this article.
G’ the commutator subgroup of G

|S|  the cardinality of a set S
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Coreg(H) the normal core of Hin G for H < G

Irr(G) the set of irreducible complex characters of G

lin(G) {x € Irr(G) : x(1) = 1}

nl(G) {x € Irr(G) : x(1) # 1}

Flrr(G) the set of faithful irreducible complex characters of G
If'"(G)  {y € Irr(G) : (1) = m)

cd(G) {x(1) : xy € Irr(G)}

Irrg(G) the set of irreducible rational characters of G
I’ (G)  {x € Irrg(G) : x(1) = m)
E(y) the field obtained by adjoining the values {y(g) : g € G} to the

field F for some y € Irr(G)
mo(x) the Schur index of y € Irr(G) over Q
Q(y) mg(x) Z(TeGa](Qm /Q) x° for y € Irr(G)

ker(y) {g € G: x(g) = x()} for y € Irr(G)
Irr(GIN)  {y € Irr(G) : N ¢ ker(y)}, where N < G

WC the induced character of i to G, where  is a character of H for
some H < G

WG the induced representation of ¥ to G, where Y is a representation
of H for some H < G

X lu the restriction of a character y of G on H, where H < G

FG the group ring (algebra) of G with coefficients in F

M, (D) a full matrix ring of order n over the skewfield D

Z(B) the centre of an algebraic structure B

o(n) the Euler phi function

I an m th primitive root of unity

2.2. Basic results. In this subsection, we discuss some basic concepts and results,
which we use frequently throughout the article.

Let G be a finite group and n = |G|. Consider Q({,), the nth cyclotomic field
obtained by adjoining a primitive nth root of unity to Q. Let y € Irr(G). If o €
Gal(Q(£,)/Q), then define the function y7 : G +— C as y?(g) = o(x(g)) for g € G. It
is easy to observe that y? € Irr(G) and hence, Gal(Q(£,)/Q) acts on Irr(G). Note that
Q(y) is a finite degree Galois extension of Q and the Galois group Gal(Q(y)/Q) is
abelian. It is easy to see that Gal(Q(y)/Q) also acts on Irr(G), with action given by
o - x = x7. Under the above set-up, we have the following lemma.

LEMMA 4 [12, Lemma 9.17]. Let E(x) denote the Galois conjugacy class of y € Irr(G)
under the action of Gal(Q(,)/Q). Then,

IEQ| = [Q0) = QJ.

DEFINITION 5. Let y, ¢ € Irr(G). We say that y and y are Galois conjugates over Q if
Q(x) = Q(¥), and there exists o € Gal(Q(y)/Q) such that y7 = .
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In [24], Perlis and Walker studied the group ring of a finite abelian group G over
the field of rational numbers and proved the following result.

LEMMA 6 (Perlis—Walker theorem). Let G be a finite abelian group of exponent m.
Then the Wedderburn decomposition of QG is as follows:

QG = (P a,Q (o),

dim
where ay is equal to the number of cyclic subgroups of G of order d.

REMARK 7. Let G be a finite abelian group of exponent m. Then by Lemma 6:

(1) the number of rational irreducible representations of G of degree ¢(d) is equal to
ag; and
(2) the total number of rational irreducible representations of G is equal to }’,, aa.

Let K be an arbitrary field with characteristic zero and K* be the algebraic closure of
K. Let U be an irreducible K*-representation of G with character y. The Schur index
of U with respect to K is defined as

mg(U) = Min[L : K(x)],

the minimum being taken over all fields L in which U is realizable. Note that mg(y) =
mg(U).

Reiner [27] characterized the simple component of the Wedderburn decomposition
of KG and proved the following result.

LEMMA 8 [27, Theorem 3]. Let T be an irreducible K-representation of G, and extend
T (by linearity) to a K-representation of KG. Set

A ={T(x): x € KG}.

Then, A is simple algebra over K, and we may write A = M, (D), where D is a division
ring. Further,

Z(D) = K(y) and [D:Z(D)] = (mx(U))* (1 <i<h),

. . , . k
where U; are irreducible K*-representations of G such that T = mgw, @,_, Ui as a
K*-representation.

In this article, we use the classification of p-groups of order < p* (odd prime p)
provided in [13], which is based on the isoclinism concept.

DEFINITION 9. Two finite groups G and H are said to be isoclinic if there exist
isomorphisms 6 : G/Z(G) — H/Z(H) and ¢ : G’ — H’ such that the following
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diagram is commutative:

G/Z(G)x G/Z(G) —= &

e !

H/Z(H)x H/Z(H) —> H’

where ag(812(G), 82Z(G)) = [g1,82] for g1,82 € G, and ag(hZ(H), hhZ(H)) =
[/’ll,hz] for hl,l’lg €EH.

The resulting pair (6, ¢) is called an isoclinism of G onto H. Isoclinism was first
introduced by Hall [10] for the classification of p-groups. It is a generalization of
the concept of isomorphism between two groups. It is well known that two isoclinic
nilpotent groups have the same nilpotency class. Now, we end this subsection by
quoting the following lemma.

LEMMA 10 [29, Theorem 3.2]. Let G and H be isoclinic groups. Then, |H Irr®(G)| =
IGIIer® (A,

3. Algorithm

This section outlines the algorithm for computing irreducible rational matrix
representations of p-groups. For y € Irr(G), there exists a unique irreducible
Q-representation p of G such that y occurs as an irreducible constituent of p ®q F
with multiplicity mg(y), where F is a splitting field of G. Therefore, the distinct Galois
conjugacy classes give the distinct irreducible rational representations of G.

LEMMA 11 [32, Proposition 1]. Let ¢ € lin(G) and N = ker(yy) with n =[G : N].
Suppose G = U?:_ol Ny'. Then,

Yw(xy) =4, (0<i<n; xeN).

Now, let f(X) = X* —a,_ | X*~! — -+ —a;X — ag be the irreducible polynomial over Q
such that f({,) = 0, where s = ¢(n) and
01 0 - 0 Y
o o 1 -+ 0
Yooh=| . (0<i<n; xeN).
o o0 --- 0 1
a() al ... “ e as—l

Then Y is an irreducible Q-representation of G, whose character is Q).

LEMMA 12 [32, Proposition 3]. Let H be a subgroup of G and y € Irr(H) be such that
YY € Irr(G). Then mo(©) divides mo(W)[QW) : QWY)). Furthermore, the induced
character QW)C of G is a character of an irreducible Q-representation of G if and

only if
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mo(W) = meW)IQW) : QW).
In this case, QW)° = Q).
LEMMA 13 [9, Theorem 1]. Let G be a p-group and y € Irt(G). Then, one of the

following holds.
(1) There exists a subgroup H of G and y € lin(H) such that y° = y and Q) =
Qo).

(2) p =2 and there exist subgroups H < K in G with [K : H] =2 and A € lin(H)
such that A% = ¢, [Q() : Q(¢)] = 2, ¢ = x and Q(¢) = Q(x).

LEMMA 14 [12, Corollary 10.14]. Let G be a p-group and x € Irr(G). If p is an odd
prime, then mg(y) = 1, otherwise mg(y) € {1,2}.

Let G be a p-group (odd prime p) and y € Irr(G). According to Lemma 14,
mg(y) = 1. By Lemma 13, there exists a subgroup H of G with ¢ € lin(H) such that
Y% = y and Q(¢) = Q(y). Therefore, from Lemma 12, we have Q(y) = Q()¢. Now
by using Lemma 11, compute an irreducible matrix representation ¥ of H over Q
that affords the character Q(i%). Then W is an irreducible Q-representation of G that
affords the character Q)¢ = Q) = Q(y). In summary, an algorithm to find an
irreducible rational matrix representation of a p-group G (odd prime p) can be outlined
as follows.

ALGORITHM 15. Input: An irreducible complex character y of a finite p-group G (odd

prime p).
(1) Find a pair (H, ), where H < G and ¢ € lin(H) is such that 4 = y and Q) =
Q).

(2) Find an irreducible Q-representation ¥ of H that affords the character Q(i).
(3) Induce ¥ to G.

Output: ¥Y, an irreducible Q-representation of G whose character is Q(y).

REMARK 16. Obtaining an irreducible rational matrix representation of a finite
p-group G (odd prime p) affording the character Q(y), where y € Irr(G) is equivalent
to finding a pair (H, ), where H is a subgroup of G and ¢ € lin(H), satisfying ¢ = y
and Q) = Q(y). We refer to this pair (H, ) as a required pair for an irreducible
rational matrix representation of G that affords the character Q(y).

Now, we describe the algorithm for computing irreducible rational matrix represen-
tations of 2-groups.

LEMMA 17 [31, Theorem 2.12]. Let G be a 2-group and y € Irr(G). Then there exists
a pair (H,y) such that H < G, ¢ € Irr(H), y° = x, Q(x) = QW), and one of the
following holds:

(1) Hker@) = Qu(n > 2), mo(x) = 2, Q) = Q& + &,));
(2)  H/ker) = Dy(n = 3), mo(x) = 1, Q) = Q& + &)
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(3)  H/ker(y) = SD,(n > 3), mg(x) = 1, Q) = Q& — &)
(4) H/ker(yy) = Cy(n 2 0), mo(y) = 1, Qlx) = Q(&2),

where Q,, D, and SD, are respectively the generalized quaternion, dihedral and
semidihedral group of order 2"*', and C,, is the cyclic group of order 2".

LEMMA 18 [32, Example 7 and Proposition §].

(1) LetG=Q,=(a,b:a* =1,b>= " ,bab™" = a7y be the generalized quater-
nion group of order 2"*', and let y € Flrr(G). Then, y = y°, where H = {a) and
Y € lin(H) is such that y(a) = (o, mo(y) = 2 and Q(y) = Q)°.

(2) Let G=D,={a,b:ad* =b*=1,bab™" = a™') be the dihedral group of order
2+l or G =8D, = {a,b : ' =b*=1,bab! = a2"-1—1> be the semi-dihedral
group of order 2"*', and let y € FIrr(G). Then, Q(y) = Q)¢, where H =
(@®”", by and € lin(H) is such that y(a*~") = =1, y(b) = 1.

REMARK 19. Let G be a 2-group and let y € nl(G). By Lemma 17, there exists a
pair (H,y), with H < G and ¢ € Irr(H), satisfying the following properties: ¢ = y,
Q(y) = Q(y) and H /ker(y) is isomorphic to one of the following groups: cyclic group,
generalized quaternion group, dihedral group or semi-dihedral group. We define
W € FIrr(H /ker(y)) such that ¢(h ker(y)) = y(h) for all h € H. Now we have two cases.

Case 1 (H/ker(y) = C,). In this case, ¢ € lin(H) and hence by using Lemma 11, we
get an irreducible rational matrix representation ¥ of H that affords the character
Q). Then by Lemma 12, W© is an irreducible rational matrix representation of G
that affords the character Q(y).

Case 2 (H/ker(Y) = Q,, or D,, or SD, for some n € N). In this case, since | €
FIrr(H /ker(y)), by Lemmas 18 and 11, there exists an irreducible rational matrix rep-
resentation of H /ker(i)) that affords the character Q(¢). Indeed, we get an irreducible
rational matrix representation ¥ of H that affords the character (). Then again by
Lemma 12, WY is an irreducible rational matrix representation of G that affords the
character Q(y).

In view of Remark 19, an algorithm to find an irreducible rational matrix represen-
tation of a 2-group G can be outlined as follows.

ALGORITHM 20. Input: An irreducible complex character y of a finite 2-group G.

(1) Find a pair (H, ¢), where H < G and ¢ € Irr(H) such that y© = y, Q(y) = Q(y) and
H/ ker(y) is a cyclic, generalized quaternion, dihedral or semi-dihedral group.

(2) Find an irreducible Q-representation ¥ of H that affords the character Q(i).

(3) Induce ¥ to G.

Output: P, an irreducible Q-representation of G whose character is Q(x).
Here, we call such a pair (H, y) a required pair for an irreducible rational matrix
representation of G that affords the character Q(y).
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4. VZ p-group

A group G is called a VZ-group if all its nonlinear complex irreducible characters
vanish off centre (see [19]). In this case, G’ C Z(G) and hence the nilpotency class
of G is 2. The character degree set is given by cd(G) = {1,|G/Z(G)|"/ 2}. Furthermore,
G has |Z(G)| — |Z(G)/G’| many inequivalent nonlinear irreducible complex characters,
and there is a one-to-one correspondence between the sets nl(G) and Irr(Z(G)|G’) (see
[26, Section 3.1]). For any u € Irr(Z(G)|G’), the corresponding y,, € nl(G) is defined
as follows:

G/Z(G)|'? if G),
e) = {| JZ@)u(g) if g € Z(G) W

0 otherwise.

Observe that, being a nilpotency class 2 group, G can be written as a direct product
of its Sylow subgroups. Since cd(G) = {1,|G/Z(G)|'/?}, all the Sylow subgroups of G,
except one, are abelian.

4.1. Rational representations of VZ p-groups. Let G be a VZ-group and let y, €
nl(G) (as defined in (1)).

Since G is monomial, there exists a subgroup H of G with index |G/Z(G)|"/*, and
¥ € lin(H), satisfying y¢ = Xu- We now present the following results that provide a
description of H and .

|12

PROPOSITION 21. Let G be a VZ-group. Suppose H is a subgroup of G with index
|G/Z(G)|'? and W € lin(H). Then, y° = xu € nl(G) (as defined in (1)) if and only if H
is normal in G such that Z(G) C H and  |zc)= p with u € Irr(Z(G)|G").

PROOF. Let ¢ € lin(H) be such that ¢ = y,. Let T be a set of right coset repre-
sentatives of H in G. Then, for g € G, we have y°(g) = X7 ¥°(gigg; '), where y°
is defined by ¥°(x) = y(x) if x € H and ¥°(x) =0 if x ¢ H. Now, for z € Z(G), we
get Y9(2) = |G/Z(G)|"*y°(z) and since ¢© = y,, we obtain ¥°(z) = u(z) = ¥(z). This
implies that Z(G) € H and ¢ | z)= p. Since G’ € Z(G), H is normal in G.

Conversely, assume H is a subgroup of G with index |G/Z(G)|'/?, ¥ € lin(H) and
Z(G) € H with ¢ | z)= p, where u € Irr(Z(G)|G’). Claim: Y% € nl(G). In contrast,
suppose that ¢/ ¢ nl(G), then ¢° must be a sum of some linear characters of G. Hence,
G’ C ker(y/“), which is a contradiction as ¢ |z)= p, where u € Irr(Z(G)|G’). This
proves the claim. m|

We prove Proposition 22 which describes a required pair of a VZ 2-group.

PROPOSITION 22. Let G be a VZ2-group and x € nl(G). Consider (H, ) as a required
pair for an irreducible rational matrix representation of G that affords the character
Q(y). Then H/ker(y) is isomorphic to one of the following groups: cyclic group,
quaternion group of order 8 denoted as Qg or dihedral group of order 8 denoted
as Dsg.
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PROOF. Since H is a monomial group, there exists a subgroup K of H such that A7 =
W, where A € lin(K). Consequently, we have A¢ = y. From Proposition 21, it follows
that Z(G) < K, which implies that G’ < Z(G) < H. It is worth noting that H’ < Z(H)
and therefore, (H/ker(y)) < Z(H/ker(y)). Hence, H/ker(y) must be isomorphic to
one of the groups: cyclic, Qg or Ds. ]

Let G be a VZ 2-group and y € Irr(G). Consider a required pair (H, ) for a rational
representation of G that affords the character Q(y). Then by Proposition 22, H /ker(y)
is isomorphic to one of the following: cyclic, Qg or Dsg.

Case 1 (H/ker(y) is cyclic). See Case 1 of Remark 19, to get an irreducible rational
matrix representation of G that affords the character Q(y).

Case 2 (H/ker(y) = Dg). Suppose H/ker() =(a,b:a*=b*>=1,bab™" = a') (that is
¥ € nl(H)). Then, ¢ € FIrr(H /ker(y)) and A € lin(K /ker())) are such that A7/xr®) =
and Q(1) = Q) = Q, where K/ker() = (a*,b) and A is defined as A(a?) = -1,
A(b) = 1. This shows that (K /ker, A) is a required pair for the rational representation
of H/ker(i) that affords the character Q(¢). This implies that (K, 1) is also a required
pair for the rational representation of G that affords the character Q(y). Note that
QW) = Q) = Q, [G : H] = }|G/Z(G)|"? and [G : K] = |G/Z(G)|'*.

Case 3 (H/ker(y) = Qg). Suppose H/ker() = {(a,b : a* = b* = 1,bab™" = a™') (that
is, y € nl(H)). Then ¢ € FIrr(H /ker(y)) and A € lin(K /ker(y)) are such that A7/ke®) =
and [Q(A) : Q)] = 2, where K/ker(y) = (a) and A is defined as A(a) = 4. Since
mo(¥) = 2, from Lemma 12, we get Q()H/%¥) = Q(y). This implies that there exists
asubgroup K of G and A € lin(K) such that Q(1)° = Q(y). Note that [Q(1) : Q(y)] = 2,
(G : H] = IG/Z(G)|'* and [G : K] = |G/Z(G)|"/>.

REMARK 23. In view of the above discussion and Algorithm 15, to obtain an
irreducible rational matrix representation of a VZ p-group G (p is any prime) that
affords the character Q(y), where y € Irr(G), we need to do the following.

(1) If mg(y) =1, then find H < G and ¢ € lin(H) such that vl =y, QW) = Q).
(2) If mg(x) =2, then find H < G and ¥ € lin(H) so that vl = x, [QW) : Q)] = 2.

We call such a pair (H,y) a special required pair for an irreducible rational matrix
representation of a VZ p-group G that affords the character Q(y), where y € Irr(G).

Now, we prove Lemma 24 which provides a description of the character fields,
which is useful to obtain a special required pair of a VZ p-group.

LEMMA 24. Let G be a VZ-group and let yx, € nl(G) (as defined in (1)). Consider a
subgroup H of G with index |G/Z(G)|'? and Wy, € in(H) such that !//fj = xu- Then,

QW) = Qxy) if and only if Iker(y,) /ker(u)| = 1G/Z(G)|'?, and |Q(,) : Q)| = 2 if
and only if |ker(y,,)/ker(u)| = %IG/Z(G)ll/z.
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PROOF. By Proposition 21, v, lz=p with u € Irr(Z(G)|G’) and Q(x,) = Q(uw).
Observe that

QW = Q) = Q) = QH/kerw,)) = QUzG)/ker(o))
— |H/ker(y,)| = |Z(G)/ker(u)|
— |ker(y)| = |H/Z(G)|lker(w)|
= [ker(y,)| = |G/Z(G)|"*[ker(u)|.

Again,
[QW) : Qlyw] = QW) : Q)] =2 = |QH/kerw,) * QUzG)/xerD] = 2
& |H/ker(yy)| = 2IZ(G)/ker(u)|
= [ker(y,)| = 3|H/Z(G)lker(w)|
— Iker@,)l = 1G/Z(G)ker(wl,
This completes the proof. ]

COROLLARY 25. Let G be a VZ-group. Suppose H is a subgroup of G with index
|G/Z(G)|'? and y € lin(H) is such that y° € nl(G). If one of the following is satisfied

(@) ¢d(G) = {1, p});
(b) 16’1 =p,

then H is abelian.

PROOF. Let H be a subgroup of G of index |G/Z(G)|'/? and let ¢ € lin(G) be such that
¢ € nl(G). Then by Proposition 21, Z(G) C H and ¢ lzie)= 1.

Case (a): Suppose cd(G) = {1, p}. This implies |G/Z(G)| = p? and |H/Z(G)| = p. This
shows that H is abelian.

Case (b): Suppose |G’| = p. In this case, |H’| €{l,p}. Since H’ Cker(y®) =
Coreg(ker(y)) and ¢ € nl(G), we get |H’| = 1. Thus, H is abelian. O

As we know, for a VZ-group G, G’ is an elementary abelian subgroup, then by
Corollary 25, we get the following result.

COROLLARY 26. Let G be a VZ-group. Suppose H is a subgroup of G with index
|G/Z(G)|'? and y € lin(H) is such that y° € nl(G). If Z(G) is cyclic, then H is abelian.

COROLLARY 27. Suppose G is a VZ p-group of order < p> (p is any prime). Let H be
a subgroup G of index |G/Z(G)|"/? with y € lin(H) such that y° € nl(G). Then, H is
abelian.

PROOF. Suppose G is a VZ p-group of order < p°. In this case, cd(G) € {{1, p}, {1, p*}}.
If cd(G)= {1, p}, then by Corollary 25, H is abelian. If cd(G) = {1, p?}, then
VIG/Z(G)| = p?* and hence, |G’| = |Z(G)| = p. Again, by Corollary 25, it follows that
H is abelian. O
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REMARK 28. The conclusion of Corollary 27 need not hold for higher order VZ
p-groups. For instance, consider the group

G = Ggs, = (a1, a2, a3, a4, @5, @6 - a3, a5] = @y, [ay, as]

= m, a3, ag] = @y, (4, ag] = a‘l',a'f = a/’27 = ag’ = a'Z = ozg = a/g = 1),
of order p® (p > 7), where v denotes the smallest positive integer that is a quadratic
nonresidue (mod p) (see [20]). Here, Z(G) = G’ = (a1, ay). It is easy to observe
that G is a VZ p-group and cd(G) = {1, p?}. Set H = (|, @, @3, as). Then H =
(a1yand H/H' = {@;H',a3H’, sH') = C, X C, X C,,. Define ¢ € Irr(H/H’) such that
Y(H') = ¢, Y(a3H') = 1 and Y(asH’) = 1. Now, define a character ¢ of H by taking
the lift of ¢ € Irr(H/H'). Then, ¢ € lin(H) and ¥l € Irt(Z(G)IG') = Irr(Z(G)) \
17(), where 1z is the trivial character of Z(G). Then by Proposition 21, Y% e nl(G);
however, H is nonabelian.

4.2. Rational group algebra of a VZ p-group. Let G be a VZ-group. Then the
Wedderburn decomposition of CG is as follows:

CG =1G/G'IC @(IZ(G)I —1Z2(G)/G' DM G212 (C),

where M|, zcy12(C) denotes the ring of matrices of order |G/Z(G)|'/? over C. In this
subsection, we compute the Wedderburn decomposition of the rational group algebra
of a finite VZ p-group.

Let G be a finite group and let y, ¢ € Irr(G). It is well known that if y and ¢ are
Galois conjugates over Q, then ker(y) = ker(¢). Now, we begin with the following easy
observations.

LEMMA 29. Let G be a finite group and let y, € lin(G) be such that ker(y) = ker(y).
Then, y and ¥ are Galois conjugates over Q.

In general, if y, ¢ € nl(G) are such that ker(y) = ker(y), then y may not be Galois
conjugate to ¢ over Q. However, in the case of VZ groups, this is true.

LEMMA 30. Let G be a VZ-group and let y,y € Irr(G). Then y and ¢ are Galois
conjugates over Q if and only if ker(y) = ker(y).

PROOF. If y, ¢ € lin(G), then the result follows from Lemma 29. Now let y, ¢ € nl(G)
be such that ker(y) = ker(y). Then, in view of (1), there exist u,v € Irr(Z(G) | G')
such that y |z¢)= pand ¥ |z)= v. Observe that ker(y) = ker(u) and ker(y) = ker(v).
Thus, ¢ and v are Galois conjugates and hence, y and ¢ are Galois conjugates over Q.
This completes the proof. |

LEMMA 31. Consider a finite abelian group G, where d divides the exponent of G.
Let ay denote the number of cyclic subgroups of G with order d. Then the number of
non-Galois conjugate characters y satisfying Q(y) = Q(y) is precisely ag.

PROOF. See[1, Lemma 1]. |

Analogously to Lemma 31, we have the following lemma for VZ-groups.
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LEMMA 32. Consider a VZ-group G. Let x,, € nl(G) (defined in (1)). Assume that a,
and a, represent the number of cyclic subgroups of order d of Z(G) and Z(G)/G,
respectively. Then the following statements hold.

(1) The number of non-Galois conjugate nonlinear characters y, of G satisfying
Q) = Q(Ly), where d | exp(Z(G)) but d t exp(Z(G)/G’), is equal to ay.

(2) The number of non-Galois conjugate nonlinear characters x, of G satisfying
Q) = Q(Ly), where d | exp(Z(G)) and d | exp(Z(G)/G"), is equal to aq — .

PROOF. By the one-to-one correspondence between nl(G) and Irr(Z(G)|G’), we
get that ker(y,) = ker(u) and Q(y,) = Q(u). Observe that Irr(Z(G)) = Irr(Z(G)|G") U
Irr(Z(G)/G’). Hence, if d | exp(Z(G)) but d 1 exp(Z(G)/G’), then by Lemma 31, the
number of non-Galois conjugate characters u € Irr(Z(G)|G”) such that Q(u) = Q({y) is
equal to a4. This proves Lemma 32(1).

Similarly, if d | exp(Z(G)) and d | exp(Z(G)/G’), then the number of non-Galois
conjugate characters u € Irr(Z(G)|G”) such that Q(u) = Q(¢y) is the difference between
the number of non-Galois conjugate characters in Irr(Z(G)) whose character field is
Q(&y) and the number of non-Galois characters in Irr(Z(G)/G’) whose character field
is Q(£y). Hence, by using Lemma 31, we get Lemma 32(2). O

Now, we prove Theorem 1, which provides the Wedderburn decomposition of a VZ
p-group, where p is an odd prime.

PROOF OF THEOREM 1. Let G be a finite VZ p-group (odd prime p) and y €
Irr(G). Suppose p is an irreducible Q-representation of G that affords the character
Q(x). Let Ag(y) be the simple component of the Wedderburn decomposition of QG
corresponding to p, that is isomorphic to M,(D) for some n € N and a division ring
D. From Lemma 14, mg(y) = 1 and from Lemma 8, we have [D : Z(D)] = mQ()()2
and Z(D) = Q(y). Therefore, D = Z(D) = Q(x). Now consider p = p; ®p2 ® - - - ® px,
where for 1 <i <k, p; is a complex irreducible representation of G affording y“
for some o; € Gal(Q(y) : Q). Here, k = [Q(y) : Q]. Since mg(x) = 1, we observe that
n = y(1).

Let y € lin(G) and suppose p is the irreducible Q-representation of G affording
Q(y). Let y € Irr(G/G’) be such that y(gG’) = x(g). Hence, Ag(¥) = Q(). Since
G/G’ is abelian, according to Lemma 0, the simple components of the Wedderburn
decomposition of QG corresponding to all irreducible Q-representations of G whose
kernels contain G’ contribute

@ aq,Q(&a,)

dy|my

in QG, where m is the exponent of G/G’ and ay, is the number of cyclic subgroups of
G/G’ of order d;.

Now, let p be an irreducible Q-representation of G that affords the character Q(y,,),
where x, € nl(G) as defined in (1). Here, y,(1) = |G/Z(G)|'? and Qlyw) = Q).
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Therefore, by the above discussion, Ag(x,) = MG,z ~(Q(u)). Observe that Q(y,,) =
QW) = Q(&y) for some d | exp(Z(G)). Now, we have two cases.

Case 1 (d | exp(Z(G)) but d 1 exp(Z(G)/G’)). In this case, from Lemma 32(1), the
number of irreducible Q representations of G that afford the character Q(y,,) is equal
to the number of cyclic subgroups of Z(G) of order d, where Q(y,,) = Q(u) = Q({y).

Case 2 (d | exp(Z(G)) and d | exp(Z(G)/G")). In this case, from Lemma 32(2), the
number of irreducible Q representations of G that afford the character Q(y,,) is equal
to the difference of the number of cyclic subgroups of Z(G) of order d and the number
of cyclic subgroups of Z(G)/G’ of order d, where Q(y,,) = Q(u) = Q({y).

Let m; and ms be the exponents of Z(G) and Z(G)/G’, respectively. Then by the
above discussion, the simple components of the Wedderburn decomposition of QG
corresponding to all irreducible Q-representations of G whose kernels do not contain
G’ contribute

@ ag, MG 262 (Q(La,)) @ (aa, = ay MGz (Q(La,))

da|\my,drtms drlmy,da|m3

in QG, where ay4, and a;; are the number of cyclic subgroups of Z(G) of order d> and
the number of cyclic subgroups of Z(G)/G’ of order d,, respectively. Therefore, the
result follows. o

COROLLARY 33. Let G be a finite VZ p-group (odd prime p) with cyclic centre Z(G).
Then the Wedderburn decomposition of the group algebra QG is given by

QG = Q(G/G") ) Mgz~ Qizian).

PROOF. Let G be a VZ p-group (odd prime p). It is known that G’ C Z(G) and G’ is
an elementary abelian p-group. Since Z(G) is cyclic, |G| = p. Let u € Irr(Z(G)|G”).
It follows that u is faithful and Q(u) = Q({z)). Therefore, all nonlinear complex
irreducible characters G are faithful and Galois conjugate to each other. This completes
the proof. ]

1+2n

COROLLARY 34. Let G be an extra special p-group (odd prime p) of order p
Then,

QG = Q@™ + P+ + p+ DQE) D My (@),

PROOF. One can easily observe that G is a VZ p-group and |G/Z(G)|"/? = p" = x(1),
where y € nl(G). Therefore, the result follows from Lemma 6 and Corollary 33. ]

REMARK 35

(1) Corollary 34 shows that the rational group algebras of two nonisomorphic groups
may be isomorphic.
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(2) Suppose G is a nonabelian p-group of order p® (odd prime p). Then by
Corollary 34,

QG = QP + D) P My@QE)).

This is also computed in [4, Theorems 3 and 4]. The authors computed
Wedderburn components of QG by using the Shoda pair concept.

COROLLARY 36. Let G and H be two isoclinic VZ p-groups (odd prime p) of the same
order. Then the Wedderburn decompositions of QG and QH are isomorphic if and only
if G/G' 2= H/H and Z(G) = Z(H).

PROOF. The result follows from Theorem 1. O
Now, we discuss the rational group algebra of a VZ 2-group.

LEMMA 37. Let G be a VZ 2-group. Suppose x € nl(G) is such that mg(y) = 2. Then,
Q) =Q

PROOF. The result follows from Lemma 17 and Proposition 22. ]

Now we prove Theorem 2, which provides a combinatorial description for the
Wedderburn decomposition of the rational group algebra of a VZ 2-group.

PROOF OF THEOREM 2. Let y, € nl(G) as defined in (1). We have two cases for
nonlinear irreducible complex characters of G.

Case 1 (mg(x,) =2,x, € nl(G)). By Lemma 37, there are k rational irreducible
representations of G, which correspond to k simple components of QG, denoted as
Ag(x,). We know that Ag(y,) = M, (D) for some n € N and a division ring D. By [31,
Theorem 2.4], we have n = 1|G/Z(G)|'*>. Now by using Lemmas 8 and 37, we get
Z(D)=Q() =Qand [D: Q] =4.
Claim. AQ(X/J) = M1/2|G/Z(G)|]/2 (H(Q))

To prove our claim, let (H, ) be a required pair to compute an irreducible rational

matrix representation of G that affords the character y,. Then, H/ker(y) = Qg (by

Algorithm 20 and Proposition 22). Therefore, ¢ € Flrr(H /ker(y)) and = (/_I)H/ ker)
where (1) € FIrr(N/ker(y)) and N/ker(y) = Cy. Hence, by Proposition 21, N < G with
A € lin(N) such that ¢ = Xu- Now, assume that K = ker(i) and observe that Ng(K) =
H. Further, N/K is cyclic and a maximal abelian subgroup of H/K. Hence, (N, K) is
an extremely strong Shoda pair (see [4]). Furthermore, from [15, Theorem 3.5.5],

Ag(xy) = Ag(G, N, K) = M j3i6/26)2(Q(L4) * HIN) = M 16762 (H(Q)).
This completes the proof of the above claim and Case 1.

Case 2 (mg(x,) = 1, xu € nl(G)). Here, Ag(x,) = M,(D) for some n € N and a division
ring D. By [31, Theorem 2.4], we have n = |G/Z(G)|"/?. Now again, by using Lemma
8, we get D = Q(y,,). Now we have two sub-cases:
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Sub-case 2(1)(Q(x,) = Q). From Case 1 and Lemma 37, there are a, — a,” — k Galois
conjugacy classes of complex irreducible characters y, such that mg(y,) =1 and

Q(xy) = Q. Therefore, QG contains (a; — a) — k)M g7G)12(Q).

Sub-case 2(2)(Q(xy) # Q). In this sub-case, Q(x,) = Q(u) = Q({y), where d > 4.
Observe that either d | exp(Z(G)) but d t exp(Z(G)/G’), or d|exp(Z(G)) and d |
exp(Z(G)/G’). Now by using a similar argument to that mentioned in the proof of
Theorem 1, QG contains

@ aa, MG z)»(QLa,)) GB (aa, — ag Mgz (QLa,))-

dylma,drfms dalmy ,dalms

This completes the discussion of Case 2.

Now by using Lemma 6, Case 1 and Case 2, we get the result. ]
COROLLARY 38. Let G be a VZ 2-group G such that Z(G) is cyclic and |Z(G)| > 4.
Then the following hold:

(1) mg(y) =1 for each y € Irr(G);
(2) QG = Q(G/G") D MG 762 (Qzcy)-

PrROOE. It follows from Theorem 2 and Lemma 37. O

COROLLARY 39. Suppose G is a VZ 2-group with elementary abelian centre. Then,

QG =Q(G/G") @ kM 126z (H(Q)) EB K MGz (Q),

where k and k' denote the number of nonlinear complex irreducible characters of G
with Schur index 2 and the number of nonlinear complex irreducible characters of G
with Schur index of 1, respectively.

The counting of rational irreducible representations of an abelian group can be
determined using Lemma 6 and Remark 7. Corollary 40 provides a characterization
for counting irreducible rational representations of VZ-groups.

COROLLARY 40. For a VZ-group G, let n, x, y and 7 represent the total numbers of
irreducible rational representations of G, G/G’, Z(G) and Z(G)/G’, respectively. It
follows thatn = x +y — z.

PROOF. Observe that |{n € Irrg(G) : G’ C ker(n)}| = x. Further,
l{n € Trrq(G) : G" & ker()}|
= the number of Galois conjugacy classes of Irr(Z(G)) over Q
— the number of Galois conjugacy classes of Irr(Z(G)/G’) over Q.

This completes the proof. ]
In the case of a cyclic centre, we have the following corollary.

COROLLARY 41. If G is a VZ p-group and Z(G) is cyclic, then G has only one rational
irreducible representation whose kernel does not contain G'.

https://doi.org/10.1017/51446788724000132 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000132

[17] Rational representations and rational group algebra of VZ p-groups 17

4.3. Primitive central idempotents in rational group algebras of VZ-groups. Let
G be a finite group. An element e in QG is an idempotent if e> = e. A primitive central
idempotent ein QG is one that belongs to the centre of QG and cannot be expressed as
e=¢€ +e¢”, where ¢ and ¢” are nonzero idempotents such that e’e” = 0. It is well
known that a complete set of primitive central idempotents of QG determines the
decomposition of QG into a direct sum of simple sub-algebras. Specifically, if e is
a primitive central idempotent of QG, then the corresponding simple component of
QG is QGe. For y € Irr(G), the expression
X (1) 1
G ;} ()¢
defines a primitive central idempotent of CG. In fact, the set {e(y) : xy € Irr(G)} forms

a complete set of primitive central idempotents of CG. Moreover, for y € Irr(G), we
define

o)=Y el
oeGal(Q(x)/Q)
Then eg(y) is a primitive central idempotent in QG.
For a subset X of G, define
= x € QG,
x| Z

xeX

and for a normal subgroup N of G, define

G if G =N;

e€(G,N) = P
( ) {HD/NeM(G/N)(N — D) otherwise,

where M(G/N) represents the set of minimal nontrivial normal subgroups D/N of
G/N, with D being a subgroup of G that contains N. In this subsection, we compute
a complete set of primitive central idempotents of the rational group algebra of a
VZ-group. Let us start with a general result.

LEMMA 42 [15, Lemma 3.3.2]. Let G be a finite group. If x € lin(G) and N = ker(y),
then the following hold:

(1) egly) = e(G,N),
(2) QGe(G,N) = Q-

Theorem 43 provides a characterization of primitive central idempotents and their
corresponding simple components in QG for a VZ p-group.

THEOREM 43. Let G be a VZ-group and let x,, € nl(G) (as defined in (1)) with N =
ker(x,) = ker(u). Then the following statements hold:

(1) eqlyw) = €(Z(G),N);
(2) if Gisa VZp-group (odd prime p), then QGe(G, N) = MG z6)2(Qize)/n));
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(3) ifGisa VZ2-group, then QGe(G,N) = MG1z26)2(Qz6)/m)) when mo(x,) =
1, and QGE(G, N) = M1/2|G/Z(G)|1/2(H(Q)) when I’nQ(Xﬂ) =2.

PROOF. From (1), it is easy to observe that e(y,) = e(u).
Furthermore, we can observe:

o) = D, e
o€Gal(Q(x,)/Q)

Z e(yu)
oeGal@(w)/Q)

e(u”)

oeGal(Q(w)/Q)
eq()
e(Z(G),N) (from Lemma 42),

where N = ker(u). Moreover, if G is a VZ p-group (odd prime p), from Theorem 1, the
simple component of QG corresponding to y, € nl(G) is given by

Aoy = Mg 762 (QW)) = Mgz (QzGyn))-

Hence,

QGeqg(xy) = QGe(G, N) = Mgz~ (QizGynD)-
Similarly, statement (3) follows from Theorem 2. o

REMARK 44. In [5, Corollary 2], primitive central idempotents of the rational group
algebra of VZ-groups have been computed. However, our approach, which is based on
character properties, offers a direct proof.

5. p-group of order p*

Let G be a nonabelian p-group (odd prime p) of order p*. It is well known that G is
isomorphic to one of the following two groups:

), and
)
(see [13, Section 4.3]). It is easy to check that both the groups are VZ p-groups. In
both cases, we have Z(G) = G’ = (@) = C), cd(G) = {1, p}, nl(G)| = |Z(G)| — 1 and
G/G =(aG’,a,G") = C, X C,. Since G is a VZ p-group, the nonlinear characters of
G can be defined as follows:

Xu(g) = {

D,(21) =@, ap, @y : [a, @] =a” = m, ) =
P
(03

SRR

1
1

O, (111) =(a, a1, @z : [a1,a] = @p,0” = @]

pu(g) if g € Z(G),
0 otherwise,

2)

where u € Irr(Z(G)|G’). The rational representations of G are characterized in
Proposition 45.
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PROPOSITION 45. Let G be a nonabelian group of order p* (odd prime p). Then the
following statements hold.

() MG =1, 176 = p + 1 and [1r7V(G)| = 1.

(2) A special required pair (H,y,,) to determine a rational matrix representation of
G whose character is Q(x,) (x, is defined in (2)) is given by H = (a1, az), and
Y, € lin(H) defined by y,(a1) = 1 and y,(a2) = p(ar).

PROOF. The proof of Proposition 45(1) is obvious. As Z(G) C H and ¥, lzc)= u, we
get zﬁg = x, (from Proposition 21). Furthermore, since ¢, (1) = 1 and y,(a2) = u(as),
it follows that Q(¢,,) = Q(u) = Q(x,,). This completes the Proof of Proposition 45(2).
O

REMARK 46. In general, a required pair to find an irreducible rational matrix
representation of G whose character is Q(y) may not be unique. For example, consider
G = ®,(111) and y, € nl(G), as defined in (2). Take H| = (@, @) and choose ‘/’/,4 €
lin(H,) such that 1//11(@) =1 and l//;l(az) = p(ay). The pair (Hl,l//Zl) is also a special
required pair to find an irreducible rational matrix representation of G that affords the
character Q(y,,).

In Example 47, we show how to find an irreducible rational matrix representation
associated with a required pair.

EXAMPLE 47. Consider

G=D02l) =(a,ar,ay: [y, 2] =’ =, =af = 1).

We have Z(G) = G’ = (@) = C,.. Let p € Irr(Z(G)|G’) be such that u(az) = {,. The
character y, defined in (2) is a nonlinear irreducible complex character of G.
From Proposition 45, a special required pair to find an irreducible rational matrix
representation of G affording the character Q(y,,) is (H, ), where H = (a1, a») and
Y, € lin(H) is such that (1) = 1 and ¥, (2) = pu(az) = ¢,. Now, let ¥, denote
an irreducible rational matrix representation of degree p — 1 of H that affords the
character Q(i,,). The explicit form of P, is given by

1 0 0 --- 0 0 1 o --- 0

01 O 0 0 0 1 0
Y(a)=| : + =+ - =1, and Y, ()= :

o0 --- 1 O 0 o0 0 1

00 1 -1 -1 -1

(see Lemma 11). Set ¥,(a2) = P, where P denotes a matrix of order (p — 1), and
let O denote the zero matrix of the same order. Then an irreducible rational matrix
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representation WO of degree p? — p of G affording the character Q(y,,) is given by

oo o --- P I o O --- O
I O O --- O o P O --- O
‘Pg(a) -1 O I O 0] ., and \Pg(a'l) _lo o P .- o0
o 0 --- I 0 oo --. ... prl

Here, ¥C is a rational matrix representation of G whose kernel does not contain G’.
Now, use Lemma 11 to compute all irreducible rational matrix representations of
G whose kernel contains G’. This gives the complete description of all irreducible
rational matrix representations of G.

REMARK 48. If G is a nonabelian group of order 8, then either G = Qg or G = Dg. A
special required pair to obtain an irreducible rational matrix representation of G whose
kernel does not contain G’ is determined in Section 4.1.

6. p-Group of order p*

In this section, we provide a comprehensive description of all inequivalent irre-
ducible rational matrix representations and the Wedderburn decompositions of the
rational group rings for all nonabelian groups of order p*. It is easy to observe that if G
is a nonabelian group of order p*, then |Z(G)| = p or p?, and cd(G) = {1, p}. Moreover,
if |Z(G)| = p, then G/Z(G) is nonabelian. As we know, a group G is VZ-group if and
only if cd(G) = {1,|G/Z(G)|'/?}. Hence, a p-group of order p* of nilpotency class 2 is a
VZ p-group. In the subsequent subsections, we separately discuss the cases of groups
of order p* of nilpotency class 2 and nilpotency class 3.

6.1. p-Groups of order p* of nilpotency class 2. Let G be a p-group of order p*

of nilpotency class 2. Then |G| = p, |Z(G)| = p*> and cd(G) = {1, p}. Furthermore,

lin(G)| = p* and |nl(G)| = p> — p. Note that G is a VZ p-group. Then by (1), a

nonlinear irreducible complex character is of the form y, and is given by
pu(g) if g € Z(G),

u(8) = { 3)

0 otherwise ,

where u € Irr(Z(G)|G’).

For an odd prime p, we rely on James’ classification of p-groups of order p* (see
[13]). There exist two distinct isoclinic families of nonabelian groups of order p*,
denoted as @, and @3 (see [13, Section 4.4]). Prajapati et al. [25, Proposition 4.2] have
proved that all the groups belonging to isoclinic family @, are VZ-groups. Note that all
the groups belonging to isoclinic family @5 are non-VZ-groups. Theorem 49 provides
a description of all inequivalent irreducible rational matrix representations for all VZ
p-groups of order p*, where p is an odd prime.
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TABLE 1. Special required pair (H, ) to obtain an irreducible rational matrix representation of G € @,
that affords the character Q(y,,), where y,, € nl(G) (defined in (3)).

Group G Z(G) G H Y, € Irr(H) and p € Irt(Z(G)|G")
u(@?) ifh=ab,
D,(211)a = {a, a1, a2, 3 : (@’,a3) (aP) <(a’,a;,a3) Yu(h) =11 ith=a,

[cin,oz]; ar p= @, uaz) ith=a
) =a, =a; = 1)
1 ifh=a,

O (1) = (@, a1, a2, @3 : (a2, 3) (a2) (a,a2,@3) Yu(h) = qu(ar) ifh = as,

[a1,a] = as, u(as) ifh=a;,

a'p:af:a'g:agz 1)
) u(@?) ifh=a?,
D,(31) = (a,a},az : @’y (a”) (a,ay) Y (h) = | th
[ar,a] = ¥ = a, th=a.
a’ =ab =1)
) 1 ifth=a"a,
D(22) = {a, a1, 3 : (@r,ay (a?y (aay,a’) Yuh) = { M e a?
lag.a] = a” = s, O<i<p-1 pla?) ith=at,
a'f = ag =1)
1 ifth=a,
O211)b = (e, a1, 2,7 » Py Aany) Yu(h) = .
lay, @] =" = a, uy) ifh=v,

af =al =al =1)
u@?) ifh=a?,

O,(21)c = {a, ay,a; : (@, @) (ar) (o, ap,a) Yu(h) =41 ifh=a,
[a,a] = a,

way) ifh=a.
a” =al=adf=1)

THEOREM 49. Let G be a nonabelian p-group (odd prime p) of order p* in the
isoclinic family ®,. Then Table 1 determines all inequivalent irreducible rational
matrix representations of G whose kernels do not contain G’'.

PROOF. Let G € @, and let y, € nl(G) (as defined in (3)). Suppose (H,y,) is a
special required pair to obtain an irreducible rational matrix representation of G
which affords the character Q(y,). By Proposition 21, it follows that Z(G) C H and
Yy lz= p. Further, from Corollary 27, H is abelian. Since (H,y,) is a special
required pair, Q(¥,) = Q(y,) and hence by Lemma 24, we must choose ¢, € lin(H)
such that [ker(y,)| = |G/Z(G)|'?*|ker(u)| = plker(u)|. Consider G = ®»(22). Now, for
each0 <i < (p-1),take H = (@', a”) and define u € Irr(Z(G)|G’) as follows:

mz) = {g,, v QZ’

l ;, if z = a?,
where z € Z(G). Observe that (a~'a)” = & e Then, ¢, € lin(H) (given in Table 1)

satisfies Y, (a)) = Wu(a @)’ Wu(a?)) = Wu(a?)) = ua?). It is easy to check that
a pair (H, ) satisfies the criteria of a special required pair.

https://doi.org/10.1017/51446788724000132 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000132

22 R. K. Choudhary and S. K. Prajapati [22]

It is routine to check that all the pairs (H, ) for the rest of the groups mentioned in
Table 1 also satisfy the criteria to being special required pairs. This shows that Table 1
presents all of the special required pairs (H,,) to find all inequivalent irreducible
rational matrix representations of G whose kernels do not contain G’, where G € ©;.
This completes the proof of Theorem 49. ]

Proposition 50 provides the counting of rational irreducible representations of
different degrees for all groups of order p* in @,.

PROPOSITION 50. Let G be a nonabelian group of order p* (odd prime p) in ®,.

(1) IfG = ®21)aor G = ®y(1%), then iy (G)| = 1, [lery " (G)| = p? + p + 1 and
1 Gl = p.

@) If G=®,31), then |} (G)] = 1, rd?(G)| = p+1, |1rrg<"2”((;)| =p and
P G) = 1.

(3) IfG = 0:(22), then [n(G)| = 1, 11" (G)] = p + 1 and 1"V (G)| = 2p.

@) If G = 0,Q211)b, then |lrry)(G)] = 1, |1rrg("”(c)| =pr+p+1, |1rrg(1’3”((;)| =1.

(5) If G=d,Q2l)c, then |l (G)| = 1, |1rrg<P>>(G)| =p+1 and |1rrg"’2>)(G)| =
p+ 1

PROOF. Suppose y € Irr(G) and E(y) denotes the Galois conjugacy class of y over
Q. Then the degree of the rational representation affording the character Q(y) is

IEQOK (D).

(1) For G = ®,(211)a, we have Z(G) = {(a”,a3) = C, x C,, G' =(a’) = C, and
G/G' ={aG',a;G',a»G"y = C, x C, x C,. Observe that in Irr'"(G), there is a
single Galois conjugacy class over Q with size 1 and (p® — 1)/¢(p) = p* + p + 1
distinct Galois conjugacy classes over Q with size ¢(p). If u € Irr(Z(G)|G’), then
[Q(u) : Q] = ¢(p). Hence, there are (p> — p)/¢(p) = p distinct Galois conjugacy
classes over Q with size ¢(p) in Irr'”(G). Similar statements hold for G = ®,(14).
This proves part (1).

(2) For G =d,(31), we have Z(G) =(a’)=Cp, G' = (a”2> =(C, and G/G =
(@G, a1G") = Cp X Cp. In Irr'Y(G), there is one Galois conjugacy class over
Q with size 1, (1 X ¢(p) + d(p) X 1 + ¢(p) X ¢(p))/dp(p) = p + 1 distinct Galois
conjugacy classes over Q with size ¢(p), and (¢(p?) x p)/éd(p?) = p distinct
Galois conjugacy classes over Q with size ¢(p?). If u € Irr(Z(G)|G’), then
[Q(u) : Q] = ¢(p?). Consequently, there is only one ( (p*> — p)/¢(p?) = 1) Galois
conjugacy class over Q with size ¢(p?) in Irr'”(G). This completes the proof of
part (2).

By using similar arguments, we get the proofs of the remaining parts of
Proposition 50. o
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TABLE 2. Special required pair (H,,) to obtain an irreducible rational matrix representation of a VZ
2-group G of order 16 that affords the character Q(y,,), where x,, € nl(G) (defined in (3)).

Group G Z(G) G H W, € Trr(H) and p € Trr(Z(G)|G")
Gi=(yz:at=y=2=1 x) (%) x,y) Wu(h) = {u(X) %fh -
[x,y] = [x,z] = 1, 1 ifh=y,
[v,z] = x%)
2 : _ 42
Gr=(y:x*=y>=1, 2y oh 02, Y(h) = {M(x ) %fh =x%,
[x,y] = x*) wlaz) ifh=y,
u(x?) ifh=x%,
Gy=(ryz:xt=y=72=1, 02,2 @ @ w =11 ith=y,
e =Dy =1, p@ ifh=2,
[x,y] =x%)
u(x?) ifh =%,
Go=(tyz:xt=y=72=1, 2, 2) @ @y v =1 ithey,
A e ith=z,
[x.yI=2)
»?) if h =2,
Gs=(xy:xt =yt =1, G W Gy g = {“ .
5[X,y] =x%) ! O ifh=y,
2N/2 e o
Ge=(ryzixv=y=g=l, T {Qt(x W ifh =
[x,z] = [y,2] =1, u(2) ifh=z

[x,y] = x%,x% = y%)

REMARK 51. Let G and H be isoclinic groups with the same order. According to
Lemma 10, we have [Irf®(G)| = |Irr'®(H)|. However, it is important to note that
|II‘I‘($)(G)| may not be equal to |Irrg) (H)| (see Proposition 50).

Now, let G be a nonabelian 2-group of order 16 of nilpotency class 2. Then
[nl(G)| = 2. We take presentations of 2-groups from Burnside’s book [6]. Theorem 52
provides a description of all inequivalent irreducible rational matrix representations of
G whose kernels do not contain G’.

THEOREM 52. Let G be a nonabelian 2-group of order 16 of nilpotency class 2. Then
Table 2 determines all inequivalent irreducible rational matrix representations of G
whose kernels do not contain G’.

PROOF. Let G be a nonabelian group of order 16 of nilpotency class 2. Observe that
G is a VZ 2-group. Let y, € nl(G) as defined in (3). Suppose (H,y,) is a special
required pair to obtain an irreducible rational matrix representation of G that affords
the character Q(y,). By Proposition 21, it follows that Z(G) C H and ¥, lz)= u.
Further, from Corollary 27, H is abelian. In view of Remark 23, we have the
following: if mg(y,) =1, then Q(¢,) = Q(y,) and if mg(y,) =2, then [Q(},) :
Q(xw)] = 2. Therefore, from Lemma 24, we must choose i, € lin(H) such that
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[ker(y, )| = 2|ker(u)| whenever mg(y,) =1, and ¢, € lin(H) such that [ker(y,)| =
[ker(u)| whenever mg(x,) = 2. Note that mg(y,) =2 for x, € nl(Gs), where u €
Irr(Z(Gs)|G5) is given by u(x?) = —1,u(y*) = -1, and mg(x,) = 2 for all y, € nl(Gy),
where u € Irr(Z(Ge)|Gy). It is routine to check that the pairs (H,y,) mentioned in
Table 2 are special required pairs. This shows that Table 2 presents special required
pairs (H, ) to find irreducible rational matrix representations of G whose kernels do
not contain G’, where G € @,. This completes the proof of Theorem 52. ]

6.2. p-Groups of order p* of nilpotency class 3. Let G be a p-group of order p* of
nilpotency class 3. Then |Z(G)| = p, |G’| = p* and Z(G) c G'. Further, [lin(G)| = p?,
Inl(G)| = p* — 1 and c¢d(G) = {1, p}.

We begin by presenting a few results that enable us to determine all the inequivalent
irreducible rational matrix representations of G.

LEMMA 53. Let G be a p-group (odd prime p) and let 1 # y € Irr(G). Then, Q(x) # Q.
PROOF. The proof is obvious. ]

LEMMA 54. Let G be a nonabelian group with nilpotency class > 3. Suppose that there
exists a maximal normal subgroup H of G such that both H and G/H are abelian. Then
H is unique.

PROOF. Since G/H is abelian, G’ C H. As H is abelian, we get C5(G’) 2 H, where
Cs(G’) denotes the centralizer subgroup of G’. Since nilpotency class of G is > 3,
G’ € Z(G). This implies that C5(G’) # G. Thus, we conclude that C¢(G’) = H, which
implies the uniqueness of H. o

COROLLARY 55. If G is a nonabelian group of order p* of nilpotency class 3, then G
has a unique abelian subgroup of index p, namely Cs(G”).

PROOF. Let G be a nonabelian p-group of order p* of nilpotency class 3. Then Z(G) C
G’ and there exists an abelian subgroup H of G with index p. Therefore, the proof
follows from Lemma 54. ]

For an odd prime p, we follow James’ classification of p-groups of order p* (see
[13]). All the relevant groups in this subsection belong to @3 (refer to [13, Section 4.4]).

REMARK 56. Let G be a nonabelian p-group (p > 5) of order p* in @3 (see [13,
Section 4.4]). Then the description of unique abelian subgroup H of G of index p
is as follows.

o IfG=d3(1%), then H = (a1, @2, a3) = C) X C,, X C),.
If G = ®3(211)a, then H = {(a”,ay,as) = C, X C, X C).
If G = ©3(211)b, (r = 1,v), then H = (a1, a2) = C),p X C,.
LEMMA 57. Let G be a nonabelian p-group of order p* of nilpotency class 3. Let H

be the unique abelian subgroup of G of index p. If ¥ € Irr(H|G"), then ¢° € nl(G).
Further, for y € nl(G), there exists some € Irr(H|G") such that y = /°.
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PROOF. Consider ¢ € Irr(H|G’). In contrast, suppose that ¢ ¢ nl(G). This implies
that ¢/ is a sum of some linear characters of G. This implies that G’ C ker(y/®) C
ker(y), which is a contradiction.

Now, let ¢ € Irr(H|G’). Then ¢/ € nl(G), and hence the inertia group I5(1%) of ¢ in
G is equal to H [12, Problem 6.1]. Furthermore, ¢ | = f’zl ¥;, where the i; terms
are conjugates of ¥ in G and p = |G/Is()|. Hence, there are p conjugates of  and
observe that ' =y € nl(G) for each i. Thus, [nl(G)| = |Irr(H|G")|/p = p* — 1. This
completes the proof of Lemma 57. ]

Theorem 58 provides the necessary information to determine all inequivalent
irreducible rational matrix representations for all nonabelian p-groups of order p* of
nilpotency class 3, where p is an odd prime.

THEOREM 58. Let G be a nonabelian p-group (odd prime p) of order p* belonging
to ®3. Suppose H is the unique abelian subgroup of G with index p and y € nl(G) is
such that y = y° for some ¢ € Irr(H|G’). Then (H, ) is a required pair to determine
an irreducible rational matrix representation of G that affords the character Q(y).

PROOF. Suppose p > 5. If G = ®3(1*) or ®3(211)a, then H = C,xC,xC, (see
Remark 56). Suppose y € nl(G) is such that y = ¢ for some y € Irr(H|G’). Then,

Q) = Q(£,). Observe that Q(x) = Q%) € Q). From Lemma 53, we get Q(y) =
QW) = Q(&p). Next, if G = ®3(211)b, (r=1,v), then H = (a1, a2) = Cjp X C,, (see
Remark 56). Again, suppose that y € nl(G) is such that y = ¢ for some y € Irr(H|G").

Then, Q(y) = Q(Zp) or Q(Z;2). If QW) = Q(Lp), then from Lemma 53, Q(y) = Q(x) =
Q(£p). Now, suppose Q(¥) = Q(Z,2). This implies that (@) = {,». Assume that G =
Ua'H(0 <i < p—1). Then we have the following:

p-1 .
G _ of —i i o, _ JY(g) ifgeH,
W <a1>—;w<a @), wherew(g>—{0 e H

= Yl + lar@) +vla; ) + ey ) + - yley VAl
= Y@l +Y(@) + Y(@]a3) + vl @) + -+ yla P el

= 0(,», for some 0 # 6 € Q(Z)).
Therefore, Q(¥) = Q) = Q¢ »2). Hence, (H, ¢) is a required pair. Now, let p = 3. If

G = D321)by = (@, a1,02,03 : [@1,0] = @y, (a2, 0] = ajaz = a3,
@ =ay=a;= 1),
then H = {ay, @y, a3) = C3 X C3 X C3 is the unique normal abelain subgroup of G
of index 3 (see [13, Section 4.4]). Suppose y € nl(G) is such that y = %° for some

Y € Irr(H|G”). From Lemma 53, we get Q(y) = Q(¢¥) = Q(&3). Next, if G is one of the
following groups:
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. 3 3 3 _
©3(21Da = (@, a1, a2, 03 : [ag, @]l = @z, [z, 0] =@ =3, 3 =@, = @
3

W Ww

1)
O3(1%) =, a1, 02,03 : [ar,a] = a2, [, @] = a3,0° = ez = a5 =3 = 1)
O3211)by =, a1, a2, a3 : [, a] = as, [as, @) = 0’?03 = a/%,cx3 = ag = ag =1),
then H = (|, @3) = Co X C3 is the unique normal subgroup of G of index 3 (see [13,
Section 4.4]). Again, suppose y € nl(G) is such that y = ¢ for some ¢ € Irr(H|G’). By
a similar argument as in the case of p > 5, we can establish that Q(y) = Q(¢). Hence,
(H,y) is a required pair. This completes the proof of Theorem 58. ]

In Proposition 59, the counting of rational irreducible representations of all
p-groups (odd prime p) of order p* in ®@; is described.

PROPOSITION 59. Let G be a nonabelian p-group (p > 5) of order p* in ®3. Then we
have the following.

(1) If G=d321a or ®3(1%), then InJ(G) =1, " (G)=p+1 and
PG = p + 1.

(2) IfG=03211)b, (r=1,v), then |Irr((Q;)(G)| =1, |Irrg("”(G)| =p+1, |1rrg("2”(G)| =1
and i (G)| = 1.

PROOF. Suppose y € Irr(G) and E(y) denotes the Galois conjugacy class of y over
Q. Then the degree of the rational representation affording the character Q(y) is

IECO (D).
(1) Let

G =0321)a = (o, a1, a2, @3 : [a1, @] = @z, [, @] = o = a3,

p_ P _ P _
@ =a, =a; = 1).

Then Z(G) =(a?) = C),, G’ ={(a’,a2) =C, X C, and G/G" = (aCG’,aG") =
C, x C,. Thus, there are one Galois conjugacy class over Q of size 1, and
(p* = 1)/é(p) = p + 1 distinct Galois conjugacy classes over Q of size ¢(p) in
Ir''"(G). Further, H = (a”, a1, as) = C, xC, X C, is the abelian subgroup of
®3(211)a of index p. Suppose y € Irr'”(G). Then from Theorem 58, y = y¢
for some ¢ € Irr(H|G”) and Q(y) = Q(y). Moreover, from Lemma 53, Q(y) =
Q) = Q(£p). Thus, there are (p* — 1)/¢(p) = p + 1 distinct Galois conjugacy
classes over Q of size ¢(p) in Irr'”(G). We get similar results for G = ®3(1%).
This completes the proof of part (1) of Proposition 59.
(2) Let

G = ©;21)b; = (@, a1, @, 03 : [1, ] = @2, [ar, @] = @ = a3,

p_ P _ P _
a’ =a, =a; =1).

Then Z(G) ={(a}) = Cp, G’ =(a’,ap) = C, x C, and G/G’ =(aG’',|G’) =
C, x C,. Thus, there are one Galois conjugacy class over Q of size 1, and
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(p* — 1)/é(p) = p + 1 distinct Galois conjugacy classes over Q of size ¢(p) in
Irr'"(G). Further, H = (@1, @) = C,2 X C,, is the abelian subgroup of ®3(211)b;
of index p. Suppose y € Irr'”(G). Then from Theorem 58, y = ¥/ for some ¢ €
Ie(H|G') and Q(x) = Q(). Observe that |{y € Irr(HIG') : QW) = QL)) = p? - p
and [{y € Irr(H|G") : Q) = Q({,2)} = p® — p?. Since there are p conjugates of
each ¢ € Irr(H|G’), the numbers of complex irreducible characters of degree
p (x € Irt'”) such that Q(y) = Q(£,) and Q(x) = Q) are (p*> - p)/p=p -1
and (p® — p?)/p = p* — p, respectively. Thus, there are (p — 1)/¢(p) = 1 Galois
conjugacy classes over Q of size ¢(p), and (p* — p)/#(p*) = 1 Galois conjugacy
classes over Q of size ¢(p?) in Irr'”)(G). We get similar results for G = ®3(211)b,.
This completes the proof of part (2) of Proposition 59. o

Now, we prove Theorem 3, which provides the Wedderburn decomposition of QG,
where G is a p-group (odd prime p) of order p* of nilpotency class 3.

PROOF OF THEOREM 3. Observe that G € ®3. Suppose y € nl(G) and H is the unique
abelian subgroup of G. Then from Lemma 57, there exists ¢ € Irr(H|G’) such that
x =Y, and if ¥ € Irr(H|G’), then ¢“ € nl(G). Now by Theorem 58, Q(y) = Q).
Observe that y7 = (y")¢, where o € Gal(Q(y)/Q) and there are exactly p distinct
conjugates i € Irr(H|G’) such that y = ¢“ (see the proof of Lemma 57). Let X
and Y be the representative sets of distinct Galois conjugacy classes of Irr(G) and
Irr(H), respectively. Let d be a divisor of exp(H) such that Q(y) = Q) = Q(¢y). Set
m = exp(H) and m’ = exp(H/G’). Then we have two cases.

Case I (d | mbut d 1 m’). In this case,

1
It € X : x(1) = p, Qly) = QU = ;I{!// €Y :y e l(HIG), QW) = Q)

aq

’

p

where a, denotes the number of cyclic subgroups of order d of H (see Lemma 31).

Case 2 (d | mand d | m). In this case,

1
{y € X : x(1) = p,Qly) = QU} = ]—)I{%l/ €Yy elr(H|G), Q) = QU))
_ag - a,

- p

2

where a4 and a/, denote the numbers of cyclic subgroups of order d of H and H/G’,
respectively (see Lemma 31).

Now, let Ag(x) be the simple component of the Wedderburn decomposition of
QG corresponding to the rational representation of G that affords the character Q(y).
Then Aq(x) = M,(D) for some n € N and a division ring D. Observe that n = p and
D = Q(y) (see Lemma 8). Therefore, all the irreducible rational representations of G
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whose kernels do not contain G’ contribute

D “myaen O "y

dm,d{m’ d\m,d|m’ p

in the Wedderburn decomposition of QG. This completes the proof of Theorem 3. O
Corollary 60 immediately follows from Theorem 3.

COROLLARY 60. Suppose G is a nonabelian p-group (p > 5) of order p* in ®@s.
(1) IfG = ®3(211)a or ®3(1%), then

QG = QP + DA PP + M)
2) IfG =D3211)b, (r = 1,v), then

QG = QP + DA, P ML) ) MyQ(E2).
REMARK 61. For p =3, let G € ®3. For G = ®3(211)by,

QG = QP 4Q(&) P 4M:(Q(&)).
Additionally, for G = ®3(1%) or ®3(211)a or ®3(211)b,,

QG = QP 405 P M3Q) P M3Q)).

We end this subsection with the following remark.

REMARK 62. It is well known that if G is a 2-group of maximal class, then G is
isomorphic to one of the following: a dihedral group, a semi-dihedral group or a
generalized quaternion group. Let G be a 2-group of order 16 of maximal class (that
is, of nilpotency class 3). Then G has two inequivalent irreducible two-dimensional
faithful complex representations and one irreducible two-dimensional nonfaithful
complex representation. Observe that the irreducible two-dimensional nonfaithful
complex representation of G is realizable over Q. From Lemma 18, one can compute an
irreducible rational matrix representation of G that affords the character Q(y), where
x € Flrr(G).
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