THE DIMENSIONS OF IRREDUCIBLE
REPRESENTATIONS OF LINEAR GROUPS

R. C. KING

1. Introduction. The theory of the relationship between the symmetric
group on a symbols, Z,, and the general linear group in #-dimensions, GL (n),
was greatly developed by Weyl [4] who, in this connection, made use of
tensor representations of GL(n).

The set of mixed tensors

7O = i
forms the basis of a representation of GL (%) if all the indices may take the
values 1, 2,...,n, and if the linear transformation

a b
T — Taw = 1T (' TT (A5 7!
1= J=

is associated with every non-singular # X # matrix 4. The representation is
irreducible if the tensors are traceless and if the sets of covariant indices (a),
and contravariant indices (8), themselves form the bases of irreducible
representations (IRs) of Z, and Z,, respectively. These IRs of 2, and Z,
may be specified by Young tableaux [u], and [v], in the usual way [4]. It has
been shown in a previous paper [2] that it is convenient to specify the cor-
responding IR of GL(n) by a composite tableau [v; u],.

The same composite tableau may be used to specify IRs of not only GL (n),
but also of U(n), U(n — m,m), SL(n), SU(n), and SU(n — m, m). The
tensorial bases of the corresponding IRs of these groups are only distinguished
by the properties of the transformation matrix A. These linear groups are
denoted collectively by L,, and SL, is used to denote those L, for which
det 4 = 1.

Jahn and El Samra [1] have derived a very simple and useful formula for
the dimension, D, (v; u), of the IR of each L, specified by [»; u].. This formula
fully exploits the composite tableau notation and takes the form

M Duvin) = st

where H (v) and H (u) are the conventional hook length factors [3] associated
with the tableaux [u], and [v];, and N, (v; 1) is a polynomial in # containing
just (¢ + b) factors. Two alternative schemes A and B were given for writing
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down N,(v; u). Scheme A was proved directly and the trivial derivation of
scheme B from scheme A was also given. In this paper an alternative derivation
of (1) is given which involves a direct proof of scheme B.

2. Derivation of D,(v; u). Every inequivalent finite-dimensional IR of L,
may be specified by a regular composite tableau of the form:

(2) [v; M]Z = [vwa... v paps. .. I-‘p]z = . .. e #q’):,

where
q S
Z,ui=2yj'=a, ka= v/ =0,
i=1 =1 k=1 =1
and
ﬂl;#2§-.g#p>0, #1’2#2’%...§uql>0,
vlngz..gv,>0, V1IgVZg .;V3’>0,
with

p=w', ¢g=m, r=v, 5=,
subject only to the restriction
3) p+r =

The IR of the special linear group, SL,, specified by [»; wll is equivalent to
the IR of SL, specified by the conventional regular Young tableau [\],, where

(4:) [)\]c = [)\1>\2 PR )\t]c = (7\1’)\2/ PR }\u,)c
with

s+ ifg=12...,p,

N =4S ifg=p+1,p4+2,...,n -7,

S—Vpypr Hg=n—r+lLn—r+2,...,0—yv/,
and

)\,_{n—u;_m fh=12...,s

L P fh=s+1,5+2,...,5+gq,
so that

t=n—v/, u=s+¢q, c=ns—0-+a.

Schematically, it is convenient to represent typical tableaux [v; u]s and [\],
by diagrams (a) and (b) of Figure 1. The IRs of L, specified by these two
tableaux are of the same dimension, so that

Quite generally, for any tableau [A], the dimension of the corresponding
IR of L, is given by (see [3])

(6) DnO‘) = Gn()\)/HO\)y

where G,(\) and H()\) are the products of the contents and the hook lengths
of the boxes of [\].. The content of the box in the gth row and the 4th column
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of [\]. is defined to be (# — g + %), and the hook length of this box is defined
tobe (1 4+ X, —k + N — g), so that

@ @ow@im—g+m
and ’
(8) Hﬂ)=@<r+m—h+x;—@.

The content G,(\) may be formed by taking the product of the ¢ numbers
in the array produced by inserting in each box of the tableau its corresponding
content. It is clear from this array that

) Gui(N) = Gu(p) Gt s (1) Gup(a),
where the tableaux [p]; and [¢], are defined by:
(10) [P]d = [P1P2 ... Pp]d = (P1'P2' e Psl)d
with
pi=3s, 1=12...,p, ol =p 1=1,2,...,5,
so that d = ps, and

(11) [cle = [o102. .. 01p]le = (0102’ ... 05).
with
_{s iftm=12...,n—p—r,
I NS — tppmpr fm=n—p—r+ln—p—r+2....0—p—uv/,
o/ =n—p— a4, 1=1,2,...,s5,

so that e = ns — ps — b. Schematically, the tableaux [u],, [pls, and [o].
together form the tableau [\], as shown in diagram (c) of Figure 1. The factor
G, (p) is then given explicitly by

(12) Guo) = [T =i+,

It is convenient to reverse the order of the elements in each row of the
rectangular array corresponding to (12) to yield

m—1+s) ... =140 ... (n+1) (n)
m—24s) ... =241 ... (n) n—1)

U3) Ga) =N (i _i4s) ... m—it]) ... m—i+2) (—i+1)

—p+s) oo —pt+D) ... i p+2) (e p+1)
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Similarly, the hook length factor H(\) may be formed by taking the product
of the ¢ numbers in the array produced by inserting in each box of the tableau
its corresponding hook length. From this array,

(14) HQ\) = Fu(p)H (u)H (o),

where H(u) and H (o) are the hook length factors of the tableaux [u], and
[e],, respectively, and F,(p) is given in terms of [u], and [v]® by:

DsS
Fo(p) =11 A+s+p—g+n—vipa—h).
g

D8

(15) Fo) =] —i4+14+u—rv)).

i1
Once again, reversing the order of the elements in each row of the rectangular
array corresponding to (15) yields

= ldstm—vS) . =LAl tm—v) . (Lt =) (4 p— )

{(11—'_"'*\\"{‘“/13*1&') o =24t =) L (g — ) =14 pu —w)
O Fulo) =y i s huemnd) e i b mim ) e m it 2 m— ) (=i 1+ — )
=ptstm—r) oo B=bF1dm=v)) o = p+24m—r) = p+ 1t u =)

Substituting (9) and (14) into (6) and making use of the generality of (6)
then yields
(17) Dn()\) = Gn(P)GvH—s(V')Dn—p(a)/Fn(P)H(.“)-

The IR of L,_, specified by [¢], is the complement of the adjoint of the IR
of L,-, specified by [v]°, so that these two IRs have the same dimension.
Moreover, an IR and its adjoint have the same dimension. Therefore

Dn—@("') = Dn—p(”),
and again making use of the generality of (6) yields
(18) Dn()\) = Gn(P)Gn+s(#)Gn—p(V)/Fn<P)H(F‘)H(V)-

The form of (18) indicates that it is convenient to introduce the tableaux
[8]s+q and [¢]°T defined by:

(19) [0lota = [6102 . . . Oplara = (6402 . . Data
with

0i=s+p'111 i=1121---yp1
and
(20) [6]7+? = [$1p2. . .J""" = (¢4 ... ¢2'¢1")"
with

¢l,=p+yl,y l=112v"'y5-
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Schematically, [6],+¢ and [¢]*T¢ are composed of [p]; and [p]¢ together with

[u]s and [»]?, respectively, as shown in diagram (d) of Figure 1. With these
definitions,

Gn(o) = Gn(P)Gn+s<ﬂ) and Gn(‘ﬁ) = Gn(P)Gn~17(V)
so that using (5) and (18) we have

In writing G,(8) and G,(¢) as arrays of numbers it is convenient to order
the elements so that

A umFs—1) tmts—2) L+ 1)
(4 +s5s—2) ndpts—3) ) (m—1)
i .
(=22) ('."‘&):(i‘(n-}—u‘«i—,\’—i) mtpts—i=1) ... .. m—i+2) m—i+1)
t
(tuts—p) dmts—p—1) ... m—p+2) @w—p+1)
and
n—v/+s—0p) R R T s )| e = F2=p) (=’ F+1=p)

m—v/+s—p+1) ... m—v/+l—=p+1) ... w—w'+3—0p) n—wv'+2—0p)

RO
m+1—2)
n+1—1) (n)
(n+1)

|
[ (n—1)
i (n)

It is to be noted that the rows of the arrays G,(6), F,(p), and G,(p), and
the columns of the arrays G,(¢), F,(p), and G,(p) are labelled by indices z
and I, respectively, ranging over the values 1,2,...,p and 1,2,...,s.
Moreover, they are counted in the same way as the rows and columns of [u],
and [»]?, respectively, that is from top to bottom and from right to left.

The notation used in (2) to define the composite tableau [v; u]s may be
extended slightly so that u/ = 0 for j > g and vy = 0 for & > r. Then if

(24) 1>, =0,

it follows that the Ith column of [»]® does not intersect the u,th row of [»].
Hence

(25) Mg > 1//,

and therefore the 7th row of [u], does intersect the »;/th column of [u], so that
(26) 1= wy.
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Similarly, if

(27) 1> py 20,
it follows that

(28) we < v/
and

(29) ! = vy

Furthermore, if
(30) I Sv,; and 7 = py,
it follows that

wi =v) and v/ =
and therefore
31) pi = v/

It is then possible to decompose the rectangle representing [p], into three
distinct regions «, 8, and vy as shown in diagram (e) of Figure 1, where the
regions a and B are defined by the tableaux

(32) la] = 2. .. 0] = (@ad ...)
with

;=S — vy, 1=1,2,...,p,
and
(33) B] = [BiBz...]1 = (B ...BBY)
with

B, =p — wy, 1=12,...,s.

The important result which follows from (25) and (28) is that the regions
a and 8 are non-intersecting, and from (31) all the elements of v are such that
w: = v/. The arrays (13) and (16) may therefore be decomposed similarly
to yield

Gu(p) = Gi(p)Gn(p)Gr(p) and Fy(p) = Fu(p)Fi(p)F1(p),

where the various factors are formed by taking the product of the appropriate
elements corresponding to the regions of the array signified by the superscripts.
By virtue of (31), Gy(p) = Fy(p) so that

(34) Gn(P)Fn(P) = An(P)Bn(p):

where

A.(p) = Fr(p)Gi*(p) and B,(p) = Fi(p)Gi*(p).
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It is straightforward, using (13) and (16), to write down arrays correspond-
ing to A,(p) and B,(p). It is convenient to order the terms of 4,(p) in the
same way as in (13) and (16), but to order the terms of B,(p) in a way cor-
responding to a reversal of the order of the terms in the columns of (13) and
(16).

From the expression, (16), and the definition (32), it follows that the product
of the terms in the 7th row of F,(p) may be evaluated by taking the product
of the array of numbers formed by inserting in the box at the foot of each of
the last (s — »,;) columns of [v]°, counted from the right, the factor
(n — 2 4+ w; + the number of the column — the length of that column). In
the kth row of [v]?, these numbers are thus distributed over the last (v, — vjy1)
boxes which contain X in diagram (a) of Figure 2. In terms of the label %, it
follows that F;(p) may be written in the form:

L .
oy T (m—i— kot )
35) Ee =1L o = = ot

Similarly, the product of the terms in the Ith column of Fi(p) may be
evaluated by taking the product of the array of numbers formed by inserting
in the box at the right-hand end of each of the last (p — u)) rows of [ul,,
counted from the top, the factor (z + I — v,/ — the number of the row -+ the
length of that row). In the jth column of [u], these numbers are distributed
over the last (u;/ — ply1) boxes which contain X in diagram (b) of Figure 2.
Hence, in terms of the label j, it follows that:

s v’—1 ;
80y = (ntl+j—v'—p))
(36) o) =11 EII (n+1+7—vi —up)!’

In the same way from (13) together with (32) and (33) it is clear that

v _ B — i+ Vug)_!
and
(39) Gy =[] =10

=1 (n + l — My )! '
From the arrays (22) and (23) and the expressions (37) and (38) it can be

seen that
Gn(@) = En(G)GZ“"Y(p) and Gn(¢‘) _ En(d))G:ﬂr(p)
with
T (=i ui 4 vy)!
(39) E.(6) = LII o
and
(40) Ey(¢) = [] — b= !

z=1(7’+l—1“1’z/_#1,)!.
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The arrays E,(0) and E,(¢) are obtained from G,(6) and G,(¢) by retaining
the first (s + u; — »,;) termsin the ¢th row of (22) and the first (p + v/ — u,,/")
terms in the /th column of (23), respectively.

The product of the terms in the ith row of E,(f) may be evaluated in
exactly the same way as the product of the terms in the 7th row of F,(p) by
taking the product of an array of numbers associated with diagram (a) of
Figure 2. The only difference is that the 7th row of E,(6) includes an additional
u; terms arising from numbers placed in the boxes which contain O in the
diagram. These boxes are not of course part of the tableau [»]°. Hence

(41) E,(0) = F(p) IiIl I:Il m—1i—k+p+ut+1).

Similarly, the product of the terms in the I/th column of E,(¢) may be
evaluated in exactly the same way as the product of the terms in the /th
column of F2(p) using diagram (b) of Figure 2. The only difference is that the
Ith column of E,(¢) includes an additional »,/ terms arising from numbers
placed in the boxes which contain O in the diagram. These boxes are not
part of the tableau [u],. Hence

(42) E.(¢) = Fi(p) [ITT 4047 —v/—u/ =1
e
Thus
Gn(8) = Au(p)Pr(v; n) and Gu(¢) = Bu(p)S.(v; 1)
with
Y4 e
(43) PZ(vm)=I_Ilg(n+1—i—k+m+vk)
and
s vy’
(44) Sp(vin) = IZ_II Hl m—14+147—vi—u).
s R

These results together with (21) and (34) yield

Pr(v; 1) Sa(vs )

(45) D,,(V; l-") = H(,U,)H(V) ,

that is
(46) D,(v;n)

ﬁﬁ<n+1—i—j+m+vj)(n—1+k+l‘“"',“"”")
49 Lk A—i—j+utp)U—k—I+w+r) .

Comparison with (1) indicates that
(47) No(in) = So(5 ) Pr(v; u),
and substituting into this expression (47), the product of the arrays corre-

sponding to (43) and (44) yields exactly that form of N,(v; u) defined by
the scheme B of Jahn and El Samra [1].
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It should be noted that if [»]* = [0]°, the factor S,(v; u)/H (v) must be
replaced by 1, and since in this case
e =0 fork=1,2...,u withi=1,2...,p,

a simple reordering of the terms in the rows of the array corresponding to (43)
yields the identity

PL(0; 1) = G,(u),

so that
(48) D, (0; ) = Dy(u).
Similarly

Sa(v; 0) = G.(v),
so that
(49) D,(v;0) = D,(v).

This indicates that the formula (6) may be considered to be a special case
of (45). However, in contrast to the fact that G,(\) determines the correspond-
ing tableaux [A]. uniquely [3], N,(v; u) does not determine the corresponding
tableau [v; u]; uniquely. For example,

Ny(vip) = (n—=5)(n —4)(n — 2)(n — 1)*n*(n + 1) (n + 2)(n + 3) (n + 4)
if [v; ull is given by any one of the four distinct tableaux [2%; 31218, [312; 233,
[22; 3212]7 or [3212; 22];.

3. Example. As an example, it is instructive to calculate the dimension of
the IR of L, specified by the composite tableau:

[v; uls = [431; 221]5 = (1223; 32)5.
The other tableaux specified in this paper in terms of [»; u], are then given by:
[A] 2547831 )ups = ((n — 1) (n — 2)2(n — 3)32) 4,3,
[P] 812 = (3 )12,

=1[6
(4
[o]e = [4"7%31]u-20 = ((n — 4)(n — 5)*(n — 6)) 120,
[ ]a+d = [ ] 17 = (352)17,
(]t = [4 31]20 = (45%6),
[a] = [12]s = (2)2,
[8] = [31%]> = (123).
Thus
n+3) n+2) (m+1)| (n)
Gu(p) = |(n+2)| (n+1) (n) (n—1)1,
w+1) [() m—1) (-2

n+4)| @+2) @+1)| (-1
F(p) = |n+3)| +1) () (n—2)],
n+1) [m=1) -2 @—4%
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where the boundaries of the regions @ and 8 are indicated. It follows that

n+35) n+4) +3) ®+2) @+1) (@)
n+4) m+3) n+2) n+1) (n) (n—1)
Gu(6) _ (n+2) (n+1) () n—1) (n—2)
A.(p) (m+4) r+2) (+1) (n)
m+3) n+1) (n) (n—1)
(n+1) (@) n—1) (n—2)

and cancelling the terms in the corresponding rows then yields

(n+35) (n+3)
Po(viu) ={(n+4) (n+2)
(n+2)
Similarly,

(n) n—2) (n—3) (n—35)
n+1) (n—1) m—2) (n—4)
(n+2) (n) n—1) (n—3)
n+3) (n+1) (n) (n — 2)

n+2) m+1) (n-—1)

Gu(#) _ (n)
Bp) A1) =1 =2 (-4
n+2) G+ @) (-2

m+3) m+2) =+1) (-1

Cancelling the terms in the corresponding columns then yields

(n) (n—1) (n—23)
(n)

Finally, combining these results to form the numerator of (45) and inserting
the hook length factors in the denominator of (45) then yields [1; 4]

n) m—2) m—3) (n—35)
Su(viu) =

n) m—2) n—3) m—35) (m+5) @+3)

(n) m—=1) n—3) (n+4) (r+2)
N (n) (n+2)
Dulvin) = 43 4 6 4 2
1 2 4 3 1
1 1
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Q
N
|
ava
|

2

e . | (e)

Schematic representations of typical tableaux (a) [»; [l.]ab, (b) [Als (¢) [pla, [pla, and [o]e,
(d) [6laya and [¢]°14, (e) [«], [B]. The outline of each tableau is given. A complete tableau is
obtained by dividing the interior region into rows and columns of undotted or dotted boxes.
For example, [v; ] consists of p rows and ¢ columns of undotted boxes, and 7 rows and s
columns of dotted boxes. These are arranged so that the sth row, counted from the top of the
region g, and the jth column, counted from the left of the region u, contain g; and g;’ undotted
boxes, respectively, whilst the kth row, counted from the top of the region », and the /th
column, counted from the right of the region », contain »; and »;’ dotted boxes, respectively.

FI1GURrE 1
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< S — W, »< Yy, —>
< l }_____

AO A

o[x][x I
O X

! (o) k

O Mi
: J

3 o[ X[ x| X]X
o[ x| x]x
[¢) v

4
B

—— V11—

Mo
I | I~ly’+1/
vy 1 J ,
0 xJooo K
X|O
X
s X
b=t X Jr
X]O O

[X]

X]JOO O
Y X

10
& My —>
! (b)

Schematic representations of some of the rows and columns of a typical tableau [»; u]2. The
boxes of this tableau which contain X in (a) and (b) give contributions to the ith row of F(p)
and the Ith column of F2(p), respectively, and the additional boxes outside the tableau which
contain O in (a) and (b) give contributions to the ith row of P%(y; u) and thelth column of

Sh(v; w), respectively.

FI1GURE 2
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