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Noncommutative rational Clark measures

Michael T. Jury, Robert T. W. Martin, and Eli Shamovich

Abstract. We characterize the noncommutative Aleksandrov-Clark measures and the minimal
realization formulas of contractive and, in particular, isometric noncommutative rational multipliers
of the Fock space. Here, the full Fock space over C* is defined as the Hilbert space of square-
summable power series in several noncommuting (NC) formal variables, and we interpret this
space as the noncommutative and multivariable analogue of the Hardy space of square-summable
Taylor series in the complex unit disk. We further obtain analogues of several classical results in
Aleksandrov-Clark measure theory for noncommutative and contractive rational multipliers.

Noncommutative measures are defined as positive linear functionals on a certain self-adjoint
subspace of the Cuntz-Toeplitz algebra, the unital C*-algebra generated by the left creation
operators on the full Fock space. Our results demonstrate that there is a fundamental relationship
between NC Hardy space theory, representation theory of the Cuntz-Toeplitz and Cuntz algebras,
and the emerging field of noncommutative rational functions.

1 Introduction

The full Fock space over C?, H2, can be defined as the Hilbert space of square-
summable power series in several noncommuting (NC) formal variables, 3:=
(31> - -»3a)- As such, the Fock space is an obvious NC and multivariable generalization
of the Hardy space H? of square-summable Taylor series in the complex unit disk, .
Namely, any h € H? is a power series of the form

h(3) = Z ﬁlwﬁwa I:lw eC,
welFd
where F is the free monoid, the set of all words in the d letters {1,2,...,d}, and
if w=i---i, € % 1< it < d, the free monomials are defined in the obvious way as
3“ :=3i, - 3i,. (This is a monoid with product given by concatenation of words, and
the unit is the empty word, @, containing no letters.) The Fock space is a Hilbert space
when equipped with the £2-inner product of its power series coefficients. Remarkably,
elements of HJ are bona fide functions in the NC unit row-ball of all strict row
contractions acting on a separable Hilbert space. That is, a d-tuple of n x n complex
matrices, Z := (Zy,...,Zg), can be viewed as a linear map Z : C" ® C? - C" from d
copies of C" into one copy. If this linear map is a (strict) contraction, then Z is said to be
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a (strict) row contraction. The formal power series of any h € H? converges absolutely
in operator norm when evaluated at any such Z, and also uniformly on compacta in a
suitable sense. Moreover, such NC functions are free noncommutative functions in the
NC unit row-ball, B, in the sense of NC Function Theory: They are graded, preserve
direct sums, and preserve the joint similarities which respect their NC domain, BZ.
Here, we write B, = |I?>; BZ, where B is the set of all strict row contractions on C".

The Hardy algebra, H*, of all uniformly bounded analytic functions in the complex
unit disk is the multiplier algebra of H*. That is, if g € H* and h € H?, the linear
map h ~ g - h defines a bounded linear multiplication operator and H* c H?. The
Hardy algebra contains many rational functions; any rational function in C with
poles in C\ID automatically belongs to H* and is, in fact, analytic in a disk of radius
greater than one. This is similarly the case for the Fock space, or NC Hardy space,
H?2, by [44, Theorem A]. We define the NC Hardy algebra, HY, as the unital algebra
of all uniformly bounded free NC functions in the unit row-ball, and this can be
identified with the (left) multiplier algebra of the NC Hardy space. Rational functions
can also be defined in several NC variables, and this yields a rich subdiscipline of NC
function theory which has deep and novel connections to several branches of algebra
and analysis including NC Algebra, Free Probability Theory, Multivariable Operator
Theory, Control Theory, and Free Algebraic Geometry [7, 9, 29-34, 46-48, 54, 60,
65-69, 71].

A complex NC rational expression is any valid linear combination of NC polynomi-
als, inverses, and products. The domain, Dom, of such an expression is the collection
of all d-tuples of matrices of all sizes, X = (Xj,...,Xy) e C"™" ® C*?, n ¢ N, for
which r(X) e C"™*" is defined. An NC rational function, t, is an equivalence class of
NC rational expressions with respect to the relation r; = r,, if r; and r, agree on the
intersection of their domains. The domain of the equivalence class, t, is the union
of the domains of every r € v and we write t(X) :=r(X) if r e v and X € Domr. We
say that v is regular at 0 if 0 = (0,...,0) € C™*¢ belongs to Domt. Any NC rational
function in d-variables, v, which is regular at 0 has a finite-dimensional realization:
There is a triple (A, b, ¢) with A € C% := C"™" @ C*? and b, c € C", so that for any
XeCd,

(X)=b"La(X) s La(X):=L,®I,-> A;®X;.

Here, L, () is called a (monic, affine) linear pencil. Realizations of NC rational
functions have been studied extensively and have numerous applications.

In this paper, we seek NC multivariable analogues of classical results for contractive
rational multipliers of the Hardy space. Any contractive multiplier, b € [H*];, of H?
corresponds, essentially uniquely, to a positive, finite, and regular Borel measure, y;,
on the complex unit circle, dD. Here, we use the notations [ X ]; and (X); to denote the
closed and open unit balls, respectively, of a Banach space, X. This measure is called
the Aleksandrov-Clark or Clark measure of b [1, 2, 15]. Fatou’s theorem implies that
any contractive analytic function in the disk, b, is inner, i.e., isometric as a multiplier,
if and only if its Clark measure is singular with respect to Lebesgue measure [27,
36]. If b =b is a contractive rational multiplier, then yy is either a singular, finite,
and positive sum of weighted point masses on the circle, in which case b is an
inner, finite Blaschke product, or, yy has a nonzero absolutely continuous part with
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respect to Lebesgue measure with log-integrable Radon-Nikodym derivative and this
implies that b is not an extreme point of [H*];. One can define a one-parameter
family of Clark measures, u¢, associated with b € [H*]; as the Clark measures of
&b for any & on the unit circle, 9. Defining H?(4) as the closure of the analytic
polynomials in L*(y), for any & € 9D, there is a natural, unitary “weighted Cauchy
transform” from H?( {5, ) onto the de Branges-Rovnyak space, #(b), of b. This space

is a Hilbert space of analytic functions which is contractively contained in H?, and in
the case where b is inner, this is simply 7 (b) = (bH?)*, the orthogonal complement
of the range of b as an isometric multiplier. In this inner case, H Z(A“Eh) = L*( ‘uzb),

so that multiplication by the independent variable, MEE) : Hz(yzb) - Hz(yzb), is

unitary. As discovered by Clark [15], the images of the adjoints of this one-parameter
family of unitary operators, Méf), under weighted Cauchy transform are a family
of rank-one unitary perturbations of the restricted backward shift, S*|(,p2).. Here,
recall that the shift, S := M,, is the isometry of multiplication by the independent
variable in H?. Analysis of the shift plays a central role in Hardy space theory, and
in operator theory in general [53, 64]. A fundamental result, due to Aronszajn and
Donoghue, in the theory of Aleksandrov-Clark measures is that the singular parts of
the family y, = ppg, @ € dD, are mutually singular [4, 24]. Moreover, point masses of
Uap on the unit circle correspond to points where b has a finite Carathéodory angular
derivative [12, 52]. We will obtain natural and convincing analogues of these results in
the noncommutative setting for NC rational multipliers of the Fock space.

1.1 Reader’s Guide

The subsequent section will provide some basic background on the Fock space and
NC rational functions. In Section 3, we study the NC Clark measures of contractive
NC rational multipliers. Classically, positive measures on the circle can be identified
with positive linear functionals via the Riesz-Markov theorem, and the appropriate
NC analogue of a positive measure on the circle is then a positive linear functional
on a certain operator system, the free disk system. Theorem 3.2 identifies the NC
Clark measures of contractive NC rational multipliers as the finitely correlated positive
linear functionals on the free disk system. Finitely correlated Cuntz states were
originally introduced by Bratteli and Jorgensen in their studies of representations
of the celebrated Cuntz algebra [11], the universal C*-algebra of a surjective row
isometry [17]. Here, a row isometry is an isometry from several copies of a Hilbert
space into one copy. We further prove that an NC rational multiplier is inner,
i.e., isometric, if and only if its NC Clark measure is singular with respect to NC
Lebesgue measure in the sense of the NC Lebesgue decomposition of [40, 41] (see
Corollary 3.15). This is the analogue of a classical corollary to Fatou’s theorem in the
special case of rational multipliers: A contractive multiplier of H? is inner if and only
if its Clark measure is singular. Theorem 3.14 provides a detailed characterization of
the finitely correlated positive NC measures, including a concrete formula for the NC
Radon-Nikodym derivative of any finitely correlated NC measure with respect to a
canonical NC Lebesgue measure. Theorem 4.1 provides a complete description of the
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minimal realization of any contractive NC rational multiplier and, in particular, any
inner (isometric) NC rational multiplier.

Proposition 5.6 shows that if b € [H ]; is NC rational and inner, then there are
certain finite row co-isometries, A, on the boundary of the unit row-ball, 9B, so
that b(A}) has { € 9D as an eigenvalue, where t denotes matrix transpose of each

component. If v is the eigenvector of b(At() * to eigenvalue {, Theorem 5.8 shows that
v*b(Z) has a “Carathéodory angular derivative” at A', and that the point evaluation
hw— y* h(At()v is a bounded linear functional on the de Branges—Rovnyak space
of b, for any vector y of the appropriate size. Theorem 5.11 then partially extends
the Aronszajn-Donoghue theorem to NC rational multipliers of Fock space: Under
certain assumptions, we show that the singular parts of the family of NC Clark
measures of an inner rational multiplier of Fock space are mutually singular and we
provide a finite upper bound on the number of distinct NC Clark measures which are
not mutually singular. Here, a Gelfand-Naimark-Segal (GNS) construction applied to
any positive NC measure produces a GNS Hilbert space, and a row isometry acting on
this space. (This space and this row isometry are the multivariable analogues of H ()
and M| w2 in the case where y is a positive measure on the circle.) Two NC Clark
measures Uy, 4y’ are then said to be mutually singular if their GNS row isometries are
mutually singular in the sense that they have no unitarily equivalent direct summands.

Any row isometry uniquely determines and is uniquely determined by a
+-representation of the Cuntz-Toeplitz algebra, C*{I,Ly,...,Ls} [17]. Here,
L:=(Ly,...,Ly) is the left free shift, the row isometry of left multiplications by the d
independent NC variables, Ly := M 2ij , on the Fock space, and this plays the role of the
shift operator, S = M, : H* - H?, in this multivariable NC Hardy space theory. This
reveals a fundamental connection between the representation theory of the Cuntz
and Cuntz-Toeplitz C*-algebras and the study of positive NC measures. In fact, any
cyclic row isometry (or *-representation) can be obtained, up to unitary equivalence,
as the GNS row isometry of a positive NC measure [45, Lemma 2.2]. The Cuntz and
Cuntz-Toeplitz C*-algebras are important objects in C*-algebra theory, and they
also play a universal role in the dilation theory of row contractions [55].

2 Background
2.1 Multipliers of Fock space

Left multiplications by the d independent NC variables 3 = (31, ..., 34) define isome-
tries on the Fock space with pairwise orthogonal ranges,

Ly :=Mj,, LiLk =08l

It follows that the row d-tuple L := (L, ..., Ly) : H2 ® C? - H? is an isometry from
several copies of H into itself. Such an isometry is called a row isometry, and we call
this row isometry of left multiplications on the Fock space the left free shift and its
components the left free shifts. Similarly, one can define the right free shifts, Ry := M sz R
as right multiplication by the independent NC variables as well as the row isometric
right free shift, R = (Ry, ..., Ry). The letter reversal map t : F¥ — ', which reverses
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the order of letters in any word w € ¢, defines an involution on the free monoid,
o . [ .
W=1i1- iy > @ =,

Givenaword, w = iy - - - i, € F%, the length of w is |w| = n and |@| := 0. The free mono-
mials {e, = 3“| w € F*} define a standard orthonormal basis of HZ ~ ¢*(F%), and
the letter reversal map gives rise to a unitary involution of the Fock space, Uy, defined
by U® = 3“". Here, ey = 32 =: 1 is called the vacuum vector of the Fock space. It is
straightforward to verify that UL U; = Ry, so that the left shifts are isomorphic to the
right shifts.

The NC Hardy algebra, H, of uniformly bounded NC functions can be identified,
completely isometrically, with the unital Banach algebra of left multipliers of the NC
Hardy space, H2 [62, Theorem 3.1]. That is, given any NC function, F € HY, and h €
H?2, the left multiplication operator M§ : H3 — H32, defined by

h(Z) » F(Z)-h(2),

isbounded and | M%| = | F| o, where | - || denotes the supremum norm over B. For
any free polynomial p € C{3} := C{31,...,34}, one can check that p(L) = MlL,, and
so we employ the notation F(L) := M. Similarly, if p € C{3}, then, M = p*(R) =
U;p(L) Uy, acts as right multiplication by p, where if & is a formal power series, h(3) =
Z hwzwx
h'(3) = Zizij = Zizwtgw.

In particular, if h € H2, h' = Uih. The left and right multiplier algebras of HZ are
unitarily equivalent via the unitary letter reversal involution U and can be identified
with the left and right analytic Toeplitz algebras, .£;° := Alg{I,L;,..., Ly}~ "°T
and Z7 = {LLRy,..., Ry }-WoT - UiZ;° Ui, where WOT denotes the weak operator
topology. Since p(R) = Mg, for any p e C{3}, we will write G(R) = M&, for any
G € HY . Namely, G € HY ifand only if G* € HF™ := t o HY . We will use the following

terminology: A left or right multiplier is inner if it is isometric and outer if it has dense
range.

2.2 Noncommutative reproducing kernel Hilbert spaces

In syzygy with classical Hardy space theory, the Fock space is a (noncommutative)
reproducing kernel Hilbert space, in the sense that for any Z € B¢ and vectors
y,v € C", the matrix-entry point evaluation, (7, ,, : H2 - C,

he y*h(Z)v,

is a bounded linear functional. Equivalently the linear map h — h(Z) isbounded as a
map from HJ into the Hilbert space, C"*", equipped with the Hilbert-Schmidt inner
product. By the Riesz lemma, £z, , is implemented by inner products against vectors
K{Z,y,v} € H3, which we call NC Szegé kernel vectors.

In greater generality, let Cf = ]2, C? denote the d-dimensional complex NC
universe. Here, recall that we define C? := C"™" @ C*?. A subset Q € Cf is an NC
set if it is closed under direct sums, and we write Q = | |Q,, where Q, := QN Cf,’.
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A Hilbert space, 3, of free noncommutative functions on Q is a noncommutative
reproducing kernel Hilbert space (NC-RKHS), if forany n e N, Z € Q,, and y,v € C",
the linear point evaluation functional

he y*h(Z)v

is bounded on J [8]. As before, the Riesz lemma implies that these functionals are
implemented by taking inner products against point evaluation or NC kernel vectors
k{Z,y,v} € H. Given any such NC-RKHS, Z € Q,, and W € Q,,, one can define
a completely bounded map on n x m complex matrices by: k(Z, W)[-]: C"™*™ —
(Cﬂ)(m,

V' k(Z,W)[vu*x = (k{Z, y, v}, k{W,x,u})s,

and this map is completely positive if Z = W [8]. Here and throughout, all inner
products are conjugate-linear in their first argument. Following [8], we call k(Z, W)[]
the completely positive noncommutative (CPNC) reproducing kernel of H{, and we write
JH = H (k). One can check that adjoints of left and right multipliers of an NC-RKHS
have a familiar action on NC kernel vectors:

(ME)'K{Z,y,v} =k{Z,F(2)"y,v} and (Mg)*k{Z,y,v} =k{Z,y,G(Z)v}.
All NC-RKHS in this paper will be Hilbert spaces of free NC functions in the unit

row-ball Bf\lv

Bf = L!Bﬁ, Bj, = {Z eCc™"@C™
n=

27" =02 + -+ +ZdZ;<I,,}.

In the case of the Fock space, HZ = H,,.(K), where K is the NC Szegd kernel: Given
ZeBY, WeBE, and P e C™™,

K(Z, W) = (idum[] - Adzw-[]) o P= Y Z“PW*,
weld

AdZ,W* [P] = lev‘/l* + -0+ ZdPW;
2.3 NC rational functions

As described in the introduction, a complex NC rational expression is any syntactically
consistent combination of the several NC variables 31, . . ., 34, the complex scalars, C,
the operations +,-,”!, and parentheses (, ) with domain Domr = ||}, Dom,, r, where

[eo)

Dom,r:=| | {X = (Xp,...,X4) eCP" @ CP

n=1

r(X) is deﬁned} .

We will use the notation C% := C"™" ® C™*? for a row d-tuple of complex n x n
matrices. An NC rational expression is valid, if its domain is nonempty. An NC
rational function, t, is then an equivalence class of valid NC rational expressions with
respect to the relation 11 = r; if 1;(X) = rp(X) for all X € Domr; N Domr,. (By [47,
Footnote, p. 52], given any two valid NC rational expressions, ri, their domains at
level n, Dom,, riy = Domry N (Cﬁ, have nontrivial intersection for sufficiently large n.)
The set of all NC rational functions in d variables with coeflicients in C is a division
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ring or skew field, and is, in fact, the universal skew field of fractions for the ring
C{3} =C{31,.--,3a} of complex NC polynomials [3, 14], [47, Proposition 2.2].

Any NC rational function in d-variables, v, which is regular at 0, has a unique (up to
joint similarity) minimal descriptor realization. Namely, there is a triple (A, b, ¢) with
AeC%andb,c e C", so that for any X € C%,

(X)) = (b*® L) La(X) " (c® 1), La(X):=1,®I,-Y A;®Xj,

and this realization is minimal in the sense that # is as small as possible. Here, L4(+)
is called a (monic, affine) linear pencil, and we will employ the simplified notations

d
ZA=Z®A:=) Z;®Aj,
j=1
for any Z, A € C&. Minimality implies that the realization is both observable,
\/ A*wb — (Cn,
and controllable
\/AYc=C"

(see, e.g., [31, Section 3.1.2]). Minimal realizations are unique up to joint similarity
[10, Theorem 2.4]. The domains of NC rational functions which are regular at 0 have
a convenient description:

Theorem [46, Theorem 3.1], [68, Theorem 3.10]  If vis an NC rational function which
is regular at 0 with minimal realization (A4, b, ¢), then

Domrt = | | {X eCd
neN

detL,(X) # 0}.

Any NC rational v € HZ is necessarily defined on B, and hence is regular at 0. As
proved in [44], an NC rational function belongs to the Fock space if and only if it is
regular at 0 and has minimal realization (A4, b, ¢) so that the joint spectral radius of the
d-tuple A is less than 1 [44, Theorem A]. Here, if A:= (A;,...,A4) : C" ® c?-cr
is any row d-tuple of n x n matrices, we define the completely positive map Ads 4~ :
Cnxﬂ N Cnxfl by

AdA,A* (P) = A]PAT + -0+ AdPAZ

The joint spectral radius, spr(A), of A is then defined by the Beurling formula:

2k
. k
spr(4) := lim Viad®h. (1)),

By the multivariable Rota-Strang theorem, A is jointly similar to a strict row con-
traction if and only if spr(A) <1 [58, Theorem 3.8] (see also [62, Proposition 2.3

dg’fzﬁ (I,) = 0, and a finite-
dimensional row d-tuple, A € C%, is pure if and only if spr(A) <1 [62, Lemma 2.5].
If v € H has minimal descriptor realization (A, b, ¢), then A is jointly similar to a

finite strict row contraction Z € B¢, where Z denotes entrywise complex conjugation,

and Remark 2.6]). In particular, A is said to be pure if A
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and one can verify that v = K{Z, y, v} is an NC Szegé kernel vector in the Fock space,
where y, v are the image of b, ¢ under the (conjugate of the) similarity and its inverse
that intertwine A and Z [44, Proposition 3.2]. That is,

(v, Wy = y*h(Z)v
and
K{Z,yv}(W)= > yZovW*,  WeBf.
welF4

In [44, Theorem A], we established (a more general version of) the following theorem
which characterizes when an NC rational function belongs to H3.

Theorem A Let v be an NC rational function in d variables. The following are
equivalent:
(i) ve H2.
(ii) ve HY.
(iii) r - IEBI% ¢ Domt for some r > 1.
(iv) v=K{Z, y,v} for some Z e B? and y,v € C".
(iv) vis regular at 0 and if (A, b, ¢) is a minimal realization of v, then spr(A) < L.

Given A € C¢ and Z € C4, consider the linear pencil
d
La(Z)=1,®0In-Z®A=1,01,- > Z;® Aj.
=1

Observe that

HZ‘X’AH < HZHrOWHAHcol = H(Zb--->Zd)H,,C£(Cn®(cd,<cn) ‘

( ‘A ‘.dl ) H m m d
GiVen A € Cm, we Will alSO Write

A

col(A) := (A

) eC™™eCY sothat [A]c = |col(A) |2 (cm cmecdy-

d

It follows that Z ® A will be similar to a contraction if Z is jointly similar to a row
contraction and A is jointly similar to a column contraction, and Z ® A will further
be similar to a strict contraction if, in addition, at least one of Z, A is jointly similar
to a strict row or column contraction, respectively. If Z ® A is similar to a strict
contraction, then L4 (Z )’1 can be expanded as a convergent geometric sum. A row
d-tuple, Z € C%, is said to be irreducible, if it has no nontrivial jointly invariant
subspace, i.e., there is no nontrivial subspace which is invariant for every Zy,1 < k < d.
The following lemma will be useful in the sequel.

Lemma 2.1 If Z=(Z,...,Z4) € C, then the column, col(Z), is jointly similar to
a column d-tuple, col(W), with column norm at most |W /o1 < | Z|row + & for any
& > 0. Conversely, for any € >0, Z is jointly similar to a row d-tuple W' e C¢ with
[ W lrow < | Z]|col + € If Z is irreducible, then one can take € = 0. In particular, any strict
row contraction is jointly similar to a strict column contraction and vice versa.
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Proof 'The joint spectral radius of Z obeys spr(Z) < |Z|ow. Consider the row
d-tuple Z* = row(Z*) = (Z{,...,Z}). Then,

* . k L
spr(2") = lim [ AdEY), (1) |

2,

k
tr Ad(zk*),z (In)

:

< lim

=lim * Z tr Z*0Z®
|w|=k

=lim * /[ > trzez*e
|w|=k

2

k
tr Ad(Z]}* (I,

:

=lim

2k
<lim /n-|Z|2

row
= HZHrow-

By [62, Lemma 2.4], the closure of the joint similarity orbit of the row d-tuple,
row(Z*), contains a d-tuple, W', with norm at most |W'|;ow = spr(Z*) < | Z]|row>
and if Z is irreducible, then its joint similarity orbit is closed so that W' is in the
joint similarity orbit of Z*. In particular, given any € > 0, Z* is jointly similar to some
W e C¢ with |W|lrow < | Z]row + & Viewing W : C" @ C¢ — C" as a linear map, its
Hilbert space adjoint is col(W*) : C" - C" ® C? with norm

[ W™ [eor = [WlEow < (1Z]ow +)*.
Since row(Z*) is jointly similar to row(W), it follows that col(Z) is jointly similar
to col(W*) where |W*|co1 < |Z|row + & Proof of the other half of the claim is
analogous. [ ]

Lemma 2.2 If veH3, then t':= U is also an NC rational function in H. In
particular, the transpose of any NC Szego kernel is an NC Szego kernel.

Proof If v M2, then by [44, Theorem A], v = K{Z, y,v} for some Z ¢ B¢ and
y,v € C". Let € denote the conjugation (antilinear isometric involution) with respect
to the standard basis {ex}}_, defined by Cy =, the entrywise (with respect to the
standard basis) complex conjugation of y. Given A € C4,let A" := (A,..., A%), where
A; denotes matrix transpose, and let A = €A denote complex conjugation applied
entrywise to A in the standard basis. As described in [44], since v = K{Z, y,v} for
some Z € Bf ifwe define A := Z,b = y,and ¢ = v, then (A, b, c) is a finite-dimensional
realization of . Recall that

<Lw1, K{Z, y,V})Hz = y*Zw‘V
=b"A%,
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and calculate

(L1, UK{Z, yo v} = (L1, K{Z, y,v} )2

By the previous lemma, the d-tuple A' € C is pure, spr(A') < 1,and A' is jointly simi-
lar to a strict column contraction. It follows that t* has a finite-dimensional realization
(A',¢,b), where A' = (A},..., A})), and hence ' € HJ is also NC rational. |

Remark 2.3 The domain of any NC rational function, t, which is regular at 0, is open
with respect to the uniform topology on C%. Namely, given any X € C% and Y € C,,
we define the row pseudometric

drow(X, V) = | X @I -1, Y |2, = [(X® Iy -1, ®Y)(X® I, - [,®Y)"|

row

Since multiplication, summation, and inversion are all jointly continuous in operator
norm, and any NC rational function can be constructed by applying finitely many
arithmetic operations to free polynomials, it follows that Dom v is a uniformly open
NC set, and hence contains some row-ball, B, of nonzero radius ¢ > 0. Hence, by
rescaling the argument, t;(Z) := t(tZ), we obtain an NC rational function v, with

IB%I% ¢ Domt, so thatt, € HY by [44, Theorem A]. It follows that given any NC rational
function v, which is regular at 0, there is essentially no loss in generality in assuming
that v € HY®, or even v € [HY ];. Alternatively, if ¢ has minimal realization (A, b, ¢),
then the joint spectral radius of the d-tuple, A € C4, is bounded above by the row
norm of A. Hence, A’ := t- A, t ' := (1 + &) | Al has spr(A’) <1, and if v’ has minimal
realization (A', b, ¢), then t/(Z) = ¢ (t- Z) is a rescaling of t so that v’ ¢ H".

d
Y (X ®Iy—I,®@ Y )(X; @Iy — I, ® YY)
k=1

2.4 Minimal realizations of v € H

The minimal realization of any v € H2 is easily constructed as follows. Let ¢ = t, set
M=\ R*r, Ax:=Ri|lu,

and b := P 1. Since vt = K{Z, y,v} is an NC Szegd kernel vector at a finite point
Z e BY,

M =\ K{Z,y,Z}

is finite-dimensional. It is easily checked that the triple (A, b, ¢) is a realization of t. The
realization (A, b, ¢) is controllable by construction, and it is also straightforward to
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check that it is observable. Alternatively, a minimal realization of t can be constructed
by applying backward left shifts to t'.

It will be convenient to also consider Fornasini-Marchesini (FM) realizations of
v € H2. Here, an FM realization of v € H2 is a quadruple (A, B, C, D), where A € C4,
BeC"®CY CeC™, and D € C, so that for any Z € Domt 2 B,

t(Z)=D+C(I-ZA)™'B.
The NC rational function, v, is called the transfer function of the FM colligation:
U (4 BY.(C"). cmeC?
7 \c DJ'\C C '

As before, such a realization is called controllable if

Cm = \/ Aij)
wel?
1<j<d
observable if
Cm — \/A*w C*’

and minimal if N is as small as possible. Again, an FM realization is minimal if
and only if it is both observable and controllable, and minimal FM realizations are
unique up to joint similarity [7, Theorem 2.1]. It is straightforward to pass back and
forth between minimal descriptor and FM realizations. For example, beginning with
a minimal descriptor realization (A, b, ¢), set 4y = V 4+ A” ¢, with projector Py and
A©) = A| .. If we define By = Agc, C := (Pyb)*, and D := t(0), then (A(*), B, C, D)
is a minimal FM realization of t.

Any b € [H ], has a (generally not finite-dimensional) de Branges-Rovnyak real-
ization [6]. This is a FM-type realization constructed using free de Branges—Rovnyak
spaces. Here, given b ¢ [HY ], the right free de Branges—Rovnyak space, 7*(b),

is the operator-range space of the operator \/I - b(R)b(R)*. That is, J#'(b) =
Ran+/I - b(R)b(R)* as a vector space, and the norm on 7' (b) is defined so that
VI-b(R)b(R)* is a co-isometry onto its range. Equivalently, 5#'(b) is the NC-
RKHS 3, (K?) with CPNC kernel
K*(Z,W)[] = K(Z, W)[-] - K(Z, W)[b"(Z) (-)b" (W) "],
and NC kernel vectors
K*{Z,y,v} = (I-b(R)b(R))K{Z, y,v} = K{Z, y,v} =~ b(R)K{(Z, y, b'(Z)v},

where K(Z, W) is the CPNC Szegd kernel of the free Hardy space and K{Z, y,v} is

an NC Szego kernel vector. Any right free de Branges—Rovnyak space is contractively
contained in H2, and it is always co-invariant for the left free shifts. While b* = b(R)1
does not belong to 7' (b) in general, L} b* always belongs to .7#*(b) [6, Proposition
4.2]. One then defines the co-isometric de Branges—Rovnyak colligation

o 7))
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where
A:=L*| 4y, B:=L*b, C:= (K8)*, and D:=b(0).

One can then check that b is realized as the transfer function of this colligation.
In particular, if b = b € [H]; is an NC rational multiplier, one can cut down this
realization to obtain a finite-dimensional and minimal de Branges-Rovnyak FM
realization by setting

Mo(b) = \/ L8,

w*J

with projector Py and then
Uoer [P OV (% B, [#4®)) My(b) ® C?
= o 1) \le )\ C C ’

2:= Al gy), B:=B, €:=CP, and D:=D=0b(0).

where

Here, note that if b = K{Z, y,v} ¢ H3 is NC rational, then b" is also an NC Szegé
kernel at some finite point W € BY by Lemma 2.2 and Theorem A. It immediately
follows that ., (b) is finite-dimensional.

Lemma2.4 The finite de Branges—Rovnyak FM realization (2,8, €, D) ofb € [H |,
obtained above is minimal.

The proof is routine and omitted. As before, one can alternatively construct a de
Branges—Rovnyak realization of any b € [H ]; (or minimal de Branges-Rovnyak FM
realization of an NC rational b € [H7 ];) by considering the left free de Branges-

Rovnyak space .#(b), the operator-range space of \/I —b(L)b(L)*. This space is
right shift co-invariant and R*“b € 57 (b) for any w # @.

2.5 Clark measures

In classical Hardy space theory, there are (essentially) bijections between contractive
analytic functions in the disk, Herglotz functions, i.e., analytic functions in I with
positive harmonic real part and positive, finite, and regular Borel measures on the
unit circle. Namely, beginning with a positive measure on the circle, y, one can define
its Herglotz-Riesz integral transform:

o
H,(2) = famfj%y(do, zeD,

and this produces a Herglotz function in the disk. Note that Re H,(0) = u(dD) > 0.
Since Re H,(z) > 0, applying the so-called Cayley Transform, a fractional linear
transformation, which takes the complex right half-plane onto the unit disk, yields
a contractive analytic function:

_ Hyu(z) -1
S Hu(z)+1°

bu(2)
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Each of these steps is essentially reversible. Beginning with a contractive analytic
function b € [H* ]y, its inverse Cayley transform,

1+b(z)
1-b(z)’
is a Herglotz function (provided b is not identically equal to 1). Moreover, given any

Herglotz function, H, in the disk, the Herglotz representation theorem implies that
there is a unique positive measure, 4, so that

Hb(Z) =

H(z) = ilm H(0) + H,(z) = ilm H(0) + f 1+

oD 1-z(
[35]. That is, the Herglotz function corresponding to a positive measure is unique
modulo imaginary constants. If H = Hy, this concomitant measure is called the
Aleksandrov-Clark measure or Clark measure of b [1, 2,15]. Hence, any two contractive
multipliers by, b, € [HY ], whose Herglotz functions Hy. := H, differ by an imaginary
constant have the same Clark measure. In this case, if H, = H; + it for some t € R, then
one can check that

u(dq)

by, =—=- b
2 z(t) Ha(n © 21

(
(

—

. . z(t lle . .
is, up to the unimodular constant, 4, a Mobius transformation of b; corresponding

~

to the point

t
z(t) := o eD,
so that the contractive analytic functions corresponding to a given positive measure
are unique up to such transformations.

By the Riesz—Markov theorem, any positive, finite, and regular Borel measure on
0D can be viewed as a positive linear functional on the C*-algebra of continuous func-
tions on the unit circle, € (dD). Recall that the disk algebra, A(D), is the unital Banach
algebra of analytic functions in the disk which extend continuously to the boundary
and that this algebra is isomorphic to the operator algebra Alg{I, S} I'l, where
S = M, : H* - H? is the shift. By the Weierstrass approximation theorem, ¢’ (dD) is
the supremum norm-closed linear span of the disk algebra and its conjugates. That is,
% (D) = (A(D) + A(]D))*)fu'”. In the NC multivariable setting of Fock space, the
immediate analogue of a positive measure is then any positive linear functional on
the norm-closed operator system of the free disk algebra, Ay = Alg{I, L;,...,Lq} .
We will use the notation

ﬂd = (Ad +A2)_“”

for the free disk system, and (.27 ): will denote the set of positive NC measures, i.e., the
set of all positive linear functionals on the free disk system.

As in the single-variable setting, one can define a free Herglotz—Riesz transform of
any positive NC measure y € (2, )1 and this produces an NC Herglotz function, H,,
which has positive semidefinite real part in the NC unit row-ball, B. Namely, given
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Y (mfd): and Z € BY, the Herglotz-Riesz transform of y is
Hu(Z)=id, @ u((I+2ZL*)(I-ZL*)™"), ZL* =) ® L + -+ Zg® L},

As before, the Cayley transform of any such H, defines a bijection between NC Her-
glotz functions and contractive left multipliers, b, of the Fock space. Furthermore, as
before, the correspondence u <> H,, is bijective modulo imaginary constants, and if
a positive NC measure, y, corresponds to a contractive left multiplier b € [HZ ];, we
write y = pp, and we call y the NC Clark measure of b [38, 39].

3 NC rational Clark measures

One can apply a GNS construction to any u € (Md)I to obtain a GNS Hilbert space,
H?2 (u), the completion of the free polynomials, C{3} = C{31,.. ., 34}, modulo vectors
of zero length, with respect to the GNS pre-inner product:

{p:q)u = u(p(L)"q(L)).

Equivalence classes, p + N, € H2(u), where p € C{3} is a free polynomial and N,
denotes the left ideal of zero-length vectors with respect to the y-pre-inner product,
are dense in HZ(u). This construction also comes equipped with a left regular
representation of the free disk algebra,

mu(Li)p+ Ny = 3kp + Ny.

This representation is unital, completely isometric, and extends to a *-representation
of the Cuntz-Toeplitz algebra so that IT, = (H,,;l, e HM;d) :=m,(L) is a GNS row
isometry acting on HZ(u). For details, see [38-41]. Any cyclic *-representation of
the Cuntz-Toeplitz algebra can be obtained, up to unitary equivalence, as the GNS
representation of a positive NC measure [45, Lemma 2.2].

Definition 3.1 A positive NC measure, y ¢ (szd):rr, is a finitely correlated
Cuntz-Toeplitz functional if the subspace,
H, = \/ H;“’ (1+ Nﬂ) R
welFd

is finite-dimensional. If T, is also a Cuntz row isometry, i.e., a surjective row isometry,
we say that 4 is a finitely correlated Cuntz functional.

Remark 3.1 In[11], finitely correlated Cuntz states were defined as unital and positive
linear functionals on the Cuntz algebra with the above property. However, if y €
(JZfd): is a finitely correlated Cuntz state according to our definition, i.e., if y is a
unital, finitely correlated Cuntz functional on the free disk system, then IT, is Cuntz,
and in this case, ¢ has a unique positive extension to the Cuntz-Toeplitz algebra
[45, Proposition 5.11]. Moreover, since I, is Cuntz, this defines a unique finitely
correlated Cuntz state in the sense of Bratteli and Jorgensen [11].

Theorem 3.2 An NC measure, y € (;zfd):, is the NC Clark measure of a contractive
NC rational multiplier of Fock space, b € [HY |,, if and only if it is a finitely correlated
Cuntz-Toeplitz functional.
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It will be convenient to recall the construction of the free Cauchy transform of
elements of the GNS space H? (¢) [38-41]. Givenany p € C{3}, p + N,, ¢ HA(¢), and

Z € BY, the right free Cauchy transform of p + N, is the holomorphic NC function
Cupe O(BY),
(€up)(Z) =toid, @ u((I,®I-Z®L*)"'p(L))
=220 u (L p(L))

=3 Z0GY + Nuw p+ Ny

and this final formula extends to any x € HZ(u). Equipping this vector space of free
Cauchy transforms with the inner product that makes %), an onto isometry produces
an NC-RKHS in Bf,, 7#*(H,), the right NC Herglotz space of y, with CPNC kernel
K*:Forany Z e B and W e B%,

KA(2,W)[] = K(2W) [SH(2)6) + 5 O,
where K denotes the CPNC Szeg6 kernel of the Fock space, and H,(Z) is the (left)
NC Herglotz-Riesz transform of y: For any Z € B,
Hy(Z):=idy @ u((I,®I+ZL*)(I, ® I-ZL*)™")
=2(6u1+ N,)(Z) - u(D)I,.

Any such H, is an NC Herglotz function in B as described in Section 2.5. That is,
ReH,(Z) > 0.

The image of the GNS row isometry, IT,, under right free Cauchy transform is a
row isometry, V,, acting on 5 (H,):

B V=G %, =, (M. .., Mya) 6 @ Iy : A (H,) ® C > 7% (Hy),
where IT,;x = 7, (L ). The range of the row isometry V, is
(3.2) RanV, = \V (K¥{Z,y,v} - K*{0,,y,v}),
(Z,y,v)e
BYxC"xC"; neN
and for any Z € B¢, y,v e C",
(3.3)

" P P p " K"{Z,Zl*y,v}
Vi (K {Z,y,v} -K {On,y,v}) =K"{Z,Z y,v} := :

: A" (H,) ®CY.
K"{Z)Z;‘yw})e ()

The linear span of all such vectors is dense in ##°* (H,,) ® C¥ since V) isaco-isometry.
See [39, Section 4.4] for details.

Lemma 3.3 Each Vy, acts as a backward left shift on #°*(H,). That is, if
h e #*(H,) has Taylor-Taylor series at 0 € BY,

WZz)=>hoz% heeC, then (Vih)(Z)= hx2Z".
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Here, note that if h(Z) = ¥, h,Z¢ and h € H3, then (L}h)(Z) = ¥, hxo Z¢. This
motivates the terminology “backward left shift”

Proof The right free Cauchy transform of any x € H2 (u) is h := €,x,

h(Z)=22° (5" + Nu» ) »
w _:_/
=thy

so that
(Vi) (2) = 3025 + Ny, T 56
w
:Zzw<315w+Nﬂ’x>M:Zh;‘wzw- ]
w

Proof (of Theorem 3.2) First, assume that y € (Q%d):rr is a finitely correlated Cuntz—
Toeplitz functional. Set T, = ITj|sc,. Let $,(Z) be the (left) NC Herglotz-Riesz

transform of y [39, Theorem 3.4]: For any Z € B9,
Hu(2) =id, @ u ((I+ZL*)(I-2L*)™)
=2id, @ pu((I®I-Z&L*)™") - u(DI,
=2 ) Z(l+ N, IL 1+ Ny ) = (D)1,

welF4

=2 ) Z°(1+ Ny, T;“1+ Ny ), — (D1,

weF4
= 26,(Z) - 6,(0,)],,
where &,(Z):=(%,1+N,)(Z). Hence, (A,b,c):=(T;,1+N,,1+N,) is a
finite-dimensional realization of &,(Z). Moreover, clearly 1+ N, is cyclic for T,

by definition of 3, so that this realization is controllable. Similarly, it is observable
since 1 + N, is cyclic for IT,. Indeed, since

HG (1) = VI (1+ N,),
it follows that if P, is the orthogonal projection onto J(,, then
Hy = PHL(u) =\ Ty (1+ N,,),
and (A, b,c) is the minimal realization of &,. Since &, has a finite descriptor

realization, it is an NC rational function with Dom &, 2 IB%%, and so §),, is also an
NC rational function in Bf. Applying the Cayley transform,

bu(2) = (9u(2) = 1n)(9u(2) + 1n) ™" € [HT]s,

is a contractive, NC rational left multiplier of Fock space with NC Clark measure y.
Conversely, if b € [HS°]; is NC rational, then we can reverse the above argument to
see that &, is NC rational. Moreover, by Lemma 3.3, we have that forevery j = 1,...,d,

(Vi i8,)(Z) = 2 Z(37° + Ny, 1+ Ny ).
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If (A, b, ¢) is a minimal realization of &,(Z) = X, @H;wZ“’, then for every word w,
G o = (39 + Ny 1+ N, ) = b A%,

and it follows that the minimal realization of V;;.&,, is (A, A%b, ). Such “backward
left shifts” of NC rational functions were studied in [46, Section 2]. To show that u
is finitely correlated, we need to show that J{,, is finite-dimensional. Equivalently, we
can show that

M=\ VS Sy, My =CH,

is a finite-dimensional subspace of the NC Herglotz space 7" ($),) of
u-Cauchy transforms. It follows that .#, is finite-dimensional since V A*“b is
finite-dimensional, by assumption. [ ]

Remark 3.4 We have also established that (T;,1+ N,1+ N,,) is a minimal descrip-
tor realization of &, the free Cauchy transform of 1+ N,.

3.1 Row isometric dilations of finite row contractions

Let p e (Jz{d): be a finitely correlated Cuntz-Toeplitz functional, and set IT =IT,,.
Then 1+ N, is II-cyclic so that by Popescu’s NC Wold decomposition, IT = II; @
Icyne, where IIp is unitarily equivalent to L, and Ilcyne, is a cyclic and Cuntz
(surjective) row isometry [55, Theorem 1.3]. If we define the finite-dimensional space,

H, = VI (1+N,),

with projection P,, then II, is the minimal row isometric dilation of the finite row
contraction

TI‘ = PI‘HHLH/A@C‘{'

In particular, I, will be Cuntz if and only if T, is a row co-isometry by
[55, Proposition 2.5]. Let A := (Ay,...,Ag) : H ® C? - I be any row contraction
on a finite-dimensional Hilbert space 3 ~ C". Let V = (V;,...,V;) : K ® C% - X
be the minimal row isometric dilation of A on X 2 H. Such row isometries, V, as well
as the structure of the unital, WOT-closed algebras they generate, were completely
characterized and classified up to unitary equivalence by Davidson, Kribs, and Shpigel
in [20]. We will have occasion to apply several results of [20] and so we will record
some of the main results of this paper here for future reference.

Given A, V,J(, and K as above, let V =V, ® V' be the Wold decomposition
of V corresponding to X = X, ® X', where V, ~ L ® I is pure and V' is a Cuntz
row isometry on K'. Furthermore, let H be the span of all minimal A-co-invariant
subspaces J of H so that B := (A*|5)" is a row co-isometry. Then, H = @ Hy, where
{f]ffk}szl is a maximal family of mutually orthogonal and minimal A*-invariant
subspaces so that (A*|7 )" is a row co-isometry. Note that if J is minimal, then B
is necessarily an irreducible row co-isometry. The following theorem is part of the
statement of [20, Theorem 6.5].
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Theorem B (Davidson-Kribs—Shpigel) Let A be a finite-dimensional row contraction
on H with minimal row isometric dilation V =V, ® V' on K =X, ® K’ 2 I, with
notations as above. Then V), is unitarily equivalent to L ® Iy where dimJ = rank I -
AA* and V' is the minimal row isometric dilation of the row co-isometry A := (A* l72)".
Moreover, V' = @, V{, where each V| is an irreducible Cuntz row isometry and V is
the minimal row isometric dilation of the irreducible row co-isometry AX) := (A* |57¢,) "

In the above statement, recall that a finite row contraction, A, on J{ is said to be
irreducible, if it has no nontrivial jointly invariant subspace. This is equivalent to
Alg{I,A;,...,A;} = L (H). If A is irreducible, then A cannot have any nontrivial
jointly co-invariant subspace either, so that also Alg{I, A}, ..., A%} = Z(J{). In this
case, any vector x € J{ is cyclic for both A and A*. On the other hand, we say that
a row isometry, V = (V4,..., Vy), is irreducible if and only if the Vi, 1< k < d, have
no nontrivial jointly reducing subspace, i.e., a subspace which is both invariant and
co-invariant for each V.

The following theorem characterizes when the minimal row isometric dilations of
two finite-dimensional row contractions are unitarily equivalent.

Theorem C [20, Theorem 6.8] Let A:= (A;,...,Ay) and B:= (By,. .., By) be finite-
dimensional row contractions acting on finite-dimensional Hilbert spaces H 4 and Hg,
respectively. Let 14 and I1p be their minimal row isometric dilations actingon X 4 2 Ha
and Kp 2 Hp. Let Hy € Hy be the subspace spanned by all minimal A-co-invariant
subspaces, H, of Ha on which A*|s¢ is a column isometry and similarly define Hp.
Then 114 and I are unitarily equivalent if and only if:

(1) rank (I - AA*) = rank (I - BB*), and
(2) A*|5, is jointly unitarily equivalent to B* |5 .

We will apply these results to study and characterize the GNS row isometry, IT,,,
arising from a finitely correlated positive NC measure, .

Lemma3.5 Lety e (<, ): be a finitely correlated Cuntz-Toeplitz functional. Then the
I, —cyclic vector 1 + N is cyclic for both Ty, and T;;.

Proof By definition, the finite-dimensional subspace
Hy = VILE (14 Ny) =V T (14 Ny

is T;-cyclic. Moreover, by the GNS construction of HZ(u), 1+ N, is II,-cyclic.
However, since 1+ N, € }(, is II,-cyclic, given any h € },, there is a sequence of
polynomials p, € C{3} so that p, (II,)1 + N, — h. Hence,

h = Py, h
= Py, lim p,(T1,)1+ N,
= lim p,, (P3¢, ITu P3¢, )1+ N,
=1lim p,, (T,)1+ Ny,
since }(,, is IT,-co-invariant. It follows that 1+ N, is also cyclic for T),. u
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Let T:=(T,...,Ty):H®C% >3 be any row contraction on a finite-
dimensional Hilbert space, {. Given any x € J(, define

H=\/TccH and T :=(T*|sc)",

with projector P’. Finally, define

I = \V Tx c 3,
with projector P and T:= T’ |jcgca- Observe that H is T'-invariant and T-
semi-invariant, i.e., it is the direct difference of the nested, T-co-invariant subspaces

H and H XK.
Let K :=V V®H be the Hilbert space of the minimal row isometric dilation, V,
of T; set

Ky =\ V¥x,

with projection, P; and let V, := V], .

Proposition 3.6 Given T,x as above, the linear functional, y:= pr € (.Q/d)i,
defined by

ur (L) = (x, Tx)ac = (x, Tx) ¢,
is a finitely correlated positive NC measure. The vector x is both T and T*-cyclic. The
map
W Us o
1T, (1 + N#) = V%%
is an isometry of H2 (u) onto X, and U, p(T,)* (1+ N, ) = Pyp(T)*x. Ifx is V-cyclic,
then V ~ 11, and T~ T, are unitarily equivalent.

Proof By [56, Theorem 2.1], the map L — T is completely contractive and unital,
and hence extends to a completely positive and unital map of the free disk system into
Z (). In particular, y = pr, € (@/d):. The vector x is, by definition, T *-cyclic, so
that

\/ T*“x = P\/ T *“x = P’ = 1.
This proves that x is T* -cyclic. Since His T-semi-invariant, it follows that PT“ P = T,
Hence,
F=\/ T =P\ T
=P\/TPx=\/T"x,
so that x is also T-cyclic. Semi-invariance further implies that y = . = [

To see that 3* + N, + V“x is an isometry, note that for any free polynomial p ¢
C{3}, we can write

p(L)"p(L) = 2Req(L) = q(L) +q(L)",
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for some g € C{3}, and then p(IT)* p(IT) = 2Re q(IT) for any row isometry IT. Hence,
Ip + N.“H[zl =2Re(l+ Ny, g+ Ny)y
=2Re (x,q(V)x)x = 2Re (x, q(T)x)¢
= [p(V)x[5 = [Ux (p+ N,) I

Given any p(T,)* (1+ N, ) € 3, consider

(3 + N p(T)* (1+ N )y = (p3° + Ny 1+ Ny,
(P(V)VEx,x)x

(VOx, Pep(T) x)x

(39 + Ny Ug Pep(T) " x) .

It follows that
(3.4) Ucp(Ty)* (14 N,) = Pop(T)*x.

Finally, if x is V-cyclic, then X, =X and UXH;’ =V“®U,, so that U, is an onto
isometry, and IT,, and V are unitarily equivalent. Hence,

U, = U VI (14N, ) = \/ VFx = \/ Tx = 3.

Moreover, since x is V-cyclic, given any h € 3', there is a sequence of polynomials
Pn € C{3} sothat p,(V)x — h, and then

h=1limp,(V)x=Ph=1limP'p,(V)x =limp,(T")x,
so that x is also T"-cyclic, 7 = ', and T = T". It further follows that T’ = T and T,

are unitarily equivalent via U,. Indeed, if K, = K so that P, = I, then equation (3.4)
becomes

Uep(Ty)"(1+ Ny) = p(T)"x.
In particular, since Uy restricts to a unitary map from H 4 onto H', we obtain that for
any y, =q(T,)*(1+N,) € H,,ge C{3} and1< k < d,
Ux T;;kyﬂ = T]:q(T)*.x = T]: ny‘u.
This proves that T}, is unitarily equivalent to T". [ ]

Remark 3.7 By the previous proposition, all examples of finitely correlated
Cuntz-Toeplitz functionals can be constructed from finite row contractions.

Lemma 3.8 Let T be a finite and irreducible row co-isometry on H, and let V be its
minimal (Cuntz) row isometric dilation on X 2 3. Then any nonzero x € 3 is V-cyclic
and V is irreducible.

By [55, Proposition 2.5], a row contraction is a row co-isometry if and only if its
minimal row isometric dilation is a Cuntz row isometry. If V := (W, ..., V;) is a row
isometry on a separable Hilbert space, K, recall that U := Alg{I, Vi,..., V;}7"°T is
called the free semigroup algebra of V [19].
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Proof If T is an irreducible row co-isometry, then H is the unique, minimal
T-co-invariant subspace of J{ so that V is irreducible by [20, Lemma 5.8]. Moreover,
by [20, Theorem 5.2], since T is irreducible, the WOT-closed unital algebra of V
contains Py, the projection onto JH. Again, since T is irreducible, given any fixed
nonzero x € J, any h € H can be written as h = p(T)x for some p € C{3}, so that

h=p(T)x

= Pg—(p( V) X.
——
g
Hence, any h € H{ belongs to the weak and hence Hilbert space norm closure of Ux,
so that

\ Vx = \/UH =X,
since V is the minimal row isometric dilation of T. ]

Lemma 3.9 Let T be a finite-dimensional row co-isometry on H with minimal row
isometric dilation V on K. Any vector h € H is T-cyclic if and only if it is V-cyclic.

Proof 1If his V-cyclic, then it is clearly also T-cyclic. Conversely, if h is T-cyclic,
consider the space

K(h) =\ Vhc K.

If h is not V-cyclic, then K(h) & X, and there is a nonzero x € X(h)* and K(h)* is
V-co-invariant. By [20, Corollary 4.2], there is a nonzero g e HNV V*“x ¢ K(h)*.
Hence, V*“g = T*“g 1 K(h) for any w € P4, However, by assumption, h is T-cyclic
so that g = p(T)h for some p € C{3} and

|gl* = (p(T)h. g) = (h, p(T)"g) =0,
contradicting that g # 0. [ ]

Remark 3.10 If T is an irreducible row co-isometry, then any x € J{ will be T*, T,
and V-cyclic by the previous lemma. Proposition 3.6 then implies that if 4 = yr ,, that
T~T,and V ~1I,.

In [50], Kennedy refined the Wold decomposition of any row isometry by further
decomposing any Cuntz row isometry into the direct sum of three types: Cuntz type-L
(or absolutely continuous Cuntz [ACC]), von Neumann type, and dilation type.

Definition 3.2 A row isometry IT: H ® C? — H on a separable Hilbert space, I, is
type-L or pure if I1 is unitarily equivalent to L ® I for some separable Hilbert space J.
A Cuntz row isometry IT on J{ is:

(1) Cuntz type-L, or ACC, if the free semigroup algebra, G(II), of II, is completely
isometrically isomorphic and weak-+ homeomorphic to the unital WOT-closed
algebra of L, £° ~ HY.

(2) von Neumann type if &(I1) is self-adjoint, i.e., a von Neumann algebra.

(3) dilation-type if IT has no direct summand of the previous two types.
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Remark 3.11 Any dilation-type row isometry, IT, has an upper triangular decompo-

sition of the form
Lol =
H - ( T)’

so that IT has a restriction to an invariant subspace which is unitarily equivalent to a
pure row isometry and II is the minimal row isometric dilation of its compression, T,
to the orthogonal complement of this invariant space [50, Proposition 6.2]. Since IT is
of Cuntz type, T is necessarily a row co-isometry [55, Proposition 2.5].

Recall that a vector, h € }, is said to be a wandering vector for a row isometry
V:HeC! > K, if

(VEh, VR3¢ = 8uulhl3es

and that the closed linear span of all wandering vectors for V is Ran V*. If x is a unit
wandering vector for V, then

Hye=\/ Vi

welFd

is V-invariant and the linear map, U,, : H, — Hfi, defined by U, V¥x := L®1is an onto
isometry intertwining V and L, U, V* = LU, [55].

Lemma 3.12  Let T be a finite-dimensional row contraction on I with minimal row
isometric dilation V on K 2 H. Any V-reducing subspace X' ¢ X contains wandering
vectors for V.

Proof By [20, Corollary 4.2], H' := XK' N H # {0}. Define the subspace

d
W= (9{' +V ijH’) e .
j=1

By [20, Lemma 3.1], this is a nontrivial wandering subspace for V. ]

Theorem 3.13 Let V : X ® C? — K be the minimal row isometric dilation of a finite
row contraction T : H ® C4 — H, H ~ C". Then V contains no ACC or von Neumann-
type direct summand so that V = Vi & Vy;; is the direct sum of a pure type-L and a
dilation-type row isometry.

Proof Lemma 3.12 implies that any direct summand of V has wandering vectors. It is
then an immediate consequence of [49, Corollary 4.13] that V has no direct summand
of von Neumann type.

Suppose that V had a nontrivial ACC direct summand, V,., acting on the
V-reducing subspace X,.. Then, by [20, Corollary 4.2], H,. := K, NFH # {0}, and
Hye is Vye-co-invariant. Let Ty, := (V.- |5¢,.)", then V. is the minimal row isometric
dilation of T,.. Indeed,

j"Z:uc = v Vaa,);g{ac
)
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is V,c-reducing, so that X, . e K ae = X', is also V,.-reducing. Then, by [20,
Corollary 4.2], X, N H = H,, € H,, is nontrivial. This contradicts that X’ L K.,
and we conclude that X ac = Kae.

Let {H,;x } be a maximal family of minimal, pairwise orthogonal, and V,.-co-
invariant subspaces of J{(,.. Fix some k and choose any nonzero / € J{,,x. Then, since
Vac is absolutely continuous, every y € K, is an absolutely continuous vector for V,,
in the sense of [21, Definition 2.4]. In particular, by [21, Theorem 2.7], h € H ;0.1 & K.
is in the range of a bounded intertwiner, X : Hé — K. Thatis, XLy = V1 X, and
thereisa g e Hfi so that X ¢ = h. Note that X* must be bounded below on J{,,. First,
Ker X* is V,.-co-invariant since X*x = 0 implies that

X'V Px=L""X"x=0.

The subspace H, .k is finite-dimensional, so that if X* is not bounded below on this
space, then it has nontrivial kernel. However, if

ker X* () Haesk # {0},

then this is a proper, nontrivial V,.-co-invariant subspace of H,.x, contradicting the
minimality of J(,.,x. Hence, X* is bounded below by say € > 0 on H,.,x. Also recall
that since V. is Cuntz, T, is a row co-isometry. Then, for any n € N,

| =|; | Toehl?
w|=n

<e? XX h?
|w|=n

=t X IXTVelh)?
|w|=n

:8—2 Z ||L><-wX>eh”2
|w|=n

-0,

since L is pure. This contradiction proves the claim.

Alternatively, if V. is an ACC direct summand of V acting on K, then H,, :=
H n K, is nontrivial and V,-co-invariant by [20, Corollary 4.2]. If H!, . ¢ H,. isany
minimal V,.-co-invariant subspace, then X/, := \/ VEAH! is V,.-reducing and we set
Ve = Vaclxr, . By [20, Lemma 5.4], since J(;, is a minimal V; _-co-invariant subspace
that is cyclic for V;, the free semigroup algebra, 07, = Alg{I, V, ,,..., V/ .} "°T,
contains the projection, P, onto H,.. However, V. and hence V,_ are absolutely
continuous, so that U7, is completely isometrically isomorphic and weak-* homeo-
morphic to .Z;°, the left analytic Toeplitz algebra. This produces a contradiction as
7 contains no nontrivial projections by [23, Corollary 1.5].

Any row isometry, V, has the Kennedy-Lebesgue-von Neumann-Wold decompo-
sition V = Vi & Vace ® Vyi1 @ V,n, and we have shown that if V is the minimal row
isometric dilation of a finite row contraction, then the ACC and von Neumann-type

direct summands are absent. ]
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The analogue of normalized Lebesgue measure in this setting is NC Lebesgue
measure, m(L?) := (1, L“1)y, the so-called vacuum state of the Fock space. (This NC
measure is the NC Clark measure of the identically 0 multiplier, just as normalized
Lebesgue measure on the circle is the Clark measure of the identically 0 function in the
disk.) In [40, 41], the first two authors have constructed the Lebesgue decomposition
of any positive NC measure y € (,Qf'd)1:r with respect to NC Lebesgue measure, m. In
particular, p is singular with respect to NC Lebesgue measure in the sense of [40, 41] if
and only if its GNS row isometry is the direct sum of dilation-type and von Neumann-
type row isometries [41, Corollary 8.13]. We say a positive NC measure y € (Jz{d): is
of a given type if its GNS row isometry is of that corresponding type. The GNS space
of 4 decomposes as the direct sum,

HE () = Hi (pac) @ Hy (ps),
and IT,, = I1,,, ® IT,,, with respect to this direct sum. Here,
H#ac = Hy;L D Hy;ACC and H,/,s = H/x.;dil ® Hy;vN

(see [41, Section 8]).

A bounded operator, T € Z(H32), is called left Toeplitz if LiTLk =l Such
operators are called multi-Toeplitz in [57]. Here, recall that a bounded operator,
T, on the Hardy space, H*(ID), is called Toeplitz if T = Ty = P2 My|s2 for some
f e £ (dD). A result of Brown and Halmos identifies the bounded Toeplitz oper-
ators as the set of all bounded operators T € . (H?) with the Toeplitz property:

S*TS =T,

where S = M, is the shift on H? [28, Theorem 6]. If b e [H>®],, then T:=1-
b(S)*b(S) >0 is a positive semidefinite Toeplitz operator, and b is not an extreme
point of the closed convex set [H*°]; if and only if there is a unique, outer a € [H*];,
the Sarason function of b, so that a(0) >0 and the column c:= (%) is inner. A
contractive left multiplier of Fock space, b € [HY’ ], is said to be column-extreme (CE),
if contractivity of the column left multiplier, ¢ := ( b ), for a € HY implies a = 0 [39].
In [39], we observed that any CE b is necessarily an extreme point, and that if b is non-
CE, then one can define a unique Sarason outer function, a € [HZ ], so that a(0) > 0
and ¢ := ( b )is CE. In [42], we proved that a is outer, and that if b = b is NC rational
and non-CE, then a = a is NC rational and the column ¢ := (§) is inner.

Theorem 3.14 Let y € (Md): be a finitely correlated Cuntz-Toeplitz functional
with NC Lebesgue decomposition y = pgc + ps. The absolutely continuous part of
Wy Uac = Yy, is purely of type-L and 11, ~ L. If b € [HY’ ], is the contractive NC rational
left multiplier so that y = py is the NC Clark measure of b, then

Hac (L) = (L, (1= 6(R)*) "a(R)"a(R)(I - b(R))'L“1)z,
where a € [HZ ], is the contractive outer NC rational Sarason function of b,
T:= (I-b(R)*)"a(R)"a(R)(I - b(R))™
is a bounded left Toeplitz operator, and a(1-b)™" ¢ H.
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The singular part, us, is purely of dilation-type and I ;s = I .41 = 69;\]:1 1Y) acting
on H2 (pann) = EB;L X; is the direcf sum of fzt most finitely many ir?’educible Cuntz
row isometries of dilation-type. If T()* := H(J)*|g{mg<)., then each T is a finite and
irreducible row co-isometry with irreducible and minimal row isometric dilation T1(7),

Of course, it may be that either y,. = 0 or ys = 0.

Proof IfII = II, is the GNS row isometry of a finitely correlated NC measure, y, then
IT, is the minimal row isometric dilation of the finite row contraction, T, = (IT}[sc,)",
and1+ N, is cyclic for IT,,. By Theorem 3.13, IT = IT;, & I1,;; is the direct sum of a pure
row isometry and a Cuntz row isometry of dilation type. By [41, Section 8, Corollaries
8.12 and 8.13], I}, = I1,, and I1,;; = II; are the GNS row isometries of the absolutely
continuous and singular parts of y, respectively. The fact that IT, is cyclic implies that
the wandering space of its pure part is at most one-dimensional, so that IT, ~ L & Il
where either direct summand may be absent and I1y;; is cyclic.

The Radon-Nikodym formula for the absolutely continuous (and pure) part of
Y = pp in the theorem statement is established in [42, Theorem 6], and is a conse-
quence of an NC rational Fejér-Riesz theorem [42, Theorem 5] and the NC Fatou
theorem of [40]. It further follows from [20, Theorem 6.5] (see Theorem B) that
gi = 691,:’:11'[51’:.1) is the direct sum of finitely many irreducible Cuntz row isometries
of dilation-type. The remaining claim follows from Theorem B. [ ]

Corollary 3.15 Let y € (dd): be a finitely correlated Cuntz-Toeplitz functional. The
following are equivalent:

(1) The NC rational multiplier, b € [HZ |1, so that u = py is inner.
(2) 1, is purely of dilation-type.

(3) 11, is purely Cuntz.

(4) T, is a finite row co-isometry.

(5) y is a singular NC measure.

Remark 3.16 Classically, a contractive multiplier of Hardy space is inner if and only
ifits Clark measure is singular. In the NC setting, we were able to prove one half of this
factin [40, Corollary 3]. Namely, if b € [H’ ], is inner, then y;, € (%7 )1 is singular. By
Corollary 3.15, we see that if b € [H’]; is such that u is a singular finitely correlated
Cuntz-Toeplitz functional, then it is Cuntz (and of dilation-type) and b is an NC
rational inner. Hence, the NC analogue of this classical corollary to Fatou’s theorem
holds, at least for NC rational multipliers.

Proof By [42, Theorem 4], a contractive NC rational multiplier of Fock space is
inner if and only if it is CE. By [39, Theorem 6.4], II,, is Cuntz if and only if b,
is CE. By [55, Proposition 2.5], we know that a finitely correlated Cuntz-Toeplitz
functional y = uy is such that IT, is Cuntz if and only if T}, is a finite row co-isometry.
By Theorem 3.13, IT, is Cuntz if and only if it is a cyclic row isometry purely of dilation-
type. By [41, Corollary 8.13], this happens if and only if ¢ is a singular NC measure. m

Remark 3.17 If ye (tngd):rr is any positive NC measure, we can define a posi-
tive extension of y from the free disk system to the Cuntz-Toeplitz C*-algebra,
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€4=C*{L,L,...,Lq}, by

fi(ar(L)az(L)*) = (1+ Ny, my(ar)my(az)” (1 + N”))H,

where 7, : €4 - £ (H5(u)) is the GNS #-representation obtained from y. By well-
known results in C*-algebra theory, assuming that y is unital, i.e., a state, ji will be an
extreme point in the state space of &4, i.e., a pure state, if and only if 7, is irreducible
(18, Theorem 1.9.8]. Equivalently, H, will be an extreme point in the set of all NC
Herglotz functions obeying H(0) = 1.

Remark 3.18 Let b be NC rational inner. That y € (ﬂd)i is a finitely correlated
Cuntz functional is an analogue of classical theory. Indeed, any rational inner b € H>
is a finite Blaschke product,

zZ— Wk

N
b(z)=¢ R wi e, { € oD.
k=1

In this case, the Clark measure, yp, is a finite positive linear combination of exactly
N Dirac point masses. This singular measure, pyp, is supported on the set of points,
{ € 9D, at which b({) =1, so that the point masses are located at the N roots of the
degree N polynomial,

[1(z-w) - [0 -w2).
k=1 k=1

A singular finitely correlated functional can then be thought of as an analogue of a
positive linear combination of finitely many point masses. If the GNS representation
of the functional is irreducible, this can be interpreted as the analogue of a single atom.
In this case, where d = 1, if y is such a finite linear combination of point masses, then
H?*(p) = L*(p) so that IT,, := M(|H2(”) is unitary, and

=\ M *kl H* ().

k>0
In this case, H, = H*(y) is finite-dimensional (of dimension = N if y is a linear
combination of N point masses) and IT, is a finite-dimensional unitary. Indeed, since
T, is then a finite co-isometry, it must be unitary, so that T, = II, in this single-
variable case. In this regard, the theory becomes more complicated when d > 1as there
are no finite-dimensional row isometries.

Finally, suppose that a contractive rational multiplier b € [H*°]; is not an extreme
point. Then 1-[6({)[* = |a({)|*, a.e. OD, where a is the rational Sarason function
of b, and it follows that M¢|p2(4,...) i @ pure cyclic isometry unitarily equivalent
to the shift. In particular, H*(up) is infinite-dimensional. Recall that there is onto
isometry, the weighted Cauchy transform, %, : H*(uyp) — #(b) of H*(up) onto the
de Branges-Rovnyak space of b, and that the image of ITj;, where Iy := M¢|p2(4y)>
under the weighted Cauchy transform is a rank-one perturbation of the restricted
backward shift,

1

X(1) = 8* (o) +———~ (K§» ) e (6)S by

_ - 1= b(0)
=X
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X(1) = FpI1;.Z, [15]. In this case, since b is rational, we obtain that
Hy =V IgF1 = \/ X()FKE =: . (b) ¢ 7#(b)

is a finite-dimensional subspace of 7 (b). Hence, in this case, if P is the projection
onto .7 (b), then

T(1) = (X))

is a finite-dimensional contraction, and X(1)* = ITy = M¢|g2(,,) is its minimal iso-
metric dilation. This again shows that our results are natural extensions of classical
theory.

Remark 3.19 Lety € (o, )1 be a state, i.e., a positive NC measure such that y(I) = L.
Let b be the associated contractive NC function so that H, = Hy. Let b, € C{3} be

the nth Cesaro sum of b. By [22, Lemma 1.1], [b,(L)| < [|6(L)]| <1 and, moreover,

b,(L) SOTx b(L). Since H3 is an NC-RKHS, we obtain that b,, converges uniformly

to b on subballs. This implies that the inverse Cayley transforms of b,,, H,, converge
uniformly on subballs to the NC Herglotz function H,. Since the Taylor-Taylor
coefficients of H, are essentially the moments of u, the states u, = yp, converge
weak-+ to u. (These are states since H,(0) =1 and thus b(0) =0=b,(0) and
conversely.) In other words, the finitely correlated Cuntz-Toeplitz functionals are
weak-* dense in (.27, )I This is consistent with our interpretation of finitely correlated
NC measures as NC analogues of finite positive sums of point masses.

4 Minimal realizations of rational multipliers

The results of the previous section show that any NC rational multiplier of Fock space
is determined by a positive and finitely correlated NC Clark measure. Moreover, any
such NC rational Clark measure can be constructed from a finite-dimensional row
contraction, T on J{, and a vector x € J{ which is T*-cyclic and V-cyclic, where V is
the minimal row isometric dilation of T. Namely, if 4 = yj is the finitelycorrelated NC
Clark measure of a multiplier b € [H’ |;, then (L) = pr,x(L®) = (x, T“x)g¢, where
the pair (T, x) has the above properties. Given such a finite row contraction T and
vector x so that y = pp = pr «, our goal now is to express the minimal FM realization
of b solely in terms of T and x. We will accomplish this by determining the relationship
between T, x and the minimal de Branges—Rovnyak FM realization of b as described
in Section 2.4.

Assume that T is a finite row contraction on J{, V is its minimal row-isometric
dilation on X 2 H, and x € I is cyclic for T*, V, and hence T. As in the previous
section, we define the positive NC measure p := .y, pr,x(L?) = (x, T”x)9¢. By
Proposition 3.6, T ~ T,, and V ~ II, via the unitary U, (3“’ + N,,) = V%x. Recall that
the right free Cauchy transform is an isometric map from H2(¢) onto the right free
Herglotz space 7 (£),,), where §),, is the NC rational Herglotz-Riesz transform of
the finitely correlated NC measure, y. If y = pj is the NC Clark measure of an NC
rational b € [H |1, H6(Z) = H4(Z) + itl, where t:=Im$,(0) € R, and H,(Z) =
(I, +6(Z))(I, - b(Z))™". Observe that the CPNC kernel for the Herglotz space
A (Hy) is
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KH(Z,W)[] = 5K(Z W)[94(2) ()] + 5K(Z W)[()9L(W)"]

= %K(Z, W)[(9,(2) +itl,)(-)] + %K(Z, W) (9, (W)* = itl,)]

= %K(Z, W)[9(2) ()] + %K(Z, W) (W)"].

That is, the Herglotz space of any two NC Herglotz functions, which differ by an
imaginary constant, is the same. Hence, if we define

bH(Z) = (ﬁll(z) - In)(ﬁ/t(z) + In)il)

then as described in the background section, b = % “Azry © by, where A,y is the
Mobius transformation
z—z(t) t

O 200z and  z(f) = 0

eD.

Moreover, if we write for an operator T, R(T) = (I — T)~", then we have that

K*(Z,W)[P] = K(Z, W) [R(b},(Z)) (P - b}, (Z)Pb},(W)*) R(b;,(W)")]

= K(Z, W) [R(b'(2)) (P-b"(Z)Pb"(W)*) R(b"(W)™)]
for any Z eB?, WeB¢, and P e C"™™. This identity shows that M?Pbt ) is an
u
isometric right multiplier of 77 ($),) = S ($) onto the right free de Branges—
Rovnyak space (b, ) and that M ?I_b() is an isometric right multiplier of 727" ($),,)
onto #'(b). The weighted free Cauchy transform, Fy, := Mﬁfb.(z) 06, H(u) —
' (b) is then an onto isometry [38, 39], and %, := % o U} : K - 5#'(b) will be an
onto isometry. Furthermore, recall from [38, 39] that the weighted Cauchy transform
intertwines the adjoint of the GNS row isometry, IT,,, with a rank-one (co-isometric)
Clark perturbation, X (1), of the restricted backward shift X := L*| . (p):

1
X(Dg:= Xp +———LbYKE, o, 1<k<d.
()k H/I_C/ 1_5(0) k < 0 )b
=Lilet o)

Hence, %V} = X(1)x%x. Inthe above, K§ = K°{0,1,1} is the point evaluation vector
at the point 0 € Bf for J#*(b). Observe that

1-6(0)]?

1-6(0)

~6(0) +[b(0)* + 1 [b(0)[
1-6(0)

X(1)xK§ = -L;6'6(0) + L;b*

= L;b'

1-b(0)

D ~1-6(0)

Lib'.
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That is, we can write

1
(4.2) Xi = L} | :Xlk(l——_K" K“,.).
k|ii”(b) () l—b(O) o( 0 >
Here, note that
D)1 i

6(0) = $6(0) +1 N [x|2 +it+1

If we define
My(0) =\ L*b" and .#(b):=\/ K +.#,(b),

W@
then by equation (4.1),
A (b) =\ X(1)“KG
is both X- and X(1)-invariant. Let T(1)* = X(1)|.z (o) and T(0)* := X| 4 (p)-
Observe that the image of x € H{ under % is

%xx = (Mf]_bt(z))—l)* Cg‘ul + Nﬂ

= (M(i-v(z1) K§
1
= —_Kg
1-b(0)
It follows that .#(b) = %, and that T(1)* is unitarily equivalent via %, to

T* = V*|g¢. It then follows from equations (4.2) and (4.3) that T'(0); is unitarily
equivalent to

(4.4) Ty (1= (1=0(0))x(x, - )ac) .

Observe that .#;(b), as defined above and in Section 2.4, is both T(0)*- and T(1)*-
invariant. Letting Qo denote the projection onto .#(b), the minimal de Branges-
Rovnyak FM realization is given by (4, B, C, D), where
1-56(0)
A=L* = T(0)* , B=Lb'=——Z2T(1)*Kg,
| tt0(6) = T(0)"|zo(6) 50) 1)

(4.3)

C=(QoK,)s, and D =0b(0).
It follows that .#,(b) = %, H o, where
Ho:=\ T"x,

w*J

with projector Py. A minimal FM realization of b, where pyp = yry, is then

A

A,B,C, D), where
A=T"(I-1-0600)x(x,")50)|
FHo

Bi=(1-6(0)Tix,  Ci=(1-b(0))(Pox,")sc,»
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and

\ | +it -1

D=b(0)= ———F—.
(0) [x|? +it+1

In summary, we have proved the following theorem.

Theorem 4.1 An NC rational function, b, with 0 ¢ Dom b, belongs to [HZ ] if and
only if it is realized as the transfer function of the minimal and finite-dimensional FM
colligation:

_ Ty (1-06(0))T*x 2 1+b(0)
U“"((1—b<o>><Pﬂox,~m b(0) ) I#I™ = Re S0y

where T is a finite-dimensional row contraction on H, x € H is cyclic for both T* and
the minimal row isometric dilation, V, of T,

Ty =T (I-(1-06(0))(x,-)x)| , and Ho=\/ T"“x.

Fo w+Z

Moreover, b is inner if and only if T is also a row co-isometry.

If T is an irreducible finite row co-isometry on J{, Lemma 3.8 implies that given
any x € 3, the pair T, x satisfies the conditions of Theorem 4.1 and hence generates
an NC rational inner. Furthermore, recall that Lemma 3.9 implies that if T is a finite
row co-isometry, then x € 3 is T-cyclic if and only if it is V-cyclic.

Remark 4.2 Observe that b(0) = 0ifand onlyif ), = §,,, and u(I) = |x|* = L. Also
note that

1+b(0)

1-b(0)

[x[? + iIm 5, (0) = $,(0) =

Example 4.3 Letq:C"*" — C"" be a completely positive and completely contrac-
tive linear map. By Chofi’s theorem [13], g has Kraus operators or quantum effects,
Qr € C™", 1<k < d, for some d € N, so that

d
q(A) =) QjAQ;,  AeC™™
j=1

Since q is completely contractive, the d-tuple Q := (Qi, ..., Qg) is a row contraction,
and Q will be a row co-isometry if and only if q is unital. Provided there is a vector
x € C" which is cyclic for both Q* and the minimal row isometric dilation of Q, we
can associate a unique contractive NC rational multiplier, g, to the CP map q.

Example 4.4 Consider the row co-isometry T : C* ® C* - C? defined by

0 1 0 0
T1 = (0 0), and T2 = (1 0)

It is not difficult to check that this is irreducible. Hence, we can choose any nonzero
x € C?, and apply Theorem 4.1 to construct an NC rational inner function.
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First, consider x = (). Since | x| = 1, we will have ¢(0) = 0. Then,

. (0 o0
I, — xx _(O 1), so that

. [0 o\fo o)_ . (0o 1\(0 o\ (o 1
TO;I‘(l 0)(0 1)‘02 and TO;Z_(O 0)(0 1)‘(0 o)'

Then,

I—Z®T0*=((I) _IZZ), (I—Z@TO*)‘1=((I) ZIZ)

" {0
and ZT I®x—(zl),

so that br.(2)=(I, 0 ((I) Z;)(;)
1
:Z2Z1.

This is clearly inner. Note that T is an irreducible row co-isometry, and yet b(Z) =

7,17, is reducible as an inner left multiplier of the Fock space. That is, b is the product
of two NC rational inner left multipliers. For this b,

* * 0 1
Tyq =0, and T();Z:(O 0),

so that Ty is a reducible 2-tuple.
Similarly, taking x = (?) gives

« _(0 0 *
To;lz(l 0), Ty, = 0s,

*\—1 _ I 0
(I-ZeTy) _(Z1 I)’

and

ZeT (I,®x) = (gz).
n

Putting this together gives, for Z € B2,

0(Z2)=b(0) I, +I,@x* (I-Z&T) ' Ze T*l, ®x

=0
_ In On ZZ
ol 1))
=717;.
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Again, this is inner. To obtain a less trivial example, take x = % (1). In this case,
« 11 -
I, —xx" = 5(—1 1 ),
e _1{0 0\ (1 —1\_1f0 o
G799\ oJ\-1 1) 2l1 -1)
N 1{-1 1
el )

1 _
I—Z®T0*:—(21+ZZ Zz )

and

Then,
2 _Zl 21+ 7
The inverse can be computed using Schur complements. If
Z, 1 Z\
s::1+—2—-22(1+ _1) 7
2 4 2

is the Schur complement of the upper left block, then

- s s (1+4)7
-20T¢) " = _ _ 2 U T S
1-29m)'~(( aer gy s e )
Finally,
* _1 ZZ
7T x _2(21)
Hence,

1 Z\N'z V4 Zi\ ! 1 Zi\
:—s*lzz+(1+—1) —ls*lzz+s*1—2(1+—1) Zl+—(I+—1) Z
2 2 4 4 2 2 2

1 Z\! Zi\!
+= (1+ —‘) 7,87z, (1+ —1) Zy.
8 2 2
This must be an NC rational inner.

Example 4.5 Consider an irreducible point arising from anticommuting unitaries

so L((1 o) (o -
2\l 17\ o))
Let x = (3 ), and assume that |a|* + |B[? = 1. Then,

e (18P -af
o=y 178
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Therefore,

e og. L (BBZi+azy) -a(BZi+aZy)
fmzet =1 \/5(/3(&21+/322) —oc(le+ﬂZ2))'

Ifweseta == \/LE’ we obtain

L1 1 -1
I—Z@TO—I—E(ZI+Z2)®(I _1)

Hence,

br.(Z)% = ﬁ (1 1) (I+ 2—\1/5(21 +7,)® (1 j)) ((Zl -Z))® (_11))

1
= E(Zl +2,)(2Z1 - Z,),

which is obviously inner. On the other hand, if we set « = 0 and 8 = 1, then

bT,x(Z):L(O I)( (I—%Zl) O)(:éj):_izz(l_121)122_121.

V2 L2 (1- %Zl)_l I V2 V2
One can verify directly that this bt ,(Z) is also inner:
* ool 1 wjrer 1k
brx(L) br(L) = =1+ -1 > ——LL;L,L{ L,
247455 \/§k+]
1 131
==I+1- — =1
2 4 Z 27

j=0

5 Rank-one Clark-Cuntz perturbations

Let be [HY]; be a contractive NC rational multiplier, and choose any { € dD.
Consider the one-parameter family of NC Clark measures y; := y,7 indexed by the
unit circle. Every y, is a finitely correlated Cuntz-Toeplitz functional, so that if

I1({) :=11,,, then

N¢
() = @Hé’”

is a direct sum of finitely many irreducible representations by Theorem 3.14. Let .7 :
H2 (u;) - #'(b) be the onto, isometric, NC weighted Cauchy transform onto the
right free de Branges—Rovnyak space of b [38, 39]. Here, given any positive NC Clark

measure y = yp € (,;zfd):: for b € [HF];, the weighted (right) free Cauchy transform
FuHi(p) - A'(b) is the onto isometry defined as

ﬁﬂ::Mf_b‘o(f,

where €, : H3(u) - 2+ (H,) is the free Cauchy transform as described following
the statement of Theorem 3.2. Recall that the image of II({)* under this unitary

https://doi.org/10.4153/50008414X22000384 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000384

1426 M. T. Jury, R. T. W. Martin, and E. Shamovich

transformation is the rank-one co-isometric Clark perturbation of X := L*| 1 (p),

¢

(5.1) X(() =X+ Y.

(Kg,)o b,

where b := L*b' and ()b = () s1(b) (see [38, Theorem 6.3] and [39, Section 6.17]).
More generally, we will also consider the Clark perturbations X ({) for any (e C
defined by the above formula. In particular, X = X(0).

Proposition 5.1 Either every My, = I1(¢) = TI({) L ® T1({) 451, { € OD), has a nonzero
direct summand of type-L or every I1({) has no type-L direct summand.

Proof IfII({) =TI({)L @ I1({)4;; has a nonzero pure type-L direct summand, then
since I1({) has a cyclic vector, IT({) ~ L is unitarily equivalent to exactly one copy
of L. If TI({) has a nonzero type-L direct summand and II(§) does not, for some
&+ (, & (€ ID, then I1(&) is a Cuntz row isometry purely of dilation-type. However,
by [39, Theorem 6.4], this would imply that £b* ¢ 7' (b). Since IT({) has a nonzero
type-L summand, the same result would imply that (b € .2*(b). This contradiction
shows that either all Clark perturbations have nonzero pure type-L direct summands
of multiplicity one or none do. =

Given any NC rational b € [HZ ], recall that we can define the finite-dimensional
subspaces

(52)  Mo(b)=\/ L*b"  and  #(b) = 4 (b) +\/{KS} € 4" (b).

(AE3%]

Lemma 5.2 Forany { € C, #(b) and .#,(b) are X({)-invariant.
Proof This follows immediately from the formulas (5.1) and (5.2). [ |

Forany { € C, let

(5.3) T(¢)" = X(O)|.z(o)-

It follows that for any ¢ € 0D, X({)* is the minimal row isometric dilation of T'({)
and X ({)* is a cyclic Cuntz row isometry if and only if T({) is a row co-isometry.

It will be convenient to assume that b(0) = 0. There is no loss in generality in
making this assumption, as if w := b(0) # 0, we can apply the Mébius transformation

Z—w
1-wz’

Aw(z) =

to b to obtain a new contractive NC rational multiplier, by, so that by(0) = 0.
Moreover, the composition of an isometry with a Mobius transformation is again
an isometry, so that b is inner if and only if by is. As in [43, Proposition 6.6], right
multiplication by

Cl(Z) =+/1-|wr(I+wb}(Z2))" =/1- |w|271(I—Wbt(Z)), w =b(0),
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is an isometric right multiplier from J#*(by) onto 7#"*(b). We will denote this right
multiplier by €,, = M&, , and this is the NC analogue of a Crofoot transformation [16).
As in the commutative setting of [51, Theorem 5.7 and Proposition 5.8], one can verify
that

(5.4) ¢ @146 = by,

1
V1= |w
where b := L*b' € 7'(b) ® C? and that if X := L* | sp1(p), X := L* | (s, ), then

(5.5) ¢, ® XV = X+ —
1-|wf?

b(Kg, ).

Proposition 5.3 Any Clark-Cuntz perturbation, X(({), ¢ € oD, of b is unitarily equiv-
alent to the corresponding Clark-Cuntz perturbation, X(°) ({), of by via the NC Crofoot
transformation.

Proof Given { € D) and w = b(0), we apply equations (5.4) and (5.5) to obtain
¢, ® LXO)e: = ¢, @ ;X! + ¢, ® I;60(¢,1,-)

= X+ —2B(KE, o + C/T— [W[2BE(0)(KE, e

1-[w]?

B W+Za -

_X+1_|W|25<K0,>[,

IR ST

=X+ = b(K0)>b_X(() u
1-C¢w

By the above proposition, we can and will assume, without loss of generality,
that b(0) = 0 for the remainder of this section. Note that if b(0) = 0, then K{ =

1-b'6(0) =1, and our formulas for the finite-dimensional Clark perturbations T'({)*
simplify

(5.6) T(¢)* = T(0)* +{L*bY(1,)e , (eC.
4 (b)

5.1 Boundary values

Let b € [HF ]; be NC rational. We further assume, without loss of generality, that
b(0) = 0.

Lemma 5.4 For any ( € 0D, the d-tuple T({)" has joint spectral radius spr T({)' < 1.

In the above statement, T({)" = (T({)},. .., T({)}), where t denotes matrix trans-
pose of each component of T({) with respect to a choice of orthonormal basis of

().

Proof Without any loss of generality, assume that { = 1. The d-tuple, T := T(1), is
a finite-dimensional row contraction. If we identify T with a row contraction acting
on C"®C% let T = (Ty,..., T;) denote the entrywise complex conjugation of the
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matrix of each T; with respect to the standard orthonormal basis, so that Ty = (T})*.
Since T is a row contraction, TT* < I. Taking conjugates shows that TT* < I, so that
T is also a row contraction, | T row < 1and so | T*||ce1 < 1. By Lemma 2.1, we have that
for any & > 0, T' is jointly similar to a row d-tuple, W € C%,, with [W| < | T"|co1 + € =
1+ &. Hence, spr(T") <1+ ¢ for any & > 0 and the claim follows. |

Since T({) is a row contraction for { € 9D, T({)* = T({)* is a column contraction.
Hence, for any Z € BY and ( € oD,

I,®I-Z® T()"

isinvertible. Since we are assuming that b(0) = 0, a finite FM transfer function formula
for (- bis

(7)  (6(Z2)=1,81"(I1,®1-ZaT(0)*) ' I, T({)*l, ZeB.

By the previous lemma and [62, Lemma 2.4], the closure of the joint similarity orbit of
T({)" contains a row contraction. Moreover, since the minimal de Branges-Rovnyak
FM realization (A, B, C, D) of bis such that A = T(0)*|_z, ()> Theorem A implies that
A and hence T(0) is a pure and finite-dimensional row contraction. Hence, T(0) is
jointly similar to a strict row contraction by Lemma 2.1, T(0)* is jointly similar to a
strict column contraction, and

Lel-T() ®T(0)"

is invertible for any { € 9D. We conclude that b(T({)") is well defined for any { € dD.
Alternatively, since T({) is a row contraction, spr(T({)) <1and Lemma 2.1 implies
that the closure of the joint similarity orbit of T({)" contains a row contraction. Since
b e HY is NC rational, Theorem A implies that r - IB%g, € Dom b for some 7 > 1 and it
follows that T({)" € Dom b.

Recall the concept of vectorization of matrices and completely bounded maps on
matrices. If A e C™*™ and B € C"*", then A® B is an m#n x mn matrix, and it can
also be identified with a completely bounded linear map on C™*”. To describe this
correspondence: given Z € C"*™, let Z denote the column vector of size 1 - n obtained
by stacking the columns of Z one on top of the other (in order from left to right). That
is, dividing Z € C™™ into m columns, z; € C" (see, for example, [37, Section 4.2]),

z:(zl--.

By [37, Lemma 4.3.1],

z1
zm) = Z=|: |eC".
Zm

(A®B)Z =BZA".

This vectorization map, vec : C"™*" — C™", vec(A) := A, is linear and invertible, and
for any linear map ¢ € £ (C™*"), we define the matrization of £, £ € C""*"" by

(7:=10(2), ie, f=vecolovec™.
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In particular, if £ is any completely bounded linear map on the operator space C™*",

d
(5.8) ((X)=> AjXBj,  A;jeC™™ B;eC™", XeC™",
j=1

then
{= Z B; ® A]

Proposition 5.5 Let ¢t be an NC rational function with 0 € Domt and finite FM real-
ization (A, B, C, D). Then, for any A € C\{0} and Z e C so that L4 (Z) is invertible,
AtdetLyoy(Z) = detLa(Z) - det ((A +1(0))I, - v(Z)),

Ag) = Ak + A_lBkC.

In particular, if the monic linear pencil, La(Z) =1, ® I - Z ® A, is invertible, then
A +1t(0) belongs to the spectrum of v(Z) if and only if Ly (Z) is singular. If
(A, B, C, D) is a minimal realization, then this formula holds for all Z € Domt and
the characteristic polynomial of v(Z) is

det Ly (Z)

ety (A +¥(0)) = A" S,

Proof If Z e C? is such that L,(Z) is invertible, then by the generalized matrix
determinant lemma,

det(I-Z®A-1"'Z®BC) =det(I-Z® A)-det (I, -1\ 'I, ® C(I-Z® A)"'Z® B)
=A""det (In ® I - Z® A) - det (AL, — (¢(Z) - v(0))14)),

and the first claim follows.

If (A’,b,c) is a minimal descriptor realization of v, with Ay € £ (H), H ~C™,
then Z e Domvifand only if I — Z ® A is invertible by [68, Theorem 3.10]. A minimal
FM realization (A, B, C, D) of t can be constructed from (A, b, ¢) by setting 3, :=
Vesg A “c with projector Qp and

A:=A'lg,, B:i=Ac, C:=(Qob)*, and D:=t(0)

(see, for example, [42, Lemma 6]). Observe that Hy € 3 is A’-invariant and that if
Ho # H, then Hy has co-dimension one. Hence, if Ho ¢ H, A" and L4/ (Z) have block
upper-triangular decompositions with respect to H = o & (H 6 Hy),

LA(Z) *
LA'(Z):( 0 La(Z))’

where a = (ay,...,a4), ax € C. In particular, if Z € Domt, Z € C%, then by [68,
Theorem 3.10],

0+detLy(Z)=det(Ls(Z))-det(L,(2)),

so that det L4 (Z) # 0 and the second claim follows as well. ]
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Proposition 5.6  Given ( € 9D, let Ay be a column-isometric restriction of T({)* to an
invariant subspace. Then { is an eigenvalue of b(AY).

Proof As discussed above, b(At() is well defined. To simplify notations, we drop the
subscript {. Identify .# (b) ~ C™, and suppose that X ¢ .#(b) is T({)*-invariant
and A* := T({)*|s, K = C*, k < m. Then,

. [A® B*
- (Y L)
Note that since T({) is a row contraction and A is a row co-isometry,

. (A o\[a* B
ner@rer-(5 o4 &)
_[AAT AB* I AB*
“\BA* BB*+CC*] \BA* BB*+CC*)

so that
0 —-AB* 50
-BA* I-BB*-CC*)~™ ™
In the above, we view A € C¢ as a row d-tuple, A = (Ay,...,A4) : C" ® C? - C",and
A*, B* as column d-tuples so that, for example,
AB* = A|Bf + --- + A4B}.

It follows, by Schur complement theory, that AB* =0 and that BB* + CC* < I.
Observe that

Ln®Ly—(A9)@T() ~IeI-T()* ®(49),
and the second formula is the matrization of

idn - (59) () (5 &)-

oI 0 _(A o\(1 o)(a* B
“mlo o) o o)lo oflo c
_ (I O\ _(AAT ABT\_ (I 0) (& 0)_,
“lo o o o) \o of o of™"®
and it follows that (I(;‘ g) is an eigenvector of T(()’*@(“(‘)t 8) to eigenvalue 1, and

the image of this eigenvector under the tensor swap unitary is then an eigenvector of
(4 9) ® T({)*to eigenvalue 1. Proposition 5.5 then implies that { is an eigenvalue of

o(5 o) 0)

Then,
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so that { is an eigenvalue of b(A"). Namely, for any Z € Dom,, b,
Ly (2) =1, ® 1~ Z®A-{Z® BC,
where
A=T(0)", B:=T(1)"1, C:=(L-), and D:=b(0)=0,
gives the finite FM realization formula for b from equation (5.7). ]

Proposition 5.7 Let X := @y, K € .4 (b) be the direct sum of minimal and mutu-
ally orthogonal T({)-co-invariant subspaces of . (b) so that each T({)*|x, is a
column isometry. Then { is an eigenvalue of b( ch) of geometric multiplicity at least N.

Proof To simplify notations, assume without loss of generality that { =1 and that
N = 2. We will also write T := T(1). Then,

where A} := T*|q, are (irreducible) row co-isometries. Hence,
t
b(A})

b(T") = b(A3)
0 b(CY)

*

For any x = (Eé ),
b(Atl)xl + *X3
b(T")x = [ b(AY)xz + *x3 |.
b(Ct)x3

By the previous proposition, both b(A}) and b(A%) have eigenvectors, y; and y, to
eigenvalue 1. It follows that
N 0
(3) w=d (3)

are two linearly independent eigenvectors of b(T") to eigenvalue 1. [ ]

Theorem 5.8 Let A({)* := T({)*|x, be a column-isometric restriction of T({)* to an
invariant subspace X € .# (b). Suppose that dim K = n, identify K with C", and let
v be a unit eigenvector of b(A({)")" corresponding to the eigenvalue {. Then, for any y €
C", the limit K®{A({), y,v} := limyyy K°{rA({), y, v} exists, and for any h € 7 (b),
the limit

Yy h(A(Q))v = li?lly*h(rA(())v = (Kb {AC), y, v} ) ey exists.

Proof To simplify notations, we simply write A in place of A({). Forany 0 <r <1,
the NC de Branges-Rovnyak kernel vector K°{rA((), y,v} is well defined since rA
is a strict row contraction. Observe that the net K°{rA, y, v} converges pointwise in
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BY. Indeed, given any W € BY and x,u € C™,
x K {rA, y,v}(W)u = x*K° (W, rA) [vu*]y
= x*K(W,rA)[vu*]y - x*K(W, rA)[6"(Z)vu b (rA)*]y.
Since R - IBT% ¢ Dom b' for some R > 1 and A is a row contraction, the limit
lgllq b'(rA) = b'(A)
exists. Similarly, since W e IB%‘fn, the entire expression converges to
x*K(W,A)[vu*]y — x*K(W, A)[6'(Z)vu*b' (A)*]y.
Let K°{A, y,v}(W) denote this pointwise limit. Observe that by assumption,
b'(A)v =b(AY)'v = {v.
Now, consider
|K*{rA, y,v}|3e = y*K(rA, rA) [vv* - b'(rA)vv*b'(rA)* ] y
<Y K(rA, rA)[L ]y |vv* - b' (rA)vv*b' (rA)*|

<tr (vv* = b (rA)vv b (rA)*) - y* > Y Adgj’)m(ln) ¥
j=0

_1l2 v* (I, - b'(rA)*b'(rA)) v
Iyl 2
v (6 (A)*b'(A) - b (rA)*b'(rA)) v
(5-9) - HyH (1 _ r)(l + r) :

Since R - Bf. ¢ Dom b* for some R < 1, it follows that b'(Z) and hence b'(Z)*b'(Z)
are Gateaux differentiable at any point on the boundary, dB¢.. We conclude that the
limit supremum of equation (5.9) as r 11 is finite. By weak compactness, there is a
weakly convergent subsequence K°{ry A, y, v} which necessarily converges pointwise
to K°{A, y,v}(Z). Hence, any weakly convergent subsequence has the same limit and
the entire net converges weakly to K" { A, y,v} € s#*(b). By weak convergence, given

any h € '(b),
(K°{A, v} h) ooy = li{lll(Kh{rA’}’sV}’méf‘(h)
=lim y*h(rA)v.
It follows that h(rA) is convergent and we let h(A) denote this limit. [

Remark 5.9 If y = py is the singular NC rational Clark measure of an NC rational
inner left multiplier, b € [HZ ];, then we can define the support of u, supp(u), on the
boundary, 0B, as the set of all finite-dimensional row co-isometries, Z € 9B, so
that the minimal row isometric dilation, V, of Z, is unitarily equivalent to a direct
summand of IT,. By Theorem C, Z € supp(u) if and only if there is a T,,-co-invariant
subspace g, € 3, so that Z* is jointly unitarily equivalent to T};|3,. Proposition 5.6
then implies that 1 is an eigenvalue of b(Z") for any Z € supp(u).
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Recall that in one variable, any rational inner function in H? is a finite Blaschke
product:

b()—(NZ_Wk eD, (oD

)= kH=1 1-wiz Wi ’ '

In this case, yp is a finite, positively weighted sum of exactly N point masses on the unit
circle, so that uy is singular and L*(up) = H* (). Hence, ITy ~ M; is unitary, and
Ty = I1,,, isirreducible ifand only if N = 1and b is a single Blaschke factor. Moreover,
the point masses of yp are located precisely at the N points on the unit circle where
b({) = 1. Proposition 5.7 can be viewed as an analogue of this classical fact.

If b € H* isrational, it extends analytically to a disk of radius > 1, and so it has finite
Carathéodory angular derivatives at any point { € dD. That is, [b({)| = 1 for all { € oD
and b’({) has a nontangential limit at each point on the boundary. By [63, VI-4], this
is equivalent to saying that every h € 7#(b) has a nontangential limit at every point
on the boundary. Theorem 5.8 can then be viewed as a generalization of this classical
result.

5.2 Mutual singularity of Clark—Cuntz perturbations

Let b € [H*®]; be a contractive analytic function in the complex unit disk. Given
any ¢ € dD, let p; = y¢ be the one-parameter family of positive Clark measures of
the contractive functions {b. The goal of this subsection is to obtain an analogue of
the following classical theorem of Aronszajn and Donoghue [4, 24], for the case of
contractive NC rational multipliers of the Fock space.

Aronszajn-Donoghue The singular parts of the family of Clark measures {u; =
¢zl ¢ € oD} are mutually singular,

Uos L Hes for (,&edD, {+ &

One can show that two positive, finite, and regular Borel measures on the complex
unit circle are mutually singular if and only if their Herglotz spaces of Cauchy
transforms have trivial intersection [41, Section 1.1, Corollary 8.5]. The following is
then an NC analogue of the Aronszajn-Donoghue theorem for arbitrary contractive
left multipliers of Fock space.

Theorem 5.10 (NC Aronszajn-Donoghue) Given b e [HT];, consider the one-
parameter family of NC Clark measures p; = pz,, ( € dD. The singular parts of this
family of NC measures are mutually singular in the sense that their spaces of NC Cauchy
transforms have trivial intersection,

%+(th;s) m ‘%ﬂ+(HEh;S) = {0}
Proof Suppose that h € 7" (Hg, ) N 7" (Hg,, ). Then right multiplication by I -

{b'and byI- £b* both take this intersection space into .7 (b). Hence, both h — {hb'
and h — £hb" belong to .7 (b), and hence both h and hb' belong to 7' (b) < H3.
In particular, h € HA N .27 *(Hg,,,) = {0}, since yg,  is a singular NC measure, by
assumption [41, Corollary 8.13]. [ ]
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The classical Aronszajn-Donoghue theorem can also be restated in operator-
theoretic language. If y,A are positive measures, both singular with respect to
Lebesgue measure on the complex unit circle, consider the measure spaces L*(u) =
H?(u)and L*(1) = H*(1), where as before, H*(u) denotes the closure of the analytic
polynomials. It follows that the isometries of multiplication by the independent
variable on H*(u) and H*(A), U, := M¢|p2(u) = My and Uy, are unitary. To say that
the singular measures g, A are mutually singular is then equivalent to the statement
that U, and U, are mutually singular in the sense that they have no unitarily
equivalent restrictions to reducing subspaces. Similarly, we will say that two Cuntz
row isometries, U and U’, are mutually singular, and we write U 1 U’, if they have
no unitarily equivalent direct summands, i.e., unitarily equivalent restrictions to
reducing subspaces. The exact NC analogue of this formulation of the Aronszajn-
Donoghue theorem would then state that if b € [HS ];, then the singular Cuntz GNS
row isometries I1({)s = I1 . AT mutually singular for {, & € 9D, { + & While the
proof of this general statement eludes us at this time, we can prove the following
weaker statement for contractive NC rational multipliers.

Theorem 5.11 (NC rational Aronszajn-Donoghue) Let b € [H ]; be an NC rational
contractive left multiplier of Fock space. For any ( € oD, let y; = Uz, be the finitely

correlated NC Clark measure of { - b with GNS representation T1(().
Ifbisinner so that 11({) = I1({), for all { € oD, if I1({) is irreducible for some { and
if blga does not vanish identically, then TI(() L TI(&) for any &+ {, & € oDD.
Ifoe[HY ], dmH, =neN, u=w, and {{1,..., 1} S 0D is any set of n+1
distinct points on the circle, then there isa j€ {1,...,n +1}, so that T1({;)s L TI(k)s
forall k + j.

5.3 Mutual singularity and disjointness

Let U, U’ be Cuntz row isometries acting on Hilbert spaces K, X', respectively. These
row isometries are said to be disjoint if there is no bounded operator X : X - X' so
that XUy = U; X [26]. Such an X is called an intertwiner. The following is well known
and can be found in [41, Lemma 8.9].

Lemma 5.12 Let U, U’ be row isometries on K, X', respectively, and suppose that X :
K — XK' is a bounded intertwiner, XU® = U “X. If U is a Cuntz unitary, then also

X* U'w — Ua)XX-)

so that D := X*X belongs to the commutant of the von Neumann algebra, vN(U),
generated by U, and D' = XX* belongs to the commutant of Y(U").

In particular, if U is a Cuntz row isometry, then the commutant of U, i.e., the set of
all operators that commute with each Uy, 1 < k < d, is a von Neumann algebra.

Proposition 5.13 Let U, U’ be Cuntz row isometries on K, X', and let X : KX — X' be
an intertwiner. Then U’ |p,,, and Ulp, . are unitarily equivalent subrepresentations.

That is, two Cuntz row isometries are disjoint if and only if they are mutually
singular. In the above statement, we are identifying any row isometry, U, with a *-
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representation, 77y of the Cuntz-Toeplitz C*-algebra, £, := C*{I,Ly,...,L;}. To say
that 7y and 7y have no unitarily equivalent subrepresentations is equivalent to the
statement that U, U’ have no unitarily equivalent restrictions to reducing subspaces.

Proof By the previous lemma XX* € vN(U’)’, the commutant of vN(U’), so that
Py = Pe—~ € VN(U')" is U’-reducing, and similarly Px- is U-reducing. Hence,
U'|ranpy and Ulranp,. are subrepresentations of the Cuntz algebra. Define W :

Ran Py+ — Ran Py by the formula W+/X*Xh = Xh € Ran X € X'. Then W is defined
on a dense subset of Ran Px~ = Ran X* ¢ X, it has dense range in Ran Py, and

|IWVX*Xh|?* = (Xh, Xh)
= (h, X*Xh)g = |[VX*Xh|?>.

The linear map W : Ran X* — Ran X extends by continuity to an onto isometry.
Finally,

WU VX*Xh=WVX*XULh
= XUrh = UIICXh

= U WV X*Xh.

This proves that WU Px+ = U, PxW so that these Cuntz subrepresentations are
unitarily equivalent. [ ]

5.4 Proof of the NC Aronszajn—Donoghue theorem
Recall that we are assuming that b(0) = 0 so that K{ = 1.
Lemma 5.14 Ifb(0) = 0, then for any { € oD,
X(QOA=0Li  and  X({) =X+ X(OUL ).

Proof We performed this calculation for the case { =1 in Section 4. Since we are
assuming that b(0) = 0, for any { € dD,

X(¢);K§ =0+L}b".
——
=1
The formula for X ({) becomes

X(¢) = X +CL*b'(L, )
= X+ X(OUL Y. .

Recall that X({); = 9}1‘[(();9'{1 is the image of a component of the adjoint of the
GNS row isometry II({) = II uz, under the unitary weighted free Cauchy transform,
Fe:HE(ug) > A (b). Furthermore, recall that

T()" =X(O)|.a(v)
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is defined as the restriction of X({) to the finite-dimensional space .# (b) < 77"'(b),
for any { € C. Each T({)* is a rank-one perturbation of T(0)* = L*| 4 (e),

T({)* = T(0)* + CL*6YL ) ooy L (o)
=T(0)" + T(¢)"|L,).

A finite FM realization of { - b, for any { € I, is then given as the transfer function of
the colligation,

A B T(0)* T(O)*1

- (2 5o 79
Note that the minimal FM realization is obtained by compressing to .#,(b) :=
Vwsg L¥b' € 4 (b), so that the above realization is not necessarily minimal,
although it is close to it in the sense that the size of this realization is at most one
greater than that of the minimal realization. By construction, X({)* ~ II({) is the
minimal row-isometric dilation of T'({) for every { € oD.

By Theorem C, for any (, & € oD, I1({), and II( &), will have unitarily equivalent
direct summands if and only if there are minimal T({) and T({) co-invariant
subspaces, K, and K¢ of .# (b), so that

F{=T({)"lx, and Ff:=T(§)"x,

are unitarily equivalent and irreducible row co-isometries. That is,

(5.11) ()" = (F(O* G&)*)

has some block upper triangular decomposition with respect to Ky and K 2, T(&)* has

a similar decomposition with respect to K¢, and F({) is unitarily equivalent to F(£).
Without loss of generality, we will assume for the remainder of this section that £ =1
and { # 1. Let P, P; be the projections onto K = X; and K.

Lemma5.15 Assume that b € [HS ], and that 6(0) = 0. Then, for any Z € @, I-Z@®
T(0)* is invertible and

det (I, ® 1~ Z® T({)*) = det (I- Z® T(0)*) -det (I, - {b(2) ).
Proof This follows from Proposition 5.5, the formula

T({)* = T(0)" +{T(1)"1(1L,-),

the fact that (T(0)*, T(1)*1,1%,0) is a finite (but not necessarily minimal) FM
realization of b, and the fact that T(0) is a pure and finite-dimensional row contraction
sothat] — Z ® T(0)" is invertible for any row contraction, Z, by Lemma 2.1. Since b €
[HZ ], the minimal de Branges-Rovnyak FM realization (A, B, C, D) of b is such that
A =T(0)*| s ) and it follows that A is pure and similar to a strict row contraction
by Theorem A and [58, Theorem 3.8] or [62, Proposition 2.3 and Remark 2.6]. It is not
difficult to show that since Ran T(0)* € .#,(b), that T(0)* is then itself also pure,
and hence similar to a strict row contraction. Lemma 2.1 then implies that T(0)* is
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jointly similar to a strict column contraction so that I - Z ® T(0)* is invertible for
every Z € IB%%. [ ]

Proof (of Theorem 5.11) First, assume that b is inner, that b does not vanish
identically on the first level of the row-ball, that I1(1) is irreducible, and that IT(1)
is unitarily equivalent to I1({). By the previous lemma, we obtain that

det(I-b(Z)) = det(I - {b(Z)),
for all Z € B{. In particular, choosing Z = z € B gives

1-b(z) =1-(b(2),

which implies that { =1, a contradiction.

To prove the second part of the theorem statement, assume that b e [H5]; is
an arbitrary and contractive NC rational left multiplier of Fock space, and that
the finitely correlated NC measure y = pp is such that dimH, = n. Assume that
{¢1,..., {441} are n + 1 distinct points on the circle, and that thereisno1< j< n +1so
that IT1({;) L TI({x) for all k # j. Equivalently, given any fixed 1< j < n +1and every
1<k<n+1, j#k, II({;) and II({x) have unitarily equivalent and singular Cuntz
direct summands. Hence, for every 1 < k < n + 1, as described above,

(5" - (F(f)k)* G((fk)*),

where each F({} ) is an irreducible row co-isometry, and the F( () are jointly unitarily
equivalent for each 1 < k < n + 1. Since b is an NC function, it follows that the matrices
b (F({x)") € C™" are unitarily equivalent for 1 <k <n+1, so that each {y is an
eigenvalue of b (F({})"), and hence also of

b(T(%)") = (b(F(Ck) ) b(G(*{k)t))’

by Proposition 5.6. This is impossible as b (T({x)") is isomorphic to an n x n matrix
and has at most n distinct eigenvalues. [ ]

Remark 5.16 Our NC Aronszajn-Donoghue theorem (Theorem 5.11) shows that
“most of” the singular parts of the GNS row isometries, I1({), associated with a
contractive NC rational b € [H7 ];, are mutually singular or disjoint. Although we
suspect that it may generally be that IT1({)s L II(&), for any { # &, there are several
obstacles to extending our argument above. First, if b is inner, vanishes identically on
B¢, and T1({) = TI({); is irreducible, then if TI({) and T1(£) are not disjoint, then
I1({) is unitarily equivalent to the restriction of IT1(£) to a reducing subspace. By
Theorem C, this happens if and only if T({) and T(&) are unitarily equivalent, or
equivalently if and only if II({) and ITI(£) are unitarily equivalent. In this case, we
obtain, as in the above proof, that

det(I - b(Z)) = det(I - {b(Z2)),
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for all Z € BY. Hence, if

Fo(2) = (1-T0(2)(I-b(2)) 7,

then §; € 0(B¢) is NC rational and detf;(Z) = 1. However, such NC rational func-
tions exist, and one example is

f(x,y) = (1-xy)(1-yx)™
[70]. If we set { = -1, := f_y,

f=(1-t)(1+t)”"

and solve for t, we obtain that

t(x,y) = (xy—yx)(2-xy - yx)~\.

By rescaling the variables, x = r- x, y = r - y, for some sufficiently small 0 < r < 1, we
then obtain a contractive NC rational function b € [H$ ], b(Z) := t(rZ), so that

7(2) = (1+6(2))(1-b(2))™

is an NC rational Herglotz function with constant determinant 1 on its domain. Hence,
to prove the NC rational Aronszajn-Donoghue theorem in the case where b is inner
and II({) is an irreducible Cuntz row isometry, one would need to argue that these
assumptions on b imply that the function f;(Z) cannot have constant determinant.
The reducible case seems even more difficult: If T1({) and IT1(&); are reducible and
not mutually singular, then we obtain that

detLg)(Z) - det (1-86(2) ) = det Lz (2) - det (I1-Cb(2)).

Appendix A provides a characterization of NC functions with constant determinant.

Another class of examples of NC functions with constant determinant can be
constructed as follows: If f, g € H are any two outer or singular inner left multipliers
of Fock space, then f, g are pointwise invertible in the NC unit row-ball, B¢ [43], and
h:=fgf g e 0(BY) will have constant determinant equal to 1.

The following two examples illustrate phenomena in the behavior of the compo-
nents of T({)* as a function of (.

Example5.17 Inthis example, each T({) is arow co-isometry and T'(1)* is reducible;
however, for { #1, the T({)* are all irreducible. All of the T({)* are pairwise

nonsimilar. Set
* 1 0 " 0 0

It is immediate to check that x = \/LE (}) is a cyclic vector for T*(1). Hence,

[ St 0
roi=rwia-@oen= (3 5) roi=(&

~|T =
+
SN—
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It is well known that a pair of 2 x 2 matrices is reducible if and only if the determinant
of their commutator is 0. Therefore, we compute

ae 105, 1031 o (§7 0] = Jeey

In particular, this polynomial does not vanish for any { # 1 on the unit circle. Thus,
for every 1 # { € dD, the point T({)* is irreducible. Moreover, since tr T({); = %,
we conclude that these matrices are pairwise nonsimilar. By [20, Theorem 6.8], since
X({)* ~TI({) is the minimal row isometric dilation of T({), where I1({) is the GNS
row isometry of yz,, each I1({) is a Cuntz row isometry of dilation type, I1({) is
irreducible for ¢ # 1, II(1) is reducible, and TI({) L II(&) are mutually singular Cuntz
row isometries.

Recall that the reducible tuples of matrices form an algebraic subvariety of C¢. Let
p1,- .., px be the polynomials in the co-ordinates of C4 that cut out the subvariety
of reducible matrices. The map { — T({)* is affine in {; hence, we obtain a family of
polynomialsin {: 1({) = p1(T({)*), ..., qx({) = px(T({)*). Since the points where
T({)* is reducible are precisely the common zeroes of gy, ..., gx, there are either at
most finitely many of them, or q; = --- = gx = 0. The following example shows that
the second case can occur.

Example 5.18 The matrices considered in this example are 4 x 4. We will denote by
e1, €2, €3, e4 the standard basis for C*. Consider the row co-isometry

00 0 0 0000
.1t o0 o0 . lo1 00
TMi=lg o o o ad TM2=]g o ¢

00 1 0 000 0

We take x = %(el + ey + e3 + eq). It is straightforward to check that x is cyclic for both
T(1)* and T(1). For example, T(1)1x = e; + e3, T(1)2x = €5 + €4, T(1)2T(1)1x = ey,
T(1)3x = ez, and T(1); T(1),T(1)1x = e3. Now, we set w = % and calculate

0 0 0 0 0 0 0 0

« o+l w w w « |0 wt+l w w
Ty = 0 0 0 0 and  T(0); = w w w w+l

W 0w w+l w 0 0 0 0

Note that the subspace V spanned by {e,, e3, e4 } is always T({)*-invariant. However,
itis easy to see that there are two minimal T'(1)*-invariant subspaces, the one spanned
by e, and the one spanned by {es, e4}. Let C; = T({)*|v. Since C7 is 3 x 3, if it is
reducible, then det[C; ), Cf,] = 0, since this pair will have either an invariant or a
coinvariant one-dimensional subspace. However,

det[C7, C7p] = —20% (20 +1).

Hence, C7 is reducible if and only if { =1 or { = —1. We understand the former case.
In the latter case, there is a minimal C*; (and T~,) invariant subspace spanned by
ez + eq. This vector is T(—1)-cyclic, and thus by [20, Corollary 5.5], we have that this
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minimal subspace is unique. Note that tr T({); = 2w and thus these pairs are pairwise
nonsimilar. Moreover, the Cuntz isometries X (() are irreducible for all { € JD\{1}.
However, the free semigroup algebra of X(-1)* is different from those of the X({)*
for { # <1 by [20, Theorem 5.15].

5.5 Additional NC rational Aronszajn—Donoghue results

Proposition 5.19 Suppose that T({) is an irreducible row co-isometry. If there is a
Z e Cf sothat Z ® T({)* is not singular, then TL({); 1L TI(&); forany { # £ {, & € oD.

Proof This follows easily from the fact that
T(()* = T(§) Ve, where Veg=1I-&-C1{1,-).

The matrix V¢ is unitary with determinant det V= ¢&- {#1. Assuming that
T({), T(&) are unitarily equivalent gives the contradiction

detZ® T(&)" =detZ® T({)”
=detZ® T(E)yr ~detI® V(,f

=& -detZ® T(§)*. n

Example 5.20 'There are irreducible column isometries/row co-isometries that vio-
late the condition of the preceding proposition. For example, denote by E;; € C*** the
matrix units. Then the tuple T* = (Ey,, \/LEEZI, Es, \/L§E31) is an irreducible column
isometry, such that for every Z, Z® T* is singular. However, this tuple does not
contradict the general NC Aronszajn-Donoghue conjecture that T'(§)* and T({)*
have no unitarily equivalent restrictions to invariant subspaces for & # (, &, { € dD.

Let A= (Ay,...,Ag) € CY be an irreducible tuple. Let x € C" and consider the
functions A(z):C - C"™" given by A(z) = Aj(I +zxx*) so that A = A(0) and set
A(z) = (A1(2),...,A4(2)). Let

Sa = {z e C\{0}| A(2) is similar to A} .
Lemma 5.21 Let w be a word in {1,...,d} with |w|=m. Let p,(z)=
1 (trA(z)® —tr A®). If Sp # @, then deg p, < | 2| - 1.

Proof Let zy € S4. Since A(zp) is similar to A, we have that trA;(zo) =trA;.
However, tr A;j(zo) = tr A + zo(Ax, x). Hence, forall j=1,...,d, (Ajx, x) = 0. Now,
consider

trA(z)” =tr (Ap, + 2Ap,xx") - (Ag,, + 2A4,xx7).

For £ > | 5 | +1, we note that the coefficient of z* will be a sum of traces of products
of matrices. Each product will contain a pair of adjacent elements of the form
Aw;xx* Ay, xx", whereif j +1> m, then we reduce it modulo m. Hence, this product
is going to be 0. Therefore, all of the coefficients of tr A(z)® of z* for £ > | 5] +1areo.
The claim follows from the definition of p,,. ]

Corollary5.22  In the setting of the previous lemma, if |Sa| > n* 2, then A(z) is similar
to A(0) = Aforallz e C.
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Proof Since A is irreducible, the similarity orbit of A is closed [5]. Moreover, the
ring of similarity invariant functions on C¢ is generated by traces of monomials [59].
Hence, A(z) is similar to A = A(0) if and only if for all words w, tr A(z)® = tr A®. By a
result of Razmislov [61], taking words with |w| < n? is enough to generate the algebra
of invariants. Since S4 is contained in the zeroes of p,, for all w and |S4| > deg p,, for
all |w| < n?, we obtain that they are identically 0. Therefore, all traces are identically 0,
and we have that A(z) are all similar to A. ]

Remark 5.23 Kuzmin (see [25] and the references therein) has provided a lower
bound of @ on the length of words needed to generate the invariant algebra.
He has conjectured that the lower bound is always sufficient. Dubnov and Lee have
verified the conjecture for n < 4.

Corollary 5.24  In the setting of Lemma 5.21, if n = 2 and S, + @, then f(z) is similar
to Aforallz e C.

Proof By a result of Dubnov [25], we need traces of words of length at most 3
to generate the algebra of invariant functions. For all words of length at most 3,
deg p,, < 0. However, p,, all vanish on S4, and thus these polynomials are identically
0. u

Setting A(2); := T(2)}, where T(2)" is the finite-dimensional Clark perturbation
defined in equation (5.6), corresponding to an NC rational inner, b, Corollaries 5.22
and 5.24 yield additional Aronszajn—-Donoghue-type results.

Corollary 5.25 Suppose that diim .7 (b) = n so that row T(z)* ~ A(z) € C%, where
the T(z) are the finite-dimensional Clark perturbations corresponding to an NC rational
inner. Then there are at most n* |2 — 1 points (i € 0D so that the row co-isometric T ()
are mutually and jointly similar. If n = 2, then T({) cannot be jointly similar to T (&)
forany { # & (, & dD.

Proof If either of these statements holds, Corollary 5.22 or Corollary 5.24 implies
that every T(z)* is jointly similar, for every z € C. In particular, T({)* is similar to
T(0)* for every { € dD. This is impossible as T'(0) is a pure row d-tuple and each T'({)
is a row co-isometry for { € o) (since we assume that they are the Clark perturbations
corresponding to an NC rational inner). Hence, either [S4| < n?/2, o, if n = 2, then
Sa=0. [ ]

A SL(N)-valued NC functions

Suppose that f is a free NC function so that det f(Z) is constant on its domain
Dom f ¢ Cf. By taking direct sums, it follows that if f is not identically zero, then
detf(Z) =1

Theorem A.1 Let f be a free NC function with uniformly open and connected domain
Dom f ¢ C{.. Furthermore, assume that 0 € Dom f and that f~1(Z) is defined in a
uniformly open neighborhood of 0 € BY. If

f(2) = ZfJ(Z) and  f(Z ng(Z)
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are the Taylor-Taylor series expansions of f, f™' at 0 € B{ so that f;,gj € C{3} are
homogeneous free polynomials of degree j, then det f(Z) =1 on Dom f if and only if

0= ¥ jtrfi(Z)g(2),
j+k=¢£

jeN, keNu{o}
for every £ € N.
Proof Choose r> 0 so that r@ c Dom fNDom f%. Fix Z ¢ r@ and define an
analytic function on I by

h(A):=detf(AZ) =1.
Taking the derivative and applying Jacobi’s formula yields

0="h()) =det f(A(2)) trdLf(AZ) f(AZ)™

- _2 Mt £(2) g (2)

j=1, k=0
YA Y jrfi(2)g(2).
=1 jrket

jeN, keNu{0}

Multiplying both sides of this expression by 1" and integrating with respect to
normalized Lebesgue measure over the complex unit circle yields

0-3 [ etiag S jufi(Z)g(2)
¢ /oD k=t
jeN, keNu{o0}

= Y jrfi(2)e(2),

jtk=n+1
jeN, keNu{0}

forany n e Nu {0}.

Conversely, if the above condition holds, then it follows that for any fixed Z ¢ rBd,
the function h(A) := det f(A1Z) has vanishing derivative. Hence, k(1) is constant so
that h(1) = 1since f is NC. In particular,

1= h(1) = det f(Z) = h(0) = detf(0),

and this holds for every Z € 1B, and hence for every Z ¢ Dom f since Dom f is
connected. |
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