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1. Introduction

The topological complexity of a space is a numerical homotopy invariant introduced
by Michael Farber in [11], which connects motion planning problems in robotics.
Briefly, given a mechanical system M, a motion planning algorithm for M is a
function that associates to any pair of states (a, b) of M to a continuous motion of
the system starting at a and ending at b. Interestingly, the topological complexity
is a particular case of another homotopy invariant called the ‘sectional category’ of
amap p: £ — B where E and B are path connected spaces. The sectional category
of p, denoted by secat(p), is the least integer k such that there is an open cover
{Uy, ..., U} of B, and there is a local section s;: U; — E of p for each ¢ satisfying
pos; =1idy,: U — B where idy, denotes the inclusion. We remark that the genus
of a fibration was introduced by Schwarz [25]. However, James [20] used ‘sectional
category’ instead of ‘genus’.

Let Y be the space of all possible configurations of a mechanical system. We
assume that Y is a Hausdorff path-connected topological space. Let PY be the
space of all continuous paths 7: [0, 1] — Y in Y equipped with the compact-open
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topology. Consider the path fibration
m: PY - Y xY (1.1)

defined by m(v) = (7v(0), v(1)). A motion planning algorithm of Y is defined by
a section s: Y xY — PY of the fibration 7. This section exists if and only if
Y is contractible. Interestingly in general, almost all configuration spaces are
non-contractible. To compute the complexity of motion-planning algorithm for a
non-contractible space Y, Farber defined the topological complexity of Y by the
sectional category of 7. The survey [12] contains several introductory results related
to motion planning.

A symmetric version of the topological complexity arises when one restricts the
local planners for which the motion from a to b is the reverse of the motion from
b to a and the motion from a to a is constant. In notation, consider a map s: Y x
Y — PY (not necessarily continuous) such that 7 o s = Idy xy and s(a, a)(t) = a,
s(a, b)(t) = s(b, a)(1 —t) for all a, b €Y and ¢ € [0, 1]. This motivates the notion
of symmetric topological complexity, given by Farber and Grant in [13]. Some
developments in symmetric topological complexity can be found in [17-19].

Consider a continuous partial section s: U — PY of the fibration 7 over an open
subset U CY x Y. The map s can be described as a homotopy h: U x [0, 1] = Y
defined by h(u, t) = s(u)(t) foru € U, t € [0,1]. Let p1: Y xY — Y and pa: Y X
Y — Y denote the projections onto the first and the second factor, respectively.
Since s is a section, the homotopy h connects h(u, 0) = py(u) and h(u, 1) = p2(u).
Therefore, the open sets U; C Y x Y, which appear in the definition of topological
complexity, can be equivalently characterized by the property that their two projec-
tions U; — Y on the first and the second factors are homotopic. For an aspherical
space Y, a connected subspace U of Y which is homotopy equivalent to a cell
complex, the set of homotopy classes of maps U — Y is in a one-to-one correspon-
dence with the set of conjugacy classes of homomorphisms 71 (U, ug) — 71 (Y, yo).
Using this idea, Farber et al. introduced TCP(Y), the D-topological complexity
for a path-connected topological space, see [14]. Here the letter ‘D’ in the notation
TCP(Y) stands for the ‘diagonal’. In [15], Farber et al. introduced some prop-
erties of D-topological complexity. Note that symmetric topological complexity is
not homotopy invariant but D-topological complexity is homotopy invariant. Some
related results can be found in [9].

A small cover of dimension n is an n-dimensional closed smooth manifold with a
locally standard Z3-action whose orbit space is a simple polytope. It was introduced
in the pioneering paper [8] as a generalization of real projective toric varieties. An
n-dimensional toric variety is an algebraic normal variety that admits an action of
(C*)™ with an open dense orbit. A non-singular complete toric variety is simply
called a toric manifold. The real locus of a toric manifold is called a real toric
manifold. A real Bott tower is a sequence of smooth complete real toric varieties,
see subsection 2.2. In this paper, we compute lower and upper bounds for the
topological complexity, symmetric topological complexity and LS one-category of
a class of small covers and real Bott manifolds.

The paper is organized as follows. In § 2, we study the definition of small cover
over a simple polytope, generalized real Bott manifold and the relation between
them. We modify the cohomology ring of a small cover over a product of simplices
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H;n:l A" with Zg coefficients as Za[y1, Y2, - - -, Ym]/I where I is given in (2.14).
We prove y;” # 0 in the cohomology ring H*(M™(P, \);Zs) as in (2.13), see lemma
2.6. We also recall the notion of real moment angle manifolds and complexes.

In § 3, we recall the definition and some properties of LS-category and equivariant
LS-category of a topological space. We compute the LS-category and equivariant
LS-category of a small cover. We calculate the LS-category of the real moment
angle manifold for r-gon and the equivariant LS-category of a real moment angle
complex.

In § 4, we give a tight lower bounds to the topological complexity of a small cover
over a product of two simplices. We compute the topological complexity for some
classes of real Bott manifolds.

In § 5, we rewrite the definition and some basic properties of symmetric topologi-
cal complexity and give bounds for the symmetric topological complexity of several
small covers over a product of simplices.

Finally in § 6, we recall the definition and some basic properties of the LS
one-category and D-topological complexity. We calculate the exact value of LS
one-category of a simple polytope when its real moment angle manifold is simply
connected and orientable. We calculate LS one-category of a small cover over a
product of simplices, and give bounds of D-topological complexity for a small cover
over a product of simplices.

2. Cohomology rings of small covers, generalized real Bott manifolds
and real moment angle complexes

In this section, we recall simple polytopes and the constructive definition of a small
cover over a simple polytope using [8]. We also review the definition of a (gen-
eralized) real Bott manifold and then discuss its relation with a small cover over
a finite product of simplices. We give a presentation of the cohomology ring of a
generalized real Bott manifold. Later, we study real moment angle manifolds and
complexes.

2.1. Small covers and its cohomology ring

In this subsection, we recall the definition of small cover and its cohomology ring
with Zs-coefficients following [8].

A convex polytope is a convex hull of finitely many points in R™ for some n € Zx.
The face of dimension 0 and (n — 1) in a convex polytope of dimension n are
called the vertex and the facet of the polytope, respectively. The vertex set and the
facet set of a convex polytope P are denoted by V(P) and F(P), respectively. An
n-dimensional convex polytope is called simple if at each vertex exactly n many
facets intersect. Throughout this paper, we denote an n-dimensional simple
polytope by P.

DEFINITION 2.1. A function \: F(P) — Z5 is called a characteristic function if
the submodule of Z4 generated by {\(Fi,), ..., A(F;,)} is an £-dimensional direct
summand of 2% whenever F;, N--- N F;, # 0. The vector \; := \(F}) is called the
characteristic vector associated with the facet F; fori =1, ..., r, and the pair (P, \)
18 called a characteristic pair.
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We recall the construction of a small cover from a characteristic pair (P, \).
For each point p € P, let F(p) be the unique face of P, which contains p in its
relative interior. Let F(p) = F;, N---N F;, for some unique facets F;,, ..., Fj,.
Define G'r(,) as a subgroup of Zi generated by A(Fj,), ..., A(Fi, ). We define an
equivalence relation on P x Z5 as follows:

(p.g) = (¢,h) ©p=0q,97"h € Gp(y).

The identification space M™(P, \) := (P x Z%)/ ~ has an n-dimensional manifold
structure with a natural Z3-action induced by the group operation on the second
factor of P x Z%. The projection onto the first factor gives the orbit map

p: M"™(P,\) — P defined by [p, g]~ — p,

where [p, g]~ is the equivalence class of (p, g). The manifold M™(P, \) is called a
small cover over P with the characteristic function \, see [8] for details.

Let {F1, ..., F.} be the facets of P and the indeterminates vy, ..., v, correspond
bijectively to the facets Fi, ..., F. respectively.

PROPOSITION 2.2 [8, Theorem 4.14]. Let p: M™(P, \) — P be a small cover over
a simple polytope P with |F(P)| =r. Then

H*(M™(P,\), Zs) = Zovy, ..., v.] /(I +.J),

where the idealj~ is generated by the monomials vs, +--vs,, if Fs, N-+-NFs, =10,
and the ideal J is generated by the m coordinates of the vector Aj where Ay =

Z:Zl )\ﬂ}l

ExaMPLE 2.3. The n-dimensional real projective space RP" is an example of a
small cover over the n-dimensional simplex A™. A finite product of RP™’s is also a
small cover.

2.2. Generalized real Bott manifolds and its cohomology ring

In this subsection, we study generalized real Bott manifolds and give a nice
presentation of its cohomology ring with Zs-coefficients.
A generalized real Bott tower of height m is a sequence

Tm, Tm—1
R

Bm — Bm—l : 7"_2} Bl ﬂ-—1> BO = {pt} (21)

of manifolds B; = P(R ® Ej(l) G- ® E](-nj)), where R is the trivial line bundle over

Bj_y, Ej(-l) is a real line bundle over B;_; fori =1, ..., nj,and j =1, ..., m. Here
P(-) denotes the projectivization. The space B; is called a j-th stage generalized
real Bott manifold. In this case, when n; =1 for every j, B; is called a real Bott
manifold.

PROPOSITION 2.4 [21, Corollary 4.6]. The Jj-th stage generalized real Bott manifold
B; of the tower (2.1) is a small cover over [[1_, A™ where A™ is the n;-simplex.

The converse statement also holds by the following proposition.
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PROPOSITION 2.5 [10, Proposition 2.7]. Every small cover over a product of

simplices is a generalized real Bott manifold.

Now we discuss the cohomology ring of a small cover over a finite product of
simplices. Let

p=]]Am, (2.2)
j=1
where A" is a simplex of dimension n;. Then, the dimension of P is n := Z;nzl n;.
Let
Ne=Y "nj, (2.3)
j=1
for s =1, ..., m. Thus N7 =n; and N,, = n. Let us assume Nj := 0.

Let V(A™) = {v], ..., v%j} be the vertices of A™ for j =1, ..., m. Then the
vertex set of P is given by

V(P) == {vey..0,, = (v, 05,0 00" ) | 0< 45 < myh (2.4)

Let F(A™) := {FOAj, ce FnAjj} be the facets of A™ where the facet F,?jj does not
contain the vertex vij for y =1, ..., m. So, the facet set of P is

F(P):={F |0<k; <nj,j=1,...,m}, (2.5)

where ng =A™ x .o x AT X F,@j x AT+t x ... x A" Observe that the

vertex vy, ¢,..0, 1S the unique intersection of the n-many facets of F(P)\ {ng |

m

j=1,..., m}. In particular,

vo.o=FN--NF N nF"N---NF". (2.6)

Let
\: F(P)—Z% (2.7

be a Zy-characteristic function on P where P is the product of simplices as in (2.2).
Then from (2.6), we have {\(F}), ..., A(Fp,), -, AME), ..., AM(F}" )} is a basis
of Z3 over Zs. So, we may assume that these vectors are assigned with the standard
basis vectors. Thus,

AFY) =en_y41.-- - MF]) = enr;,

for j =1, ..., m. The remaining m facets {Fg, ..., Fj"} are assigned with the
vectors as follows

NE]) =caj €Zyforj=1,...,m, (2.8)
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so that the above assignment satisfies definition 2.1. This gives us vector matrices
of order (1 x m) and (m x m), and a scalar matrix of order (n x m) as following:

1 m
A= (al Qo am)lxm =
m m
@ (R4 mxm
1 1
agy Q1
1 1
alnl amnl
= . s
m
aqq A1
m m
O o Cmng/ xm

where aj € Zy is the j-th column vector of A, a;“ € Zy* is the (k, j)-th entry of
the m x m vector matrix and a;?i € Zgy is the (Ny_1 + 1, j)-th entry of the n x m
scalar matrix. Throughout this paper, the vectors e; and a; of Z3 are considered
as the column entries of the matrices fori =1, ..., n,and j =1, ..., m.

Now we calculate the cohomology ring of the small cover M™(P, \) when P is a
product of simplices as in (2.2) and the characteristic function A on P is given by
(2.7). Let us assign the indeterminate z; to the facet F,gj where

j—1
0= (Z”) +kj=Njo1+k,

s=1
for 1 <k; <n;, j=1, ..., m. Therefore, i € {1, ..., n}. We also assign the inde-
terminate x; to the facet Fj wherei =n+ jfor j =1, ..., m. Note that F{ N---N

ng N Fg = (). Then, from proposition 2.2, we have
H*(M™(P,A); Zs) 2 Zylay, . .. T /T + J, (2.9)
where the ideals I and J are as follows. The ideal I is given by
I= ({an,_i+128, 42 ATy | T =1,...,m}), (2.10)

where Aj is defined in (2.3). The ideal .J is generated by the coordinates of

t

Aj = ()\(Fl)t )\(Fz)t e )\(Fn+m)t) (nx (n4+m)) . (a’,‘l X9 . .Z'n+m) (n+m)x1"

_ (2.11)
In (2.11); for i =1, ..., n, we denote F; = F,ﬁj with ¢ = N1 +kj for 1 <k; <
nj,j=1,...,mandfori=n-+1,...,n+m, WedenoteFl-:Fg withi=n+j
where j =1, ..., m.
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Note that A is an n tuple. The i-th coordinate of A ; is

J J J
x; + alkjasn+1 + oz%jxn_,_2 + .4 amijm_m,

wherei = Nj_1 + kj; k; =1, ..., njand j =1, ..., m. Thus, any z; can be written
as a Zso-linear combination of z, 11, ..., Zpy, for i =1, ..., n. For simplicity, we
denote the indeterminate x,; by y; for j =1, ..., m. Thus,

T = Zagkjyg where i =N;_1+kj,kj=1,...,njand j=1,...,m, (2.12)
=1

in H*(M™(P, \); Z3). Then the generators of the ideal I in (2.10) can be described
in terms of y;’s. Therefore, we have

H* (Mn(P7 >\)’ Z2) = Z2 [ylv Y2, - .- 7ym}/I, where (2]_3)
j m

I:< 11 (Zaik_jye)yjlj=17.-.,m > (2.14)
k=1 \t=1

We have the following observation on the cohomology ring.

LEMMA 2.6. Let M"™(P, \) be a small cover over a finite product of simplices with
the characteristic function A as in (2.7). Then y;-“ is non-zero in the cohomology
ring H*(M"™(P, X); Z3) for j € {1, ..., m}, where y;’s are as in (2.13).

Proof. Let P := HT:I A™ be a product of m simplices. We know the cohomol-
ogy ring of a small cover over a product of simplices from (2.13). The function A
determines the following m x m vector matrix A.

1 1 1
a% a% a12n
alf ai ... o,
A= . .
m m m
o ot ...oar)

Therefore, by the arguments in [5, Proposition 5.1], A is conjugate to a unipotent
lower triangular vector matrix of the following form:

1 o ... 0
A= Bf 1 (:) , (2.15)
oroBy 1),
where B = (851, 8%, .., B, ) € Zy* and 1=(1,...,1)' € Zy* for k=
1, ..., m. The matrix A is called the Bott matrix. Thus, the ideal J is generated
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by the coordinates of the following matrix.

1 0o 1 0 0 0 0 il
0 1 0o 1 0 0 0 0 2
0 0 1 1 0 0 0 0 AL
00 0 54 1 1 00 v

] TN7+1
0 0 0 Bi, O 1 0 0 y‘2
0O 0 --- 0 mo0 .- m ... 0 1
Lo S o x
00 -~ 0 B, 0 - B o 1 () o

(n+m)x1
Let oy :=xn;_ 417842 @A, y; for j =1, ..., m. Here ;’s are generators of

the ideal I in (2.13). From the above matrix multiplication, the first n; elements
are 1 +y1 =0, zoa +y1 =0,..., xa; + y1 = 0. Therefore, we get 1 =22 =--- =

TN = Y1-
So,
ni+1
] =TT Tp Y1 = Y1 - -

We have the following using (2.12).
Qf = TN +1TNG 1 +2 7 TN; Y
= (45 + Blivr + Bhya + - + B 1195-1) W5 + Blan + Blaye
e B ai) (W Bl v+ Bl ye -+ B, vy,

for j =2,..., m. Now the least power of y; in o  is n; +1. Our claim is that
y;” # 0. If not, let y;” = 0. Then y;” € I. But the least power of y; which appears

as a term in a polynomial in the ideal I is yjnj *1 This is a contradiction. Hence,
y;” ¢1,1ie. y;” #0in H*(M™(P, \);Zs) for j =1,2, ..., m. O
2.3. Real moment angle manifolds and complexes

We recall the notion of real moment angle complexes. Let r be a positive integer
and K be a simplicial complex with vertex set [r] = {1, ..., r}. For each simplex
o € K, we define

(D', 87 = {(z1,...,2,) € (D")" | 2; € S° when i ¢ o}.
Then the set

RZk = (D', 8% c (DY)
ceK
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is called the real moment angle complex of K. The space RZx has a natural Zj-
action induced from the Zj-action on (D1)".
Let P be a simple polytope with facets {F1, ..., F.}. Then the set

Kp:={o={ir,....ix} | F 0N F, #0}

is a simplicial complex on {1, ..., r}, see [3, Chapter 1]. The set Kp is called the
dual of P, and RZk, has a manifold structure. The space RZy,, is called the real
moment angle manifold for P.

PROPOSITION 2.7. Let M™(P, \) be a small cover over a simple polytope P. Then

there is a subgroup Zy of Z5 of rank r — n such that Zy acts on RZg, freely and
RZk, /7y =2 M™(P, \).

Proof. This is similar to the proof of [3, Proposition 6.5], and [24,
Proposition 2.4]. O

We note that RZk,, =S" and RZf, ., =RZk, x RZg, . Let M"(P, \) be
a small cover over an n-dimensional polytope H;ﬂ:l A™ for =1, ..., m. Then,
the number of facets of H;”:l A" is n+m, and the real moment angle manifold
RZk, is HT:l S™i. By proposition 2.7, M™(P, \) can be realized as the orbit space
of the moment angle manifold H;nzl S™i by a free Z5'-action. More precisely, the
action of ZJ* on H;n:l S™i is given by

(917927,,,7gm)((1'é,...,I}Ll),..,’(x’(’)n,...7l’nmm))
! ! aly, i
= ((glxtl)v(g?M "'gg;nl) 'x%v"W(gll L gm 1) 'x}n)v ’
1 m aty, A,
(gm - 20", (1™ o gmi™) 2l (g g™ ) ) (2.16)
where (g1, g2, ..., gm) € Z5* and (gc%7 R m{lj) eS" for j=1,...,m, see [10,
Remark 2.3]. This Z%'-action on []72, S" is free and one has [[j_, S" /Z5" =
M (P, ).

3. Equivariant LS-category of small covers

In this section, we recall some basics of LS-category following [6]. Then, we compute
the LS-category and the equivariant LS-category of a small cover over a simple
polytope. Next, we compute the LS-category of the real moment angle manifold for
r-gon and the equivariant LS-category of the real moment angle complex.

Let G be a compact topological group acting continuously on a Hausdorff topo-
logical space Y. In this case, Y is called a G-space. A subset U of a G-space Y is
called G-invariant if GU C U. The homotopy H: U x I — Y is called G-homotopy
if for any g€ G,y €U and t €1, we have gH(y, t) = H(gy, t). A G-invariant
open subset U of Y is called G-categorical if there exists an equivariant homo-
topy H: U x I — Y such that Hy is the inclusion, and H;: U — Y has the image
in a single G-orbit. In particular, U is called categorical if G is trivial. Here we
denote the orbit of an element y € Y by O(y).
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DEFINITION 3.1. The equivariant LS-category of a G-space Y, denoted by catg(Y),
is the least positive number of G-categorical invariant open sets required to cover
Y. If no such covering exists, then catg(Y) = oo.

In particular, if G is trivial, then catg(Y') is called the LS-category of Y, denoted
by cat(Y).

Let Y be a space and R be a commutative ring. The least integer n such that
all (n + 1)-fold cup products vanish in H*(Y; R) is called the cup-length of Y with
coefficients in R, denoted by clg(Y). If no such n exists, we write clr(Y) = oco. The
cup-length gives a lower bound for LS-category, as follows:

PROPOSITION 3.2. The cup-length of a topological space Y is less than the LS-
category of Y, i.e. clg(Y)+ 1< cat(Y), see [6, Proposition 1.5].

PROPOSITION 3.3. If Y is a manifold, then cat(Y) < dim(Y)+1, see [6,
Theorem 1.7].

THEOREM 3.4. Let M™(P, \) be an n-dimensional small cover over a simple
polytope P. Then cat(M™(P, \)) =n+ 1.

Proof. Since P is a simple polytope, at each vertex, exactly n many facets intersect.

Let v be a vertex of P, and v = F, N---NF,, where Fy , ..., Fy are unique n
facets of P. Let m, = p~1(v) and M; = p~'(F},) for i =1, ..., n. Here the Z3-
action on M™(P, \) is locally standard. So, m, is a fixed point, and My, ..., M,

intersect to m, transversely. Therefore, the Poincare dual of M; represents a
non-zero cohomology class in HY(M™(P, \);Zs). So by definition of cup-length,
n < clz, (M™(P, A\)). Therefore, by proposition 3.2, n+ 1 < cat(M™(P, \)). Also
by proposition 3.3, we have cat(M™(P, X)) < dim(M"™(P, X)) + 1 =n + 1. Hence,
cat(M™(P, \)) =n+ 1. O

We remark that the LS-category of small covers has been studied in [22]. However,
it is written in Chinese. So, we write a proof.

We recall a result from [1], which helps us to calculate the equivariant LS-category
of a small cover over a simple polytope.

PROPOSITION 3.5 [1, Theorem 3.3]. Let Y be a G space and {[O(yi)}}ieA be the
collection of all minimal orbit classes in'Y . Let

= |J ow.
O(y)€[O(yi)]
Then

#A < Z catq(Y;) < catg(Y)
i€ A
where #A is the cardinality of A.

THEOREM 3.6. Let M™(P, \) be an n-dimensional small cover over a simple
polytope P with k vertices. Then catzy (M"(P, \)) = k.
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Proof. Let M := M™(P, \). We know that there is a bijection between the fixed
point set M?2 and V' (P). Since the fixed points are isolated and minimal orbits, by
proposition 3.5, we have catzy (M) = [V(P)|. So, it is enough to show that for any
v € M%2 | there is a Z3-categorical subset X, of M such that M = UveMzg X,. Let
p: M — P be the orbit map. Now for v € M% | let

Co= |J F, U,=P—C,, and X, = p~'(U,),
P(v)EF

where F' is a face of P. Here X, is Zj-invariant subset of M. Since U, is a convex
subset of P, it is contractible to v. So there exists a homotopy h: U, x I — P such
that h(z, 0) =2 and h(z, 1) = v for all x € U, and preserves the face structure
of U, x I. So, for any face F of U,, we have h(x,t) € F for x € F, t € I. Thus,
by proposition 1.8 of [8], we can say X, = (U, x ZY)/ ~. Therefore, h induces a
homotopy

hx1d: U, x I x Zy — P x 73
defined by (z, (r', t)) — (h(x, 1), t). Since for each face F' of U,, we have

x€F = h(z,r')€F, forall ' €1,
h x Id induces a homotopy H: X, x I — M with ([z, t], ') — [h(z, r’), t]. Since
gH([x,t],7") = glh(z, "), 1] = [h(z, "), gt] = H([z, gt],r") = H(g[z, ],"),

the map H is a Z%-homotopy. Also H(x, 0) =z, H(z, 1) = p~1(v) = v, for all x €
X,. Thus, X, is Z%-categorical open invariant subset of M. Since {X, | v € V(P)}
covers M, catzy (M) = [V (P)| = k. O

PROPOSITION 3.7. Let P be an r-gon and RZk,, be a moment angle manifold. Then
cat(RZk,) = 3.

Proof. We know the cohomology ring H*(RZk,;Zs) is generated by elements
of degree only 0,1 and 2. We can get two elements of degree 1 such that
their cup product is non-zero in H*(RZk,;Zs), see [4, Section 3]. Therefore,
2 < clg, (RZk,.). Then, we have 3 < cat(RZk,). Also dim(RZk,) = dim(P) = 2.
Therefore, cat(RZk, ) < 3. Hence, cat(RZk, ) = 3. O

REMARK 3.8. Let K be a triangulated d-sphere for d < 2 or a connected sum of
joins of such spheres. If K is k-Golod over Zy (i.e. length &k + 1 cup products of
positive degree elements in H*(RZ;Zs) vanish), then k < clz, (RZk). Thus, k +
1 < cat(RZk), see [2, Theorem 4.2].

THEOREM 3.9. Let S be the set of all maximal simplices of a simplicial compler K
on [r]. Then

catZS(RZK) = |S|

https://doi.org/10.1017/prm.2023.124 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.124

12 K. Brahma, B. Naskar, S. Sarkar and S. Sau
Proof. Note that if 7 is a face of o in K, then (D!, S°)™ C (D!, §°). So we have
RZx = | J(D',8°)7 C (D).
oes

The topology on RZy is the subspace topology of (D)". Also, any simplex of K
is a face of a maximal simplex. So the set

{(D*, 8% | 0 € S}

is an open covering for RZx. Moreover, (D', S°)? is a Zj-invariant subset which
is equivariantly contractible to the orbit (S°)° in RZx where

(89 = {(21,...,7,) ERZg | 2; =0if i € o and |x;| = 1 if i ¢ o}.
So we obtain that
catzg(RZK) < |S|

Note that the set {(S°)? | o € S} is the set of all minimal orbits of RZ with
respect to Zj-action. So, by proposition 3.5, we have

catZE(RZK) > |S| U

4. Topological complexity of small covers

In this section, we recall the definition of topological complexity and zero-divisors-
cup-length. Next, we try to give bounds for the topological complexity of a class of
small covers over a product of simplices and real Bott manifolds.

DEFINITION 4.1. Let Y be a path-connected space. The topological complexity of the
motion planning in Y is the least integer k such that Y XY can be covered by k

open subsets Uy, ..., Uy on each of which there exists a section s;: U; — PY such
that m o s; is homotopic to the inclusion idy,. If no such integer exists, then we set
TC(Y) = .

We note that in the above definition, we consider non-normalized topological
complexity. The cup product map

U: H*(Y;R)@ H*(Y;R) — H*(Y; R) (4.1)

is an algebra homomorphism whose kernel is called the ideal of zero-divisors of
H*(Y; R). The multiplicative structure on the left in (4.1) is given by the formula
(a®B)-(y®0) = (~1)Play @ B6. Here |B| and |y| denote the degrees of the
cohomology classes § and ~, respectively.

DEFINITION 4.2. The zero-divisors-cup-length of H*(Y; R), denoted by zclr(Y),
is the length of the longest non-trivial product in the ideal of the zero-divisors of

H*(Y;R).

The following proposition gives a lower bound and an upper bound for TC(Y).
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PROPOSITION 4.3 [11, Theorem 4,5,7]. If Y is a manifold, then we have
maz{cat(Y), zclp(Y) + 1} < TC(Y) < 2dim(Y") + 1.

PROPOSITION 4.4 [11, Theorem 11]. For any path-connected metric spaces
Y1, ..., Y., we have

TC(Y1 x---xY,)<TCY1)+---+TC(Y,,) — (m—1).

PROPOSITION 4.5. Let M™(P, \) be an n-dimensional small cover over a simple
polytope P. Then

n+1<TCM™(P,)\)<2n+1.
Proof. The proof follows from theorem 3.4 and proposition 4.3. O

Now we calculate the topological complexity of several small covers over a product
of two simplices. Consider the set S:={n €N | (7) is even for 0 <i < n}. Let

n<2 —1<2n,n; <27 —1<2n; for j =1,2 and n = ny + ns. Note that (%)
is even for 0 <7 < 2°.

THEOREM 4.6. Let M"™(P, X\) be a small cover other than RP" x RP"? over
P=A" x A"z,

1) Let ng € S with ny > ny. Then 2™ + 2" — 1 < TC(M™(P, \)).

2) Let ny € S with ng divides ny. Then 2" < TC(M™(P, \)).

(1)
(2)
(3) Let ng € S+ 1 with ng > ny + 1. Then, 2" < TC(M"(P, \)).
(4) Let ny € S+ 2 with ny > ny + 2. Then, 2" < TC(M"(P, X)).
In particular, if n = 2571, then for the cases (2), (3) and (4), we have
2n < TC(M™(P,\)) < 2n + 1.

Proof. In the cohomology ring H*(M"(P, \); Zz) described in proposition 2.2, the
ideal I is generated by a1 = 122+ Zp,y1 and a2 = Ty 41%ny 42 * Ty 4nyY2. The
ideal J is generated by

Ty =Tag=-"=Tp, =Y1, a0d Tp, 41 = Ty 42 = "+ = Tpy4n, = Y1 + Y.

Therefore, ay =y = 0 and y"* # 0 in H*(M"(P, \); Zs). From (2.6), and the
Poincare duality, we have 1 -« @p, Tni41 - Tnyt4ns 7# 0. S0, Y1t (y1 + y2)™2 # 0.
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Now,

vty +y2)™ =y {ys® +y - fyn,v2)}
(where f(y1,y2) is a function of y; and y9)

1
=uys? T Fy )

ny, n2 n

=y Yy (as y11+1 =0).

Therefore, we get the following:

ytys® # 0. (4.2)

Let aj :=1®y; —y; ®1 for j =1, 2. Then a; is in the ideal of the zero-divisors
of H*(M"™(P, \);Z3). Let c=2"—1,and ¢; =27 — 1 for j =1, 2.

(1) Let ny € S with ny > ny. Here,

as = (y1 + y2)"?y2

= (y1% + y5?)y=2 (as <n2> is even for 0 < i < n)
i

;L2+1 ( ni+1 _ O)

=y as y1? =0, since ng = ny + 1 and yj

Therefore, y;‘2+1 = 0. Now, for j =1, 2,

c i Cci—ls C; P P ks
0f = (loy —y o) =3 (-1)9" <1<;J‘><y§’ @y,
kj=0 7

Now, the binomial coefficient (22,—1) is odd for all 0 < i; <¢j for j =1, 2.

The binomial expansion of a’ contains the term (y;quj ®y§”) which is
ny, N2

non-zero. Now, by (4.2), yi''ys?> # 0. So, aj'a5? contains the term y"y5? @

(y§* "ys2~ ™) which is non-zero and there is no other term of this form in

the expression of aj*as?.
Hence, zero-divisors-cup-length of H*(M"™(P, \);Zs) is greater than or
equal to ¢y + co. Therefore, by proposition 4.3, we have, 2" 4 2™ — 1 <

TC(M"™(P, \)).
(2) Now, consider the case when ny € § with ng divides n;. Let ny = nng for
some 7 € Z. Since ("22) is even for 0 < ¢ < ng, so,

no no+1

@z = (y1 +v2)"y2 = (11° + Y37 )y2 = Y1 y2 + v5
So, yor Tt = yl2y, in H*(M™(P, \); Zy). Thus,

ni, Ny __ ,NNna, Na __ NNz, N, No—"nN nno+n, no—n __ ,  nns+ne __  nmi4+ne __  n

yi'ye? =y "y =yl s s =Y Y2 =Y =Y = Y2
Now, by (4.2), y"y5? # 0. Thus, y5 # 0. Now,
c c . c— c C—
= (Lo~ o1 = -0 (1) 4574 o 1)
k=0
Therefore, by similar arguments as in (1), we get 2" < TC(M™(P, X)).
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(3) Let ny € S+ 1 with ng > ny + 1. Now,

az = (y1 +y2)"*y2

'IL2—1(

= (y1+y2) Y1+ Y2)12

=W Y+ y2)ye (as (n2 ) is even for 0 < i < ng — 1)

1

TL2_1

= (y1 +y2)y5? (as yj =0, since no —1 >ny + 1 and y{“‘”‘l =0)
= yys® +ypeth
So, yo? Tt = y1y2 in H*(M™(P, \); Zs). Thus,

n1,n2 __

yys? =yt (nys?) =yt s

ni—1, mo+1 _  _  nitns _ o m

Ya =Y.
Therefore, by similar arguments as in (2), we get 2" < TC(M™(P, \)).
(4) Let ne € S + 2 with ny > ny + 2. Now,

az = (y1 +y2)"y2
= (y1 +12)" (11 + v2)%y2

= (2 + 52 ) (v + y2)ye (as <n2 ) is even for 0 < i < ng — 2)

i
= (12 +y)ys2 ! (as g2 2 =0, since ng — 2 >ny + 1 and y T = 0)

2 na—1 no+1
=u1Y2” Yt

So, yo2tt = y2ym2 = in H*(M™(P, \); Zs). Let n; be even. Then,

Yyt =yl Ry e = o s e = - = gt =
Therefore, by similar arguments as in (2), we get 2" < TC(M™(P, \)).
Now, let ny be odd. Then,

yrtyst = o T st e = ot Py e = = gyt T = gy
Now, by (4.2), y!'ys? # 0. Therefore, y1y5 " # 0. So, y5~* # 0. We know
n<2m—1<2n,ie.2" —1<2n—1.If2" — 1 = 2n — 1, then n is even. Since
ny is odd, so ng is odd, which is not true. Therefore, 2" — 1 < 2n — 2. Now,

, RS i\, e .
5= (1@yp-ypal) =Y (-1)° k(k>(yz " ®y5).
k=0

Here, the binomial expansion of a§ contains the term (y5~ "™ @ y5 ") which is
non-zero, and there is no other same term in the expression of a§. So a§ is non-
zero. Therefore, by similar arguments as in (2), we get 2" < TC(M™(P, \)).

In particular, if n = 257! then n < 25 — 1 < 2n. Therefore, by (2), (3) and
(4) we have 2° < TC(M™(P, A)). Thus, 2n < TC(M™(P, \)) <2n+1 for
any s > 1. O
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PROPOSITION 4.7 [16, Corollary 8.1, 8.2]. If n equals 1, 3 or 7, then TC(RP") =
n+1, and if n is a power of 2, then TC(RP") = 2n.

PROPOSITION 4.8. Let the small cover M™(P, \) over the polytope P = []7_, A™
be of the form RP™ x ... x RP"™,

(1) If n; =2%""1 for all j€{1,2, ..., m}, then TC(M"(P, \)) = 2% +--- +
25m — (m —1).

(2) If n; =1,3 or 7 for all j € {1, 2, ..., m}, then TC(M"™(P, \)) =n+ 1.
Proof. Here  M"(P, \) = RP"* x --- x RP"™. In the cohomology ring H*
(M™(P; \); Zs), the ideal I is generated by aj = xn;_,117n;_ 42 TNy, for
7=1,..., m, and the ideal J is generated by

xNj—1+1:xNj—1+2:.'.:xM :yj (43)

Therefore, a; =y’ =0 in H*(M"™(P, \); Zs) for j =1, ..., m. Let

0 =1y —y;®1
for j=1,...,m. Then a; belongs to the ideal of the zero-divisors of
H*(M"™(P, \);Zs). Let ¢; = 2% — 1 for j =1, ..., m. Now, by lemma 2.6, y?j #0.
From (2.6), and the Poincare duality, we have
Ty TNTTNL+L " TN TN +1 " TN +1 7 TN, 7£ 0.

Using (4.3), we have, y"* ---yim # 0. Therefore, by similar arguments as in the
proof of theorem 4.6 (1), we have aj*as®---ag #0. Thus, ¢1+ -+ ¢ +1 <
TC(M"(P, \)).
That is

2% 4. 4 2% — (m — 1) < TC(M™ (P, N)).
Also, from proposition 4.4, we have

TC(M™(P,\)) < TC(RP™) + -+ TC(RP"™) — (m — 1). (4.4)

(1) If n; =2%~" then n; < 2% — 1 < 2n;. Now by proposition 4.7, we have
TC(RP") = 2%. So, the right inequality can be obtained using (4.4). Hence,

TC(M™(P,\)) = 2% + -+ + 2% — (m — 1).

(2) If n; =1, 3 or 7, then there exists some s; which satisfies n; < 2% — 1 < 2n;
and n; +1=2%. So, 2°' +--- 4+ 2°" =ny +--- + 0, +m =n+m. Thus,
we have n+m — (m—1) =n+ 1< TC(M"™(P, \)). By proposition 4.7, we
have TC(RP™) = n; + 1. So, the right inequality can be obtained using (4.4).
Hence,

TC(M™(P,\) =n+1.
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We remark that if M"™(P, \) is not RP"! x --- x RP"™ then computation of
TC(M"™(P, \)) is a challenging problem.

We recall that the n-th stage real Bott manifold is a small cover M™ (P, \) over
the polytope P = (A!)" (an n-dimensional cube) and X be as in (2.7). In this case,
the elements of the (n x n) matrix coming from (2.15) are scalars. Note that the
diagonal elements of this matrix are 1 that follows from the definition of A. Since
the Bott matrix is unique up to conjugation, different 3"'s give different real Bott
manifolds up to equivariant diffeomorphism. Now we calculate some lower bounds

(possibly tight) of the topological complexity of the real Bott manifolds.

THEOREM 4.9. Forn > 3, let the elements B in the Bott matriz (2.15) be 1 for
E=1,...,n—1, and the remaining elements 3" be zero forl =1, ..., n—2, and
m=3,...,n. If n <2" — 1< 2n, then the topological complexity of the real Bott
manifold M™(P, \) is greater than or equal to 2. In particular, if n = 2571, then
2n < TC(M™(P, \)) < 2n+ 1.

Proof. In the cohomology ring H*(M" (P, \); Z2) as in proposition 2.2, the gener-
ators of the ideal I are a; = x;y; for j =1, ..., n, and the ideal J is generated by
the elements 1 +y1 and x; +y; +y;—1 for j =2, ..., n. Now for j € {2, ..., n},

o =5 = (Yj—1 +Y;)¥; = Yj—1y; + ;-

Our claim is that yj2 #0 for j=2,..., n. For this, it is enough to show that
yj—1y; #0for j =2, ..., naso; =0in H*(M"(P, A\); Zz). Note that in this case,
P =[] A', an n-cube. So, the facets corresponding to the indeterminates x; and
y; don’t intersect. But the facets corresponding to the indeterminates y;_; and y;
intersect to an (n — 2)-dimensional face. So y;_1y; is non-zero in H*(M" (P, \); Z2).
Therefore, y7 # 0 for j =2, ..., n.

Since P is an n-dimensional simple polytope, there is a vertex where the
facets corresponding to the indeterminates 1, o, ..., Y, intersect. In other words,
Y1y2 - - Yn 7 0, by Poincare duality. From the relation y;_1y; = y? forj=2,...,n,
we have y1y2 - - -y, = y,. Therefore, y' # 0.

Let a, =1®y, —y,®1. Then a, is in the ideal of the zero-divisors of
H*(M™(P, \);Zs). Then,

2= (1Qy, —yp @ 1)1
2" -1

r (2" —1 r_q_
_k: (_1)2 1 k( L >(]—®yn)k(yn®]—)2 1-k

[}

r

[}
Ju

(27 —1 1
=S (T el
k=0

The binomial coefficients (2T;1) are odd for all 0 <7< 2" — 1. The binomial
expansion of a2 ! contains the term (2 ~'~" ® ") which is non-zero and there
is no other term of this form in the expression of a2 ~'. So a2"~! is non-zero.
Therefore, zero-divisors-cup-length of H*(M™(P, \);Zs) is greater than or equal to
2" — 1. Hence, by proposition 4.3, we have 2" < TC(M™(P, \)).
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If n = 2%~ then r satisfies n < 2° — 1 < 2n. Thus, 2° = 2n < TC(M"(P, \)) <
O

2n + 1.
100
We recall that for n = 3, the Bott matrix is given by 5§ L 0). We denote the
By By 1

1
corresponding real Bott manifold M?3(P, \) by M3(5%, 33, 33).

THEOREM 4.10. 5<TC(M3(1, 0, 0)), TC(M?3(0, 1, 0)), TC(M3(0, 0, 1)), TC(M?
0,1, 1)) <7

Proof. The generators of the ideal I in proposition 2.2 are aj = x;y; where
j=1,2 3. Let
0 =10y —y;®1

for j =1, 2, 3. Then a; is in the ideal of the zero-divisors of H* (M3 (5%, 33, 53); Z2).
Note that TC(M?3(52, 53, 43)) < 7 by proposition 4.5. The manifolds M3(1, 0, 0),
M?3(0, 1, 0), M3(0, 0, 1), and M?>(0, 1, 1) are diffeomorphic to each other by
[23, Theorem 4].

Consider the real Bott manifold M?3(1, 0, 0). Then from proposition 2.2, the ideal
J is generated by the elements x1 + y1, T2 +y1 + y2, and 3+ y3. So, x1 = Y1,
Ty =y1 +y2 and x3 = y3 in H*(M3(1, 0, 0); Zz). Therefore, we have y7 = y3 = 0,
and y3 = y132. Now,

aaz =10y -1 +y3 00—y, @110y —ys® 1)
= N1Y2 @ Y2Y3 + Y2Y3 @ Y1Y2 — Y1Y2Y3 Q@ Y2 — Y2 & Y1Y2Ys3.

So, the product ajas contains an element ;s ® y2y3 which is non-zero. Therefore,
the zero-divisors-cup-length of H*(TC(M?3(1, 0, 0));Z2) is greater than or equal
to 4. Hence, by proposition 4.3, we have 5 < TC(M?3(1, 0, 0)). O

We remark that M3(1, 1, 0) is the 3-dimensional Klein Bottle, and [7, Theorem
3.1] gives TC(M3(1, 1, 0)) = 6.

THEOREM 4.11. 6 < TC(M3(1, 0, 1)), TC(M?3(1, 1, 1)) < 7.

Proof. The generators of the ideal I in proposition 2.2 are o; = x;y; where
j=1,2,3. Let a; :=1®y; —y; ®1 for j =1, 2, 3. Then a; is in the ideal of the
zero-divisors of H*(M?3(P, \); Z3). Note that TC(M?3(5%, 33, 33)) < 7 by propo-
sition 4.5. The manifolds M?3(1, 0, 1) and M3(1, 1, 1) are diffeomorphic by [23,
Theorem 4].

Consider the real Bott manifold M?(1, 0, 1). Then from proposition 2.2, the
ideal J is generated by the elements x1 4+ y1, o +y1 + y2 and z3 + yo + y3. So,
1 =y1, T2 = Y1 +y2 and 23 = yo +y3 in H*(M3(1, 0, 1);Z3). Now,

e =10y +1@ )10y —ys @y +y5 Qs — Y3 ® 1)
= (y1y2 + y2u3) @ Yy1y2y3 — Y1y2Y3 @ (Y1Y2 + Y2y3)-

So, the product a?aj contains an element y;y2 ® y1y2ys which is non-zero. There-
fore, the zero-divisors-cup-length of H*(M?3(1, 0, 1); Zs) is greater than or equal to
5. Hence, by proposition 4.3, we have 6 < TC(M?3(1, 0, 1)). O
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1000
2100

Now, for n = 4, the Bott matrix is given by g% 1o In this case, we denote
BY By B5 1

THEOREM 4.12. Let 37 = 1. If at least one of {33, B33} is 1, and at least two of
{81, B3, B3} are 1, then 8 < TC(M*(1, 57, 63, 81, B3, B3)) < 9.

Proof. The generators of the ideal I in the cohomology ring H*(M*(1, 33, 33, 81,
B3, 33);Zo) are «j =m;y; where j=1,2,34. Let a;:=1®y; —y;®1 for
j=1,2,3, 4. Then a; is in the ideal of the zero-divisors of H*(M*(1, 3}, B3, 51,
B3, 33); Z2). Note that TC(M*(1, 83, B3, B, B3, #3)) < 9 by proposition 4.5. By
[23, Theorem 5], it is enough to consider the following manifolds to prove the claim;
M*(1,1,0,1,1,0), M*(1,0, 1, 1, 1, 0), M*(1,0, 1,0, 1, 1), M*(1,0, 1, 1, 0, 1),
and M*(1,1,1,1, 1, 0)

(1) Consider the real Bott manifold M*(1, 1,0, 1, 1, 0). Then from proposition
2.2, the ideal J is generated by the elements x1 + y1, 2 + y1 + Y2, T3 + y1 +
ys and x4 +y1 +y2 +ya. SO X1 = Y1, T2 = Y1 + Y2, T3 = Y1 + Y3, and x4 =
Y1 +y2 +ys4 in H*(M*(1, 1, 0, 1, 1, 0); Z3). Therefore, we have y? = 0, y3 =
Y12, Y3 = Y13, Y3 = Y19 + y2ya. Now,

w030 = 1@y — 4@ )10 y5 —y3 ® y3
FY3 0y — Y3 @ DN(1@ Y —ya @yl +yi @y —yi ® 1)
= Y1Y2Y3Ya @ Y1Y2y3 — Y1Y2Y3 @ Y1Y2Y3y4 + Y1Y2y3Ys @ Y1Y3Ya
— Y1Y3Y4 © Y1Y2Y3Y4.
So, the product azajaj contains an element y;y2ys @ y1y2y3y4 which is non-
zero. Therefore, the zero-divisors-cup-length of H*(M*(1, 1,0, 1, 1, 0); Z>)

is greater than or equal to 7. Hence by proposition 4.3, we have 8 <
TC(M*(1, 1,0, 1, 1, 0)).

(2) Consider the real Bott manifold M*(1, 0, 1, 1, 1, 0). Then from proposition
2.2, the ideal J is generated by the elements x1 + y1, €2 + y1 + Y2, 3 + Y2 +
ys and x4 +y1 +y2 +ya. So, x1 =y1, T2 =y1 + Y2, T3 =y2 +y3 and x4 =
Y1 +yo +ys in H*(M*(1,0, 1, 1, 1, 0); Zy). Now,

a2030f = (102 — @)1y —y3@y3 +95 @y —y3 @ (1 © yj
— U RYT YOy — Y ®1)
= Y1Y2Y3Y4 @ (Y1Y2Y3 + Y2Y3y4 + Y1Y3Y4)
— (Y1Y2Y3 + Y23Y4 + Y1Y3Ya) ® Y1Y2Y3Ya-

So, the product azajaj contains an element y;y2y3 @ y1y2ysy4 which is non-
zero. Therefore, the zero-divisors-cup-length of H*(M*(1, 0, 1, 1, 1, 0); Zy)
is greater than or equal to 7. Hence, by proposition 4.3, we have 8 <
TC(M*(1,0, 1, 1, 1, 0)).
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Consider the real Bott manifold M*(1, 0, 1, 0, 1, 1). Then from proposition
2.2, the ideal .J is generated by the elements z1 + y1, T2 + Y1 + Y2, T3 + Yo +
ys and x4 +y2 + Y3 + ya. S0, 1 =y1, T2 =y1 + Y2, 3 = Y2 +y3 and x4 =
Yo +y3 +ys4 in H*(M*(1,0, 1,0, 1, 1); Z3). Now,

aa3af = (1Y — 12 ®1)(1Q Y3 —ys @3 + 13 Qys —y3 @ N1 @y}
— Y QUYL Y Oy — Yl ®1)
= Y192Y3Y4 @ (Y1y2y3 + Y2ysya + Y1Y2ya) — (Y192y3 + Y2y3ya+
Y1Y2y1) @ Y1Y2Y3Ya.-

So, the product asajai contains an element y1y2y3 ® y1y2y3ys which is non-
zero. Therefore, the zero-divisors-cup-length of H*(M*(1,0, 1,0, 1, 1);Zy)
is greater than or equal to 7. Hence, by proposition 4.3, we have 8 <
TC(M*(1,0, 1,0, 1, 1)).

Consider the real Bott manifold M*(1,0, 1,1, 0, 1). Then from proposition
2.2, the ideal J is generated by the elements x1 + y1, 2 + y1 + y2, T3 + y2 +
ys and @4 +y1 + Y3+ Ya. SO Ty =y1, Ta =y1 + Y2, T3 = y2 +y3 and x4 =
y1 +ys +y4in H*(M*(1,0, 1, 1,0, 1); Zy). Now,
waja) = (1@ -2 @)1y —ys® Y3 + 13 @ us
— OOy —ya® s+ Oy —yi®1)
= Y1Y2Y3Y4 Q Y1Y2Y4 — Y1Y2Ya @ Y1Y2Y3Y4 + Y1Y2Y3Ys @ Y1Y3Y4

— Y1Y3Ys @ Y1Y2Ysya.
So, the product azaiaj contains an element y;y2ys @ y1y2y3ys Which is non-
zero. Therefore, the zero-divisors-cup-length of H*(M*(1, 0, 1, 1, 0, 1);Zy)

is greater than or equal to 7. Hence, by proposition 4.3, we have 8 <
TC(M*(1,0, 1, 1,0, 1)).

Consider the real Bott manifold M*(1, 1, 1, 1, 1, 0). Then from proposition
2.2, the ideal J is generated by the elements x1 + y1, 2 + y1 + Y2, 3 + y1 +
Y2+ys and x4 +y1 +y2 +ya. So, T1 =Y1, T2 =Y1 + Y2, T3 =Y1 + Y2 + Y3
and x4 = y1 + Y2 +ys in H*(M*(1, 1, 1, 1, 1, 0); Z3). Now,

aaja =10y — 120110y —y3Qy; +y5 Qys —ys @ 1) (1 @y}
— Y QUi+ Y QU — Y ®1)
= Y1Y2Y3Y4 Q Y2Y3Ys — YoYsYs @ Y1Y2Y3Ya.

So, the product azajaj contains an element yayzys @ y1y2ysys which is non-
zero. Therefore, the zero-divisors-cup-length of H*(M*(1, 1, 1, 1, 1, 0); Z>)
is greater than or equal to 7. Hence, by proposition 4.3, we have 8 <
TC(M*(1, 1, 1, 1, 1, 0)).

O
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5. Symmetric topological complexity of small covers

In this section, we recall the definition of symmetric topological complexity. Then
we compute this invariant for a class of small covers.

Let Y be a path-connected space. The path fibration 7: PY — Y X Y restricts
to a fibration

' P'Y — F(Y;2), (5.1)

where F(Y;2) = {(z, y) €Y xY | x # y} is the space of ordered pairs of distinct
points in Y, and P’Y is the subspace {y: I — Y | 7(0) # v(1)} € PY consisting of
paths with distinct endpoints.

The group Zy acts on F(Y;2) by permutation of factors, and acts on P'Y by
sending a path v to its inverse ¥ given by (t) = (1 —t). So, the group Zs act-
ing on the spaces P'Y and F(Y;2) freely. Observe that n’: P'Y — F(Y;2) is an
equivariant map of free Zs-spaces. So, it induces a map

7" P'Y/Zy — B(Y;2), (5.2)

where B(Y’;2) denotes the orbit space F(Y';2)/Zs of unordered pairs of distinct
points in Y. This map is also a fibration.

DEFINITION 5.1. The symmetric topological complexity of Y, denoted by TCS(Y),
is defined to be one plus the sectional category of the fibration . In other words,

TC®(Y) =1+ secat(n").

We adopt the convention that the sectional category of p: F — B vanishes if and
only if E = B = (). The space B(Y’;2) is empty if and only if Y is a single point, and
s0 in this case, TC®(Y) = 1. If Y’ contains more than one point then secat (") > 1,
and therefore TC®(Y) > 2.

EXAMPLE 5.2. Let Y be a contractible space. Then there exists a continuous map
y — 7y € PY such that v,(0) = y and 7, (1) = yo. Then setting s(a, b) to be equal
to the concatenation of v, and the inverse path to 7, gives a symmetric equivari-
ant section of (5.1). Therefore, for any contractible space Y with more than one
point, we have TCS(Y) = 2. We note that if Y is a path-connected space with
TC%(Y) = 2, then Y is contractible.

Let Ny be the sub-ring of H*(Y) ® H*(Y) spanned by the norm elements (i.e.
the elements of the form x ® y + y ® x with x # y). The following result follows
from corollary 9, proposition 10 and theorem 17 in [13].

PROPOSITION 5.3. Let Y be a closed smooth manifold. Then
maz{TC(Y), c(Ny) + 2} < TC(Y) < 2dimY + 1.
Next, we calculate the symmetric topological complexity of the circle.

COROLLARY 5.4. If P is a 1-simplex, then M*(P, \) = RP' and TC®(RP') = 3.
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Proof. Note that the non-zero element 1®y; +y; ® 1 is the norm element
of H*(MY(P, \);Zs2) @ H*(M*(P, \);Z3). So, by proposition 5.3, we get 3 <
TC®(M*(P, A)). The small cover over a l-simplex is RP' =S!. Therefore, by
proposition 5.3, we get
TC(M(P,\) < 2dim(M' (P, \)) +1 = 3.
O

We note that the conclusion of corollary 5.4 can be obtained from [13,
Corollary 18].

REMARK 5.5. The element 1 ® y; +y; ® 1 is same as 1 @ y; —y; @ 1 in Npgn(p r)-
Thus, the zero-divisors-cup-length of M™(P, \) is the same as the cup-length of
NMn(P’)\).

THEOREM 5.6. Let M™(P, \) be a small cover other than RP"' x RP"? over
P=A" x A",

1) Let ny € S with ny > ny. Then 2™ + 272 < TC(M™(P, \)).

2) Let ny € S with ny divides ny. Then 2" +1 < TCY(M™(P, \)).

3) Let ny € S+ 1 with ny > ny + 1. Then, 2" +1 < TC®(M™(P, \)).
)

(
(
(
(4) Let ny € S 4 2 with ny > ny + 2. Then, 2" +1 < TC®(M"(P, \)).

In particular, if n=2°"1, then for the cases (2), (3) and (4), we have
TCY(M™(P, \)) =2n + 1.

Proof. Let Ny (p,) denote the sub-ring of H*(M™(P, \); Zy) @ H*(M"™ (P, \); Z3)
spanned by the norm elements. Consider the norm elements a; :=1®y; +y; ® 1
in Ny (pa) for j =1, 2. Then the proof follows from theorem 4.6, proposition 5.3
and remark 5.5. O

THEOREM 5.7. Forn > 3, let the elements By in the Bott matriz (2.15) be 1 for
k=1,...,n—1, and the remaining elements B;" be zero forl =1, ..., n—2 and
m=3,...,n. Ifn<2" — 1< 2n, then the symmetric topological complezity of the
real Bott manifold M™(P, \) is greater than or equal to 2" + 1. In particular, if
n =251 then TCS(M"(P, \)) = 2n + 1.

Proof. The proof follows from theorem 4.9, proposition 5.3 and remark 5.5. |
REMARK 5.8.
(1) From theorem 4.11, proposition 5.3 and remark 5.5, we get,
TCY(M?3(1,1,0)) = TCS(M3(1,0,1)) = TC*(M3(1,1,1)) = T7.

(2) Let 8 = 1. If at least one of {3, B3} is 1, and at least two of {37, B33, B3}
are 1. Then from theorem 4.12, proposition 5.3 and remark 5.5, we get,

TC®(M*(1,5}, 85, 1. B3, B3)) = 9.
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6. D-topological complexity of small covers

In this section, we recall the D-topological complexity and the LS one-category of
a space. We compute LS one-category for generalized real Bott manifolds and for a
class of small covers. Then, we give some bounds for the D-topological complexity
of small covers over finite product of simplices.

DEFINITION 6.1. Let Y be a path-connected space with the fundamental group
G = m1(Y, yo). The D-topological complezity, denoted by TCP(Y), is defined as the
minimal number k such that Y XY can be covered by k open subsets Uy, ..., Uy
with the property that for each i € {1, ..., k} and for every choice of the base point
u; € U;, the homomorphism m(U;, u;) — m (Y X Y, w;) induced by the inclusion
U; =Y XY takes values in a subgroup conjugate to the diagonal A C G x G.

Note that there is an isomorphism 71 (Y X Y, u;) — m (Y X Y, (y0, %0)) 2 G x G
determined uniquely up to conjugation, and the diagonal inclusion ¥ — Y XY
induces the inclusion G — G x G onto the diagonal A.

We recall the Lusternik—Schnirelmann one-category (in short LS one-category)
of a space which is denoted by cat;(Y") for a space Y.

DEFINITION 6.2. Let Y be a connected, locally path-connected, and semi-locally sim-
ply connected space with the universal cover p:' Y — Y. Then the LS one-category
is the sectional category of the map p. That is, caty(Y) = secat(p).

Similar to cat(Y") and TC(Y') there is a relation between cat;(Y) and TCP (V).

PROPOSITION 6.3 [15, Proposition 2.4, Proposition 2.11]. If Y is a connected,
locally path-connected, and semi-locally simply connected topological space, then

cat; (Y) < TCP(Y) < min{TC(Y), cat, (Y x Y)}.
We recall a result that gives a lower bound for the sectional category of fibrations.

PROPOSITION 6.4 [6, Proposition 9.14]. Let F — E £ B be a fibration. If there
exists yu, ..., yp € H*(B; R) with p*(y1) = -~ =p*(yx) =0 and y1 U--- Uy # 0,
then secat(p) > k + 1.

The following result gives the computation of LS one-category of infinitely many
small covers.

THEOREM 6.5. Let M"™ (P, \) be a small cover over a simple polytope P such that
RZk, is simply connected. Then caty(M™(P, \)) =n+ 1.

Proof. Consider the principal Z35-bundle map p: RZx, — M™(P;\) given by
proposition 2.7. So we get the induced graded ring homomorphism

p s H*(M™(P,\);Z2) — H* (RZk,.; Z2).

Note that p* carries HY(M"™(P, \);Zs) to H'(RZg,;Zs). Now, for j=1,
HY (RZk,;7Z9) =0 as RZg, is simply connected. Therefore, each v in
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HY(M™(P, X\);Z3) maps to 0 in H*(RZk,;Zs). Hence, p*(v) =0 for ve
HY(M™(P, \);Zs). Since P is a simple polytope, at each vertex, exactly n many
facets intersect. So the cup product of corresponding n indeterminates is non-
zero. Therefore, by proposition 6.4, secat(p) > n+ 1. Since p is the universal
cover, so by definition of LS one-category, secat(p) = caty(M™(P, \)). Therefore,
n+1 < caty (M™(P, N)).

On the other hand, we know that cat,(M™(P, \)) < cat(M™(P, \)) as discussed
n [15]. Since cat(M™(P, \)) = n + 1 (by theorem 3.4), so cat; (M™(P, \)) < n+ 1.
Hence, we get the result. O

COROLLARY 6.6. Let M™(P, \) be a small cover over P = H;nzl A" such that
nj =2 forj=1,...,m. Then cat,y(M"(P, X\)) =n+ 1.

Proof. The moment angle manifold RZg, for the polytope P = H;nzl A" s
S™ x ... x S"m. Thus, RZk, is simply connected and orientable for n; > 2 for
j =1, ..., m. Therefore, by theorem 6.5, caty (M™(P, \)) =n+ 1. O

THEOREM 6.7. Let M™(P, \) be a small cover over P = HTZI A" . Then
caty(M™(P, \)) =n+ 1.

Proof. Corollary 6.6 gives the proof for all n; > 2

Now consider the small cover M™(P, A) over P = H:n=1 A" where some n; = 1.
Without loss of generality, we assume that n; =ngs =---=ns_1 =1 and the
remaining n;’s are greater than or equal to 2. Then the map p: ( ‘1971 R x

[[=,8") — ( SISt x [[}L,S")/Z5 = M™(P, )\) is the universal cover where
R — S! is given by exponential map. This induces a ring homomorphism

P H*(M"™(P,\); Zsy) — H* HRxHSW;ZQ

Jj=s
We know that the cohomology ring of M™(P, \) is generated by 1, ..., ¥m and
y;j #0for j=1,2,..., m. Hence,
p(y) = =p"(ym) =0.
Sinceally;” #0forj=1,...,m,so

yU-UysrUys U Uy U Uy U - Uym # 0.
N——— N————

ns times Ny, times

Therefore, by proposition 6.4, secat(p) =>ns+---+n,+1=n+1. By the
definition of LS one-category, secat(p) = caty(M ”(P, A)). Therefore, n+1 <
caty (M™(P, \)). Using theorem 3.4, cat(M™(P, \)) = n + 1. Thus, caty (M"™(P, \))
< n+ 1. Hence, caty (M™(P, \)) =n + 1. O

We give some bounds on TCP (M™(P, \)) in the following.
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THEOREM 6.8. Let M"™(P, \) be a small cover over a product of simplices P. Then
n+1<TCP(M™(P,)) <2n+1.

In particular, if M"(P, \) =RP" x--- x RP"™ with n; €{1,3,7}, then
TCP(M™(P, \)) =n+1.

Proof. By proposition 6.3, we have caty(M"(P, \)) < TCP(M"(P, \)). There-
fore, by theorem 6.7, we have n+1 < TCD(M"(P, A)). By proposition 6.3,
TCP(M™(P, X)) < TC(M"™(P, \)). So, the upper bound of TCP(M"(P, \)) is
2n+1, ie. TCP(M™(P, \)) < 2n + 1.

The second part follows from corollary 4.8 and TCP(M™(P, \)) <
TC(M"™(P, )\)). In this case TCP(M"(P, X)) < n + 1. O
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