Nagoya Math. J., 256 (2024), 970-1021
DOI 10.1017/nmj.2024.17

BIRATIONAL GEOMETRY OF SEXTIC DOUBLE SOLIDS
WITH A COMPOUND A, SINGULARITY

ERIK PAEMURRU

Abstract. Sextic double solids, double covers of P? branched along a sextic
surface, are the lowest degree Gorenstein terminal Fano 3-folds, hence are
expected to behave very rigidly in terms of birational geometry. Smooth sextic
double solids, and those which are Q-factorial with ordinary double points, are
known to be birationally rigid. In this paper, we study sextic double solids with
an isolated compound A,, singularity. We prove a sharp bound n < 8, describe
models for each n explicitly, and prove that sextic double solids with n > 3 are
birationally nonrigid.

Contents
1 Introduction 971
2 Preliminaries 973
2.1 Singularity theory . . . . . . .. 974
2.2 Q-factoriality . . . . . . . . e 975
2.3 Weighted blowups . . . . . . .. . e 976
2.4 Divisorial contractions . . . . . . . . .. ... L o 978
2.5 Sarkisovlinks . . . . . ... 979
3 Constructing sextic double solids with a cA,, singularity 983
3.1 Splitting lemma from singularity theory . . . ... ... ... ... .. ... 983
3.2 Parameter spaces of sextic double solids . . . .. ... ... ... ... 984
Theorem A . . . . . . . e e 987
3.3 Bound n <8 for an isolated cA,, singularity . . . ... ... .. ... .. .. 988
3.4 Smoothness outside the isolated cA, point . . . . . . ... ... ... .... 990
3.5 Factoriality . . . . . . .. 992
3.6 Other cA,, singularities. . . . . . . . .. .. .. ... .. . . 993
4 Divisorial contractions with center a cA, point 994
4.1 Weight-respecting maps . . . . . . . .. . L L 995
4.2 Kawakita blowup in analytic neighborhoods . . . . . . . ... ... ... .. 996
4.3 Kawakita blowups on affine hypersurfaces . . . . ... ... ... ... ... 997
5 Birational models of sextic double solids 999
Theorem B . . . . . . . e 1000
5.1 Singularities after divisorial contraction . . . . .. ... ... ... ... 1000

Received August 13, 2021. Revised October 2, 2023. Accepted May 16, 2024.

2020 Mathematics Subject Classification: Primary 14J45; Secondary 14J30, 14J17, 14E30, 14E05.

Keywords: Fano 3-folds, Sarkisov program, birational rigidity.

The author was supported by the Engineering and Physical Sciences Research Council (Grant No. 1820497) while
in Loughborough University and the London Mathematical Society Early Career Fellowship (Grant No. ECF-1920-24)
while in Imperial College London.

© The Author(s), 2024. Published by Cambridge University Press on behalf of Foundation Nagoya Mathematical Journal.

L)

Check for
https://doi.org/10.1017/nmj.2024.17 Published online by Cambridge University Press ‘ updates


http://dx.doi.org/10.1017/nmj.2024.17
https://orcid.org/0000-0002-3734-2552
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/nmj.2024.17&domain=pdf
https://doi.org/10.1017/nmj.2024.17

BIRATIONAL GEOMETRY OF SEXTIC DOUBLE SOLIDS WITH A COMPOUND Ay SINGULARITY 971

5.2 cAgmodel . . . .. 1001
53 cAsmodel . . ... e 1006
5.4 cAgmodel . . . . .. e 1008
5.5 cA; family 7.1 model . . . . ..o Lo 1010
5.6 cA7 family 7.2 model . . . ... Lo 1012
5.7 cA; family 7.3 model . . . . ..o Lo 1015
5.8 cAgmodel . . .. 1017

§81. Introduction

We work with projective varieties over C. Classification of algebraic varieties is one of
the fundamental goals in algebraic geometry. The Minimal Model Program says that every
variety is birational to either a minimal model or a Mori fiber space. Two Mori fiber spaces
are birational if they are connected by a sequence of Sarkisov links (see [17], [26]). In the
extreme case, the Mori fiber space is birationally rigid, meaning that it is essentially the
unique Mori fiber space in its birational class.

Examples of Mori fiber spaces include Fano varieties. The first birational rigidity result
was in the seminal paper by Iskovskikh and Manin [28] for smooth quartic 3-folds in P*.
A wealth of examples of birationally rigid varieties was given in [15], [19], by showing
that every quasismooth member of the 95 families of Fano 3-folds that are hypersurfaces in
weighted projective spaces is birationally rigid. One major consequence of birational rigidity
is nonrationality. Birational rigidity remains an active area of research (see [3], [13], [16],
22], (23], [38], [45)).

Among smooth Fano 3-folds, the projective space has the highest degree (64), and sextic
double solids, double covers of P2 branched along a sextic surface, have the least degree (2).
In [29], it is proved that smooth sextic double solids are birationally rigid. It is interesting
to see how this changes as we impose singularities on the variety. The paper [46] proved that
sextic double solids stay birationally rigid if we impose an ordinary double point, meaning
the 3-fold A singularity z? + 3+ 2% +22. A sextic double solid can have up to 65 singular
points (see [6], [31], [51]), and for each n <65, there exists a sextic double solid with exactly
n ordinary double points and smooth otherwise (see [5], [12]). A sextic double solid with
only ordinary double points is birationally rigid if and only if it is factorial, which is true,
for example, if it has at most 14 ordinary double points (see [14, Th. B]).

The next natural question is to consider more complicated singularities in the Mori
category. We study sextic double solids with an isolated compound A, singularity, also
called a cA,, singularity, meaning that the general section through the point is the Du Val
A, singularity z;xo —{—{L‘:%H_l. A cA,, singularity is locally analytically given by x1xo+h(z3,24)
where the least degree among monomials in & is n+ 1. The first main result of the paper is
describing sextic double solids with an isolated cA,, singularity.

THEOREM (see Theorem A). If a sextic double solid has an isolated cA,, point, then
n <8.

Moreover, in Theorem A, we explicitly parametrize all sextic double solids with an
isolated cA,, singularity for every n < 8. These form 11 families, as there are four families
for cA7. Every family except for family 7.4 contains members that are Mori fiber spaces
over a point.
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Table 1. Birational models for general sextic double solids that are Mori fiber spaces with an isolated cA.

singularity
Yo ——--- > Yo
/ X
cAn € Xo CP(1%,3) Z
Weighted
cAn Weighted  ----2 > blowup or Z
blowup ¢ fibration v
cAy (3,2,1,1) 10 Atiyah flops (1,4.3) 1(1,1,3) € Zs
CP(13,2,3,4)
cAs (3,3,1,1) 4 Atiyah flops (3,3,1,1) cAs € Zg CP(14,3),
X 2 7 if general
cAg (4,3,1,1) 2 Atiyah flops, then (3,1,1,1) cAz € Zs CP(14,2)
(4,1,1,—2,-1;2)-flip
cAz, 1 (4,4,1,1) two (4,1,1,—-2,—1;2) (1,1,1,1) ODP € Z3 4 CP(14,2?)
flips
cAz, 2 (4,4,1,1) Atiyah flop, then (3,3,2,1) cAg € Za 4 CP(15,2)
two (4,1,—1,—3)-flips
cA7, 3 (4,4,1,1) 2 Atiyah flops dP,-fibration P!
cAg (5,4,1,1) (4,1,1,—2,-1;2)-flip (3,2,2,1,5) cDy € Z33 CP(1°,2)

We say a few words on bounding the number of cA, singularities. It is clear that an
isolated cA,, singularity has Milnor number at least n?. Since the third Betti number of
a smooth sextic double solid is 104 (see [30, Table 12.2]), an argument similar to [2, §3.2]
shows that the total Milnor number of a sextic double solid which is a Mori fiber space is
at most 104. This gives the bounds that a Mori fiber space sextic double solid can have up
to 1 cAg singularity, or up to 2 cAz; singularities, or up to 2 cAg singularities, ..., or up to
26 cAs singularities. We do not expect these bounds to be sharp, as already for ordinary
double points it gives an upper bound of 104, far from the actual 65. Using Theorem A, it
is possible to construct sextic double solids with a cAg point, a cA3 point, and two ordinary
double points with both total Milnor and total Tjurina number at least 66.

The second main result is the following theorem.

THEOREM (see Theorem B and Proposition 5.6). A general sextic double solid which is
a Mori fiber space with an isolated cA,, singularity where n > 4 is not birationally rigid.

Birational nonrigidity for a sextic double solid X is proved by describing a birational
model, meaning a Mori fiber space T'— S such that X and T are birational. We find
the birational models by explicitly constructing a Sarkisov link for each family of sextic
double solids, under the generality conditions described in Definition 5.1. Table 1 gives an
overview of the Sarkisov links X < Y --» Y5 — Z and the birational models, which are either
fibrations Y5 — Z or Fano varieties Z. In the latter case, Yo — Z is a divisorial contraction
to the given singular point. The morphism Yy — X is a divisorial contraction with center
the cA,, point. The birational maps Yy --+ Y5 are isomorphisms in codimension 1.
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Note that when we say that a birational map Yy --» Y7 is k& Atiyah flops, then we mean
that algebraically it is one flop, contracting k curves to k points and extracting k curves,
and locally analytically around each of those points, it is an Atiyah flop. Similarly for flips.
Also note that the Sarkisov link to a sextic double solid with a cA4 singularity was already
described in [43, §9, No. 9], starting from a general quasismooth complete intersection
X566 CP(1,1,1,2,3,4).

We briefly describe the proof. The first step in the Sarkisov link starting from a Fano
variety X is a divisorial contraction Y — X. Kawakita described divisorial contractions
to cA, points locally analytically, showing that they are certain weighted blowups. To
construct Sarkisov links, we need a global description. In Proposition 4.6 and Lemma 4.9,
we show how to construct divisorial contractions to cA, points algebraically on affine
hypersurfaces, and use this in Section 5 to construct divisorial contractions ¥ — X for
(projective) sextic double solids X. Using unprojection techniques (see [44] for a general
theory of unprojection), we find an embedding of Y inside a toric variety 7, such that the
2-ray link of T restricts to a Sarkisov link for X (following [4], [10]).

If we try the same methods as in the proof of Theorem B on sextic double solids with a cA,
singularity where n < 3, then we do not find any new birational models. More precisely, a
(3,1,1,1)-Kawakita blowup of a cAs singularity on a general Mori fiber space sextic double
solid initiates a Sarkisov link to itself X --» X. A (2,2,1,1)-Kawakita blowup for a cAj
singularity, a (2,1,1,1)-Kawakita blowup for an x1z5 + 23 + 23 singularity, and the (usual)
blowup for an ordinary double point on a general Mori fiber space sextic double solid initiate
bad links, which end in either a nonterminal 3-fold or a K3-fibration. These are 2-ray links
which are not Sarkisov links, where in the last step of the 2-ray game only K-trivial curves
are contracted, leaving the Mori category. We expect that general Mori fiber space sextic
double solids with a cAs singularity are birationally rigid, and with certain cAs or cA;
singularities are birationally superrigid.

Organization of the paper

In Sections 2.1, 2.3, and 2.5, we give known results that we use, respectively, in Sections
3-5. In Section 3, we construct a parameter space of sextic double solids in Theorem A with
an isolated cA,, singularity. In Section 4, we explain the relationship between algebraic
and local analytic weighted blowups, and in Proposition 4.6 and the technical Lemma
4.9, we show how to construct divisorial contractions to cA,, points algebraically on affine
hypersurfaces. In Section 5, we construct birational models for general sextic double solids
which are Mori fiber spaces with an isolated cA,, singularity where n > 4, thereby showing
that they are not birationally rigid. We treat the seven families separately.

§2. Preliminaries

An algebraic variety is an integral separated scheme of finite type over the complex
numbers C. When we say morphism, we mean a morphism over C.

We study sextic double solids, which are double covers of the projective 3-space branched
along a sextic surface. We use the following equivalent characterization.

DEFINITION 2.1. A sextic double solid is the variety given by the zero locus of an
irreducible polynomial w? + ¢ in the weighted projective space P(1,1,1,1,3) with variables
x,y,z,t,w, where g € C[x,y, z,t] is homogeneous of degree 6.
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2.1 Singularity theory

We recall some results from the singularity theory of complex analytic spaces and terminal
singularities.

We denote the variables on C" by @ = (x1,...,z,), where n is a positive integer. Let C{x}
denote the convergent power series ring. The zero set of an ideal I C C{x} is denoted by
V(I), where I is either an ideal of regular functions or holomorphic functions, depending on
the context. Given a point P € V(I), the pair (V(I),P) denotes the (possibly reducible or
non-reduced) complex space subgerm of (C", P) given by I. Given a regular or holomorphic
function f on a variety or a complex space X, denote the nonzero locus of f by X¢. Given
positive integer weights w = (wy,...,w,) for x, we can write a nonzero polynomial or
power series f as a sum of its weighted homogeneous parts f;. Then, the weight of f,
denoted wt(f), is the least nonnegative integer d such that f; # 0. We define wt(0) = oco. If
w=(1,...,1), then d is called the multiplicity, denoted mult(f). A hypersurface singularity
is a complex analytic space germ (not necessarily irreducible or reduced) that is isomorphic
to (V(f),0) for some f € C{x}. A singularity is isolated if it has a smooth analytic punctured
neighborhood.

DEFINITION 2.2 [25, Def. 2.9]. Let f,g € C{x}.

(a) We say f and g are right equivalent if there exists a biholomorphic map germ
¢: (C",0) — (C™,0) such that g = fop.

(b) We say f and g are contact equivalent if there exist a biholomorphic map germ
¢: (C",0) = (C™,0) and a unit u € C{x1,...,2,} such that g =u(f o).

REMARK 2.3 [25, Rem. 2.9.1(3)]. Two convergent power series f,g € C{z} are contact
equivalent if and only if the complex analytic space germs (V(f),0) and (V(g),0) are
isomorphic.

We use the following proposition in Section 3 to parametrize sextic double solids with a
cAy singularity.

PRrROPOSITION 2.4 [25, Rem. 2.50.1]. Let f,g € C{z1,...,2,} be two contact equivalent
power series with zero constant term. Then their multiplicity m (as defined above) is the
same and, furthermore, f,, and g, are the same up to an invertible linear change of
coordinates.

We use the following proposition in Section 3 to construct sextic double solids with a
cA,, singularity where n > 2, as well as in Section 4 to describe weighted blowups of cA,,
points.

PROPOSITION 2.5. Let F=a%+--+a22+f and G =23+ ---+ 2} +g, where f and g
are convergent power series in C{xk41,...,2,} with zero constant term. Then F and G are
contact (resp. right) equivalent if and only if f and g are contact (resp. right) equivalent.

Proof. By a result of Mather and Yau [40] (see also [25, Th. 2.26]), f and ¢ are
contact equivalent if and only if the Tjurina algebras T and T}, are isomorphic. A simple
computation shows that Ty = T and T, = T, which proves the proposition for contact
equivalence.
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The proof for right equivalence is similar. Namely, we use a statement analogous to [40]:
two elements h,k € C{x} with zero constant term are right equivalent if and only if the
Milnor algebras M}, and M}, are isomorphic as algebras over the ring C{t}, where ¢ acts on
M, (resp. My) by multiplying by h (resp. k) (see [25, Th. 2.28)). 0

Reid defined in [47, Def. 2.1] that a compound Du Val singularity is a three-dimensional
singularity where a hypersurface section is a Du Val singularity, also called a surface ADE
singularity. The singularity is denoted cA,, cD,, or ce: n, respectively, if the general
hyperplane section is an A,,, D,,, or E,, singularity, respectively. Reid showed in [48, Th. 0.6]
that a three-dimensional hypersurface singularity is terminal if and only if it is an isolated
compound Du Val singularity.

In this paper, we focus on the most general class of compound Du Val singularities,
namely cA,, singularities. Since a surface A,, singularity is given by 22 +y2? +2"*!, we have
the following corollary.

COROLLARY 2.6. Let n be a positive integer. A singularity is of type cA, if and only
if it is isomorphic to the complex analytic space subgerm (V(x2 +x2+g),0) of (C*,0) with
variables x1,2,x3,x4 for some convergent power series g € C{xs,z4} of multiplicity n+1.

For a proof of Corollary 2.6, see [35, Th. 2.8].
The simplest example of a cA; singularity is the ordinary double point, given by z2 +
Y2+ 22+ 12

REMARK 2.7. Terminal sextic double solids have only isolated hypersurface singulari-
ties, therefore only cA,,, ¢D,, and ce : n singularities. Sextic double solids are Gorenstein,
since by [24, Cor. 21.19] every variety with local complete intersection singularities is
Gorenstein.

2.2 Q-factoriality

DEFINITION 2.8. A Weil divisor D on a normal algebraic variety is Q-Cartier if a
positive integer multiple of D is Cartier. A normal algebraic variety X is factorial (resp.
Q-factorial), if every Weil divisor on X is Cartier (resp. Q-Cartier).

DEFINITION 2.9. A Fano variety is a normal projective algebraic variety with an ample
Q-Cartier anti-canonical divisor.

To prove factoriality of certain singular sextic double solids, we use the following
proposition by Namikawa.

PROPOSITION 2.10 [42, Prop. 2|. Let X be a Fano 3-fold with Gorenstein terminal
singularities and D its general effective anti-canonical divisor. Then, the natural homomor-
phism Pic(X) — Pic(D) is an injection.

REMARK 2.11. The proof of [42, Prop. 2| contains a few typos that do not affect the

result:

(1) The sentence “Since Pic(X) = Pic(U), we have shown that...” should be replaced
with “Since Pic(X) injects into Pic(U), we have shown that....” The isomorphism of
Pic(X) and Pic(U) would imply that every X that is smooth along D is factorial,
which is not true. To see that Pic(X) injects into Pic(U) for every Zariski open set U
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containing D, note that since the complement of U in X is of codimension at least 2, the
class groups Cl(X) and Cl(U) are isomorphic. We have a map Pic(X) — Pic(U), since
every Weil divisor which is Cartier on X is Cartier on U. The map Pic(X) — Pic(U)
is injective.

(2) The sentence “Thus, the complement X — U is of codimension 2 in X” should be
replaced with “Thus, the complement X — U is of codimension at least 2 in X.”

(3) The sentence “There is a Zariski open subset U of W...” should be replaced with
“There is a Zariski open subset U of X....”

We remind that a terminal variety is log terminal (see [37, Def. 2.34]). The Picard number
of log terminal sextic double solids is 1 by the following proposition.

PrOPOSITION 2.12. Let X be a log terminal complete intersection Fano wvariety of
dimension n > 3 in a weighted projective space P. Then the Picard number of X is 1.

Proof. By [30, Prop. 2.1.2], we have natural isomorphisms Pic(P) = H?(Py,Z) and

Pic(X)= H 2(X,f’tcflp,Z), where P{, respectively X\ denotes the underlying topological
space of the analytification of P, respectively X. By [41, Proposition 1.4], the restriction
map H* (P, C) — H* (X2, C) is an isomorphism for is an isomorphism for 7 < n. By [53,
Corollary 1], X and P are simply connected. The proposition now follows from universal

coefficient theorems. []
To show that some sextic double solids are not QQ-factorial, we use the lemma below.

LEMMA 2.13. Let X be a projective variety of Picard number one. Let D be a non-zero
effective Q-Cartier divisor and C a closed curve in X. Then D-C > 0.

Proof. Replacing D by a suitable multiple, it suffices to consider the case where D is
Cartier. There are no non-zero effective principal divisors on a normal projective variety.
Therefore, since X has Picard number one, either D or —D is ample. Since D intersects
some closed integral curve positively, D is ample by Kleiman’s criterion. Again by Kleiman’s
criterion, D intersects C' positively. U

2.3 Weighted blowups
We remind the definition of weighted blowups, Definition 2.15.

DEFINITION 2.14. Let ¢: Y — X and ¢’: Y’ — X’ be birational morphisms of varieties
(or bimeromorphic holomorphisms of complex analytic spaces). We say that an isomorphism
X — X' lifts if there exists an isomorphism Y 2 Y” such that the diagram
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commutes. We say that ¢ and ¢ are equivalent if there exists an isomorphism X = X’ that
lifts. We say ¢ and ¢’ are locally equivalent if there exist isomorphic open subsets U C X
and U’ C X’ containing the centers of the morphisms ¢ and ¢’ such that the restrictions
Plo-1r: ¢ U = U and ¢'| -1y @' 71U’ — U’ are equivalent.

If we consider the complex analytic space corresponding to a variety or when we wish to
emphasize that we are working in the category of complex analytic spaces, we sometimes
say analytically equivalent or locally analytically equivalent.

DEFINITION 2.15. Let n be a positive integer, and let w = (ws,...,w,) be positive
integers, called the weights of the blowup. Define a C*-action on C"*! by \- (u,x1,...,2,) =
A tu, Az, ..., A% x,,) and define T by the geometric quotient (C" T\ V(z4,...,2,))/C*
(or its analytification). Then the map ¢: T — C", [u,z1,...,Tp] = (W' xq,...,u""x,) is
called the w-blowup of C". If Z C C™ is a closed subvariety (or a closed complex subspace
Z C D where D C C" is open) and Z is the closure of ¢~ *(Z\ {0}) in T (in ¢ ' D), then the
restriction | ; : Z — Z is called the w-blowup of Z. Let p: Y — X be a surjective birational
morphism of varieties (or a surjective bimeromorphic holomorphism of complex spaces).
Given an open subset U C X containing the center of p and an isomorphism U = Z C C"
taking a point P € X to the origin 0, the map p is called the w-blowup of X at P if the
isomorphism U = Z lifts to p~1U — Z.

REMARK 2.16.

(a) A weighted blowup crucially depends on both the isomorphism U 2 X’ and a choice of
coordinates z1,...,Z,, even though it is not explicit in the notation.

(b) Replacing w by (w1/g,...,w,/g) in Definition 2.15, where ¢ is the greatest common
divisor of wy,...,w,, gives an isomorphic blowup over X.

(c) By [21, Th. 5.1.11], the weighted blowup of an affine space in Definition 2.15 coincides
with the toric description of subdividing a cone in [36, Prop.—Def. 10.3].

We give alternative definitions of weighted blowup in Definitions 2.17 and 2.18 that we
use in Corollary 4.4.

DEFINITION 2.17. Let n € Z>; and w € Z%,. Let X = SpecC[z]/I be an affine variety.
Define the Z>o-graded C-algebra

Rx =C[{tz; |ie{l,...,n},d€{0,...,w;}}],

where ¢ denotes the grading and z; € Clz]/I denotes the image of x; € C[z]. Define the
morphism ProjRx — X.

DEFINITION 2.18. Let n € Z>; and w € Z%,. Let D C C" be an open subset. Let
X C D be a closed complex analytic space. For e_very open V C D, we denote the image of
f €0 (V) in Ox(XNV) by f. Define the finitely presented Z>o-graded Ox-algebra Bx
to be the sheafification of the presheaf Ax given by

Ax(U)=0x(U) [{tz; | i€ {1,...,n},d € {0,...,wi}}],

where U C X is open and ¢ denotes the grading. By [11, Prop. 11.3.19], we have a morphism
Projan Bx — X, where Projan is the analytic homogeneous spectrum.
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LEMMA 2.19. The morphisms in Definitions 2.17 and 2.18 are w-blowups.

Proof. First, we show that Definition 2.17 is the w-blowup when X is the affine
space A" = SpecClzy,...,x,]. Let S = Clu,x] be the Z-graded C-algebra with grading
(—1,wtzq,...,wta,) for u,x. Let S>o be the nonnegatively graded part of S. By definition
of the geometric quotient, the weighted blowup of A™ is given by ProjS>¢ — A". The
Z>o-graded C-algebra isomorphism

usth xRy

induces an isomorphism Proj R — ProjS>o over A™.

We show that Definition 2.17 is the w-blowup for any X. Define N =n-lem(wy,...,wy,).
If M =af*-... 2% is any monomial such that Y a;w; > N, then M is divisible by x]kv/ (o)
for some k. It follows that the Nth Veronese subring RE(N) of Ry is generated by its degree 1
part (Rx)n. Therefore, Proj Rx is isomorphic over X to Bl(z,), X, where Bl(g), X = X
is blowup of X along (Rx)n. Since the intersection of Spec(Ran)n and X is Spec(Rx)n,
we find that Bl(p,), X is the strict transform of X under the blowup of A™ along (Ran)n,
which coincides with the closure of the inverse image of X \ V(z1,...,7,) in Bl(g,.), A"

We show that Definition 2.18 is the w-blowup. We similarly prove that ProjanBx is
the closure of the inverse image of X \ {0} in ProjanBp. Now, it suffices to note that the

analytification of Proj Rg» — A™ is Projan Bern — C™. O

In Corollary 4.4, we give a simple criterion for a local biholomorphism to lift to weighted
blowups.

2.4 Divisorial contractions
The first step in a Sarkisov link from a Fano variety is a divisorial contraction.

DEFINITION 2.20. A divisorial contraction is a proper birational morphism ¢: Y — X
between normal varieties with terminal singularities such that

(1) the exceptional locus of ¢ is a prime divisor and
(2) —Ky is p-ample.

Kawakita [32] described divisorial contractions with center a cA, point by weighted
blowups. Notational differences from [32, Th. 1.13] are that below we have left out the
description for cA; singularities and an exceptional case for cAs. Also, we have written out
the converse statement more explicitly (that being a Kawakita blowup implies that it is a
divisorial contraction).

THEOREM 2.21 [32, Th. 1.13]. Let P be a cA,, point where n >3 of a variety X with
terminal singularities. Let ¢p: Y — X be a morphism of varieties such that the restriction
oly\e: Y\ E — X\ {P} is an isomorphism, where the closed subvariety E is given by
@ HP}. If ¢ is a divisorial contraction, then ¢ is locally analytically equivalent to the
(r1,79,a,1)-blowup of V(x122+ g(w3,24)) C C* at O with variables x1,x2, 73,14 where
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(1) a divides r1 4+ 1o and is coprime to both r1 and 2,
(2) g has weight r1 +r2, and

(ritr2)/a
3

(3) the monomial x appears in g with nonzero coefficient.

Moreover, any ¢ which is locally analytically equivalent to a weighted blowup as above is a
divisorial contraction, even for n = 2.

Any weighted blowup that is locally analytically equivalent to ¢ in Theorem 2.21 for
n > 2 is called a (r1,72,a,1)-Kawakita blowup, or simply a Kawakita blowup.

2.5 Sarkisov links
One of the possible outcomes of the minimal model program is a Mori fiber space.

DEFINITION 2.22. A Mori fiber space is a morphism of normal projective varieties
¢: X — S with connected fibers such that

(1) X is Q-factorial and has terminal singularities,
(2) the anti-canonical class —Kx is ¢-ample,
(3) X/S has relative Picard number 1, and

(4) dimS < dimX.

If dim S > 0, then we say ¢ is a strict Mori fiber space.

The main examples of Mori fiber spaces we see in this paper are Fano 3-folds that are
projective, Q-factorial, with terminal singularities and Picard number 1, considered as a
morphism over a point.

Any birational map between two Mori fiber spaces is a composition of Sarkisov links (see
[17] or [26]). Below, we describe the two possible types of Sarkisov links starting from a
Fano variety.

DEFINITION 2.23. A Sarkisov link of type I (resp. II) between a Fano variety X and a
strict Mori fiber space Yj, — Z (resp. Fano variety Z) is a diagram of the form

where X, Yy, ..., Yi, Z are normal, projective, and Q-factorial, the varieties X, Yy, ..., Yx
have terminal singularities, Z has terminal singularities if it three-dimensional, X has Picard
number 1, ¢: Yy — X is a divisorial contraction, Yy --+ --- --» Y}, is a sequence of anti-flips,
flops, and flips, and v: Y}, — Z is a strict Mori fiber space (resp. divisorial contraction). If
we do not require the varieties X,Yp,... Yy (resp. X,Yy,...Ys, Z) to be terminal and we do
not require —Ky, to be p-ample and we do not require —Ky, to be -ample but all the
other properties hold, then the diagram above is called a 2-ray link [10, Def. 2.1].

DEFINITION 2.24. A Fano 3-fold X that is a Mori fiber space is birationally rigid if for
any Mori fiber space Y — S such that X and Y are birational, we have that § is a point
and X and Y are isomorphic.

In Section 5, we show that a general sextic double solid X with a cA,, singularity with
n > 4 which is a Mori fiber space is not birationally rigid. We show this by explicitly
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constructing a Sarkisov link between X and another Mori fiber space. We find the Sarkisov
link by restricting from a toric 2-ray link, as described in Construction 2.25.

See [20] for the definition of Cox rings for toric varieties (where it is called the
homogeneous coordinate ring) and [27, Def. 2.6] for the definition of Cox rings for Mori
dream spaces. Note that isomorphic varieties can have different Cox rings. By [20, Th. 3.7],
closed subschemes of a toric variety T with only cyclic quotient singularities are given by
homogeneous ideals in the Cox ring Cox T, which is a polynomial ring.

CONSTRUCTION 2.25. Let X be a Fano variety embedded in a weighted projective
space P, where X is a Mori fiber space, and let Yy — X be a divisorial contraction from a
projective Q-factorial variety Y. By [2, Lem. 2.9], the divisorial contraction Yy — X can be
part of a Sarkisov link only if Yj is a Mori dream space.

By [27, Prop. 2.11], we can embed a Mori dream space Y into a projective toric variety
To with cyclic quotient singularities such that the Mori chambers of Yj are unions of finitely
many Mori chambers of T. Moreover, we can embed Y} in such a way that Yj is given by
a homogeneous ideal Iy in CoxTp, and the toric 2-ray link

—————————— »y Ty --» o - T

/\/\/\

restricts to a 2-ray link

—————————— »Yy - - > Y,
where each Y; C T; is given by the same ideal Iy C CoxTy = --- = Cox1;., and W; CW;
is given by the ideal Iy NClvy,...,vs], where W; is given by ProjClvy,...,vs| for some

polynomials v; € CoxTy that depend on i (see [4, Rem. 4]). In this case, Cox(Tp)/Iy is
a Cox ring for Yy and we say that Iy 2-ray follows Ty. In contrast to [4, Def. 3.5], we
emphasize the ideal Iy, since there could be other ideals I satisfying V(Iy) = V(I) such
that the toric 2-ray link restricts to a 2-ray link for Iy but not for I.

Note that some of the small birational maps 7; --+ T;41 may restrict to isomorphisms
Y; — Y41, If all the varieties Y; are terminal and the anti-canonical divisor —Ky, of Y} is
inside the interior int(Mov Yy) of the movable cone, then the 2-ray link for Yj is a Sarkisov
link (see [2, Lem. 2.9]), otherwise it is called a bad link.

In Section 5, where X is a sextic double solid and the center of Yy — X is a cA,, point, we
use a projective version of Corollary 4.10 to construct the divisorial contraction Yy — X,
which is the restriction of a toric weighted blowup Ty — P. This gives us an embedding
Yy — V(Iy) C Ty where Iy might not 2-ray follow Ty. We use unprojection to modify Tj to
find an embedding Yy — V(Iy ) C T} such that Iy 2-ray follows Tj. See [49, §2.1] for a simple
example of unprojection, and §§5.2, 5.5, 5.6, and 5.8 for applications of unprojection.

To explain the notation we use for 2-ray links, we do an example in detail, namely
the 2-ray link for the ambient space of the sextic double solid with a cAy singularity in
Section 5.2.
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EXAMPLE 2.26 (2-ray link for P(1,1,1,1,3,5)). Denote the variables on P(1,1,1,1,3,5)
by z,y,z,t,a,&. We perform the weighted blowup Tp — P(1,1,1,1,3,5) with weights
(1,1,2,3,6) for variables y, z,t,a,&, where the center is the point P, =[1,0,0,0,0,0].

We define Ty as a geometric quotient. By a slight abuse of notation, we denote the
variables on C7 by u,z,y, 2z, a,&,t, repeating the symbols for P(1,1,1,1,3,5). Define a (C*)2-
action on C7 for all (\,u) € (C*)? by

A p) - (s, 2,0, 6t) = (T u, Aw, Ay, Az, A o, X p®E, Apt).

Define the irrelevant ideal Iy = (u,z) N (y, z,a,&,t), and define Ty by the geometric quotient
C"\ V(Iy)/(C*)2. We use the notation

u x|y z a £ t
TO:(O 111 3 5 1)'
-1 0|1 1 3 6 2

to describe this construction of Ty. Note that we order the variables w,x,...,t such that
the corresponding rays (91), (), - (3)are ordered anticlockwise around the origin. The
vertical bar indicates that the irrelevant ideal is (u,z) N (y,z,,§,t). The Cox ring of Tj is
given by CoxTy = Clu,z,y, z,a,&,t]. The weighted blowup Tp — P(1,1,1,1,3,5) is given by

[u,2,y, 2,0, &, t] = [z, uy, uz, ut, u o, u®E]. (2.1)

We describe the cones of the toric variety Ty (Figure 1). By [27], Tp is a Mori dream
space. The Picard group of T is generated by V(u), the reduced exceptional divisor, and
V(z), the strict transform of a plane not passing through P,, which have bidegree (_01) and
(3), respectively. The variety T is Q-factorial, and any two divisors with the same bidegree
are linearly equivalent. As in [10, §4.1.3], the effective cone Eff(Tp) is given by (V(u),V(x)),
a cone in the group N!(Tp) of divisors of Ty up to numerical equivalence with coefficients in
R. As in [4, §3.2], the movable cone Mov(Ty) is (V(z),V(§)), and it is divided into the nef
cone Nef(Tp) = (V(z),V(y)) of Ty and (V(y),V(§)), which is the pullback of the nef cone
of the small Q-factorial modification T} of T. The cones (V(z),V(y)) and (V(y),V(£)) are
called Mori chambers. The variety T; is defined by

u Ty z t
T ( 0 1 11 1)'
10 1 1 2

Here, T} is the geometric quotient (C7\ I;)/(C*)?, where the irrelevant ideal I; is given
by (u,z,y,z,a)N(£,t), which is indicated by the position of the vertical bar in the action
matrix. The Cox ring of T} is equal to the Cox ring of Ty, namely Cox 11 = Clu, z,y, 2, a, &, t].

The weighted blowup morphism 7y — P(1,1,1,1,3,5) can be read off from the action-
matrix of Tp. Consider the ray given by V(z) in N!(Tj). The union of the linear systems
|(§)| where n > 0 has a C-algebra basis =, uy,uz, u*t,ua,u%¢. So, the ample model (see [7,
Def. 3.6.5]) of the divisor class V(x) is the morphism

w w Q2
S Ut I

Ty — Proj D H(To, Or, (n(}))) = ProjClz, uy, uz, u’t,ua,u’¢] = P(1,1,1,1,3,5)
n>0
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t § P(1%,2,3,4)
Y, z, & Tl WO
To
x P(14,3,5)
u
(a) Rays in N1(Tp) (b) Ample models of Tp
Figure 1.
Cones of Tp.

given by
[u’x?y7z’ a?é"t:l '% [:B’uy?uz’u2t7u3a7 u6£]’

which is precisely the weighted blowup Ty — P(1,1,1,1,3,5) given in Equation (2.1).

As in [10, §2.1], there are two projective morphisms of relative Picard number 1 from Ty
up to isomorphisms, corresponding to the ample models of divisors in the two edges of the
nef cone of Ty. The ample model of any divisor in the interior of the nef cone of Ty gives
an embedding of Tj into a weighted projective space. The ample model of V(y) € N'(Tp)
is given by

To — ProjCly, z,a,ué, ut, x€, xt] CP(1,1,3,5,1,6,2)
I:u7x? y’z7a7£’t] '_> [y7zﬁa’u£7Ut7x§7xt]'

Denoting Wy = ProjCly, z, a, u&, ut, x&, xt], we see that the morphism Ty — Wy contracts
V(&,t) to the surface P(1,1,3) C W, and is an isomorphism elsewhere. The ample model of
V(y) € N1(T1) is given similarly by

Ty — ProjCly, z, o, ué, ut, x&, xt] = W,

contracting V(u,x) to P(1,1,3). This induces a birational map Ty --» T3, a small Q-factorial
modification, given by

[%557%270475775] = [u,x,y,z,a,ﬁ,t].

Note that this is the identity map on the affine space A7, but it is not an isomorphism
between Ty and T since the irrelevant ideals are different. The diagram Ty — Wy < 17 is
a flop.

Note that multiplying the action matrix of Ty or 77 with a matrix in GL(2,Q) is equivalent
to choosing a different basis for the group (C*)?, so the geometric quotients Ty and Ty stay
the same (see [1, Lem. 2.4]). If we multiply with a matrix with negative determinant, then
we change the order of the rays in N*(Ty) from anticlockwise to clockwise.

Similarly, there are only two projective morphisms of relative Picard number 1 from 77:
the contraction T3 — W, and the ample model of V(£). We multiply the action matrix of
T1 by the matrix (g :i’) with determinant 4 to find
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N O 8
w w 2
= O ™M
|

W
N———

U Yy oz
T1:(5 11
1 11

The ample model of V(&) is given by

T, = P(1,1,1,2,3,4)

[u,z,y,z,a,&,t] — [t%u,tiy,t%z,t%x,t%a,g] )

Note that this is a morphism of varieties despite having fractional powers (see [9]).
The 2-ray link that we have found for P(1,1,1,1,3,5) is summarized by the diagram
below.

P(1%,3,5) Wo P(13,2,3,4)
For more examples on toric 2-ray links, see [10, §4].

83. Constructing sextic double solids with a cA,, singularity

In this section, we give a bound n < 8 for an isolated cA, singularity on a sextic
double solid, and we explicitly describe all sextic double solids that contain an isolated
cA,, singularity where n < 8. The main tool we use for this is the splitting lemma from
singularity theory, first introduced in [50], which is used for separating the quadratic terms
and the higher-order terms of a power series.

3.1 Splitting lemma from singularity theory

The splitting lemma below is taken from [25, Th. 2.47], with a slight modification in
notation. Specifically, we write v(z + p) instead of x+ g, where v is a unit in the power
series ring and p does not depend on z, as we use this form in Section 5 for constructing
birational models.

THEOREM 3.1 (Splitting lemma). Let m be a positive integer, and let y denote variables
(Y1,---,ym). Let f € C{x,y} be a convergent power series of multiplicity 2, with degree two
part of the form x?+ (terms in y). Then, there exist unique v € C[[z,y]] and p,h € C|[[y]],
where v is a unit and the multiplicity of p is at least 2, such that

f=(v(z+p))*+h

Moreover, the power series h,p, and v are absolutely convergent around the origin, and the
multiplicity of h is at least 2. It follows immediately that f is right equivalent to x +h.

Proof. Tt is proved in [25, Th. 2.47] that there exist unique g € C[[z,y]] and h € C[[y]],
where the multiplicity of g is at least 2, such that f = (z+g)?+h. Moreover, it is proved that
the power series g and h are absolutely convergent around the origin, and the multiplicity
of h is at least 2.

By the Weierstrass preparation theorem (see [25, Th. 1.6]), there exist a unique unit
v € C{z,y} and a unique p € C{y} such that x+ g =v(z+p). U
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Below, we give explicit recurrent formulas for g, h,p,v of the splitting lemma in terms of
the coefficients of f.

ProposITION 3.2 (Explicit splitting lemma). Below, we use the same notation as in
the splitting lemma Theorem 3.1 and its proof. Denote

f= Z ' fi.d, g= Z ' gi d, h = Zhd, p= Zpd, v= Z T'v; g,

i,d>0 i,d>0 d>0 d>0 i,d>0

where f; 4, Gi.d,Pd,Pd,vi,a € Cly] are homogeneous of degree d. Then,

91,0 = 07
d min(i+1,i+d—k—1)

1 e
gia=75 | firr.a— > > 9ikGit1—ga—k |+ of (i,d) # (1,0), (3.1)
k=0

=0 j=max(0,2—k)

d—2
ha = fo.a—Y 90,904 (3.2)
=2
-1
Pd=go.da— Y _V0.d—;Dj, (3.3)
j=2
vo,0 = 1,
d
Via=gir1a— P (Vit1.a—ip;), if (i,d) # (0,0). (3.4)
j=2

Proof. Taking the degree d part of the coefficient of z**! in f = (z+ g)? + h where
i >0, we find Equation (3.1). Taking all degree d terms of f = (x+ g)%+ h that are not
divisible by z, we find Equation (3.2). Taking the degree d part of the coefficient of z**!
in x+¢=wv(z+p) where i > 0, we find Equation (3.4), and taking all degree d terms not
divisible by z, we find Equation (3.3). 0

ExAMPLE 3.3. Using the notation of Proposition 3.2, the first few homogeneous parts
of h are given in terms of coefficients of f by

h2:f0727
hs = fo,3,
f2
hy = fo,4— 11’27
2
hs = fo,5 _ f1,24f2,1 . f1,22f1,3,
3 2 2 £2 2
f1,2f3,0 f1,2f272 f1,2f2,1 f1,2f1,3f2,1 f1,2f1,4 f1,3
L N

3.2 Parameter spaces of sextic double solids
We apply the explicit splitting lemma (Proposition 3.2) to describe the equation of a
sextic double solid X CP(1,1,1,1,3) that has a singular point at P, = [1,0,0,0,0].
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NoTATION 3.4. Let X be the subscheme of P(1,1,1,1,3), with variables x,y, z,t, w,
defined by f, where

f=—w+2* >+ Qo)
+ 23 (4t3ag + 4t3a; + 2tas + as3)
+ 2% (2t%bg + 2t3by + 26%by + 2tby + by) (3.5)
+ 2 (2t0co 4 2t ey + 263y + 2t% 3 + 2tey + c5)
+18dy + 2t°dy 4+ t*dy + 2t3ds + t2dy + 2tds + dg,

where the polynomials a;,b;,¢;j,d; € Cly,z] and Q; € Cly, z,t] are homogeneous of degree j.
We define the following 11 technical conditions, where i € {1,2,3,4}:

1
2

(This condition is always true).
Q2 =0.
Condition (2) holds and a3 = 0.
Condition (3) holds and by = a3.
(4)
(5)

= W
= DO —

5) Condition (4) holds and c5 = 2asbs —4a1a§.

6) Condition (5) holds and dg = 2agc4 + b3 — 8ajasbs — 2a3by + 4aga3 + 16a3a3.

7.1)Condition (6) holds and there exist polynomials q,r,s,e € Cy, z] that are, respectively,
homogeneous of degrees i —1, 3—14, 4—14, i+ 1, where 0 is considered to be the only
polynomial homogeneous of degree —1, such that

(
(
(
(
(
(
(

az =qr,

bs = qs+4aqr,

ca = 2a1qs — 6agq*r® + 8a%q7“ +er,

ds = 2boqs — 8atqs —es — big*r® + caqr.

(8) Condition (7.1) holds and there exist a constant Ay € C and a polynomial By € Cly, 2|
homogeneous of degree 1 such that

es =4Agrs + by — 6&%,
C3 = 6(1083 — 4A083 + 4(1()0,17’2 — 8A0a1r2 + BlTQ + 2(1162 — 4a‘;’,
dy = —2s3B1 + 167“%143 —8baro Ag + 16&%?"2140 +4b1 53
—8apays3 — 2b01“§ +2¢org + b% - 4a%b2 + 4a‘11.
Note that zero is homogeneous of every nonnegative degree, so, for example, in Condition

(7.1), the term e can be zero.
Next, define the set of 11 rational indices

Inds:={1,2,3,4,5,6,7.1,7.2,7.3,7.4, 8}.

Let |k] denote the greatest integer not greater than k. For every k € Inds, let Ry denote
the C-algebra freely generated by the coefficients of the polynomials

g Q27aiabiaci7di if k S 67
e a;,b;,ci,di q,rs,eif ke {7.1,7.2,7.3,7.4}, and
1 aivbiaci)di7Q7’r7s7eaA07Bl if k= 87
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Table 2. Dimension of the space of sextic double solids with an isolated cA )

k 1 2 3 4 5 6 7.1,7.2,7.3, 7.4 8
dim Spec Ry, 80 74 70 65 59 52 45 36
Expected moduli space dim 67 64 60 55 49 42 34 25

where we consider the coefficients to be variables satisfying Condition (k). Define

Fk: = Spec(Rk[:U,y,z,t,w]/(f)),

where f € Ry[z,y,z,t,w| is the polynomial in Equation (3.5). Let family k denote the set of
fibers of Fj, — Spec Ry, over closed points. We say that a general sextic double solid in family
k satisfies a property if the property is satisfied by all the fibers of Fy, — Spec Ry, over the
closed points of some Zariski open dense set in Spec R,. We say that an analytically very
general sextic double solid in family & satisfies a property if there is a Zariski open dense
subset U of Spec Ry such that the property is satisfied by all the fibers of Fj, — Spec Ry
over the closed points of U that are in the complement of some countable union of closed
analytic proper subsets.

REMARK 3.5.

(a) The following are equivalent in Notation 3.4:
(i) X is a sextic double solid,
(ii) X is a variety,
(iii) f is irreducible, and
(iv) f+w? is not the square of a polynomial in Clz,y, z,t].
Note that if (V(f),0) is a cA,, singularity for some n, then f is irreducible.
(b) Every closed point of Spec Ry bijectively corresponds to a choice of complex coeffi-
cients of
] QQ,ai,bi,Ci,di if k < 6,
e a;,b;,ci,diq,rs,eif ke {7.1,7.2,7.3,7.4}, and
e a;,b;,c;,d;,q,r,s,e,Ap, By if k=38,
so determines a unique polynomial f € Clz,y, z,t,w]. For every closed point P € Spec Ry,
such that f is irreducible, the fiber of Fy — Spec Ry over P is a sextic double solid.
(c) The varieties Spec Ry, are affine spaces, and their dimensions are given in Table 2. The
affine spaces Spec R7.1, Spec R7 .o, Spec Ry 3, and Spec Ry 4 all have the same dimension.
(d) Let k € Inds, and let f € Clz,y, z,t,w] in Notation 3.4 satisfy Condition (k). The graded
C-algebra automorphisms o of C[z,y, z,t,w], which fix the point P, = [1,0,0,0,0] and
take f to another polynomial o(f) of the form in Notation 3.4 satisfying Condition (&),
are given by

X X
(0 a R (0
z | = M3 P
t +1 t
w w
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when k£ =1, and given by

T o R 3 x
Y My C, Y
z | — 0-2 z
t

+1 t
w w

when k > 2, where M; € GL(i,C) are matrices, R; € C' are row vectors, Cy € C? is a
column vector, and o € C*, 5 € C are scalars. These automorphisms form an algebraic
group which is of dimension 13 if £k =1 and of dimension 10 if k£ > 2.

If £ > 7, then we also have the C*-action

Ag:=Ag, Ar=XA"1r, As:=X"ls, Ne:=e,

which leaves f invariant.

If a coarse moduli space of sextic double solids with an isolated cA|) singularity
exists, then we expect its dimension to differ from dimSpec Ry by 13 if k=1, by 10
if 2<k <6, and by 11 if k£ > 7. The moduli space of smooth sextic double solids has
dimension 68. Table 2 shows the expected moduli space dimensions.

(e) If X has an isolated singularity at P,, then by using the C*-action described in (d) for
k > 7 and Proposition 3.8, we can set ¢ =1, r =1, and s = 1, respectively, for families

7.1, 7.3, and 7.4.

We state the main theorem of this section, describing sextic double solids with an isolated
cA,, singularity.

THEOREM A. For every positive integer n, both of the following hold:

(a) If a sextic double solid has an isolated cA,, singularity, then n < 8.

(b) Ewvery sextic double solid with an isolated cA,, singularity P is isomorphic to a variety
X in Notation 3.4 satisfying Condition (1) for some l € Inds such that [l| =n, with the
isomorphism sending P to P, = [1,0,0,0,0].

Furthermore, for every k € Inds, all of the following hold:

(¢c) If k > 2, then every scheme X in Notation 3./ satisfying Condition (k) has either a
(possibly non-isolated) cA,, singularity or the singularity (V(z? +x3),0) C (C*,0) at
P,, where m > | k| and C* has variables x1,x2,73,74.

(d) A general sextic double solid in family k is smooth outside a cA|y| singularity at P,.

(e) An analytically very general sextic double solid in family k is factorial, except for
k=7.4. No terminal variety in family 7.4 is Q-factorial.

REMARK 3.6.

(a) By Proposition 2.12; all log terminal sextic double solids have Picard number 1.
Therefore, by Theorem A(d) and (e), an analytically very general sextic double solid
in each family k € Inds\ {7.4} is a Mori fiber space over a point.

(b) Let k €Inds\{1,8}. Let X satisfy Condition (k) but not Condition (/) for any I € Inds
satisfying |l]| = [ k] 4+ 1. The proof of Theorem A(b) implies that if one of the following
holds:
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® k<6,

e P, is an isolated singularity, or

e |k| =17, r and s are coprime, and ¢ and e are coprime,
then X has a cA|y singularity at P,.

3.3 Bound n < 8 for an isolated cA,, singularity

In this section, we prove Theorem A(a) and (c), showing that the parameter spaces in
Notation 3.4 describe sextic double solids with a cA,, singularity. In addition, we prove
Theorem A(b), namely the bound n < 8 for an isolated cA,, singularity. The bound n <8
for an isolated cA,, singularity is proved by explicitly describing a curve of singularities for
n>9.

First, we state a few lemmas needed for the proof.

LEMMA 3.7. If X in Notation 3./ satisfies Condition (6) and P, is an isolated singularity
of X, then as #0 or by #0.

Proof. 1f Condition (6) holds and ag = b3 = 0, then a3 = by = c5 =ds = 0. Let C be
the curve defined by the ideal (¢,w,2xc4+ 2d5). Note that C' contains P,. Taking partial
derivatives, we see that every point of C' is a singular point of X. U

The following proposition is useful when using Notation 3.4.

PROPOSITION 3.8. If X in Notation 3./ satisfies Condition (k) and P, is an isolated
singularity of X where k > 7, then q and e are coprime and v and $ are coprime as
polynomials in Cly, z].

Proof. Let D € Cly, z] be a common prime divisor of r and s or a common prime divisor
of ¢ and e. Then D divides as,bs,ca,ds, and D? divides as,bs,cs,ds. Let C' be the curve
defined by the ideal (D,¢,w). Note that C' contains P,. Taking partial derivatives, we see
that X is singular at every point of C' O

LEMMA 3.9. Let r,s € Cly,z| have no common prime divisors, and let q € Cly,z| be
nonzero. Let h, € C[y,z] be of the form h, = q¢*(r’C, —s7C,) where C,.,Cs € Cly,2] and
«, 8,7 are nonnegative integers. Then

hn, =0 <= there ezists C € Cly, z| such that C, = s7C and Cy = rPC.
Proof. Obvious. O

Proof of Theorem A(b). First, we prove that every sextic double solid Y CP(1,1,1,1,3)
with a singular point P (not necessarily of type cA,) is isomorphic to some X in
Notation 3.4, with the isomorphism sending P to P, = [1,0,0,0,0]. For this, it suffices
to note that Notation 3.4 describes all sextic double solids with a singular point at P,, and
that we can move any point of Y to P, using an automorphism of P(1,1,1,1,3). This proves
the case n = 1. For the rest of the proof, X is given by some f in Notation 3.4 with a (not
necessarily isolated) cA,, singularity at P, and n is at least 2.

Let X?" denote the analytification of X. By Propositions 2.4 and 2.5 and Corollary 2.6,
after applying a suitable linear invertible coordinate change on y, z,¢, Condition (2) holds.
This proves the case n = 2. For the rest of the proof, Condition (2) holds and n is at least 3.

Let

Xr = Spec ((C[yvthvw]/(f(lvyaz7t>w)))
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denote the affine open of X given by inverting z. Let g € C{y, z,t} and h € C{y, z} be the
unique convergent power series of multiplicity at least 2 such that

f(Lyz,tw) = —w? + (t+g)* +h.

Since by assumption (X*" P,) is a cA, singularity, Propositions 2.4 and 2.5 and
Corollary 2.6 imply that hy =--- = h,, =0, where h; € C[xg,z4] is the homogeneous degree
j part of h.

Using the explicit splitting lemma (Proposition 3.2), it is straightforward to compute
that hy = --- = h, =0 is equivalent to satisfying Condition (n) when n <6, even if P, is
not an isolated singularity. This proves the cases n € {3,...,6}. For the rest of the proof,
Condition (6) holds, (X", P,) is an isolated cA,, singularity, and n is at least 7.

By Lemma 3.7, as # 0 or b3 # 0. Define ¢ to be a homogeneous greatest common divisor
of az and bs. Define r and s € C[y, z] to be the unique homogeneous polynomials such that

az =4qr,

bs =qs+4aqqr.

Then r and s are coprime. Using the explicit splitting lemma (Proposition 3.2), we compute
that

hy = q(r(—12a0q2rs +4bogs — 2b1¢%12 + 2c5qr — 2d5) — s(2¢4 — 4a1qs)).

Using Lemma 3.9, the equations ho = --- = hy = 0 imply the existence of a polynomial
e € Cly, z] such that

c4 =2a19s — 6a0q27‘2 + Sa%qr +er,

ds = 2bagqs — 8a%qs —es—big*r? +csqr.
Therefore, hy = --+ = hy = 0 implies Condition (7.7), where i is defined by
i :=degged(ag,bs) +1,

where deggcd(az,b3) is the degree of a greatest common divisor of ay € Cly,z] and
by € Cly, z]. This proves n =T1.

Next, we show that if hg =--- = hg = 0 and one of Conditions (7.2)-(7.4) holds, then
r and s have a common prime divisor or ¢ and e have a common prime divisor, which
contradicts Proposition 3.8. In Condition (7.2), we calculate that hg + e2r? is divisible by g,
giving r = Cq for some C € C. Substituting into hg, we compute that hg —2ges? is divisible
by ¢%. Therefore, ¢ and s have a common prime divisor, giving that r and s have a common
prime divisor, a contradiction. Conditions (7.3) and (7.4) are similar.

Hence, if hg = --- = hg = 0, then Condition (7.1) holds. Using the explicit splitting
lemma, we calculate hg, and using Lemma 3.9, we can show that ho =--- = hg = 0 implies
Condition (8). 0

Proof of Theorem A(a). Assume that X is a sextic double solid with an isolated cA,,
singularity where n > 9. Using the notation in the proof of Theorem A(b), we find that
Condition (8) holds and hg = --- = hg = 0. Using the explicit splitting lemma, we compute
hg, and using Lemma 3.9, we find that there exists By € C such that
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Ay = ap,
Bl = bla
d3 = —SgB() + 2b083 — 2&383 +cC1ro — 4&01)17’2

+ 16a%a1r2 +b1by —4apgaibs — 2a%b1 + 8a0a§,

co =128y — 6(1(2)T2 +2apbs +2a1by — 12&0(1%.
Substituting into f gives

23az +2%by + xes +dg = (s3+2a170 +273),

230y 4 2203 + xey + ds = (s3+ 2a170 4+ x79) (—2a0r + by — 242 + 22a; +22).

Define the curve C' by the ideal (w,t,s3+ 2a1rs + xr2). Taking partial derivatives, we find
that X is singular at every point of C, a contradiction. O

Proof of Theorem A(c). Let X*" denote the analytification of X. Using the explicit
splitting lemma (Proposition 3.2), we can compute that the complex space germ (X" P,)
is isomorphic to (V(—w?+t2+h)), where h € Cly, 2] is zero or has multiplicity at least
|k| + 1. By Propositions 2.4 and 2.5 and Corollary 2.6, X has either a (possibly non-
isolated) cA,, singularity or the singularity (V(z? +23),0) C (C*,0) at P,, where m > |k|
and C* has variables z1, 2,3, 4. U

3.4 Smoothness outside the isolated cA,, point

In this section, we prove Theorem A(d) using dimension count arguments, showing that
a general sextic double solid with an isolated cA,, singularity is smooth outside the cA,
point.

LEMMA 3.10. For every k € Inds, a general member of family k in Notation 3.J is
smooth at every point with t-coordinate nonzero.

Proof. Let ./Zl\k denote the set of closed points () of SpecRj; such that the fiber of
F}, — Spec Ry over @ has a singular point at P, = [0,0,0,1,0]. We find
of of ody  Of . . 0di Of

P) = — () =2 —(P)=2—, —(FP)=2—  ——(FP)= .
f( t) dO? 8.7}( t) CO’ 8y( t) ay’ az( t) aZ’ at( t) 6d0

By the Jacobian criterion ([39, Exer. 4.2.10]), A}, is the set of closed points of

od; 0dy
A = VSpech (do,CO, (973/’ 82) .
We see that dim A, = dim Spec Ry, — 4.
The C-algebra automorphism z — x4+ ayt, y — y+oyt, z+— z+a.t of Clz,y,z,t,w]
defines a morphism

A, 1 Spec Ag x SpecClay, oy, a,] — Spec Ry,

with closed image. The set of closed points @ of Spec Ry, where the fiber of Fj, — Spec Ry
over () has a singular point with ¢-coordinate nonzero, is precisely the set of closed points
of the image of 74, . The image of 74, has codimension at least 1. 0

LEMMA 3.11. For every k € Inds, a general member of family k in Notation 3./ is
smooth at every point different from P, that has t-coordinate zero.
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Proof. Let P=10,4,7,0,0] € P(1,1,1,1,3), where (3,v) € C*\ {(0,0)}. We find

of

aof of _ 0dg of _ 0dg of
ox

f(P):dG(P)7 (P):C5(P)7 8y(P>_87y(P)’ 8Z(P)_E(P)’ E(P):2d5(P)'

Define the linear polynomial | = vy — fz. By the Jacobian criterion ([39, Exer. 4.2.10]), P
is a singular point of X if and only if the following divisibility constraint is satisfied:

[ divides ¢5 and ds and ? divides dg. (3.6)

The set of closed points () € Spec Ry, where the fiber of Fj, — Spec Ry over () is singular at
P for some (3,7) € C%\ {(0,0)}, coincides with the set of closed points of a closed subset
By, of Spec R;,. We show that dim By, is at most dim Spec Ry, — 2.

o If k <4, then the 19 coefficients of c5,d5, and dg are algebraically independent in Ry. By
the divisibility constraint (3.6), dim By = dim Spec Ry, — 3.

o If k =5, then the 20 coefficients of as,bs,ds, and dg are algebraically independent in Ry.
We have c; = az(2b3 — 4ajag). If | divides c¢5, then [ divides ag or [ divides bg — 2a;as.
By the divisibility constraint (3.6), in both cases we have three less degrees of freedom.
More formally, By, is the union of the images of two morphisms, both having codimension
exactly 3 in Spec Ry. Therefore, dim By = dim Spec Ry — 3.

o If £ =6, then the 23 coefficients of as,bs,cq,ds are algebraically independent in Ry.
We have c5 = az(2bs —4ajaz) and dg = az - (2¢c4 + G) + b3 for a polynomial G € Cly, 2]
homogeneous of degree 4 which does not contain c4.

If | divides as, then using the divisibility constraint (3.6), we find that [ divides bs.
Now, 12 divides ay or [ divides 2c4 + G. So, there are three less degrees of freedom in
choosing as, b3, ¢4, and ds.

If I does not divide as, then [ divides b3 — 2ajias, so by = 2a1as + QI for some
homogeneous quadratic form @ € C[y,z]. From [ | dg, we find that [ divides ¢4 — azbs +
2a0a§ + 2a%a2, s0 ¢4 = Cl+ asby — 2a0a% — 2@%&2 for some homogeneous cubic form
C € Cly, 2]. From [? | dg, we find that [ divides C —4Qa;. Therefore, after fixing ag,ay,as,
and bo, there are at least two less degrees of freedom in choosing b3, ¢4, and ds.

In both cases, we see that dim By < dimSpec Ry — 2.

o If |k| =7, then

cs = 4¢°r(2s + arr),
ds = —es+q(2bys — a?s — 4b1qr? + car),
dg = 4q(er® + q(s* +ayrs —8apqr® — bor? +ar?)).

Let us consider f for a closed point in By. If I | ¢, then since ¢ and e are coprime, we
have [ | r and [ | s, a contradiction. If [ | r, then since [ | dg, we find [ | s, a contradiction.
Therefore, [ divides neither ¢ nor 7.

So, I divides 2s+ay7. Using 12 | dg, we see that [2 divides —32agq?r — 4byq + 3a2q+ 4de.
After fixing ag,a1,b2,q, and 7, we see that there are at least two less degrees of freedom
in choosing s and e. So, we have dim By < dim Spec Ry — 2.
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o If £ =8, then

Cy — 2’[’2(83 + 2&17“2),
d5 =179 (T’gBl — 883A0 — 8a17'2A0 +6a033 — bng + 4a0a17'2 + 2(11()2 — 4&?)
+ 53(b2 — 2(1%),

de = r2(873 Ao +4a1s3 — 8agrs +4airy) + s3.

We consider f for a closed point in By. If I | 73, then [ | s3, a contradiction. So, [ divides
s3+2a172. Since [ divides dg, we have [ | r3(Ag —ag). So, Ag = ag. Since [ divides d5, we
see that [ | r3(By —b1). We find that the coefficients of f have at least two less degrees
of freedom, namely Ag = ag, and the polynomials B; —b; and s3+2a172 have a common
prime divisor. So, we have dim Bj, < dim Spec Ry — 2.

The C-algebra automorphism x +— x + ay of C|x,y, z,t,w| defines a morphism
B,,1: Spec By x SpecCla] — Spec Ry,

and the C-algebra automorphism z — x + «z of Clz,y, z,t,w| defines a morphism
B2 SpecBy x SpecCla] — Spec Ry,.

Every closed point @ of Spec Ry, where the fiber of Fj, — Spec Ry over @) has a singular
point different from P, with t-coordinate zero, belongs to the image of mp, 1 or 7, 2. The
union of the images of 7z, 1 and 7, 2 has codimension at least 1. U

Proof of Theorem A(d). It follows from Lemmas 3.10 and 3.11 that a general sextic
double solid in family & has exactly one singular point, namely the point P,. The singularity
of X at P, is of type cA\, if the homogeneous part h|;|+1 € Cly, 2] of h is nonzero, where h
is as in the proof of Theorem A(b). Since this is an open condition, a general sextic double
solid in family k has a cA|) singularity at P,. O

3.5 Factoriality
LEMMA 3.12 [33, Lemma 5.1]. A terminal Gorenstein Fano 3-fold is factorial if and
only if it is Q-factorial.

LEMMA 3.13. There are no Q-factorial log terminal sextic double solids in family 7.4.

Proof. Let X be a log terminal variety in family 7.4. The Cartier divisor Vx (¢) is the
sum of the two prime divisors Dy = V(t,q —w) and Dy = V(t,q+ w). Let [eCly,z] be a
non-zero linear form that does not divide ¢. Define the curve C' =V (q+w,z,l). If D is
Q-Cartier, then D;-C =0, which contradicts Proposition 2.12 and lemma 2.13. Therefore,
neither Dy nor Dy is Q-Cartier. U

Our proof of factoriality relies on the following corollary of Proposition 2.10.

COROLLARY 3.14. Let X be a Gorenstein terminal Fano 3-fold which is smooth along its
general effective anti-canonical divisor D. Then the natural homomorphism Cl(X) — Pic(D)
from the class group of X is injective.

Proof. Let U be any Zariski open set in the smooth locus of X that contains D. By
Remark 2.11(1), we have an isomorphism of class groups Cl1(X) = Cl(U). Since U is smooth,
we have an isomorphism Cl(U) & Pic(U). It follows from the proof of [42, Prop. 2] that we
can choose a small enough U such that Pic(U) injects into Pic(D). 0
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COROLLARY 3.15. Let X be a terminal Gorenstein Fano 3-fold and D a smooth effective
anti-canonical divisor such that X is smooth along D and D has Picard number 1. Then X
is factorial.

Proof. By adjunction, every smooth anti-canonical divisor of a Fano variety is a K3
surface. A very general projective K3 surface has Picard number 1. Therefore, X is smooth
along an analytically very general anti-canonical divisor with Picard number 1. By Corollary
3.14, X is Q-factorial. By Lemma 3.12, X is factorial. U

LEMMA 3.16. For every k € Inds\ {7.4} and for an analytically very general sextic
double solid X in family k, the subvariety Vx(x) is smooth and has Picard number 1.

Proof. Let Sy be the C-algebra freely generated by the 28 coefficients, considered as
variables, of polynomials g € C[y, z,t] homogeneous of degree 6. By Remark 3.5(b), closed
points P of Spec Ry, bijectively correspond to polynomials fp € C|x,y, z,t,w| in Notation 3.4.
Let 0: Clz,y,z,t,w] — Cly, z,t| be the homomorphism x + 0, w + 0. Let 7 : Spec R —
Spec S be the morphism of affine spaces given on closed points by fp — 6(fp). The
C-algebra automorphisms t — ay + B3z +t of C[y, 2,t] induce a morphism 7: Spec Sy, x A2 —
Spec Si. Define p; to be the composition

Pk i=To(m xidg2): Spec Ry X A% — Spec Sy,

We can compute that the rank of the Jacobian matrix of p; at some specified point is 28
for all k € Inds\ {7.4}. It follows that p; is a dominant morphism of affine spaces for all
k € Inds\ {7.4}.

The closed points @ of SpecSj bijectively correspond to polynomials gg € Cly, z,1]
homogeneous of degree 6, and therefore also to subschemes Zg of P(1,1,1,3) with variables
y,z,t,w given by —w?+ gg. Smooth schemes Zg C P(1,1,1,3) are K3 surfaces that are
called sextic double planes. It is known that a very general projective K3 surface has Picard
number 1. It follows that an analytically very general sextic double solid X in family
k € Inds\ {7.4} satisfies that Vx(z) has Picard number 1. 0

Proof of Theorem A(e). By Theorem A(d), a general sextic double solid in family
k is terminal and is smooth along the anti-canonical divisor V(z). By Corollary 3.15
and Lemma 3.16, an analytically very general sextic double solid in family k # 7.4 is
factorial. 0

REMARK 3.17. In some cases, we can prove that it suffices if the sextic double solid is
only general in Theorem A(e) as opposed to analytically very general:

(a) A general sextic double solid in family 1 has only one singularity and that singularity
is an ordinary double point. Every sextic double solid which is smooth outside an
ordinary double point is factorial and has Picard number 1 (see [14, Th. B]).

(b) A general sextic double solid in family 4 is factorial, since in Section 5.2 we construct
a Sarkisov link to a complete intersection Z5 ¢ C P(1,1,1,2,3,4) which is Q-factorial if
it is general.

3.6 Other cA,, singularities
Although the primary interest is in isolated cA,, singularities since these are terminal, it
is also possible to study non-isolated singularities with the same methods.
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We describe uncountably many examples of sextic double solids with a non-isolated cA,
singularity for all 9 <n < 11.

PROPOSITION 3.18. Let 8 <n <11. Let ro and s3 be coprime, and let qy be nonzero. Let
X in Notation 3./ satisfy Condition (n) but not satisfy Condition (n+1), where Conditions
(9)-(12) are defined below:

(9)  Condition (8) of Notation 3.4 is satisfied, and there exists By € C such that

AO = ao,
Bl = b17
d3 = *5330 + 2b083 — 20,383 +Cl7"2 — 40,0()17"2

+ 16a3a17“2 + b1by —4dagaiby — Qa%bl + 8a0ai’,
co =1r9Bg— 6a(2)r2 +2agbs +2a1b1 — 12a0a%.

(10) Condition (9) is satisfied and

By =bo,

do = 2¢cor9 — 8agbors + 16a%r2 + 2bgby — 4a%bg + b% —8agaiby — 4a%b0 + 24@8@%,

c1 = 2agb1 +2a1bg — 12a(2)a1,
(11) Condition (10) is satisfied and

co = 2a0bg — 4a8,

d1 = bobl — 20,(2)1)1 — 4a0a1b0 + 8@3@1,
(12) Condition (11) is satisfied and do = b3 —4adby +4ag.
Then P, is a cA,, singularity of X. Moreover, if n > 9, then the singularity is non-isolated.

Proof. Use the explicit splitting lemma (Proposition 3.2) and repeatedly apply
Lemma 3.9 similarly to the proof of Theorem A(b). 0

REMARK 3.19.

(1) By the proof of Theorem A(a), if X in Proposition 3.18 satisfies Condition (9), then
X is singular along the curve C': V(t,w, s34+ 2a172 + x72) passing through P,. We can
compute that at a general point of C, the singularity is locally analytically C* x ODP,
that is, it is isomorphic to the germ (Z,0) where Z is V(22 + 22+ 23) C C* with variables
L1,L2,L3,T4.

(2) Translating the point P, = [0,0,0,1,0] to [1,0,0,0,0], we can find conditions similar to
Notation 3.4 for having a cA,, singularity at P, € X, which can be used to construct
general sextic double solids with two cA,, singularities. The following is a simple
example with cAs singularities at P, and at P;:

V(—w? +a*? + 2%t + 95 +2%) CP(1,1,1,1,3).
84. Divisorial contractions with center a cA,, point

In this section, we discuss weighted blowups from both algebraic and local analytic points
of view. In Proposition 4.6, we show that to check whether a weighted blowup is a Kawakita
blowup (see Theorem 2.21), it suffices to compute the weight of the defining power series.
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Using this, in the technical Lemma 4.9, we show how to algebraically construct Kawakita
blowups of cA,, points on affine hypersurfaces.

4.1 Weight-respecting maps
Let n and m be positive integers. Let = (x1,...,2,) and y = (y1,...,ym) denote the
coordinates on C™ and C™, respectively. Choose positive integer weights for  and y.

DEFINITION 4.1. Let X C C"™ and X’ C C™ be complex analytic spaces. We say that a
biholomorphic map 1 : X — X’ taking 0 to 0 is weight-respecting if denoting its inverse by 6,
we can locally analytically around the origins write ¢ = (¢1,...,%y) and 0 = (01,...,0,)
where for all i and j, the power series 1; € C{x} and §; € C{y} satisfy wt(¢;) > wt(y;) and
wt(0;) > wt(z;).

It is known that a biholomorphic map taking the origin to the origin lifts to a unique
biholomorphic map of the blown-up spaces under the usual weights (1,...,1) (see, e.g., [25,
Rem. 3.17.1(4)]). It is easy to come up with examples where a biholomorphic map does not
lift under weighted blowups. We give one example below.

EXAMPLE 4.2. Let X C C3 be the complex analytic space given by V(f) where
f=a3z3+2} +az 25 + b

for some a,b € C*. Define X’ C C3 by V(f’) where f’ = f(x1,22,—x2 +x3). Choose weights
(1,1,2) for (z1,x2,23). Then, X and X’ are biholomorphic and wt f = wt f’, but the weighted
blowups of X and X’ are not locally analytically equivalent.

Proof. Let 1¥: X — X’ be any local biholomorphism taking the origin to the origin.
Composing with a suitable weight-respecting biholomorphic map and using Corollary 4.4,
it suffices to consider the case where 9 is a linear biholomorphism. Since the elliptic curve
defined by f in P? with variables 21,2, 23 has only two automorphisms, there are only four
possibilities for a linear biholomorphism X — X', namely (21,22, 23) — (21,22, £x2 + x3).

Let Y — X and Y’ — X’ be the (1,1,2)-blowups of X and X', respectively. Then Y is
given by V(g) where

2 3 2.2 3.3
g(u,z1,22,3) = ursx3 + 27 + au r 25 + bu’zs.

Denoting the points of Y and Y’ by [u,21,22, 23], the lifted map ¥y : Y — Y’ is given by
[u, 21, T2, x3] — [u,21,+22, +25/u+ 23], which is not holomorphic on the exceptional locus

V(u). 0

On the other hand, a weight-respecting coordinate change does lift to weighted blowups
(see Corollary 4.4).

LEMMA 4.3. Let X CC™ and X' CC™ be complex analytic spaces strictly containing
the origins and v: X — X' a biholomorphism. Then 1 is weight-respecting if and only if 1
induces an isomorphism of the Z>q-graded Ox-algebras Bx: and .Bx of Definition 2.18.

Proof. “=-.” The induced morphism Bx — ¢,Bx is given by

BX/(U) — Bx(¢_1U)
tdgj '—)tdIZJj,
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where U C X’ is open. Since wtv; > wty;, the morphism Bxs — ¢, Bx is well-defined.
Similarly, we define a morphism Bx: < 1.Bx, which is its inverse.

“=. Let t“*"% U, be the image of t"*¥%y; under Bx/(X') = ¥, Bx(X). There exists
¥; € C{x} such that wti; > wty; and ¢); = ¥;. Similarly, we can find 6;, showing that 1
is weight-respecting. O

COROLLARY 4.4. A weight-respecting biholomorphism 1 from X CC" to X' CC™ lifts
to the weighted blown-up spaces.

4.2 Kawakita blowup in analytic neighborhoods

In the following, we focus on Kawakita blowups (see Theorem 2.21). Unlike Example 4.2,
for cA,, singularities, having the correct weight for the defining power series is enough for
the local analytic equivalence of weighted blowups.

NOTATION 4.5. We choose positive integer weights w = (r1,72,a,1) for variables
x = (x1,72,73,74) on C* and define n = (r; +r2)/a— 1 such that

e ¢ divides 1 + 72 and is coprime to both r; and rg,
e ry > 1y, and
on>2.

PROPOSITION 4.6. Using Notation 4.5, let f € C{x} be such that V(f) has an isolated
cA,, singularity at the origin and f has weight r1 +ro. Then, the w-blowup of V(f) C C* is
a w-Kawakita blowup.

Proof. First, we remind that the terms homogeneous, degree, and multiplicity are
with respect to the standard weights (1,...,1). Let the quadratic part of f denote the
homogeneous part of f of degree 2. After a suitable invertible linear weight-respecting
coordinate change, the quadratic part of f is z1xs.

We find that f = xi120+ 21G + H, where G € C{x1,...,24} has weight at least 7o
and multiplicity m > 2, and H € C{xa,x3,24}. The coordinate change zo — x5 — Gy,
where G, is the homogeneous degree m part of G, takes f to x1xe +21G’ + H', where
G’ has multiplicity at least m + 1. By induction, this defines the unique formal power
series K € Cl[x1,...,24]] of multiplicity at least 2 and weight at least 75 such that the
transformation xs — xo + K takes f to the form xixzo + H” where H” € C[[za,23,24]].
Similarly, we transform f into xjz9 + h where h € C[[x3,24]], using x; — x1 + L where
L € C[[x2,x3,24]].

We show how to find a convergent weight-respecting coordinate change which changes f
to x1x2 + h. Instead of the coordinate changes xo — x2 + K, x1 — x1 + L, which might not
be convergent, we do a coordinate change © 5 with truncated power series K<y and L<y of
homogeneous parts of K and L of degree at most N. The coordinate change ¥: x1 — x1 +ixo,
To — T1 — 129 takes xixo into x% —i—a:%. Now we use the splitting lemma, which gives a
convergent coordinate change ® which respects the weighting when N is large enough, to
give f the form 2% + 3+ h(z3,74) where h converges. Applying ¥~!, we get x5+ h. Note
that the coordinate changes ¥ and ¥~! might not respect the weighting w, but the total
coordinate change U~!o®y o Wo Oy is weight-respecting if N is large enough.

Since the singularity is cA,, where n = (r1+r3)/a—1, h must contain a monomial of degree

(r1+7r2)/a. Since z1x2+ h has weight r; + 79, if @ > 1, then the coefficient of xgrﬁ”)/a in h
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is nonzero. If a = 1, then after a suitable invertible linear coordinate change on C{z3,z4},

(rit+r2)/a
3

the coefficient of x in A is nonzero.

We found that we can transform f into the form xz;x9 + h where the coefficient
of $gr1+r2)/ “ in h is nonzero, by using only weight-respecting coordinate changes. By
Corollary 4.4, the weighted blowup of f is locally analytically equivalent to the weighted

blowup of z;x5 + h, which is precisely a Kawakita blowup. 0

Given a variety X with an isolated cA, point P, we show that any two w-Kawakita
blowups Y — X and Y’ — X of the point P are locally analytically equivalent. Note that
they need not be globally algebraically equivalent. For example, [18, Rem. 2.4] describes
two different (2,1,1,1)-Kawakita blowups of a cAs singularity on a quartic 3-fold.

PROPOSITION 4.7. Any two w-Kawakita blowups of locally biholomorphic singularities
are locally analytically equivalent.

Proof. Let f=xi129+ g(x3,24) and f' = z129+ ¢'(x3,24) be contact equivalent, where
9,9 € C{x3,24} have weight r1 + 75 and xg“l”?)/a appears in both g and in ¢’ with nonzero
coefficient. It suffices to show that there exist a weight-respecting map from V(f) to V(7).

Since f and f’ are contact equivalent, there exist a unit u € C{x} and a local
biholomorphism 1: (C*,0) — (C*,0) such that f’ =wu(f o). Note that f’ and f ot have
the same weight r1 + 72, and 3::(;’1”2)/ “ appears in f o with nonzero coefficient. It suffices
to show that there exist a weight-respecting map from V(f) to V(f o).

Using arguments similar to the proof of Proposition 4.6, we can find a weight-respecting
biholomorphic map germ 6: (C* 0) — (C*,0) such that fot o6 is of the form z;xo + g”
where g” € C{x3,74} contains x("1+72)/% and has weight ry +ro. It suffices to show that
there exist a weight-respecting map from V(f) to V(fo1o0).

By Proposition 2.5, g and ¢g” are right equivalent, meaning there exists an automorphism
® of C{z3,z4} such that ®(g) =g¢”. Since $gr1+r2)/a has nonzero coefficient in both ¢ and
g”, and both ¢ and ¢’ have weight r{ + 79, the image of x3 has weight a under both
® and ®~!. Define the biholomorphic map germ ¢: (V(f o1 08),0) — (V(f),0) by =
(21,22, ®(3),®(24)). By Corollary 4.4, the w-blowups of V(foof) C C* and V(f) C C*
are locally analytically equivalent. 0

4.3 Kawakita blowups on affine hypersurfaces

In this section, we see how to construct weighted blowups for affine hypersurfaces with
a cA,, singularity where n > 2 such that locally analytically they are Kawakita blowups.

Most cA,, singularities do not admit (ry,7r3,a,1)-Kawakita blowups where a > 2. Below,
we define the type of an isolated cA,, singularity, which for n > 2 is equal to the highest
integer a such that it admits some (r1,72,a, 1)-Kawakita blowup locally analytically. General
sextic double solids with an isolated cA,, singularity have a type 1cA,, singularity.

DEFINITION 4.8. Let (X, P) be the complex analytic space germ of an isolated cA,
singularity. Let a be the largest integer such that (X,P) is isomorphic to some germ
(V(z122 + g),0) where g € C{x3,24} has weight a(n+ 1) under the weighting (a,1) for
(z3,74). Then, we say that the cA,, singularity is of type a.

It is not obvious how to globally algebraically construct a Kawakita blowup for a variety
with a cA,, singularity. We show this for affine hypersurfaces in the technical Lemma 4.9.
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We use a projectivization of Corollary 4.10 in Section 5 for constructing Kawakita blowups
of sextic double solids.
We describe the notation for Lemma 4.9. Choose positive integers n,ry,72, and a as in
Notation 4.5. Let F € C[z1,x2,x3,24] have multiplicity at least 3, and let
f=-ai+ai+F

be such that V(f) C C* has terminal singularities and has a cA,, singularity of type at least
a at the origin. Let ¢,w be the power series when splitting with respect to z; (Theorem 3.1),
and p,v be the power series when splitting with respect to x5, that is,

f=—((z1+q)w)” +((z2+p)v)* +h, (4.1)
where ¢ € C{x2,x3,24} and p € C{z3,z4} both have multiplicity at least 2, and w €
C{x1,22,73,24} and v € C{x2,x3,24} are units, and h € C{x3, 24} has multiplicity at least 3.
If @ > 1, then perform a coordinate change on 3, x4 for f such that h has weight r1 4+ rs.

Now choose weights
w= Wt(a,ﬁ,$3,l’4) = (7"1,1"2,(1,].)
for the variables «, 3,23,24 on C* and

w' =wt(a,B,21,22,73,24) = (11, T2, m, min(re, multp), a, 1)

for the variables «, 3,21, 72, 23,74 on C8, where m = min(ry, mult¢). Writing a power series
s € C{z1,22,23,24} as a sum of its w’-weighted homogeneous parts s = >°s;, let scg
denote ) ,_, s; and s>, denote ) .-, s;. Define the ideal

I= (fa —a+ (:‘Cl + Q<r1)w<1"1—m + ($2 +p<T1)U<T1—7’27 _B + 22 +p<1"2)
of Cla, 8,21, %2, x3,24], where vo,, ., is defined to be 1 when 1 = ry and where we,, _p,
is defined to be 1 when r; = m. Note that the affine varieties V(f) C C* and V(I) C C° are
isomorphic.

LEMMA 4.9. Using the notation above, the w’-blowup of V(I) is a w-Kawakita blowup.
Proof. The morphism
p: Ct >t
(x1,22,23,24) = ((Z1 + g<r) ) Wari—m + (T2 +P<r JVri—ras T2+ D<ryy T3, Ta)
has a local analytic inverse p—!
o1 (C*0)— (C*0)
(o, B,23,24) = (= (B=Pa<ry +P<r )V )u—q', B=pary, T3, 24),

, given by

where u € (C{a,ﬂ,xg,m} is a unit> v = v<7‘1—7‘2(5 _p<7’27x3a$4) and q, = 4<ry (/8 -
D<rys T3,%4). Define the map germ

P: (C*0) — (C5,0)
(Oé,ﬁ,il?g,l’;l) = (Oé,ﬁ,SO_l(Oé,ﬁ,ﬂfg,lq))-

The restriction of ¢ to V(I) — V(fo1)) is a weight-respecting local biholomorphism, whose
inverse is a projection. Therefore, the w-blowup of V(f o)) is equivalent to the w’-blowup
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of V(I). If the w-weight of f o1 is 11 + 72, then by Proposition 4.6, the w-blowup of V(f o))
is the w-Kawakita blowup map germ. Using Equation (4.1), it suffices to show that

wt[((z1+q)w + (x2 +p)v) o] =11, (4.2)

wt[(—(z1+ Qw4+ (z2+p)v) o p] = ra. (4.3)

Since 1) is weight-respecting, we have

Wt[(21+ @Q)w>r —m 0 P)] > 11,
WG, Wery —m 0)] 2 11,
wt[(z2 +p) vy, 0¥ =11,
WE[P>r Vary —ry 0] 271

Since ((1+ gery) ) Wery—m + (T2 + P<ry )0<ry —ry ) 01 = @, this proves Equation (4.2). Using,
in addition, that wt[(z2 + p<r, )V<r,—r, 0] = r2, Equation (4.3) follows. 0

COROLLARY 4.10. Using the notation above, if F' € Clzg,x3,24], or equivalently, if g=0
and w =1, then define the ideal J C Clov, 8,22, 73,24] by

J=(—(a— (2 +pcr <ry—r) 2+ 25+ F, —B+2o+Dcry), (4.4)

where Vep, —p, is defined to be 1 if ry =ro. Then, V(J) and V(f) are isomorphic affine
varieties, and the (ri,re, min(re, multp),a,1)-blowup of V(J) is a w-Kawakita blowup. If in
addition r1 = rq, then define the ideal J' C Clxy,,2x2,23,24] by

J/: (fa_ﬂ"i'l? +p<’r'2)' (45)

Then, V(J') and V(f) are isomorphic affine varieties, and the (ri,rs,min(re,multp),a,1)-
blowup of V(J') is a w-Kawakita blowup.

Proof. The isomorphism between V(I) and V(J) is a projection, with inverse given by
1= a— (8 —p<ry + P<ry )V<ry—ry, Which is weight-respecting. If r1 = ry, the isomorphism
between V(J) and V(J’) is given by x1 — « — 3, which is weight-respecting. 0

The power series p, v, ¢, w can be expressed in terms of the coefficients of F' using the
explicit splitting lemma, Proposition 3.2.

§85. Birational models of sextic double solids

In this section, we prove Theorem B on birational nonrigidity of certain sextic double
solids. First, we give the generality conditions that we use.

DEFINITION 5.1. Let X be a sextic double solid in Notation 3.4. Let P(1,1,3) have
variables v, z,w, and let P! have variables 3, z. Define the following generality conditions,
depending on the family that X lies in:

(4)  V(2waz+c5,w? —dg) CP(1,1,3) is 10 distinct points,

(5)  V(ag,—w?+ds) CP(1,1,3) is 4 distinct points,

(6)  c4—2a1bz —agby +2apa3 + 6atay € Cly, 2] is nonzero, and V(ag) C P! is two distinct
points, and for both of these points P, one of b3(P), c4(P) or ds(P) is nonzero,

(7.1) V(—ea+4agrs+bs—6a3) C P! is two distinct points,

(7.2) 71 and gy are coprime in Cly, 2],
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(7.3) ¢2 € Cly, 2] is not a square,
(8) a0+ Ao

THEOREM B. FEwvery terminal Q-factorial sextic double solid with a cA,, singularity with
n > 4 that satisfies the generality conditions in Definition 5.1 has a Sarkisov link starting
with a weighted blowup with center the cA,, point.

We treat each of the seven families separately. We use the notation in Construction
2.25 and Example 2.26 for the 2-ray links. We write the cA4 case in more detail. Below,
when we say that a birational map is m Atiyah flops, then we mean that the base of
the flop is m points, above each we are contracting a curve and extracting a curve, and
locally analytically above each of the points it is an Atiyah flop. Similarly for flips. Below,
for a morphism ®: Ty — P, we let ®*: CoxP — CoxTy denote a corresponding C-algebra
homomorphism of Cox rings (this is described explicitly in the proof of Proposition 5.4).

5.1 Singularities after divisorial contraction

The non-Gorenstein singularities on Y for an ordinary type divisorial contraction
Y — X with center a cA, singularity can be easily found using the result by Kawakita,
Theorem 2.21. On the other hand, the structure or the number of Gorenstein singularities
is unclear. We show in Proposition 5.3 that if X in one of the 11 families is general, then Y
has no Gorenstein singularities. We do not give the generality conditions of Proposition 5.3
explicitly. We do not need Proposition 5.3 for proving Theorem B.

LEMMA 5.2. Let a,b € Cly,z] be nonzero homogeneous polynomials with dega > degb
such that for every homogeneous polynomial ¢ € Cly, z| of degree dega —degb, the polynomial
a+bc is divisible by the square of a linear form. Then a and b are both divisible by the square
of the same linear form.

Proof. Suffices to prove that for polynomials f,g € C[z], if f+ Ag has a repeated root for
infinitely A € C, then f and g have a common repeated root. Dividing f and ¢ by suitable
linear polynomials, it suffices to consider the case where every common root of f and g is
a common repeated root of f and g.

If the set

A={a€C|ais arepeated root of f+ \,g for some A\, € C}

is finite, then there exist o € C and A1 # Ay such that « is a repeated root of both f+ A\ig
and f+ Aag. It follows that « is a repeated root of both f and g.
d A
Without loss of generality, both f and g are nonconstant. Subtracting g- (f;g) from
x
d dg d
g9 (f+Ag), we find that a repeated root of f+ Ag is necessarlly a root of fd— —gdf
x x

T
dg df f
Er d , then the set A

is finite. In both cases, f and g have a common repeated root. O

, then a prime factor of ¢ is a prime factor of f. If f 75 94,

PROPOSITION 5.3. Let X be a member of family k € Inds of Notation 5.4 which is smooth
outside a cA|y| singularity at P, = [1,0,0,0,0]. Let Y — X be a divisorial contraction with
center Py, which is an (r1,7r2,1,1)-Kawakita blowup. If X is general, then Y has a quotient
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singularity 1/r1(1,1,r1 —1) if r1 > 1 and a quotient singularity 1/ro(1,1,r9 —1) if ro >1
and is smooth elsewhere.

Proof. We show that Y has only up to two quotient singularities on the exceptional
divisor and is smooth elsewhere. Since Y — X is an (r1,72,1,1)-Kawakita blowup, we can
consider the local analytic coordinate system around P, where X is given by wt+ h(y, z)
where h € C{y,z} has multiplicity n+ 1. The variety Y is locally analytically around
the exceptional divisor given by wt+ —trh(uy,uz) inside the geometric quotient (C®\
V(w,t,y,2))/C* where the C*-action is given by - (u,w,t,y,2) = (A~ u, N w, "2, Ay, A2).
The singular locus of Y is given by

8hn+1 ahfn—‘,-l
oy = Oz

SingY =V <u,w,t, R, ,hn+2> U{ Py }it ri>1 U{Pr}it ro>1,

where h; denotes the homogeneous degree ¢ part of h, and P, and P, are the points
[0,1,0,0,0] and [0,0,1,0,0], respectively. We see that Y is singular outside of P, and P; if
and only if there exists a homogeneous linear form L € C[y, 2] such that L? divides hy1
and L divides h, 5. For all k € Inds, exactly one of the following holds:

e Y\ {P,, P} is smooth for a general X in family k, or
e for all X in family k, there exists a homogeneous linear form L € Cl[y,z] such that L?
divides h,y1 and L divides hyo.

We write the proof for family 8 in detail, the proofs for the other 10 families are similar.
Using the explicit splitting lemma (Proposition 3.2), we compute that

hg = Q — 2d37‘§ = 8(@0 — Ao)Sg +rR,

where @, R € Cly,z] are homogeneous of degrees 9 and 7, respectively, and @ does not
contain the polynomial d3. Assume that for all X in family 8, there exists L such that L?
divides hg. Using Lemma 5.2 with (a,b,c) = (Q, r3, —2ds), we find that a prime divisor of
ro divides hg. Therefore, a general member X of family 8 satisfies that r and s3 have a
common prime divisor, contradicting Theorem A(d) and Proposition 3.8. So, for a general
X in family 8, Y\ {P,, P} is smooth. 0

5.2 cA4 model

Note that Okada described a Sarkisov link starting from a general complete intersection
Z56 CP(1,1,1,2,3,4) to a sextic double solid (see entry No. 9 of the table in [43, §9]). We
show the converse:

PROPOSITION 5.4. A sextic double solid with a cAy singularity satisfying Definition 5.1
has a Sarkisov link to a complete intersection Zse C P(1,1,1,2,3,4), starting with a
(3,2,1,1)-blowup of the cAy point, then 10 Atiyah flops, and finally a Kawamata divisorial
contraction (see [3]]) to a terminal quotient 1/4(1,1,3) point. Under further generality
conditions (Proposition 5.3), Z is quasismooth.
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Proof. We exhibit the diagram below.

10><(1,1,—1 —1)

(3,2,L1/ \ / (5303

cAy€ X CP(14,3 1/4(1,1,3) € Z56 CP(13,2,3,4)

The corresponding diagram for the ambient toric spaces is given in detail in Example 2.26.
By Theorem A, every sextic double solid X with an isolated cA4 singularity can be
given by

V(f) CP(1,1,1,1,3)

with variables x,y, z,t,w where

~

f= + 24?4+ 223tay + 232 Ay + 2%aZ + 2%t By + 2C5s + D,

where ay € Cly, z] is homogeneous of degree 2, and A;, B;,C;, D; € Cly, z,t] are homogeneous
of degree 1.
Below, we perform the following constructions:

—_

We define a weighted projective space P =P(1,1,1,1,3,5).
We define a subvariety X of P by explicitly describing a homogeneous ideal.
We show that X and X are isomorphic by constructing an explicit isomorphism.

[\)

N

We construct a toric variety 7.

We define a morphism &: Ty — P.

We construct a subvariety Yy of Ty by explicitly describing a bihomogeneous ideal Iy
of the Cox ring of Tj.

(7) We restrict the morphism @ to Yy and check that its image is X.

t

N N N N N
D w
— — N

Although computational, the above steps are completely elementary. The reason for these
constructions is that, as we prove below, the morphism Yy — X is the (3,2,1,1)-Kawakita
blowup and Iy 2-ray follows Tj.

The reader might have the philosophical question of how the author found the varieties
P, X, Ty and Yy, described below, and why they are defined exactly as they are. In
Remark 5.5, we describe the methods we used to arrive at the construction of P, X, Ty and
Yy. Note that the choices involved in (1), (2), (4), and (6) above are somewhat arbitrary.
Namely, there exist other varieties P, X,Ty and Yj such that Yy — X is the (3,2,1,1)-
Kawakita blowup and Iy 2-ray follows Tjp.

We start by constructing X. Define the bidegree (5,6) complete intersection X, isomorphic
to X, by

X: V(fv_xg—i_az _DG) - P(17171717375)
with variables x,vy,2,t,a,&, where

f=—&42aas + 20t +2°t2 Ay + 2t Bs + Cs.
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The isomorphism is given by
XX
[2,y,2,t,w] = [2,y,2,t,0,20  as + 20/ at + 2°t* Ay + 2t B3 + Cs ],
where o = w + 2%t + zas, with inverse
[z,y,2,t,0,€] = [2,y,2,t,a — 2°t — 2as)].

We describe the divisorial contraction ¢: Yy — X. Define the toric variety

v x|y z a £t

0 1|1 1 3 5 1
T
0(—1011362)’

as in Example 2.26. Let ® be the ample model of V(z), that is,

&: Ty —P(1,1,1,1,3,5)

[u,z,y,z,a,&,t] — [m,uy,uz,th,u?’a,u%].

Let Yy be the strict transform of X. Let ®* denote the corresponding C-algebra homomor-
phism, namely

®*: (C[x’y7z?t7a7£] % C[U7x’y7z’a7§,t:|
O*: x>z, Yy uy, 2 uz, teu’t, a— uda, £ ubE.

Define
Ay = A1 (y,z,ut), By = Bs(y, z,ut), Cy =C5(y, z,ut), Dy = Dg(y, z,ut)
and define the polynomial g = ®* f/u®, that is,
g = —uf+2aas + 2axt+ 222 Ay + 2tBy + Cy.
Then, Y} is given by
Yy: V(Iy) C Ty where Iy = (g, —x€+a® — Dy).

We will see later that Iy 2-ray follows 7. Note that there exist other ideals that define the
same variety Yy C Tj (see [20, Cor. 3.9]), but where the ideal might not 2-ray follow Ty. Also
note that we have not (and do not need to) prove that the ideal Iy is saturated with respect
to u, although in general, saturating might help in finding the ideal that 2-ray follows Tj.
The morphism Yy — X is the restriction of Ty — P(1,1,1,1,3,5). Locally, (Yp), — X, is the
(3,2,1,1)-blowup of V(f’) C C* with variables «,t,vy,z, where

f'=—a®+20as +2at +t? Ay +tBs + Cs + Dg.

Since wt f/ =5, by Proposition 4.6, (Yp), — X, is a (3,2,1,1)-Kawakita blowup.

The first diagram in the 2-ray game for Yy is 10 Atiyah flops, under Definition 5.1. We
describe the diagram Yy — Wy < Y7 globally. Multiplying the action matrix of Ty by the
matrix (1 9), define
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u xr y

T ( 0 1 1

-1 -1 0

Define Y7 by V(Iy) C T}. Define the morphisms Yy — Wy and Y; — W) as the ample models
of V(y). The exceptional locus of Yo — Wy is E; =V (£,t) C Y, the exceptional locus of
Y] — Wy is BEf = V(u,z) C Y, and the base of the flop is

z al|€ t
1351)
0 0|1 1/

{Pz} = V(2OZ(J,2 +C'5(y,z,0), Oé2 _D6(yaz70)) C ]P)(l?lvg) - WO,

where P(1,1,3) has variables y, z, . If as, C5(y,2,0) and D5(y, z,0) are general enough, that
is, if Definition 5.1 is satisfied, then the base of the flop is 10 points {P;}1<i<10, and both
Ey and Ej are 10 disjoint curves mapping to {P;}1<i<10-

We show that locally analytically, the diagram Yy — Wy < Y7 is 10 Atiyah flops. Let
P € Wy be any point in the base of the flop. Then, P has y or z coordinate nonzero. We
consider the case where the y-coordinate is nonzero, the other case is similar. Since the base
of the flop is 10 points, the point P is smooth in P(1,1,3). By the implicit function theorem,
we can locally analytically equivariantly express o and z in terms of the variables u,x,&,t
on the patches (Yy),, (Wy)y, and (Y1),. So, the flop Yy — Wy < Y] is locally analytically a
(1,1,—1,—1)-flop, the so-called Atiyah flop, around P.

The last morphism Y; — Z in the link for X is a divisorial contraction. Multiplying the

action matrix of Ty by the matrix (g :?) with determinant 4, we see that

U al& t
T1%<5 310 —4).
1 314 0

Let Y7 — Z be the ample model of %V(&), that is,

N o8
— =@
— =W

Y1~ Z7
[u,z,y,z,a,&,t] — [tgu,tiy,t%z,t%x,t%a,f} :
Then Z is the bidegree (5,6) complete intersection
Z:V(h,—z€+a* — Dg(y,z,u)) CP(1,1,1,2,3,4)

with variables u,y, z,x,«, &, where the h is given by applying the C-algebra homomorphism
t— 1 to g. The morphism Y; — Z contracts the exceptional divisor V(¢) C Y; to the
point P = [0,0,0,0,0,1]. On the quasiprojective patch (Y1)¢, we can express u and z
locally analytically equivariantly in terms of y, z,,t. So, the morphism Y; — Z is locally
analytically the Kawamata weighted blowdown (see [34]) to the terminal quotient singular
point P¢ of type 1/4(1,1,3). O

REMARK 5.5. We explain below how we found the variety X used in Proposition 5.4.
We start with the variety X, given by Theorem A. Note that it is not possible to assign
welghts to the coordinates of P(1,1,1,1,3) such that the corresponding weighted blowup of
X would be a (3,2,1,1)-Kawakita blowup. To amend this, we first replace the variety X
by a variety X such that choosing the weights appropriately, the weighted blowup of X is
the (3,2,1,1)-Kawakita blowup. So far the process is algorithmic. Unfortunately, as we see
below, the constructed ideal Iy does not 2-ray follow the ambient toric variety Tp. Using
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the technique known as unprojection, we construct another toric variety Ty and a subvariety
Yy given by an ideal Iy-. This time we are lucky, since as the proof of Proposition 5.4 shows,
the ideal Iy 2-ray follows Tj. Note that the variety Y; has higher codimension in Tj than
Y, had in T,. We give details below.

We perform the coordinate change XX given in Equation (4.4) of Corollary 4.10,
with (r1,72,a,1) = (3,2,1,1), po = as and vg = 1. We see that X is isomorphic to

X:V(f)CP(1,1,1,1,3)
with variables x,y, z,t,a, where
f=a(—a+22%t 4 2zay) + 2°t* A; + 2°t By +2C5 + Dg.

We construct a (3,2,1,1)-Kawakita blowup Yy — X. Define the toric variety Ty by

u T|ly 2z o t
Toi( 0 1|1 1 3 1)'
-1 0|1 1 3 2

In other words, Tp is given by the geometric quotient

- C\V(() (5. 20.0)

T (C)? |

Let ® be the ample model of V(z), and let Yy C T be the strict transform of X. By

Corollary 4.10, Yy — X is a (3,2,1,1)-Kawakita blowup. Alternatively, define Yy by V(g) C
To where

g=oa(—ua+ 202t + 2zasz) + 222 Ay + 2%tBy + 20y +uDy

and use Proposition 4.6 on the patch (Yp), — X, to show that Yy — X is a (3,2,1,1)-
Kawakita blowup, similarly to Proposition 5.4.
We show that Iy does not 2-ray follow Tj. We describe the next (and the final) map in

the 2-ray game for Ty. Acting by the matrix (% j), we can write Ty by

(

The ample model of the divisor V(y) is the weighted blowup

y 2z o 1
000—1)
113 0/

1

T

— =
[N

To —P(1,1,1,2,3)
[u,z,y, z,a,t] — [y, z,ut, xt, af,

where the center is the surface P(1,1,3) given by V(u,z) C P(1,1,1,2,3) with variables
Y, 2,u,T,a. Above every point in P(1,1,3), the fiber is P!. Define

Z:V(h) CP(1,1,1,2,3),
where

h = a(—ua+ 222 4+ 2za) + 2 Az + 2° By + 2Cyz +uDy,
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where
AZ :Al(yyz7u)7 BZ :B3(Z/727u>; CZ - 05(24,2’#)7 DZ = Dﬁ(y,Z,U)-

We show that when restricting the weighted blowup to Yy — Z, the exceptional
locus is one-dimensional. After restricting to Yy, the exceptional divisor V(¢) becomes
V(t,z(2aas + Cs(y,2,0)) +u(—a? + Dg(y,2,0))). By Definition 5.1, there are exactly 10
points Py,..., P € P(1,1,3) C Z such that 2aas + Cs(y,2,0) and —a? + Dg(y, 2,0) have a
common solution. Above each of those points, the fiber is P'. Above any other point, the
fiber is just one point. Therefore, the morphism Yy — Z contracts 10 curves onto 10 points,
and is an isomorphism elsewhere. This shows that Yy does not 2-ray follow Tp, since Z is
not Q-factorial and a 2-ray link ends with either a fibration or a divisorial contraction.

The problem with the previous embedding was that g belonged to the irrelevant ideal
(u,x). We unproject the divisor V(u,z), to embed Y, into a toric variety Ty such that Yj
2-ray follows Ty. The varieties Yy C Ty are defined as in the proof of Proposition 5.4. We
see that Y{ is isomorphic to Yy through the map

Ozz—Dy
[u7x7y7z7a7t]’_> u7x7y7z7a7 T 7t *

The map is a morphism, since we have the equality

a? — Dy _ 20az + 20zt + 2?t? Ay +xtBy + Cy
T U

in the field of fractions of Clu,x,y,z,,t], and z or u is nonzero at every point of T. For
more details on this kind of unprojection, see [49, §2] or [44, §2.3].

The coordinate change Y; — Yy induces a coordinate change X — X, where X is defined
as in the proof of Proposition 5.4.

5.3 cAs model

PROPOSITION 5.6. A sextic double solid X which is a Mori fiber space with a cAs
singularity satisfying Definition 5.1 has a Sarkisov link to a sextic double solid Z with a cAs
singularity, starting with a (3,3,1,1)-blowup of the cAs point in X, then four Atiyah flops,
and finally a (3,3,1,1)-blowdown to a cAs point. If in addition c4 is general after fizing
a;, b;, and dg in Notation 3.4, then X and Z are not isomorphic. Under further generality
conditions (Proposition 5.3), both X and Z are smooth outside the cAs point.

Proof. We exhibit the diagram below.

4><(1 1,—1 —1)

(3, 3,1,1/ \ / Yl,l)

cAs € X CP(143) cAs € Z CP(14,3)

We construct X and a (3,3,1,1)-Kawakita blowup Yy — X. Using Theorem A, and
performing the coordinate change in Equation (4.5) of Corollary 4.10 (with ps = az), we
can write a sextic double solid X with a cAs singularity by

X: V(fv_ﬂ+xt+a2) Q]P)(]_,l,]_,]_’Q,?))?
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with variables z,vy, z,t, 3,w where
f=—w?+2B(2bs — 4Bay +8xtay +xB) + 4x3t3ag + x°t> By + xtCy + D,

where B;, C;, D; € Cly, z,t] are homogeneous of degrees i. Define Ty by

u x|y z w Bt
Toi< 0 111 1 3 2 1).
-1 0|1 1 3 3 2

Let ®: Ty — P(1,1,1,1,2,3) be the ample model of V(x), Yy C Ty the strict transform of X,
and Yy — X the restriction of ®. Then, Yj is given by

Yo: V(Iy) C Ty where Iy = (®*f/ub, —uB +at+as),

and Yy — X is a (3,3,1,1)-Kawakita blowup.
We show that the first map in the 2-ray game for Y} is a flop, locally analytically 4 Atiyah
flops, under Definition 5.1. Acting by the matrix (_11 (1]), we find

v x|y z w Bt
T0%< 0 1111 3 2 1>'
-1 -1/0 0 0 1 1

The base of the flop in P(1,1,3) C Wy is given by V(ag, —w? + Dg(y, 2,0)) C P(1,1,3). If
as and Dg(y,z,0) are general, that is, Definition 5.1 is satisfied, then this is exactly four
points. In this case, any such point P is a smooth point in P(1,1,3). Consider the case
where the y-coordinate of P is nonzero, the case where z is nonzero is similar. Locally
analytically equivariantly, we can express z and w in terms of uw,z,3,t in Yy, Wy, and Y.
So, the diagram Yy — Wy < Y7 is locally analytically four Atiyah flops.

The last map in the 2-ray game of Yy is a weighted blowdown Y; — Z. After acting by

(3 :%) on the initial matrix of Ty, we find that T is given by

y z w|p t
1130—1)
11 3|1 0/

N w8

u
e
We see that Z C P(1,1,1,1,2,3) with variables 3,u,y,z,x,w is given by the ideal
Iz = (h,—uf+z+as),
where h is given by sending ¢ to 1 in ®* f/u%, namely
h = —w? 4+ x3(2b3 — 4ufay +8zay +xB) +42*ag +2°By +2Cz + Dy
and
By = Bs(y, z,u), Cz = Cy(y,z,u), Dy = Dg(y,z,u).

Substituting = uf — ag into h, we find that Z is a sextic double solid. Applying the explicit
splitting lemma (Proposition 3.2), we find that the complex analytic space germ (Z, Pg) is
isomorphic to (V(hana),0) C (C*,0) with variables w,u,y, z, where

hana = —w’+u®+ de — (b3 — 2a/1a2)2 + (h.o.t in y, 2),
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where (h.o.t in y, z) stands for higher-order terms in the variables y,z. So, P3 € Z is a cAs
singularity. On the patch where 3 is nonzero, we can substitute u = xt+ a2, so the morphism
(Y1)g — Zp is a weighted blowup of a hypersurface given by a weight 6 polynomial. By
Proposition 4.6, Y1 — Z is a (3,3, 1,1)-Kawakita blowup.

We show that X and Z are not isomorphic when ag # 0 and ¢4 is general, using a
dimension counting argument similar to [25, Th. 2.55]. Using the explicit splitting lemma,
we find that the complex analytic space germ (X, P,) is isomorphic to (V(fana),0) C (C*,0)
with variables w,t,y,z where

fana = —w? + 1% +dg — 2a9c4 +2a3bs — dagal — (b3 —4ayas)? + (h.o.t in y, 2).

If X and Z are isomorphic, then this implies that the complex analytic space germs (X, P,,)
and (Z, Pg) are isomorphic, implying by Propositions 2.4 and 2.5 that the degree 6 parts of
fana(0,0,y,2) and hana(0,0,y,2) are the same up to an invertible linear coordinate change
on y, z. Fixing ag, a1, as, ba, b3, and dg, we see that han,(0,0,y, 2) is fixed, but fana(0,0,v,2)
has 5 degrees of freedom. Since there are only 4 degrees of freedom in picking an element of
GL(2,C), the polynomials fana(0,0,,2) and hana(0,0,y,z) are not related by an invertible
linear coordinate change when ¢4 is general. This shows that if X is general, then the
varieties X and Z are not isomorphic. O

5.4 cAg model

ProOPOSITION 5.7. A sextic double solid that is a Mori space with a cAg singularity
satisfying Definition 5.1 has a Sarkisov link to a hypersurface Zs CP(1,1,1,1,2) with a cAs
singularity, starting with a (4,3,1,1)-blowup of the cAg point, then two (1,1,—1,—1)-flops,
then a (4,1,1,—2,—1;2)-flip, and finally a (2,2,1,1)-blowdown to a cAs point. Under further
generality conditions, the singular locus of Z consists of three points, namely the cAs point,
the 1/2(1,1,1) quotient singularity, and an ordinary double point.

Proof. We exhibit the diagram below.

2><(1,1,—1 —1) (4,1,1,—2 —1; 2)

i \ / \ / e

cAg € X CP(14,3) cAs € Zs CP(14,2)

We construct X and a (4,3,1,1)-Kawakita blowup Yy — X. Using Theorem A and
Corollary 4.10 with ps = as and p3 = b3 — 4a1a2, we can write a sextic double solid X
with a cAg singularity by

X: V(fv_ﬂ+xt+a2) - P(171)171>273)7
with variables z,y, z,t,8,w where

f=a(—a+2(bs —4Pa; +4xtas +z3))
+28(cq — by + 2xthy + 22 Ba1 + 2% ag — 6t Bag + 622 ag)
+ 223 By + 2t>Cy +tDs,
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where B;, C;, D; € Cly, z,t] are homogeneous of degree i. Define Tj by

O = 8
w N ™
[N
—

Y
1
1

= o= N
=~ w Q

u
0
To: (—1

Let ®: Ty — P(1,1,1,1,2,3) be the ample model of V(x), Yy C Ty the strict transform of X,
and Yy — X the restriction of ®. Then, Y; is given by

Yy: V(Iy) €Ty where Iy = (®*f/u”, —uB +xt+ay),

and Yy — X is a (4,3,1,1)-Kawakita blowup.

We show that the first diagram Yy, — Wy < Y7 in the 2-ray game for Yy is locally
analytically two Atiyah flops under Definition 5.1, namely that V(as) C P! with variables
Y,z consists of exactly two points, and for both of the points P, one of b3(P), c4(P) or
ds(P) is nonzero, where D5 = t°dg + 2t4dy +t3dy + 2t2d3 +tds + 2ds. Acting by the matrix
(4 73) find

5 7°), we fin

z a (B t
1 0 —1 —2)
01 1 1/

u x|y
Ty ( 3 4|1
-1 —-1|0

Under the above condition, after a suitable linear change of coordinates on y,z, we find
that as = yz. Let P =V(2) € P! C Wy, the case where P = V(y) is similar. On the patch
where y is nonzero, we can substitute z = u3 — xt. The contracted locus is P! = V(«, 3,t) C
(Yy)y, and the extracted locus is V(u,z) = V(u,z,ab3(1,0)+ Beca(1,0)+td5(1,0)) C (Y1),. By
Definition 5.1, we can express one of «,3,t equivariantly locally analytically in the other
variables. So, the flop diagram Yy, — Wy < Y} is locally analytically a (1,1,—1,—1)-flop
above both of the points.

We show that the next diagram in the 2-ray game of Yy is a (4,1,1,—2,—1;2)-flip (this
is case (1) in [8, Th. 8]). The toric variety 77 is given by

y z|la [t
1 1|0 -1 —2)
0 0]1 1 1/

u

x
T ( 3 4
-1 -1

The base of the flip is P, =[0,0,0,0,1,0,0]. On the patch where « is nonzero, we can
express u locally analytically and equivariantly in terms of z,vy,z,3,t. After substitution,
the ideal is principal, with generator f' = —3-(2x+---)+xt+ as. Under Definition 5.1, ag
has a nonzero coefficient in f’, so the flip diagram corresponds to case (1) in [8, Th. 8]. The
flips contracts a curve containing a 1/4(1,1,3) singularity and extracts a curve containing
a 1/2(1,1,1) singularity and an ordinary double point. The ordinary double point on Y5 is
at [ug,0,0,0,2,1,1] for some ug € C.

We show that the last map in the 2-ray game of Y; is a weighted blowup Y5 — Z, where
Z is isomorphic to a hypersurface Z5; C P(1,1,1,1,2) with variables w,y, z, 3,a. Acting by

the matrix (% j) on the initial action-matrix of Ty, we find that T3 is given by
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u x Yy z alf t
T2:<2 311 110 —1>'
1 211 2|1 0

Define the bidegree (5,2) complete intersection Z: V(h,as —uf+2z) CP(1,1,1,1,2,2) with
variables u,y, z, 8, x,«, where

h = a(—ua+2(bs — 4ufay +4zxar +z5))
+28(cq — uBby + 22by + 22 Bar + 2u>f%ag — 6uxBag + 6x2ag)
-l—szZ +2Cz+ Dy,

where
BZ - Bl(yu'z?u)u C'Z - CB(ZUaZaU)> DZ = D5(y72”u)-

The morphism Y5 — Z given by the ample model of V(3) is a weighted blowdown with
center Pz and exceptional locus V(¢). Substituting

r=uf —as (5.1)

into h, we find that Z is isomorphic to a hypersurface Z5 C P(1,1,1,1,2) with variables
u,y, 2,3, . The substitution (5.1) does not lift onto Y. Instead, on the patch Zg, we can
substitute u = (a2 +x)/5. This substitution lifts to (Y2)z. By Definition 5.1, P € Z is a cAs
singularity and the hypersurface Z3 is given by a weight 4 polynomial. By Proposition 4.6,
(Y2)g — Zg is a (3,1,1,1)-Kawakita blowup.

Note that Z has an ordinary double point at [ug,0,0,1,2] for some wug € C. U

5.5 cAy family 7.1 model

PROPOSITION 5.8. A Mori fiber space sextic double solid with a cA; singularity in family
7.1 satisfying Definition 5.1 has a Sarkisov link to Zs 4 CP(1,1,1,1,2,2) with an ordmary
double point, starting with a (4,4,1,1)-blowup of the cA7 point, then two (4,1,1,—2,—1;2)-
flips, and finally a blowdown (with standard weights (1,1,1,1)) to an ordmary double
point. Under further generality conditions, Z has exactly five singular points, namely two
1/2(1,1,1) singularities and three ordinary double points.

Proof. We exhibit the diagram below.

Y, s vy LNy
N
cA; € X CP(143) ODP € Z3 4 C P(14,2%)

We construct X and a (4,4, 1,1)-Kawakita blowup Yy — X. We can write a sextic double
solid X with an isolated cA7 singularity in family 7.1 by

X:V(f,f—axt—re,y—2zB—s3) CP(1,1,1,1,2,3,3)
with variables z,y, z,t, 8,7, w, where

f=—w?4+2% —2tves +2B%e5 + 2t feg + Atyby — 26%by — 2t3%by + 4at? Bby
+ 222t*by — 16tya? 4+ 165%a% +48va, —8B%ag + 12zt Bag + xt*Co + 12 Dy,
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where C;, D; € Cly, z,t] are homogeneous of degree i. Define Tj by

u x|y z w vy Bt
(0 1111 3 3 2 1)
T(): .
-1 0|1 1 4 4 3 2

Define Y by
Yy: V(Iy) C Ty where Iy = (®*f/u®, uf —ro —at, uy —s3 —x3).

The ample model of V(z) CYj is a (4,4,1,1)-Kawakita blowup Yy — X.
We show that the diagram Yy — Wy « Y7 induces an isomorphism Yy — Y7. Acting by
the matrix (%, 3*), we find

u

Tog(fl

y 2wy B
1100—1—2)
0011 1 1/

x
4
-1
Define T (resp. T>) with the same action as Ty but with irrelevant ideal (u,x,y,z)N
(w,v,B,t) (resp. (u,z,y,z,w,vy)N(B,t)). Define Y1 C T} and Yo C T, by the same ideal
Iy. The base of the flop Ty — Wy + Ty restricts to V(ra,s3) C Pt C Wy, which is empty.
Therefore, Yy — Wy and Wy < Y7 are isomorphisms.

We show that the next diagram Y; — W3 < Y5 in the 2-ray game of Y is locally
analytically two (4,1,1,—2,—1;2)-flips. The only monomials in ®*f/u® that are not in
(u,x,y,2,8,t) are —w? and ~2. Therefore, the base of the flip is two points, [1,1] and
[—1,1] € P! with variables w and + inside W;. We make a change of coordinates w’ = w —-,
respectively w’ = w4+, for the flip above [1,1], respectively [—1,1]. On the patch where
7 is nonzero, we can substitute u = s3 +x3 in ®* f/u®, and express w’ locally analytically
and equivariantly above [1,1], respectively [—1,1], in terms of x,y, z,3,t. After projecting
away the variables u and w’, we are left with the principal ideal (3s3 —ro +z8% — at). Since
it contains both 7o and xt, by case (1) in [8, Th. 8], it is a terminal (4,1,1,—2,—1;2)-flip
above both [1,1] and [—1,1]. The flip contracts two curves, both containing a 1/4(1,1,3)
singularity, and extracts two curves, both containing a 1/2(1,1,1) singularity and a cA;
singularity. The cA; points are both ordinary double points if r5 is not a square of a linear
form, and are both 3-fold A, singularities (given by x% +x3 + 3 + z3) otherwise. On Ya,
the cA; singularities are at [0,0,0,0,1,1,1,1] and [0,0,0,0,—1,1,1,1].

We show that the last map in the link for X is a divisorial contraction Y5 — Z’. Acting

by the matrix (g :%) on the initial action-matrix of Tp, we see that

u Ty z w y|p t
N<2 311 1 110 —1)
T, = .

1211 2 2|1 0

Define 7’ C P(1,1,1,1,2,2,2) with variables u,y,z,3,w,7y,z by the ideal I/, where I is
the image of the ideal Iy under the homomorphism ¢+~ 1. Let Y5 — Z’ be the ample
model of V(). On the affine patch Zj, we can express u and z locally analytically and
equivariantly in terms of y, z,w,~, 8,t. This coordinate change lifts to Y5. By Definition 5.1,
we can compute that Pg € Z' is an ordinary double point, and Y5 — Z’ is locally analytically
the (usual) blowup with center Pg.
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The variety Z’ is isomorphic to a complete intersection Z3 4 C P(1%,22), by projecting
away from z. The variety Z is given by

Z3.4: V(—s3+ Bra+uy—uB? h) CP(1,1,1,1,2,2)
with variables u,y, z, 8, w,~y, where

h = —w?+~% +2bor2 — 4Bby79 — 4uBbyry — 123%agrs — 2vey + 2(%ey + 26 cs + 4vby
—2B%by + 2uB%by +2u? B2by — 16va3 + 165%a3 + 4Bvay +4ufag + (uf —1r3)Cy + Dy,

where Cy = Cs(y,z,u) and Dy = Dy(y,z,u). The variety Z has two cA; singularities at
0,0,0,1,1,1] and [0,0,0,1,—1,1]. 0

REMARK 5.9. We explain how we found the variety X. Using ps = r2 and p3 = s3, we can
write a sextic double solid with an isolated cAy in family 7.1 by X : V(f, 2%t +xzro+s3—7)
inside P(1,1,1,1,3,3) with variables z,y, 2,t,w,%, where f is given as in Theorem A. The
(1,1,4,4,2)-blowup Yy — X for variables y, z,w,7,t is a (4,4, 1,1)-Kawakita blowup, but the
2-ray game of Yy does not follow the ambient toric variety Tj. Namely, the toric anti-flip
To — Wy < T restricts to Yy — Wy « Y1, where Yy — Wy is an isomorphism and Wy < Y}
extracts P2, a divisor on Y;. The reason why Y, was not the correct variety is that one of
the generators of the ideal of Yy is §; = 22t + 275 +us3 — w7y, which is inside the irrelevant
ideal (u,z). We find the correct variety Yy by unprojecting g1 = 0 with respect to u,z. By
unprojection, we mean the coordinate change Yy — Yy, an isomorphism. See [49, §2] or [44,
§2.3] for more details on this type of unprojection. This coordinate change induces the
coordinate change X — X, where X is given as in the proof of Proposition 5.8.

5.6 cAr family 7.2 model

ProrosITION 5.10. A Mori fiber space sextic double solid with a cAr singularity in
family 7.2 satisfying Definition 5.1 has a Sarkisov link to a complete intersection Zs 4 C
P(1,1,1,1,1,2) with a cAs singularity, starting with a (4,4,1,1)-blowup of the cA; point,
followed by one Atiyah flop, then two (4,1,—1,—3)-flips, and finally a (3,3,2,1)-blowdown
to a cAs point. Under further generality conditions, the variety Z is smooth outside the cAs
point.

Proof. We exhibit the diagram below.

y, (LLTLID) e XTI
(4, 4,1,1/ \ / \ / &,3?,1)
cAre X C P 14 cAs € 2274 - ]P(15,2)

We describe the sextic double solid X. Define X C P(1,1,1,1,2,3,3,3) with variables =,
Y, 2, t7 67 w, 7, f by the ideal

Ix = (f —2e38, B—qur1 —at, v — qus2 — 23, =€ +tsa — Br1), (5.2)
where
f=—w?+~2+2tBes + 4tybs — 28%by — 2632y + 4xt® By + 2224 by
— 16t’ya% + 1662(1% +4B~va1 —8F3ag + 12xtB%ag + xt3Cy + 12Dy,

where C;, D; € Cly, z,t] are homogeneous of degree i.
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We describe the weighted blowup Yy — X, restriction of ®: T, — P(1,1,1,1,2,3,3,3).
Define T by

— =
— =N
= ow 8
A~ w2
[SUIN Ol ey
ol W M
N —
~—

T
0 1
To: (
\-1 0
Define Yy C T by the ideal Iy with the six generators

g—2e3§, uB—qri—axt, wy—qs2—f3,
—ué+tsy—Pri, —xz€+Bs2—r1, —qaé+ty—pF2

where g = ®* f /u®. On the affine patch X, we can express 3,t, and ¢ in terms of w,~,y, z,
to get a hypersurface in C* given by fny, € Clw,7,y,2]. Note that these coordinate changes
lift to (Yp),. Since fiyp has weight 8, by Proposition 4.6, Yy — X is a (4,4, 1,1)-Kawakita
blowup.

We show that the first diagram Yy — Wy < Y7 in the 2-ray game of Y is an Atiyah
flop, provided that m and ¢; are coprime in Cly, z]. Acting by the matrix (_41 _13) on the
action-matrix of Tp, define T by

v o x oy zlw vy B & t

( 3 4 1 1]0 0 -1 -3 =2 )

Tll .
-1 -1 0 01 1 1 2 1

Define Y; C T} by the ideal Iy. The base of the flop is V(g;) C P! with variables y, z, which
is one point. Perform a suitable invertible linear coordinate change on y,z such that ¢; = z
and r; =y. Since uf — 171 — xt is in Iy, we can substitute z = ufS — xt on the patch where
y is nonzero. The coefficients of § in —u& +tso — Py € Iy and v in —z€ + Bse —yy € Iy are
nonzero on the patch where y is nonzero. Therefore, we can locally analytically equivariantly
express B and v in terms of w,x,w,t. After substituting z, 3,7, we find that the diagram
Yo — Wy + Y7 is locally analytically the Atiyah flop.

The next diagram in the 2-ray game of Yj is the flip Y1 — W7 «+ Y5. The base of the flip
is V(2 —w?) C P! with variables w,~, which is two points [1,1] and [-1,1]. We consider
the point P = [1,1], the flip for the other point is similar. Perform a coordinate change
w’ = w —~. On the patch where v is nonzero, we find u = q150 + 28 and t = ¢ & + 32
Writing ¢; = z and ry =y as before, we find y = —x£ + 5s2. We are left with the principal
ideal in C[z, z,w’, 3,£] generated by —w’(2+w’) + terms not involving w’. So, we can locally
analytically equivariantly express w’ in terms of z, z, 3,£. So, the diagram Y; — W7 < Y5 is
locally analytically two (—4,—1,1,3)-flips.

The next diagram in the toric 2-ray game T — W, < T3 restricts to isomorphisms
Yy — Wy <= Y3. The reason is that the base of the toric flip Pg restricts to an empty set in
W, since Iy contains the polynomial ty — 32 — ¢€.

We show that the last diagram in the 2-ray game of Y} is a divisorial contraction Y3 — Z.
Multiplying the action-matrix of T} by (2 3), we see that T3 is given by

pgle t
1
1

L)

NSRS, S

Y
2
1

= N X

w
3
2

N w2

u
(]

https://doi.org/10.1017/nmj.2024.17 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.17

1014 E. PAEMURRU

Consider the variety Z CP(1,1,1,1,1,2,2,2) with variables &, u,y, z, 3,2, w,y where Y3 — Z
is the ample model of V(§). On the patch Z¢, we can substitute u = sy — 511, = B9 — 11
and z =y — 3%, and compute that Z¢ is a hypersurface given by a weight 6 polynomial,
with a cAjy singularity at P: € Z¢, of type at least 2 (see Definition 4.8). These substitutions
lift to (Y3)¢, showing that Y3 — Z is a (3,3,2,1)-Kawakita blowup with center P:. If the
coeflicients are general, namely when

—2ep+8B%agrs — 2%bg + 126%a3 € Cly, B]

is not a full square, where rg = r1(y,—3?), esg = e3(y,—5?), ag = a1(y,—B?), and bg =
ba(y,— (%), then the point P is exactly of type 2.
The variety Z is isomorphic to a complete intersection Zs4 C P(1,1,1,1,1,2) with

) ) ) Y )

variables u,y,z,3,&,w. We see this by substituting x = uf — ¢:r1 and v = ¢ & + 3%. We
find that Z is isomorphic to Zs 4: V(—u€ + sy — fOri, h), where

h=—w’+&¢} —2e3€ + B4+ 2boqirs — 4Bbiqrry — 4uBboqiry — 128%aoqrr +4Ebaqy
—168alqr +4B8Earq1 +268°6q1 + 2Bes +28%by + 2uB%by 4 2u® 87bo + 48%ar + 4uBag
+ (B —qr1)Cz+ Dz,
where Cz = Ca(y,z,u) and Dz = Dy(y, z,u). U

REMARK 5.11. We explain below how we found the embedding of X. Using Theorem
A and the coordinate change in cA; family 7.1, we can write a sextic double solid X with
an isolated cAz in family 7.2 by

X: V(f_263(t52 —,87’1), 5—xt—Q17“17 7—$5—Q182) g P(1717171727373)

with variables z,y, z,t, 3,7, w.

We construct a (4,4,1,1)-Kawakita blowup Yy — X. Define Ty by
u x|y z w vy Bt
= ( 0O 1]1 1 3 3 2 1 )
TO :
-1 0|1 1 4 4 3 2

Let Ty — P(1,1,1,1,2,3,3) be the ample model of V(z) and Yy C T} the strict transform of
X. Then Yj is given by the ideal Iy = (g1,...,Js5), where

g1 =ug+2e3(fry—tsz), Go =uf—qr1—at, g3 = uy —q152 — 3,
Ga =xg+2e3(yr1— Bs2), G5 =qug+2e3(B>—t7)).

The morphism Yy — X is a (4,4,1,1)-Kawakita blowup, as can be checked on the patch
(Yo)z — X

Note that we do not prove that Iy is saturated with respect to u. In fact, the saturation
will not be Iy if we do not use assume some generality conditions, similarly to cAg and cAr
family 7.1. As a heuristic argument to see why Iy might be saturated in the general case
(general meaning a Zariski open dense set of the parameter space), we can use computer
algebra software, pretend that a;, b;, c;, d;, q1, 71, S2, ez are algebraically independent
variables of a polynomial ring over Q or Z, for a large prime p, and calculate that the
saturation in that case indeed equals the ideal Iy .

Similarly to the diagram Yy — Wy < Y7 in the proof of Proposition 5.10, the diagram
Yy — Wy < Y] is an Atiyah flop, provided 7 and ¢; are coprime.
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We show that Iy does not 2-ray follow Ty, namely that the diagram Y; — W; < Y,
contracts a curve and extracts a divisor. Acting by the matrix (_41 _13)0n the action matrix

of Ty, define T} by

xr y z|lw vy Bt
- 3 4 1 10 0 -1 =2
T1 : ( ) s
-1 -1 0 0|1 1 1 1

and define Y7 C T} by the zeros of Iy. We consider the toric flip T} — W, < T» and restrict
it to Y7 — Wj < Ys. Since Iy is the zero ideal when restricting to V(u,z,y, 2, 3,t), the base
P! CW; of the toric flip restricts to P C W; with variables w,~y. The morphism Y, — W,
contracts a curve P! to both of the points [1,1] and [1,—1] in the base P* C W; and is an
isomorphism elsewhere. The morphism W) < Y5 extracts a curve P! for every point in the
base P! C W7, so extracts a divisor on Y5. The diagram Y; — W; < Y5 is not a step in the
2-ray game of Yy, so Iy does not 2-ray follow Ty. The reason for this was that the ideal Iy
is contained in (u,,y,2), so the surface V(u,z,y,z) C T exists on Ys, but does not exist
on Tj.

We unproject g1 = g4 = g5 = 0 with respect to u,z,y,z in Y; C Ty, to find a variety
Y1 C T1. We explain below what we mean by this. We can write the system of equations
J1 = ga = g5 = 0 in the matrix form

g 0 0 Bri—ts ;‘
0 g 0 ~r1—fBs2 ¢ =0.
2 _ t 1
00 g p -ty 95
If the above equations hold, then we have
0 0 PBri—tss g 0 pri—tso g 0 Bri—tsg g 0 0
g 0 qr1—pBse 0 0 ~r1—0Bs2 0 g ~r1—0Bs2 0 g 0
0g B—ty /| [\0 g -ty 00 pB°—ty 00y
U N —x N Qn N —2e3
Calculating the determinants and dividing by —g?, we find the equalities
tss—fr1 _ Bsa—qri _ty—p> 9. (5.3)
U T Q1 2e3

between elements of the field of fractions of Clu,x,y,z,w,~,3,t]/Iy. Using Equation (5.3),
we see that the morphism Y; — Y; given by

tSQ — ﬁT’l

[u7x7y7z7w77757t:|'_>|:u7x7y7z7w’7757 7t]

is an isomorphism, where Y7 is described in the proof of Proposition 5.10.
The coordinate change Y; — Y; induces an isomorphism X — X, giving the variety X.

5.7 cAr family 7.3 model

PRrROPOSITION 5.12. A Mori fiber space sextic double solid with a cA7 singularity in
family 7.8 satisfying Definition 5.1 has a Sarkisov link to a degree 2 del Pezzo fibration,
starting with a (4,4,1,1)-blowup of the cA; point and followed by two Atiyah flops.
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Proof. We exhibit the diagram below.

2><(1 1,-1 —1)

—————————— Yi = Y,
(4, 4,V \ / \\dj)g—ﬁbration
cAr e X C P 14 P!

First, we define X and a (4,4,1,1)-Kawakita blowup Yy — X. Any sextic double solid
with an isolated cA7 family 7.3 can be given by a bidegree (6,2) complete intersection

X:V(f,—-&+ts1 —qx—at) CP(1,1,1,1,2,3)
with variables x,vy,2,t,&,w, where

f=—w?+2%€% —2ey +E2(s2 +4ay 51 + 2251 — 203 + 1602 + 4za; + 8ag)
+t(ts] +4tay s —8t2agss — 2653 4 2tboys? — 20%by 57 — 8€ay 57 + 24t€ags?
+ 12$t2a081 2$§81 + 2tcgs1 +4tEb1 sy +4at?by s, — 16§a181 —4x€ar sy
— 245 aos1 — 24xtags; — 26cg — 4x€by — 2521)1 —4xtlb + 2x 23b + 16x§a%
+12x8%a0 + xt>Cy +tDy),

where C;, D; € Cly, z,t] are homogeneous of degree i. Define

o = 8
=~ N o
N =
N~

Yy oz
11
11

e~ w 8

u
0
To: (—1

Define ®: Ty — P(1,1,1,1,2,3) by the ample model of V(x), and define Y, as the strict
transform of X. Then, Y} is given by

Yo: V(Iy) C Ty where Iy = (®*f/u®, —u*€ +uts; — qo — xt),

Using Proposition 4.6, we see that Yy — X is a (4,4,1,1)-Kawakita blowup.
We describe the flop Yy — Wy < Y;. Multiplying the action matrix of Ty by (0 1 ), we

find
u x|y z w & t
T, = ( 1 1/0 0 -1 -2 -1 )
-1 01 1 4 4 2

The base of the flop is given by V(g2) C P! C W,. After a suitable coordinate change on
y,z, we find ga = yz. Consider the flop over V(y), the flop over the other point is similar.
Since g2 and e4 have no common divisor, on the patch where z is nonzero, we can express
y and ¢ locally analytically equivariantly in terms of w,z,t,w. So, Yy — Wy < Y7 is locally
analytically two Atiyah flops.

The morphisms Y; — W; < Y5 are isomorphisms, since w? has a nonzero coefficient in

O* f Jud.
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We show that Y5 is a degree 2 del Pezzo fibration. Multiplying the original action matrix
of Ty by the matrix (% _01) with determinant —1, we find

u x Yy 2z wl|& t
% (Y210 20 0)

The ample model of V(¢) is
Yo —» P(2,1)

[uv‘r)yazawvgat] = [é-ﬂt]

Since P(2,1) is isomorphic to P!, we see that Y5 is a fibration onto P'. On the patch (Y3);,
we can substitute x = us; —qo —u2€, to find that the general fiber is a weighted degree 4
hypersurface in P(1,1,1,2), so a degree 2 del Pezzo surface. 0

5.8 cAg model

ProrosITION 5.13. A Mori fiber space sextic double solid with a cAg singularity
satisfying Definition 5.1 has a Sarkisov link to a complete intersection Zs 3 CP(1,1,1,1,1,2)
with a ¢Dy singularity, starting with a (5,4,1,1)-blowup of the cAg point, followed by a
(4,1,1,—-1,-2;2)-flip, and finally a (3,2,2,1,5)-blowdown to the cDy singularity. Under
further generality conditions, the singular locus of Z consists of three points, namely the
c¢Dy point, the 1/2(1,1,1) singularity, and an ordinary double point.

Proof. We exhibit the diagram below.

] <‘f’};1;:1;:2j§)y2 Y,
(1,1,4y \ / Y%LS)

CAg € XG Q P(14,3) W1 CD4 € 2373 g ]P)(]_S,Q)

First, we describe X and the weighted blowup Yy — X. A sextic double solid with a cAg
singularity can be given by a multidegree (6,2,3) complete intersection

X:V(f,p—at—ry,y—xp—s3) CP(1,1,1,1,2,3,3),
with variables z,vy, z,t, 3,7,& where

f=8B%(Ag—ag) +&(—& + 2y — 8t Agrag + 2tby — 4tai +4Bay)
+t(—=16tBAZry + 2t Bey + 4tyby — 282by — 2t32bg + 4at® Bby — Styagay + 8% agas
+12Bvag — 2ty By 4+ 2B By + 16t 32 A% — 162t> BA3 — 8By Ag +xt3Cy + 12 D3),

where C;, D; € Cly, z,t] are homogeneous of degree i. Note that By € C[y, z]. Define

u x|y z v B &t

(01113231)
Tol

-1 0|1 1 4 3 5 2
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Let ®: Ty — P(1,1,1,1,2,3,3) be the ample model of V(x), and let Yy C Ty be the strict
transform of X. Then Y} is given by

Yo: V(Iy) CTy where Iy = (q)*f/ug,uﬁ—xt—rg, u'y—x,ﬁ—s;),),

and Yy — X is a (5,4,1,1)-Kawakita blowup.

The first diagram in the 2-ray game of T restricts to a isomorphisms Yy — Wy < Y7,
since 7o and s3 are coprime.

The second diagram in the 2-ray game of Tj restricts to a (4,1,1,—1,—2;2)-flip Y; —
W1 < Y5. Define the toric variety 17 by multiplying the action matrix of T by the matrix

(573),

u x y z|v B €& t
341 1|0 -1 -3 =2
T1 . < > .

2 31 1|1 0 -1 -1
On the patch where ~ is nonzero, we have u=2x6+s3 and we can write £ locally
analytically equivariantly in terms of x,y,z,5,t. We are left with the hypersurface
given by x3?+ Bs3 —at —ry in C° with variables z,y,z,3,t with weights (4,1,1,—1,-2).
The polynomial contains zt and ry, so this corresponds to case (1) in [8, Th. 8], a
(4,1,1,—1,—2;2)-flip. Similarly to Proposition 5.8, the flip contracts a curve containing
a 1/4(1,1,3) singularity, and extracts a curve containing a 1/2(1,1,1) singularity and a
cAy singularity, which is an ordinary double point if 79 is not a square and is a 3-fold A»
singularity otherwise. The cA; singularity on Y5 is at [0,0,0,0,1,1,—2ag, 1].

The third diagram in the 2-ray game of T restricts to isomorphisms Y; — W < Y53,
under Definition 5.1, namely that ag # Ag. On the patch where 3 is nonzero, the base of
the toric flip restricts to V(Ag — ag,u,x,y,2,7,£,t) C Wh.

We describe the weighted blowdown Y3 — Z. Multiplying the action matrix of T by the

matrix (g ::1)’), the toric variety T3 is given by

€t
L)

&
1
1 0

[N R, G

Y
2
1

= DN W

u ol
3 3

T:(

1 2

The ample model of V(&) is Y3 — Z where Z is the tridegree (3,2,3) complete intersection
Z:V(h,uf—x—ro,uy—zf—s3) CP(1,1,1,1,1,2,2)
with variables u,y,z,3,&, 2,7, where

h= 8,83(./40 - ao) —|—§(—u§ + 2’7 - 8AOT2 +2by — 401% + 4Ba1)
— 16,3A(2)T2 +28cy +4vb; — 2,32b1 - 2u52b0 +4x by — 8yapay + 862a0a1
+12Bvag — 2yBy +26%B; + 16uB? A3 — 162843 — 83vAg +xCyz + Dy,
where Cy = C1(y,z,u) and Dz = Ds3(y,z,u). Substituting z =wuf —ry, we see that Z
is isomorphic to a complete intersection of bidegree (3,3) in P(15,2) with variables

u,y,2,5,€,7. The variety Z has a cA; singularity at [0,0,0,1,—2ag,1]. We can compute
that the point P: € Z is a ¢D4 point, by showing the complex analytic space germ (Z, P)
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is isomorphic to (V(u?+ 2872 — s3+h.o.t),0) C (C*,0) with variables u, 3,y, 2, where h.o.t
are higher-order terms in y, z, 3. We can compute that Y3 — Z is the divisorial contraction
to a c¢Dy4 point described in [52, Th. 2.3]. 0

Acknowledgment. The author would like to thank Jihun Park for discussions on
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