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Bohr operator on operator-valued
polyanalytic functions on simply
connected domains

Vasudevarao Allu® and Himadri Halder

Abstract. In this article, we study the Bohr operator for the operator-valued subordination class S(f)
consisting of holomorphic functions subordinate to f in the unit disk D := {z € C: || < 1}, where
f:D — B(H) is holomorphic and B(FH) is the algebra of bounded linear operators on a complex
Hilbert space J{. We establish several subordination results, which can be viewed as the analogs
of a couple of interesting subordination results from scalar-valued settings. We also obtain a von
Neumann-type inequality for the class of analytic self-mappings of the unit disk D which fix the origin.
Furthermore, we extensively study Bohr inequalities for operator-valued polyanalytic functions in
certain proper simply connected domains in C. We obtain Bohr radius for the operator-valued

polyanalytic functions of the form F(z) = Zf;} Z' fi(z), where fp is subordinate to an operator-

valued convex biholomorphic function, and operator-valued starlike biholomorphic function in the
unit disk D.

1 Introduction

Let H (D) be the space of bounded analytic functions from the unit disk D := {z €
C: [z] <1} into the complex plane C and denote | f], := sup,, , [f(2)[. In 1914, the
following remarkable result for the universal constant r = 1/3 for functions in H* (D)
was proved by Bohr [13].

Theorem A Let f € H* (D) with the power series f(z) = .o anz". Then

1.1) Zolanlr" < floo

for|z| = r <1/3, and the constant 1/3, referred to as the classical Bohr radius, is the best
possible.

The interest in the Bohr inequality has been revived when Dixon [15] used it to
disprove the conjecture that if the nonunital von Neumann’s inequality holds for
a Banach algebra, then it is necessarily an operator algebra. In 2004, Paulsen and
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1412 V. Allu and H. Halder

Singh [22] extended Bohr’s theorem to Banach algebras by finding a general version
of Bohr inequality which is valid in the context of uniform algebras. For fixed z € D,
we denote

92 = {f(z) = Z anZ" :f € HM(D)} .
n=0
For |z| = r, the Bohr operator M, on G, is defined by

M,(f) = 3 lanll"| = 3 lanlr".
n=0 n=0
The Bohr operator has the following properties, which has been established in [23].

Theorem 1.1 (2]  For each fixed z € D and |z| = r, the Bohr operator M, satisfies:

(1) M,(f)>0,and M,(f) =0if, and only if, f = 0,
@) M (f+g) <M, (f)+M,(g),

(3) M (af) = |a|M,(f), a € C,

4) M. (f.g) < M (f)-M(g),

) M,(1)=1

By the virtue of Theorem 1.1, it is worth to mention that the space G, with the
norm M, constitutes a Banach algebra. However, not all Banach spaces satisfy the
Bohr phenomenon. In [7], Bénéteau et al. have shown that H?, the usual Hardy spaces
in D, do not satisfy the Bohr phenomenon for any 0 < g < co. A complex Banach
algebra A satisfies the von Neumann inequality if for all polynomial p(X) and for all
x € Awith x| <1,

(1.2) Il < lple -

In [25], von Neumann has shown that the algebra B(J{) of all bounded operators on
a Hilbert space J{ satisfies the inequality (1.2). It is well known that every Banach
algebra which is an operator algebra (i.e., which is isometrically isomorphic to a
closed subalgebra of B(JH) for some Hilbert space ) also satisfies the von Neumann
inequality (1.2). Bohr inequality has been extended to several complex variables and
more abstract settings (see [8, 12, 14, 19, 21, 22, 24]).

Another interesting aspect of Bohr phenomenon thrives on considering the Bohr
radius problem for subordinating families of analytic functions in . For two analytic
functions ¢ and f in D, we say that g is subordinate to f, written g < f, if there
exists an analytic function ¢ : D — D with ¢(0) = 0 such that g(z) = f(¢(z)) in D.
Let S(f) be the class of analytic functions subordinate to f in ). We say that g is
quasi-subordinate to f if there exists an analytic function y with |y(z)| <1 in D
such that g(z) = w(2)f(¢(z)) in D. It is well known that if g is subordinate (or
quasi-subordinate) to f in I, then M,(g) < M,(f) for |z| = r <1/3. Bhowmik and
Das [10] have studied the Bohr radius for the subordinating families, and the Bohr
radius for quasi-subordination families has been studied by Alkhaleefah et al. [5]. In
2021, Bhowmik and Das [11] extended the Bohr phenomenon for the subordination
to operator-valued analytic functions in ID. Throughout this article, B(JH) stands
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for the space of bounded linear operators on a complex Hilbert space . We want
to concentrate operator-valued holomorphic functions f:D — B(H). The term
subordination for operator-valued functions can be defined as the scalar valued case.
That is, for two holomorphic functions g, f : D — B(H), we say that g is subordinate
to f, written g < f, if there exists a holomorphic function ¢ : D - D with ¢(0) =0
such that g(z) = f(¢(2z)) inD. Let S(f) be the class of analytic functions subordinate
to f in ID. For given two Banach spaces X and Y and a domain Q c X, a holomorphic
function f : Q — Y is said to be biholomorphic on Q if f~* exists and is holomorphic
in f(Q) € Y. We say that a biholomorphic function f is starlike in its domain Q with
respectto & € Q if f(Q) is a starlike domain with respectto f (&), i.e, (1-1)f(&) +
tf(z) € f(Q) forallz € Qand ¢ € [0,1]. A biholomorphic function f is called starlike
if f is starlike with respect to 0 € Q and f(0) = 0. A biholomorphic function f is said
to be convex if f is starlike with respect to every point in Q. For convex or star-like
biholomorphic function f in D, Bohr phenomenon for any g € S(f) has been studied
in [11].

For the rest of our discussion, we introduce some notations. Throughout this paper,
| A| stands for the operator norm of A for any A € B(() and |A| = (A*A)"/? denotes
the absolute value of A, where A* is the adjoint of A and T'/? denotes the unique
positive square root of a positive operator T. We denote I be the identity operator
on J.

In 2010, Fournier and Ruscheweyh [16] extensively studied the Bohr radius prob-
lem for arbitrary simply connected domains containing ID. Let () be the class of
analytic functions f : QO — C, and let B(Q) denote the class of functions f € H(Q)
such that f(Q) ¢ D. For the class B(Q), the Bohr radius By, is defined by (see [4, 16])

Bg = sup{r € (0,1) : M,(f) <1forall f(z) =) a,z" e B(Q), z ¢ ]D)},
n=0
where M,(f) =Y |a,|r" is the Bohr operator for f € B(Q) in D. For Q =D,
B(Q) reduces to Bp = 1/3, which is the classical Bohr radius for the class B(D).

For 0 <y <1, Fournier and Ruscheweyh [16] have estimated the Bohr radius for
the class B(Q, ) and proved that Bo, = (1+y)/(3 +y), where

1
<—
1_)’}

Let H*(Q, X) be the space of bounded analytic functions from Q into a com-
plex Banach space X and | f{ e (q,x) = SUP,cq | f(2)[. The Bohr phenomenon for
operator-valued functions on simply connected domains has been studied in [6]. Let
B(H) be the algebra of all bounded linear operators on a complex Hilbert space .
For the class H* (Q, B(H)), we denote (see [6])

.

Qy::{ze(C: =y

(13)
A, >,
Agc = Aac(Q) = sup {||2:A0$f(z): > Anz", ZED}'
fer=(a,5(30) LI T—[Aol?| =0
[f(=)]<1
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Recently, Allu and Halder [6] have established the Bohr theorem for the functions in
H*=(Q, B(3H)).

Theorem 1.2 [6] Let f e H®(Q,B(H)) with |f(2)|ye(qs(ac)) <1 such that
f(z) =Y Auz" in D, where Ag = agl for |ay| <1 and A, € B(H) for all ne
Nu{0}. Then

1.4 Aylr" <1 < )
(1.4) 2 Anl " <1 for 1< o

For Q = Q, and p = 1in [6, Corollary 1.52], we have the following result.

Theorem 1.3 [6] Let feH*(Q,,B(IH)) with |f(z) HH""(Qyﬁ(?C)) <1 such
that f(z) =Y Anz" in D, where Ay = apl for |ag| <1 and A, € B(H) for all
neNuU{0}. Then

1.5 § A, r" <1 < —.
(1.5) 2 |AL| 7 for r Ty

When Q, =D, i.e, y = 0, under the same assumptions as in Theorem 1.3, we have

>, 1
1.6) Z [An] 7" <1 for r<-.
n=0

w

2 Bohr operator on operator-valued subordination classes

In this section, we study subordination results for Bohr operator on operator-valued
analytic functions in . Recall that B(J) be the algebra of all bounded linear
operators on a complex Hilbert space . For analytic functions f : D - B(H) with
f(z2) =% Az"inDand A, € B(H) for n € Nu {0}, we define the Bohr operator
M, (f) as the scalar valued case. Thatis, M, (f) = Yoo [ Ax| |2|"- It can be easily seen
that the operator M, satisfies the same property as in Theorem L.1. In fact, for f, g :
D - B(H) with f(z) = X og Anz" and g(z) = Yoo Buz" in D with A, B, € B(H)
for n e Nu {0}, we have

Q1) M(f+g)= ;) |An+ Bl " < Z;) [Anlr" + Z‘b [Ball 7" = M (f) + My (g).

Using (2.1), it is easy to see that if F(z) = ¥ iz fx(2) is analytic function in D, then
M, (F) < Yiez M, (fx), where fi : D - B(H) isanalytic function in D for each k € Z.
On the other hand, we note that M,(Sf) = |5|M,(f) for any f € C and M,(z?f) =
rP M, (f). We observe that (fg)(z) = Yoo An(2"g(2z)) and hence

(22) M, (fg) < f: [l " Mo(g) = Mo (F)Mi(g).

Clearly, M, (I) = 1. The following result has been established in [2].
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Lemma 2.3 (2] Let ¢ : D — D be analytic function with ¢(0) = 0. Then M,(¢) < |z|
forlz| = r<1/3.

The following result is the operator-valued subordination result for Bohr operator,
which has been first proved in [11]. By using Lemma 2.3, we give an alternative proof.

Theorem 2.1 Let f, g : D — B(H) be holomorphic functions such that f < g. Then

(2.4) M(f) < M,(g) for |d|=r< %

Proof Let f(z) =Y,y Anz" and g(z) = X7, Buz" in D with A,,, B,, € B(FH) for
n e Nu {0}. Since f < g in D, then there exists an analytic function ¢ : D — D such
that ¢(0) =0 and f(z) = g(¢(z)) in D. In view of (2.1), (2.2), and Lemma 2.3, for
0 < |z| = r < 1/3, we obtain

M, (f) = M,(g(¢)) = M, (i)Bn(ﬁb(Z))n)

<D [Ball (M (¢(2)))" < 3 [Bul 7" = M (g).
n=0 n=0
This completes the proof. ]

In particular, for the scalar-valued functions f, g: D — C, Theorem 2.1 reduces
to the result of Abu Muhanna et al. [2], and Bhowmik and Das [10]. In view of
Theorem 2.1, we obtain the following interesting result.

Theorem 2.2 Let f,g,h:D — B(H) be holomorphic functions such that f(z) =
h(z)g(¢(2)) for some analytic function ¢ : D — D with $(0) = 0. If |h(z)| < M for
|z| < B <1and h(0) = ol with |a| < M, then M,(f) < M M,(g) for 0 < r < /3.

Proof From (2.2), we have

(2.5) M, (f) < My (h)M,(g(¢)).

The assumption |[h(z)|| < M in the disk Dg := {z € C: |z| < B} shows that h; : D —
B(H) defined by hy(z) = h(z)/M is holomorphic and |h;(z)| <1 in Dy such that
hi1(0) = (a/M)I. Since |a| < M, from (1.6), we obtain

(2.6) M,(h) <M for 0<r< g

Furthermore, in view of Theorem 2.1, we have

27) M, (3(8)) < My(g) for 0<r< é

By using (2.6) and (2.7) in (2.5), we obtain

(2.8) M, (f)<M M,(g) for 0<r§§.

This completes the proof. ]
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Remark2.1 (1) FPor a particular case h(z) =1, Theorem 2.2 reduces to
Theorem 2.1. By taking f, g, h : D — C are analytic functions in Theorem 2.2, we
obtain the scalar-valued quasi-subordination result, which has been established
in [5].

(2) When |h(z)| < 1in D, we deduce that M, (f) < M,(g) for |z| = r < 1/3.

We now prove the following interesting result, which is an analog of von Neumann
inequality (1.2).

Theorem 2.3 Let f:D — B(H) be analytic in D and continuous in D such that
£(0) = aI for some a € C with |a| < 1. Then

(2.9) M, (f($)) < |fle for 0<r<1/3,
where ¢ : D — D is analytic function with ¢(0) = 0.

Proof Letf(z) =3, Anz"inD,where Ag = aland A, € B(H) forn e Nu{0}.
Then, for r < 1/3, Theorem 2.1 gives

(210) M, (f(9)) < i |4 7™ = M,(f).

In view of (1.6), for 0 < r < 1/3, we obtain M, (f) < | f| ., which together with (2.10)
gives (2.9). u

3 Bohr theorem for operator-valued polyanalytic functions

Polyanalytic functions f of order p defined in a simply connected domain Q ¢ C
are complex-valued polynomials in the variable z with analytic functions are their
coefficients. That is, f has the following form f(z) = Zfz_ol Z” fi(z), where fi’s are
analytic functions in Q. Equivalently, polyanalytic functions can also be defined as
the C?(Q)-solutions of the generalized Cauchy-Riemann equations 9 f/dz” = 0 in
Q (the Cauchy-Riemann equations of order p). Throughout this paper, we assume
that p > 2.

In 1908, Kolossov [20] first introduced polyanalytic functions in connection with
his research in the mathematical theory of elasticity. Polyanalytic function theory
has been extensively studied by Balk [9]. In 2011, Agranovsky [3] characterized the
polyanalytic functions by meromorphic extensions into chains of circles. It is worth
mentioning that the properties of polyanalytic functions can be different from those
of analytic functions (see [9]). By considering the polyanalytic function f(z) =1 - 2z,
one can easily see that f vanishes on the boundary of the unit disk D without vanishing
identically in ID. Studying polyanalytic functions also reveals some new properties of
analytic functions. The study of polyanalytic functions is closely related to numerous
research topics of complex analysis, e.g., function theory of several complex vari-
ables, the theory of distribution of values of meromorphic functions, the theory of
meromorphic curves, and the theory of boundary properties of analytic functions.
In 2019, Hachadi and Youssfi [18] have studied several properties of polyanalytic
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reproducing kernels. In 2021, Abdulhadi and Hajj [1] extensively studied univalency
criteria, Landau’s theorem, arc-length problem, and the Bohr phenomenon problem
for polyanalytic functions in .

Since complex-valued polyanalytic functions are polynomials in z in simply con-
nected domain (), this leads to study the operator-valued polyanalytic functions. A
operator-valued polyanalytic function F of order p in Q is a polynomial in z with
operator-valued analytic functions as its coefficients. That is, F has the following form:

)= S 2 fi(2),
1=0

where f; : QO — B(J() are analytic functions for [ = 0,1,..., p —1and f,_; # 0. Now,
we consider the simply connected domain Q) containing D.

Although Bohr radius and Bohr phenomenon have been extensively studied, no
attempt has been made so far to obtain operator-valued analogs of Bohr phenomenon
for polyanalytic functions. Therefore, our main aim of this section is to obtain the
Bohr inequality under appropriate considerations and necessary conditions. In the
following result, we establish operator-valued analogs of Bohr inequality in simply
connected domain Q) containing .

Theorem 3.1 Let F be a polyanalytic function of order p in Q with F(z) =

Zf;& Z' fi(z), where each f;: Q — B(H) is an analytic function such that f(z) =

Yoo Anz"inDand A, € B(H) for n e Nu {0}. Also, assume that:

(@) |fo(2)| <1in Q such that f,(0) =0 and f](0) = a; f;(0) with |a;| < k for k €
[0,1] andeach 1 =1,...,p-1

(b) w;:Q — B(H) is analytic with ||w;(z)| < k in Q for k € [0,1], where w;(z) =
(@) (f5(z))™" in Q such that ;(z) = Ypog wn, 12" in D, provided (fy(z))™

exists for all z € Q.

Then M, (F) <1for|z| = r < Ry = min{r(p),1/(1+ 2Aa¢) }, where r¢(p) is the small-
est root in (0,1) of

(3.1) (1-7)? = kAgcr + kAge P = 0.
Here, Ag¢ is given by (1.3).

Proof LetF(z)=Y1 1 lfl(z) with fi(z) = X2y Ap,; 2" in D. Then

(3.2) M,(F) =M, (Zz fl(z))<ZrM(fl) for |z|=r<1.

Since w;(2) = f/(2)(f§(z)) ™" in Q with |w;(z)|| < kin Q for each I such that £/ (0) =
«; f3(0), it follows that f/(z) = w;(z) fy(2) in Q with w;(0) = a;I, where |a;| < k for
each I =1,...,p -1 Let Ag¢ be given by (1.3). In view of Theorem 1.2, for |z| = r <
1/(1+ 2Ag¢), we have M, (w;) < k, which together with (2.2) gives

(3.3) M,(ﬁ)=fM,(fl’)dt=fM,(w1f[§)dtskfM,(f({)dtszr(fo).
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|

—-r
—-r

Using (3.2) and (3.3), for |z| = r <1/(1 + 2A4¢), we obtain

1
1

(3.4) M, (F) < kpirer(fo) = kM, (fo) (
1=0

We now wish to find the upper bound for M, (fo). We observe that f, : Q — B(H)
is analytic function with || fo(z)| <1in Q such that fo(2) = Yo An,02” in D, where
f0(0) = Ag o = 0. Then, in view of (1.3), we have | A, o| < Ag¢ for n > 1, and hence

i r
(35) M,(fo) = Z HAn)OH rn S Aj—( (ﬁ) .
n=0 -
In view of (3.4) and (3.5), for r <1/(1 + 215 ), we obtain
Iy
(3.6) M,(F)Sk)tg{(r)(l s )
1-r 1-r

Therefore, M,(F) <1 for r <min{1/(1+2As¢),rs(p)}, where r¢(p) is the smallest

rootin (0,1) of
r 1-rf
kAgc| — =1,
%(l—r)( 1—r)

which is equivalent to (1 - 7)? — k Ag¢ r + k Ag¢ rP*! = 0. This completes the proof. =

As a consequence of Theorem 3.1, we obtain Bohr-type inequality for bi-analytic
functions in a domain Q.

Corollary 3.7  Let F be a bi-analytic function in a domain Q with the series expansion
as in Theorem 3.1. Also, assume all the hypotheses as in Theorem 3.1. Then M,(F) <1
for |z| = r <min{r;(2),1/(1+2A3c) }, where r¢(2) is the smallest root in (0,1) of

(3.8) (1-7)2 —kAger+kdgcr” =0,

where Ag is given by (1.3).

For = Q,, we have A5¢ = A9¢(Q,) <1/(1+y) (see [6]). In view of Theorem 3.1,
we obtain the following corollaries.

Corollary 3.9  Let F be a polyanalytic function in Q, with the series expansion as
in Theorem 3.1. Also, assume all the hypotheses as in Theorem 3.1. Then M, (F) <1 for
|z| = r <min{r¢(p,y), 1 +y)/(3+y)}, wherer;(p,y) is the smallest root in (0,1) of

(3.10) (1+p)(1=r)* = kr + krP* = 0.

_ The following result is the limiting case of Corollary 3.9. Consider the domain
Q = {z:Rez < 1}, which can be obtained as the limiting case of the domain Q, by
considering y - 17.
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Corollary 3.11  Let F be a polyanalytic function in Q) with the series expansion as in
Theorem 3.1. Also, assume all the hypotheses as in Theorem 3.1. Then M,(F) <1 for
|z| = r <min{rs(p,1),1/2}, where rz(p,1) is the smallest root in (0,1) of

(3.12) 2(1=1)2 = kr + krP™ = 0.

In the next result, we obtain Bohr radius for the polyanalytic function F(z) =

> 1 z Z fi(z), where fq is a subordinate to a convex biholomorphic function in the
umt dlSk D.

Theorem 3.2 Let F be a polyanalytic function of order p in D with F(z) =
I 1 Z fi(z), where each f;: D — B(H) is an analytic function such that fi(z) =
ano Apz" inDand A, € B(H) for n e Nu {0}. Also, assume that:

(1) fo € S(g) such that fo(0) = 0 and f](0) = a; f(0) with |a;| < k for k € [0,1] and
each 1=1,...,p—1, where g: D - B(H) is a convex biholomorphic function
with g(z) = Yoo gnz" inD and g, € B(H) forn e Nu {0}.

(2) w;: D — B(K) isan analytic function with |w;(z)| < kinD for k € [0,1], where
wi(2) = f/(2)(f(2))7" in D such that w;(z) = Y peqwn, 2" in D, provided
(f3(2)) " exists for all z € D.

Then M,(F) <1 for |z| = r < R¢ = min{rc(p, k, 8),1/3}, where rc(p,k,B) is the

smallest root in (0,1) of

(3.13) (1-r)2—kBr+kBrP* =0
where || g'(0)] = B.

Proof From (3.4), it is enough to estimate the upper bound of M,(fy). Let g:
D — B(H) be univalent and convex biholomorphic function in D such that g(z) =
Y00 gn2", where g, € B(H). Set & = e¥™/"_ Since g is convex, then by the similar
argument used in proving [26, Theorem X], we obtain

‘I’(Z”) _ fO(EZ) +f0(52273 +-..+f0(fnz) :An,OZn +A2n,022ﬂ L. <g(Z),

and hence ¥(z) = A0z + Azn2* + - < g(z) for z € D. Hence, there exits a holo-
morphic function w : D — D with w(0) = 0 such that ¥(z) = g(w(z)), which implies
that ¥/(0) = 0’(0)g’(0). That is, A, 0 = 0’ (0)g’(0), which leads to

(3.14) [Anoll < [€"(O)]-
Since f1(z) = ¥ oy Ap2" in D, using (3.14) and the fact f,(0) = 0, we obtain

619 M) =X lanl s () 191 =B ().

Since F(z) = %1, zlfl(z) with f1(z) = Y02y An 2" in D, we have

(316)  M.(F)=M, (pzlz’ fz(z)) S OM() for - r<t
1=0 1=0
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By the given assumption w;(z) = f/(z)(fj(z)) ™" in Q with |w;(z)| < k in Q for each
I'such that f/(0) = «; f3(0), it follows that f/(z) = w;(2) f(z) in Q with w;(0) = a;1,
where |a;| < kforeachl =1,..., p —1.Let A5 be given by (1.3). For Q, = D, i.e,y = 0,
we have Ag¢ < 1(see [6]). In view of Theorem 1.2, for |z| = r < 1/3, we have M, (w)) < k,
which together with (2.2) gives

(3.17) Mr(fl):/Mr(f,')dt:er(wlf(;)dtskfM,(f({)dt:kM,(fo).

Using (3.15)-(3.17), for |z| = r < 1/3, we obtain

! 1- r 1-rP
(G18)  M(F)<k Y r'Mi(fy) = kMr(fo)( ) k(1 )( 1 )
et r -r
Hence, M,(F) <1 for r < R¢c = min{rc(p, k,3),1/3}, where rc(p,k,f) is the

smallest root in (0,1) of (3.13). This completes the proof. |

Let h:D — B(H) be holomorphic and g € S(h) with the expansions h(z) =
Yoo haz" and g(z) = Y52, gnz", respectively, in D, where h,,g, € B(I) for
n € NU {0}. Then, in view of [11, Lemma 2], for |z| = r < 1/3, it is known that

(3.19)

||M8

HgnH "< [l "
n=1

In the following result, we obtain Bohr radius for the polyanalytic function F(z) =

¥ 1 Z' fi(z), where f; is subordinate to a starlike biholomorphic function in the unit
dlsk D.

Theorem 3.3 Let F be a polyanalytic function of order p in D with F(z) =
¥ 1 Z' fi(z), where each f; : D - B(H) are analytic functions such that fi(z) =
ano Apz" inDand A, € B(H) for n e Nu {0}. Also, assume that:

(1) fo € S(g) such that fo(0) = 0 and f](0) = a; f(0) with |a;| < k for k € [0,1] and
eachl =1,...,p—1, whereg: D - B(H) is a normalized starlike biholomorphic
function with g(z) = zI+ Y-, gu2" inD and g, € B(H) forn e Nu{0}.

(2) w;: D — B(K) isan analytic function with |w;(z)| < kinD for k € [0,1], where
wi(2) = f{(2)(f3(2)) 7" in D such that w;(z) = Y peg wn, 12" in D.

Then M,(F) <1 for |z| = r < Rg = min{rs(p, k),1/3}, where r(p, k) is the smallest

root in (0,1) of

(3.20) (1-7) —kr+krP* =0

Proof Let g:D — B(H) be a normalized starlike biholomorphic function. Then,
in view of [17, Theorem 6.2.6], g satisfies

(3.21) z¢'(z) = q(z)g(z) for zeD,
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where g: 1D — C is an analytic function with Reg(z) >0 in D and q(0) =1. By
comparing the coefficients in the power series of both the sides of (3.21), we obtain

(3.22) (n=1)gn = gn-191 + gu-2ga + -+ qu1 for n>2.
By using induction and (3.22), we obtain
(n=1)|gnl <2(n-1+n-2+-+DI=n(n-1)I,

which turns out that || g, | < nforall n > 2. Since, fy € S(g), by using (3.19), for r < 1/3,
we obtain

oo oo oo ,
623 M) = S lAnol "< S gl s S = L
n=1 n=1 n=2 (1—1")

It is known that, for Q, = D, i.e., y = 0,if h : D - B(JH) is holomorphic, then we have
Ay <1 (see [6]). From (3.17), we have

(3.24) M, (f1) <kM.(fo)-
Then, from (3.16), (3.23), and (3.24), we obtain

r 1-rf 1
<K——— | — < -
Mr(F)_k(l—r)z(l—r) for r<y

Hence, M,(F) <1for r < Rg = min{rs(p, k),1/3}, where rc(p, k, B) is the smallest
root in (0,1) of (3.20). This completes the proof. |
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