A STUDY OF TENSORS WHICH CHARACTERIZE
A HYPERSURFACE OF A FINSLER SPACE

GILLIAN M. BROWN

1. Introduction. The literature on Finsler geometry contains more than
one definition for the normal curvature vector of a hypersurface and for
coefficients of the second fundamental form; see Berwald (1), Davies (3),
and Rund (5). In the first case this situation has arisen from the basically
different approach to the subject adopted by the authors; Davies, following
the locally Euclidean school and Rund the locally Minkowskian theory. In
both cases, a comparison of the definitions shows that they are linked by
expressions in a vector M, which was introduced in the paper by Rund (7).
In the same paper, it was shown that the relationship between the induced
and intrinsic curvature theories depends to a large extent upon a tensor M,s.
We investigate both M, and M,z and find that the conditions M, = 0 and
M, = 0 lead to two classes of hypersurfaces whose properties are inter-
mediate between those of Finsler and Riemannian hypersurfaces.

In § 1 it will be shown that M, and M,z arise naturally as coefficients in
the decomposition of A4,; into tangential and normal components relative
to a hypersurface. § 2 is devoted to a study of M, which is a gradient vector
and is readily expressed in terms of the metric of F, and the metric induced
on the hypersurface. The significance of M, is illustrated in § 3, where we
compare two definitions for the coefficients of the second fundamental form,
and for normal curvature vectors. The tensor M,z is investigated in § 4 and
its significance illustrated by a comparison of the induced and intrinsic con-
nections in § 5. The final section contains a brief study of totally geodesic
hypersurfaces.

We consider an n-dimensional Finsler space, F,, with fundamental func-
tion F(x? x?) which is positively homogeneous of degree one in %* and satis-
fies the usual conditions for

o _ 10"F(x, %)
(J-l) gij(x’ x) - 2 axlaxf
to be a metric tensor for F,; see Rund (5, Chapter I). (Throughout this
paper, Latin indices take values 1, 2, ..., n and the summation convention

is observed.)
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The vector ! = %!/ F(x, x) is a unit vector in the direction of the line
element (x, £). The tensor defined by

F(x, &) dgq;(x, %)

(1.2) Aijk(x, Q.C) = 2 ajbk
is completely symmetric and satisfies
(1.3) Aijk(x, %) = Aijk<xv )P = Ai;ik(xv )k = 0.

Riemannian spaces are characterized by the vanishing of this tensor.

The quantities we deal with are functions of the line element (x, &) and this
will be omitted from equations unless confusion is likely to occur. With the
exception of the fundamental function F, all functions may be assumed to
be homogeneous of degree zero in . We employ the covariant derivative of
Cartan (see Rund (5, p. 73)), so that for a vector X7

(1.4) DX' = dX'+ XTI} dx* + X’A}DI".

The connection coefficient I'} is usually denoted by T} in the literature,
and- may be expressed in terms of the metric tensor and its derivatives; see
Rund (5, p. 71 (1.28)).

A hypersurface, F,_;, may be represented parametrically by the equations
(1.5) xt = x¥(u), a=1,2...,n—1,

where u* are Gaussian coordinates on F,_;. (Greek indices take the values
1,2,...,n — 1.) We assume that the functions (1.5) are at least of class
C3, and the matrix whose elements are

dx’
ol

(L.6) Ba(x) =

is of rank (» — 1). The following notation is employed

i a’x’ BY — BIBJ
¢ dutou’’ of T PeTh

The functions B (x) may be considered to be components of a setof n — 1
linearly independent vectors tangent to F,_; at a point P(x?), and so they
form a basis for the tangent space of F,_; at P. Any vector, X? tangent
to F,_1 at P may be expressed uniquely in the form

1.7) X' = BX",

where X* are components of the vector relative to the u#®-coordinate system.
In particular, we assume the line elements are tangential to F,_; so that

(1.8) &' = B’
The metric induced on F,_; is
(1'9) gaﬂ(u, 1’2) = gij(x) x)Balé
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and the corresponding contravariant tensor g*® is used to define a set of
n — 1 covariant vectors

(1.10) Bi(w, %) = g™ (u, #)g;(x, )Bj(x)
which satisfy
(1.11) BB} = &,

At each point P of the hypersurface, a unit normal vector Ni(x, %) is defined by
(1.12) NBi=0, g“YN,N,=1, N,=g,;N.

The 7 linearly independent vectors (N?, B.) form a basis for vectors tangent
to F, at P, while (V;, Bf) span the corresponding dual tangent space. Co-
variant tensors may be expressed in terms of the latter set of vectors and,
in particular,

(1.13) gij = gaﬂB‘:?_i_NiN]')
(1.14)  Aup = Aug,BE + Mos(B®N, + BEN, + BEN,)
+ M,(BSN,N, + BN N, + B;N:N,) + MNNN,.

This introduces four more quantities; A.g, which is the projection of A4,
onto the hypersurface, M which is the normal component of 4 ;j, and

(1.15) Maﬂ = AijkBongky

(1.16) M, = A, BIN'N®.

We note that (1.15) and (1.16) differ from those in the paper by Rund (7,
(1.15)) by a factor F. It is easily shown, using (1.2), (1.8), and (1.9), that

F’ ) / a ) Pl . .
oy = T e ) = PG, ),

and thus the vanishing of A, indicates that the metric induced on the
hypersurface is Riemannian.

2. The vector M,. The principal theorem proves that M, is a gradient
function, and gives expression to it in terms of the metric tensor of F, and
the induced metric of F,_;.

THEOREM 2.1. If a hypersurface of a Finsler space is represented by equations

(1.5) and %' satisfies (1.8), then
9 gz, x))
e (long(u,u) ’

where g(x, &) = detlgi;(x, £)| and g(u, &) = det|gas(u, ).

(2.1) Mo (u, i) = F(u, i)

Proof. Since g = cofactor of g;;/g we have, from the rule for differentia-
tion of determinants, that
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92 _ 984 4
=~ axtf
Thus
F) )
(2:2) F—x (logV/g) = Auug” = Ay
Similarly,
Al a - a
(2'3) I’ ad‘/ (log Vg) = Aaﬁ‘)‘g ? = A'Y'

Substituting for N'N* from (1.13), (1.12) in (1.16) gives

' - st = 4, = 752 (1on /%)
(2.4) M, = A,B, Aa—F(ma log z

since from (1.8) Bl = i/ due.

It

COROLLARY 1. M, = 0 over a hypersurface if and only if there exists a function
k(u) which is independent of direction and such that

(2.5) g(x, %) = k(u)g(u, ).

COROLLARY 2. If the meiric induced on a particular hypersurface is Rieman-
nian and M, = 0, then g is independent of directions tangential to this hyper-
surface.

From (2.2) it follows that 4; then vanishes on this hypersurface. It has
been proved by Deicke (4) that A; = 0 implies 4;;; = 0 and hence that
the space is Riemannian. Thus, a necessary and sufficient condition for F,
to be Riemannian is that all its hypersurfaces should be Riemannian and
that M, = 0 on each hypersurface.

We emphasize the fact that in view of (1.14) and the above remarks, the
two conditions 4, = 0 and M, = 0 imply that M, = 0 and M = 0 on any
hypersurface. The tensors g, and A.s, were defined as the projections of
g:; and A, respectively, onto F,_;, and it has been shown that they may
be derived from the fundamental function F(u, %) of F,_; in the same way
as g;; and A, are derived from F(x, &). The tensor 4, was defined in F,_;
in the same way as A; was defined in F, ((2.2) and (2.3)), but it is evident
from (2.4) that, in general, 4, is not the projection of A4; onto the hyper-
surface. In fact, a necessary and sufficient condition for 4, to be the pro-
jection of A; on F,_;is that M, = 0 on F,_;.

Derivatives of the normal vector.

THEOREM 2.2. A necessary and sufficient condition for the normal vector N,
to be independent of direction is that M, = O over the hypersurface.

Proof. We differentiate equations (1.12) which define the normal vector.
From the first equation, since B, is independent of direction it follows that
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dN;/du is normal to F, ;. Differentiation of g,;N'N/ =1 and N,Ni =1
and use of (1.2) and (1.16) lead to

(2.6) % = M,N;
and the result follows.

THEOREM 2.3. The set of (n — 1) vectors AN'/0uf of F, are tangential to
Fo—1 tf and only of M, = 0 over the hypersurface.

Proof. Differentiate the final equation in (1.12) and use (1.2), (2.6) to get

1
@2.7) F ‘3]: — M,N' — 24", BEN.
The normal component is
1
PN -,

and the result follows.

3. The second fundamental form of a hypersurface. We consider a
curve, C, of the hypersurface, C being represented in F, by the equations
x* = x%(s), where the parameter is arc length. Thus

é_ . i___d_x_i_-ia
dt—F(x,x) and l—dS—B,,l.

Following Berwald, we define the normal curvature of C to be
DI (x, %)
s

(3.1a) N(u,n) = ;

Ni(x, x)

and it can be shown from (1.4) that

(3.1) N(u, i) = Ny(x, &) (BLI? + TLIT).

The coefficients of the second fundamental form are then defined by
_13*F'N)

© 2 9uon’

and, using homogeneity properties, we have

(3.3) Qog(u, 1) 121F = N(u, i).

(32) Qalg (u, U

Rund has defined coefficients, Q.5 of the second fundamental form in
terms of a normal curvature vector (6, (1.17)), and it is easily shown that

(3.4) Qus = Ni(Bls + T5BL).
It is evident from (3.1) that
(3.5) Qs (u, 1) 1418 = N(u, 1)
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therefore, Rund’s normal curvature (6, (1.18)) coincides with that of Ber-
wald. To obtain the relationship between Q. and Q.s, we multiply (3.1) by
F? and differentiate with respect to direction. Using (2.6), (3.1), and (3.4),
together with

dTh: | ;
79;’]& Xp = Akj[hlh
(see 5, p. 81), we get
2
(3.6) %ZI,V—) — FNM, + 20,4

We differentiate again, noting that

d(FN) _ 1 3(F°N)
out ~ F 9uf

- Nley

then using (3.6) in the right-hand side of this expression, we get

d*(F°N)

ian = e = (VM + 204" — NI)M,

3.7)

aQa‘y a

+ v 2 ’+2 i+ 20

From (3.4) and (2.6),

asza o 1
Mﬁ = 7 M. Qugti™ + N ALl B,

We therefore have from (3.7) that

(3.8) Q= Q4+ %N(MgMy — 1M, + F%’f)

+ (M, Que + M Q0y)* + N AL I"BE
and it follows that

(3.9) Qol = Qole + INM,,
since M, is homogeneous of degree zero in # and A ;" = 0. (3.9) gives the
following theorem.

THEOREM 3.1. Assuming that N 5 0, a necessary condition for Qg and Qug
to coincide is that M, = 0.

Finsler spaces for which Berwald’s connection is independent of direction
are said to be “‘affinely connected’’; see Berwald (2, p. 47). It has been shown
that 4 ;;,» = 0 is a necessary and sufficient condition for a Finsler space to
be affinely connected (5, p. 81). Thus, from (3.8), we have the following
result.

THEOREM 3.2. For affinely connected Finsler spaces, M, = 0 is a sufficient
condition for Qg and Qug to coincide.

Principal directions are usually defined to be the directions for which the
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normal curvature N(u, %) assumes extreme values subject to the condition
that # be a unit vector. Using the Lagrange multiplier rule it can be shown
that # must satisfy

N(u, 1) gag (1, )08 = Qup(ut, 1) 1P,

In (6, p. 235), Rund employed the term principal directions for directions
which satisfy a similar equation, Qs replacing Qq.s. From (3.9) we have the
following result.

TuEOREM 3.3. Assuming that N # 0, M, = 0 is a necessary and sufficient
condition for Rund's principal directions to coincide with the directions for
which the mormal curvature assumes extreme values.

Normal curvature vectors. The normal curvature vectors provide an example
of Finsler quantities which take different forms in the locally Euclidean and
locally Minkowskian theories. In the Minkowskian theory, Rund considers
a vector X' which is tangential to F,_;. The coefficient of X*duf in the normal
component of 6X? is denoted by I,s and is termed the normal curvature
vector (5, p. 193 (7.18)). This vector may be written as

Iﬂfﬁ = N' §Hﬂ1

(see 7, (2:5)). In the Euclidean theory, Davies ob’pained a normal curvature
vector I1ls which may be expressed in terms of Ils,

His = Il + N'N,A%,BLHED
(see 5, p. 193 and p. 165, (4.11a)). Multiplication by /¢ and use of (1.3)
lead to

Hegl’ = Ligl’ = N'Qugl’.

This is substituted in the above equation and (1.16) is.employed to give
(3.10) His = N'@ug + Mlal®).

THEOREM 3.4. Assuming N #% 0, M, = 0 is a necessary and sufficient con-
dition in order that the normal curvature vectors of Davies and Rund coincide.

Proof. Clearly, the condition is sufficient. Suppose f{,,fg = I, then, from
(3.10), _
MgQnl* = 0.

Either Mz = 0 or QuP = 0. If the latter result were true, then
ﬁa)\l)‘l"‘ =N=0
which is contrary to the hypothesis. Hence Mg = 0 is also a necessary con-

dition.

4. The tensor M,s. M,z does not appear to give rise to a simple metric
expression corresponding to Theorem 2.1 for M,. From the definition, it is
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clear that M,s is a symmetric tensor, therefore we begin by investigating
this property.

THEOREM 4.1. F-1 M is a second derivative with respect to 4 if and only if

(4.1) Man:ﬂ = MﬂeXiay
where
(4.2) Xis = 2455 — 8, Mj.

Proof. Equation (2.7) may be written in terms of tangential and normal
components as
ON'

(4.2a) Foo= —2¢"M,.Bf — M,N'.

The tangential component of the second derivative of N is
9°N* w 0 (1
auconr B = F2A e — 26" 50\

The skew-symmetric part in «, 8 is multiplied by g,, and rearranged to give

dF 'M..)  o(F'M, 1 . .
( auﬂ ) - ( 612“ B) = _F‘? (]l[eaXvB - MsﬁXva)y

where X5 is defined in (4.2). F~1M,, is a second derivative with respect to
%8 if and only if the left-hand side vanishes, and the theorem is proved.

M ) + F2g Ma]l[‘yﬁ

Clearly, X ;s = 0 satisfies the condition, but this implies that M,s = 0, for,
from (4.2)

(4.3) 24 = 6 Mj.

Multiplication by /* leads to I*Ms = 0 and hence Mg = 0. But then 4;3= 0
from (4.3), and F,_; is Riemannian, therefore, from Theorem 2.1, Corollary 2,
M.s = 0 over the hypersurface.

A further situation in which (4.1) is satisfied is when M,, M.s, and Aag,
are of the form

M, = A, ]I/[ag = umqme, Aaﬁ‘y = VM MMy,

where we have taken account of the symmetry of the tensors. m, must be
orthogonal to the vector /* since the contractions of the above tensors with
l* vanish. In the tangent space to F,_; at a point P(x?) we can find (n — 2)
linearly independent vectors orthogonal to /¢, and, in general, M,, M, and
Aegy will be linear combinations of all of these vectors. Thus, it is seen that
the condition for F~1M,s to be a second derivative is quite a stringent one.
Nevertheless, for the case when # = 3, there is only one vector tangent to
F,_; and orthogonal to /¢, and hence, for an F, embedded in F;, F~1M,s is
always a second derivative with respect to #'. M,s occurs in the derivative
of N with respect to direction, and from (4.2a) we have the following result.
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THEOREM 4.2. The vector AN/ du? of F, is normal to the hypersurface if and
only if Mg = 0.

Mg is also closely associated with the derivative of Bj. From the defini-
tion (1.6), it is clear that the coefficients B, are independent of direction, but
in general, this is not the case for Bj; see (1.10).

TuEOREM 4.3. 4 necessary and sufficient condition for B to be independent
of direction 1s that Mas = 0.

Proof. We differentiate equation (1.11) with respect to %7,

8
Big§:=o.

Thus 8B%/du is normal to F,_;. To obtain the normal component, we dif-
ferentiate NV'B% = 0 and use (4.2a) giving
0B

ayl
G = 2 FMaN.

The condition for B} to be independent of #7 is therefore that M,z = 0.

5. The induced and intrinsic connections on the hypersurface. It
is a well-known property of Finsler geometry that the connection induced
on a hypersurface is not, in general, equal to the connection formed “‘intrinsic-
ally” from the induced metric tensor. The two connection coefficients have
been expressed in various forms (see Davies (3), Berwald (1), and Rund (5)),
but it appears that the conditions for them to coincide have not been ob-
tained. We employ a new and simple method of relating the connection
coefficients. It is based on the Ricci Lemma, i.e., on the vanishing of the
covariant derivative of the metric tensor, and is actually an extension of the
method of obtaining the Christoffel connection in Riemannian geometry.

The induced differential is obtained by multiplying (1.4) by BY, and using
(1.7), (1.15), and (1.16). It takes the form

(5.1) DX* = dX*+ (U5, + M) XPdu” + A5,X°DI",
where

(2) T, = Bi(Bs + TuBh

is the connection induced on the hypersurface, and

(53) My = £ M0

We note that I'g, is symmetric in its lower indices, but A3, is not, even though
Nssy = Zsalgy 18 symmetric in B4.

The definition of an induced differential is extended to tensors in the usual
way. Since Dg,g is the projection of Dg;; onto the hypersurface, and Dg;;= 0,
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it follows that Dg.s = 0, i.e., the Ricci Lemma holds for the induced dif-
ferential.

The intrinsic connection coefficient T, is constructed from gqs in the same
way as I'; is constructed from g,;, and the intrinsic differential DX* has the
same form as (1.4). T, thus inherits the properties of T', and, in particular,
it is symmetric in 8, ¥ and satisfies the Ricci Lemma, Dgag = 0. We proceed
to compare these two expressions of a Ricci Lemma on the hypersurface.

Dgaﬂ = 0 = dgﬂﬁ - (faﬁy + f‘Bay)du‘y - 2Aa37Dl7,
Dgap = 0 = dgas — (Tapy + Toay + 2Napy)dts? — 2Aag, DI,
We eliminate dg.,s between these equations and write

Aasy = Tapy — Tagy
so that
(5.4) DI" — DI" = 1" A%dud’.
Thus we obtain
Ay + Asey = 2(Nagy — Aags A51).

Two further equations are obtained by cyclic permutation of «, 3, v, and
the final equation is subtracted from the sum of the first two. Since Aus, is
symmetric in «, v, this leads to

(55) AISG')' = )\0457 + )\‘wxﬁ - )\570 - (AaﬁvA;'y + A'yzvaléﬂ - Aﬁ'yvA;a)l’s-

We contract this expression with /%, noting from (5.3) that contractions of
Negy With l* or /8 vanish. Thus

Agarl’ = Myagl® — Aoy A3l

and the final term vanishes since a further contraction with ¥ gives

(5.6) AsarlBlY = 0.
Thus, from (5.3) and (3.5),
(57) Aﬂa‘rlﬁ = Mw/Ny

while from (5.5),
Apard® = — Mg, N.

A substitution in (5.5) now gives the desired relationship, namely,

(5-8) Aﬂav = )‘aﬁv + >‘7aﬂ - )‘ﬁ*/a - (AaﬁvM*: + Anvag - Aﬁ‘Y"Ml:)N'

THEOREM 5.1. Assuming that N # 0, a necessary and sufficient condition for
the induced and intrinsic connections to coincide is that M,g = O over F,_;.

Proof. It is obvious from (5.8) and (5.3) that the condition is sufficient.
If Agey = 0, then Agyyl# = 0 and from (5.7), M,,N = 0, therefore the con-
dition is also necessary. Thus, we have a class of hypersurfaces of a Finsler
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space which possess only one type of connection, and so have properties
similar to Riemannian hypersurfaces.

It is possible to obtain an expression for M,s in terms of derivatives of
the metric tensor from (5.7).

(5.9) FNM; = T54° — T54°
aG* of i . aG"
= o Bi<Bﬂ.,uﬁ + 5{{(;) ,

where we have used (5.2). Since G* and G* are defined in terms of Christoffel
symbols formed from g;; and g.g, respectively (5, p. 71), (5.9) expresses My
in terms of the metrics, provided NV # 0.

6. Totally geodesic hypersurfaces. Theorems 3.1, 3.4, and 5.1, which
illustrate the significance of M, and M., were all prefaced by the assumption
that N £ 0 over the hypersurface. We now investigate the properties of
hypersurfaces for which N = 0.

THEOREM 6.1. N = 0 over a hypersurface if and only if
(6.1) G’ = G°Bi — 4Bl

Proof. Contract (5.9) with #* and use the fact that G* and G* are homo-
geneous of degree two in & and #, respectively. This gives

2G* = B%(2G' + BAulu").
Multiply by B, noting that B}B. = 6, — N’N,, and use (3.1) to get
2G’ + Bji’i" = 2G°B. + N'N.

The theorem then follows.

THEOREM 6.2. A necessary and sufficient condition for a geodesic of F,_i to
be geodesic of F, ts that N(u, #) = 0 along the curve.

Proof. Let x* = x%(s) be a curve, C, on the hypersurface. Using (3.1a) we
write DI['/ds in terms of its tangential and normal components:
DI} . DI*

= _B

i i Y
7s . dS+NN(u,u).

If Cis a geodesic of F,_;, then DI*/ds = 0 and, from (5.4) and (5.6), Di*/ds=0.
Thus Di*/ds = N'N(u, ), and C is a geodesic of F, if and only if N(u, %) =0
along C. If N = 0 on the hypersurface, then every geodesic of F,_; is also
a geodesic of F,, and the hypersurface is said to be totally geodesic.

In Riemannian geometry, the coefficients of the second fundamental form
vanish on a totally geodesic hypersurface. It is evident from (3.2) that Ber-
wald’s coefficient Q,5 also has this property.
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THEOREM 6.3. Qus = 0 on a totally geodesic hypersurface of an affinely con-
nected Finsler space.

Proof. Put N = 0 in (3.8) and (3.9).

TaEOREM 6.4. The normal curvature vectors defined by Rund and Davies
coincide on totally geodesic hypersurfaces.

Proof. This follows from (3.10) and (3.9).

THEOREM 6.5. The induced and intrinsic comnections coincide on totally
geodesic hypersurfaces.

Proof. From (5.3), \agy = 0 on a totally geodesic hypersurface, and it
follows from (5.8) that Ag.,, = 0.
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