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On the sign changes of Dirichlet
coefficients of triple product L-functions

Jinzhi Feng

Abstract. Let f and g be two distinct normalized primitive holomorphic cusp forms of even inte-
gral weight k; and k, for the full modular group SL(2,Z), respectively. Suppose that A s sy (1)
and Agxgxg(n) are the n-th Dirichlet coefficient of the triple product L-functions L(s, f x f x f)
and L(s, g x g x g). In this paper, we consider the sign changes of the sequence {A s sx () } n>1 and
{Apxfxf(n)Agxgxg(n) }nz1 in short intervals and establish quantitative results for the number of sign
changes for n < x, which improve the previous results.

1 Introduction

Let Hy be the set of normalized primitive holomorphic cusp forms of even integral
weight k for the full modular group SL(2,Z), which are eigenfunctions of all the
Hecke operators T,. Then f(z) € Hy has a Fourier expansion at the cusp infinity

(1) £z2) = iaf(n)ﬁe(nz) (32> 0),

where we normalize f(z) so that A¢(1) = 1. From the theory of Hecke operators, the
Fourier coefficient A ;(n) is real and satisfies the multiplicative property

mn
12) A (mA(n) = 3 Af(?),
d|(m.n)
where m >1 and n > 1 are any integers. In 1974, Deligne [1] proved the Ramanujan-
Petersson conjecture: for all integers n > 1,

(1.3) [Ar(n)| <d(n),

where d(n) is the number of positive divisors of .

The sign changes of Fourier coefficients attached to automorphic forms is an
important problem and has been studied extensively by several scholars. In [12],
Knopp, Kohnen and Pribitkin showed {A¢(#)} > has infinitely many sign changes.
After that, Ram Murty[20] first considered the sign changes of the sequence of Fourier
coeflicients in short intervals. Later, Meher, Shankhadhar, and Viswanadham [19]
established lower bounds for the number of sign changes of the sequence {1 ¢(n/) } ;1
with j = 2,3, 4.
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However, the analogous questions of simultaneous sign changes of two cusp forms
have also been investigated by a number of mathematicians. Let f and g be two
different cusp forms. In [13], Kumari and Ram Murty considered the simultaneous
sign changes problem about {A;(n)A4(#)}s1. Later, Gun, Kumar, and Paul [3]
studied this problem about {A;(n)Ay(n*)}us1. Recently, Lao and Luo [14] also
considered more general cases and obtained better results about{A s(n*)Ag(n/)} 1
for i > 1, j > 2. Further, Hua [5, 6] investigated the analogous problem over a certain
integral binary quadratic form.

The triple product L-function L(s, f x f x f) satisfies analogous analytic proper-
ties such as those of the Hecke L-functions, and its coefficients also change signs. In
this paper, we investigate the sign change about the sequence {A s, fxs()}n>1 and
{Afxfxf(n)Agugng (1)} ns1 in short intervals and prove the following theorems.

Theorem 1.1  Let f € Hy and Ay, s« s(n) be the n-th normalized Dirichlet coefficient
of the triple product L-function L(s, f x f x f). Then for j > 2 and any & with

315

l-—=0.963--<d§ <1,
40+/30 + 8442

the sequence {Afxfxf(n)}ust has at least one sign change for n e (x,x +x°] for
sufficiently large x. Moreover, the number of sign changes of the above sequence for n < x
is > x179.

Remark 1.2 By comparison, in Theorem 1.1, our results about the number of sign
changes for n < x improve the results of Hua [7, Theorem 1.1].

Theorem 1.3  Let f € Hy,, g € Hy, be two different forms. Also let Ag, sy ¢(n) and
Agxgxg(n) be the n-th normalized Dirichlet coefficient of the triple product L-function
L(s,fx fxf)andL(s,gx g x g), respectively. Then for any & with

882

1- =0.99950---< 5 <1,
400+/21 + 1771497

the sequence {A rx fx (1) Agugng(n) }ns1 has at least one sign change for n € (x, x + x°]
for sufficiently large x. Moreover, the number of sign changes of the above sequence for
n<xis> x17°,

In Section 2, we give some preliminary lemmas. In Section 3, we prove three
propositions which play an important part in proving Theorem 1.1 and Theorem 1.3.
In Section 4 and Section 5, we complete the proofs of Theorem 1.1 and Theorem 1.3,
respectively. And, throughout the paper, we denote by ¢ a sufficiently small positive
constant, whose value may not be necessarily the same in all occurrences.

2 Preliminary and some lemmas

In this section, we will establish and recall some preliminary results for the proofs
of Theorem 1.1 and Theorem 1.3. We first recall the definitions about some specific
L-functions.
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The Hecke L-function attached to f € Hy is given by

(2.1) L(s.f) = Zlfn(n) H(l—w)_l(l—msp))_l’

) p p
which converges absolutely for 93(s) > 1. The local parameters as(p) and B(p)
satisfy
(22) ap(p) +Bs(p) =As(p) and |ap(p)|=|Bs(p)I=1.

The j-th symmetric power L-function attached to f € Hy is defined as
J

23 Lssym'f) =TT TT (1= s (pY "By (2)"p™) "
p m=0

for R(s) > 1. Then, L(s, sym’ f) can be expressed as the Dirichlet series
n Aevmif (P
(2.4) L(s,sym/f) = Z Symlf( ) =11 1+Z%S(p) ,
P k>1 p
where Ay (1) is a real multiplicative function, and
(2.5) L(s,sym"f) = {(s), L(s,sym'f) = L(s, f).
According to (2.1) and (2.3), we obtain

26 Aoy (9) = 3 & (P)B" (p) = A (p).

m=0

Remark 2.1 The result of Newton-Thorne [21] implies that sym/f (j>1) is an
automorphic cuspidal representation of GL(j +1). This means that L(s,sym/f) has
an analytic continuation as an entire function in the whole complex plane C and
satisfies a certain functional equation of Riemann zeta-type of degree j + 1.

The Rankin-Selberg L-function associated with sym’ f and sym/g is defined by

o (1 ap(p) By (p) ag(p) " Be(p)" )

L(s,sym’f x sym/g) = p*

sym"fxsymfg(n) %(S) >1

27) - s
n

where Agymi fxsymig(7) is a real multiplicative function, and

id 4 .
(2.8) /\symifxsymfg(p) = Z Z ‘Xf(P)l_zu“g(P)]_zv = Asymif(p)ksymig(l))‘

u=0v=0

In particular, we have

(2.9) L(s,sym'f x sym'g) = L(s, f x g), L(s,sym* x sym'g) = L(s,sym*f x g).
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Remark 2.2 Due to the works of Jacquet and Shalika [10] [11], Shahidi [26] [27],
Rudnick and Sarnak [25], Lau and Wu [15] and Newton-Thorne [21], the Rankin-
Selberg function L (s, sym’ f x sym/ g) (f € Hy,, g € Hy, are two different forms) has
an analytic continuation as an entire function in the whole complex plane C and
satisfies a certain functional equation of Riemann zeta-type of degree (i +1)(j +1).

The triple product L-function associated with f is defined by

L(S,foxf):H(l_W)_l(l_0%(17))_3(1_W)‘1(1_/3f(3p))—3

P p? p? p? p
had A’ XX

(2.10) = A () s
n=1 ns

where A, ¢, s is real and multiplicative.

Remark 2.3  Recalling that the triple product L-functions L(s, f x f x f) are auto-
morphic L-functions has been showed by Garrett [2], Piatetski-Shapiro and Rallis
[24], etc. Furthermore, we learn that the L-function L(f x f x f,s) has an analytic
continuation as an entire function in the whole complex plane C and satisfies certain
Riemann zeta-type functional equations of degree 8.

Thus for i,j>1, L(s,sym/f) and L(s,sym’fxsym/g) are also general
L-functions in the sense of Perelli [23]. For general L-functions, we have the following
result.

Lemma2.4 Suppose that £(s) is a general L-function of degree m. Then, for any € > 0,
we have

m(1-0)

(2.11) (0 +it) «< (1+]f))mx{T700re,

uniformly for1/2 < 0 <1+ e and |t| > 1. And
T
(2.12) [ |£(0 + it)lzdt « Tmax{m(l—a),1}+s’
1

uniformly for 1 <o <2and T > 1.
Proof  See [23]. u

Lemma 2.5 Letk= %\/E =0.4918:--. Then for any € > 0, we have

(2.13) (o +it) « k-0 e

uniformly for |t| >1and1/2< o < 1.

Proof The bound is proved by Heath-Brown in [4, Theorem 5]. [

https://doi.org/10.4153/50008439524000602 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439524000602

1096 J. Feng
Lemma 2.6 Forany € > 0, we have
(2.14) L(o +it, symzf) < (1+ |t|)max{§(1fﬂ))0}+£)

uniformly for 1 <o <2 and|t| > 1

Proof  See [16, Corollary 1.2]. [ |

Suppose that 7 is a unitary cuspidal automorphic representation of GL,(Ag) and
L(s, ) is the automorphic L-function related to 7. For 1/2 < g < 1, let m(0) > 2 be
the supremum of all numbers 1 such that

T
(2.15) f IL(s, 7)|"dt < TV
1

Lemma 2.7 Let m(0) be defined by (2.15). Then for each 1-1/r < 0 <1 with r > 4,
we have
(2.16) m(o) > 2

’ “r(l-o)’
Proof  See [8, Theorem 1.1]. [

Newton and Thorne [21, 22] proved that sym/f corresponds to a cuspidal auto-
morphic representation of GL,(Ag) for all j > 1 with f € Hy. As a result, we obtain
the following lemma.

Lemma 2.8 For f € Hy and any € > 0, we have

T
(217) f |L(23/25 + it,sym* )| >dt < T,
1
uniformly for T > 1.
Proof  According to Lemma 2.7, for r = 5, we take ¢ = 23/25. u

Lemma 2.9 For f € Hy, we have
(2.18) L(s, f x f x f) = L(s, f)*L(s, sym’f).
Proof See [18, Lemma 2.1]. [ |

Lemma 2.10  For f € Hy and R(s) > 1, let

o )2
(2.19) L(s)=Y rees ()
n=1

nS
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Then we have
(2.20) L(s) = C(s)L? (s, sym* f)L° (s, sym* f)L(s, sym® f) U(s),

where the function U(s) is a Dirichlet series absolutely convergent in R(s) >1/2 and
U(s) # 0 for R(s) =1

Proof See[17, Lemma 5]. [

Lemma 2.11 Let f € Hy,, g € Hy, be two different forms. For R(s) > 1, let

(2.21) 6(s)=3 Aps s (1) Agxgng (n).
n=1 ns
Then we have
(2.22)
G(s) = Ls,sym’f x sym’ )L (s, f x sym’g) L* (s, sym’f x )L (s, f x ) V/(5)

where the function V (s) is a Dirichlet series absolutely convergent in R(s) > 1/2 and
V(s) # 0 for R(s) =1

Proof = Noting that As, f. r(1)Agxgxe(n) is multiplicative and satisfies the upper
bound O(n*) due to (1.3), we obtain for R(s) > 1,

/\fxfxf(p)/lgxgxg(p) + )fofxf(pz)Agxgxg(pz) +)

2.23 G(s) = 1
( ) (S) IPT ( + ps pZS

From Lemma 2.9, we have

(2.24) At puf(P) = Asyms (P) + 244 (p).
Then,
AfoXf(P)/\ngXg(P) = (Asym3f(P) + ZAf(P)) ()‘sym3g(p) + ZAg(P))
= Asym3f(p))tsym3g(p) + ZAf(p)/lsymﬂg(P) + 2Asym3f(p))Lg(P) + 4Af(P)/1g(P)
=b(p).
(2.25)
Define
(2.26)
Gi(s) = L(s,sym3f X sym3g)L2(s,f X sym3g)L2(s,sym3f X g)L4(5’f x g).
Then it can be written as

k
(2.27) Gi(s) =[] (1 £y b(";s)
P k1 P
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As a result,

G(s) = Gi(s) x [ (1 + Afxf*f(f’z)kg;g;g(f’z) b | )
P

= L(s,sym’ f x sym’g)L*(s, f x sym’g)L* (s, sym’ f x g)L*(s, f x &)V (),
(2.28)

where V(s) converges absolutely and uniformly in the half-plane 93(s) > 1/2. |

Lemma 2.12  Let f € Hy,, g € Hy, be two different forms. For R(s) > 1, let

o )2 22

(229) H(S) _ Z fxfxf(nzlsgngg(l’l)'
n=1

Then we have

(2.30) H(s) = Hi(s)W(s),

where

Hi(s) =0 ()L™ (s, sym’ £)L* (s, sym’g) L (s, sym" )L’ (s, sym® g)L” (s, sym° f)
L’(s,sym®g)L(s, sym® f x sym®g) L’ (s, sym® f x sym*g)L’ (s, sym® f x sym’g)
L3(s,sym® f x sym® )L (s, sy f x sym* )L (s, sym’* f x sym’g)
L’ (s,sym” f x sym®g)L* (s, sym’ f x sym*g)L* (s, sym’ f x sym’g),

and the function W (s) is a Dirichlet series absolutely convergent in (s) >1/2 and

W(s) # 0 for R(s) =1

Proof From (2.6) and Lemma 2.9, we have

(2.31) Apspxf(P) = dymip(p) +2A5(p)  and  Agmis(p) = A4(p/).

According to (1.2), we have

2
Mrxr(P) = (Ar(P%) +225(p))" = 27(p°) + 417 (p) + 441 (p*)A£(p)
= Ap(p%) +5A7(p*) + 9A7(P%) +5 = Agyms £ (P) + 5Asyms r(P) + Ihsyme s (p) +5.
From (2.8),
A‘fofxf(p)/lzxgxg(p)
= /\symﬁfxsymﬁg(p) + SAsymﬁfxsym“g(p) + 9Asym6fxsym2g(p) + 5/lsym”f(p)
+ 5/\sym4f><sym6g(P) + 25/15ym4f><sym4g(p) + 45/\sym4f><sym2g(p) + ZSASYmAIf(p)
+ 9Asym2fxsym6g(p) + 45)Lsym2fxsym4g(p) + 81/\sym2f><syng(p) + 45)Lsym2f(p)
+ Sksymsg(p) + 25Asym4g(p) + 45)Lsyng(p) + 25.

Now the lemma follows by standard argument like Lemma 2.11, so we omit it here. m
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Lemma 2.13  For f € Hy and any € > 0, we have

(2.32) Z Afxfxf(n) < x7/10”.

n<x

Proof  See [18, Theorem 1.1]. [

3 The main proposition

In this section, we shall establish asymptotic formula of the sum

(31) y;c/\?xfxf(n)’ Z;AfoXf(”)AngXg(”) and ZA;xfxf(n))szgxg(n)’

n<x

respectively (see Propositions 3.1, 3.2, 3.3). These asymptotic formulas are the key to
prove Theorem 1.1 and Theorem 1.3.

3.1 Proof of Proposition 3.1
Proposition 3.1 For f € Hy and any € > 0, we have

(32) Zlf‘xfxf(n) :xP(lng)+Of,s(x17W;70ﬁ+e)’

n<x

where P(t) is a polynomial of degree 4.

Proof Recalling Lemma 2.10 and applying Perron’s formula (see [9, Proposition
5.54]), we have

b+iT

s 1+¢
(3.3) ZA}XM(n):ﬁ fL(s)x;ds-rO(xT )

nex b=iT

where b =1+ eand 3 < T < x is a parameter to be chosen later.
Then, we move the line of integration to the parallel segment with fRs = 23/25. By
Cauchy’s residue theorem, we obtain

(3.4) S A7 (n) =Res {L(s)x—s} + L f L(s)x—sds +0 X
. LTSI A s 27i s T )

where £ is the contour joining 1+¢&—iT, 23/25—iT, 23/25+iT, 1+ ¢+ iT with
straight lines. The residue at s =1 is equal to xP(logx), P(t) is a polynomial of
degree 4. We also have U(s) « 1 in that the absolutely convergence of U(s) for
R(s) >1/2 + e. Consequently, formula (3.4) can be written as

1+
35 A2 = xP(l ofgh+gr+X ),
65) 3 ey ) = xpliog) + 03 7+ %
where
1 1+¢
(3.6) 3?::—f|L(a+iT)|x”d0<< sup x°TUL(0 +iT)),
T23/25 23/25<0<l+¢
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and
T dt 2T
(37) gV = x| |L(23/25 + it)|— <« x**/%*¢ sup T7' [ |L(23/25 + it)|dt.
1 : p 4
3<Th<T
1 Ty

By Lemma 2.5, k = %\/ﬁ = 0.4918- -+, for any ¢ > 0, we have

.
(3.8) ((23)25 + it) < 5 XF e,

Following from the well-known Phragmen-Lindelof principle, we obtain

(3.9 {(o+it) < tmax{@(l—a),o}ﬂ’

uniformly for 23/25 < ¢ < 2 and |¢| > 3. According to Lemma 2.4, Lemma 2.6, and
(3.9), we deduce that for 23/25< 0 <1+¢,

134

|L(O‘ + 1T)| « T{S-@+9-g+5'%+%}(l—a)+s _ T{\/ik+7}(1—a)+e'

Then it follows that

1+¢

o
129 X 80+/30+9009 X
(310) Jh« TV2ke e sup (134) « x BT
23/25<0<14e \ TV2K+E

For J}, we have

213
I, (T
(3.11) gV «< xBI5* qup Mf|L(23/25+it,sym4f)|5dt,
ssnst T

where

L.(T) = max {?(23/25 + it) L°(23/25 + it, sym® f)L(23/25 + it, sym° f).

According to Lemma 2.4, Lemma 2.6, Lemma 2.8, and (3.8), we have

(3.12) L(Ty) < T15><8T¢3§><(%)3/2+9><gx%+%x725+g _ TIW;S%H
and
2T
(3.13) / |L(23/25 + it, Sym4f)| Sdt « T11+£,
Ty
Consequently,
(3.14) I < REERS Mo

315
Inserting (3.10) and (3.14) into (3.5), and taking T = x 10v30+3442, we obtain

(3.15) > /\f:xfxf(n) =xP(logx) + O(xl_wﬂ%ismﬂ). =

n<x
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3.2 Proof of Proposition 3.2

Proposition 3.2 Let f € Hy,, g € Hy, be two different forms. For any & > 0, we have

(3.16) S A pprf (1) Agrgg(m) << x31/32¢,

n<x

Proof  According to Lemma 2.11 and applying Perron’s formula (see [9, Proposition
5.54]), we have

b+iT

1 xs x1+£
G173 Apepes (M)A grgug(n) = — f G(s)Zds+0 :
a=x Zmb_'T s T

where b =1+ eand 3 < T < x is a parameter to be chosen later.
Then, we move the line of integration to the parallel segment with Rs =1/2. By
Cauchy’s residue theorem, we deduce that

1 xS x1+£
(318) 5 Apsps(MAgegeg () = 5= [ G(5)=ds+0 ,
n<x 2mi A s T
where £ is the contour joining 1+ & - iT,1/2—iT,1/2+iT, 1+ ¢ + i T with straight
lines. G(s) has no poles in the half-plane Ji(s) > 1/2 by using the analytic properties
of Rankin-Selberg L-functions. We also have V(s) < 1in that the absolutely conver-
gence of V(s) for RR(s) > 1/2 + . Consequently, formula (3.18) can be written as

1+e
(3.19) S A (1) Agugrg(n) = O (3{1 +J+ xT ) ,

where

1+e

1
(3200 7" ::—f|G(o+iT)|x"do* < sup x°TYG(o+iT)|,

T1/2 1/2<0<1+¢
and
T it 2T
G2 J =X [ |Ga/2+it)|— < %M sup T [ |G(1/2 + it)|dt.
1 P 4
t 3<T<T
1 T
According to Lemma 2.4, we obtain for 1/2< o <1+¢
(3.22) |G(0 +iT)| « T 555 (-0)te _ p32(-0)+e,
Therefore,
h 3l+e X ! 1/2+¢ 715 x'*e
(3.23) di <T sup o] <x T +

1/2<0<1+¢
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For g}, we get

L (T,
(3.24) gV <« x'**¢ sup 21( 1) f|L(l/2+zt f x sym’g)|*dt,
1<T1<T
where
3 3 2 3 4
(3.25) I, (T) = TértlgszbL (so,sym f x sym g)L (so,sym fx g) L* (so, fx g).
so=1/2+it

By Lemma 2.4, we have

2Ty
(326) L(T) < T***  and f L (1/2+it, f x sym’g)|*dt «< T}
T
As a result,
(3.27) gV« x/2reTIse,

Inserting (3.23) and (3.27) into (3.19), and taking T = x1/32 we obtain

(3.28) S At prf (1) Agxgng(m) << X332, n

n<x

3.3 Proof of Proposition 3.3

Proposition 3.3  Let f € Hy,, g € Hy, be two different forms. For any € > 0, we have
(3.29) Z A'zfxfxf(n)l‘zgxgxg(n) = xQ(Ing) +0 (.Xl_ 400\/2%3-21771497 +£) i
n<x

where Q(t) is a polynomial of degree 24.

Proof Recalling Lemma 2.12, we obtain
(3.30)  Hy(s) :=*(s)L* (s, sym® f)L* (s5,sym>g) L* (s, sym* f x sym®g) H, (),
where

H,(s) = L**(s,sym® f)L* (s, sym*g) L’ (s, sym® f) L (s, sym®g) L(s, sym® f x sym®g)
L*(s,sym®f x sym®g)L° (s, sym® f x sym?g)L? (s, sym* f x sym*g)
L¥(s,sym* f x sym*g)L° (s, sym®f x sym®g)L** (s, sym? f x sym*g)

L81(57 symzf x Syng)

is a general L-function of degree 3626.
Applying Perron’s formula (see [9, Proposition 5.54]), we have

b+iT

s 1+¢
63D DR (DR (n) = L — H(s)ids+0(xT )

<
nsx b—iT

where b =1+ e and 3 < T < x is a parameter to be chosen later.
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Then, we move the line of integration to the parallel segment with s = 34/35. By
Cauchy’s residue theorem, we obtain

5 5 xS 1 xS x1+s
032) T X () =Res {H(s)?} e 2[ H(s) S ds + o( . )
where £ is the contour joining 1+¢&—iT, 34/35—iT, 34/35+iT, 1+ e+ iT with
straight lines. The residue at s =1 is equal to xQ(logx), Q(¢) is a polynomial of
degree 24. We also have W (s) « 1 in that the absolutely convergence of W (s) for
R(s) > 1/2 + &. Consequently, formula (3.32) can be written as

1+e¢
(3:33) D Aps(MAgugg(n) = xQ(logx) + O (3? 354 ) ’

n<x
where
1 1+¢
(3.34) gh=— f |H(o +iT)|x°do <« sup x°T'|H(o+iT)|,
T34/35 34/35<0<l1+e
and
(3.35)
T 2T
v ._ L 34/35 INT: 34/35+¢ -1 .
gy = x [ 3435+ i) T < x sup T [ |H(34/35 + it)|d.
1 3<Ti<T 7

By Lemma 2.5, k = %\/E = 0.4918---, for any ¢ > 0, we have

kL
(3.36) C(34/35 + it) < v 5"

Following from the well-known Phragmen-Lindelof principle, we obtain
(3.37) {(o+it) < tmax{ﬁ(l—a),o}ﬂ’

uniformly for 34/35 < ¢ <2 and |f| > 3. According to Lemma 2.4, Lemma 2.6, and
(3.37), we obtain for 34/35 <0 < 1+¢

4458 445-£ 45 3+ 228} (1-0) +e _ {25" 4073 (1-0)+e

H(o +iT)| < T 7= =70

Therefore,

o
25k, 4015 X
44015 4 .
2
33 < T\F Sup ( 25k +4017)
34/35<0<l+e \ T V35 = 2

(3.38) eSS 1

o
According to (3.30), we deduce that
2Ty

(3.39) gy < 3% gy 31( %) f |L(34/35 + it,sym* f x sym®g)|*dt,
3<T1<T
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where

Ii(Th)

= max {7 (o)L (o, sym” )L™ (s0, sym*g) L (so, sym” f x sym®g) Ha (so)-
s0=34/35+1T;

From Lemma 2.4, Lemma 2.6, and (3.36), we have

(3.40) I(Ty) <« TOT VB RS R (e
and

2y
(3.41) f |L(34/35 + it,sym* f x sym®g)|*dt < T} **.

T

As a result,

25k | 3947\, 1
VA >3

(3.42) 35 <« x3rert
Inserting (3.38) and (3.42) into (3.33), and taking T = x400¢£i2177l497 , we obtain

_ 882
(3.43) Z A;xfxf(n)/lzxgxg(n) = xQ(logx) +0 (xl 400/21+1771497 +s) ) -

n<x

4 Proof of Theorem 1.1

In this section, we prove Theorem 1.1 by the argument of contradiction. Let

315

(4.1) l-—
40./30 + 8442

=0.963--- < d < 1.

Suppose that the sequence {A s, s« r(#) } n>1 has the same sign in the interval (x, x +
x°]. Without loss of generality, let the sign is positive. Then by Lemma 2.13 and
Deligne’s bound (1.3), we obtain

(4.2) Z Afrxfxf(n) « xt Z Apupep(n) < 7/0+e

x<n<x+xd x<n<x+xd

According to Proposition 3.1, we deduce that

Z )L}xfxf(n) =(x+ x‘s)P(log(x + x‘s)) —xP(logx) + Of,g(xlilW%ismH)

x<n<x+x?
> (x +x°)P(logx) — xP(log x) + Of,s(xl_w%%ism”)
(4.3) = x°P(logx) + Of,g(x1_40¢£i8442+8) > x%.

From (4.2) and (4.3), we get the contradiction. As a result, the sequence
{Afxfxf (1)} ns1 has at least one sign change in the interval(x, x + x°] with 0.963-- <
0 < 1. Therefore, the sequence {A ¢, rx(#)} u>1 has at least > x'79 sign change in the
interval(x, x + x°] for suffficiently large x.
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5 Proof of Theorem 1.2

In this section, we prove Theorem 1.3 by the argument of contradiction. Let

1- 882
400+/21 + 1771497

Suppose that the sequence {A sy fxf(#)Agxgxg(#)}ns1 has the same sign in the

(5.1) =0.99950--- < 5 < 1.

interval(x, x + x°]. Without loss of generality, let the sign is positive. Then by Propo-
sition 3.2 and Deligne’s bound (1.3), we obtain

(5.2)
> /\}xfxf(”)/\§Xng(”) <X Y A (M) Agrgrg(n) < U2e

x<n<x+x® x<n<x+x?

According to Proposition 3.3, we have

Z A;xfxf(n)"éxgxg(n)

x<n<x+xd
= (x + x‘s)P(log(x + x6)) - xP(logx) + Of)e(x1_4ooJ§izl771497+£)
> (x +x°)P(logx) — xP(logx) + Of,g(xl_wwgsflvmwﬂ)
(53) = x‘sP(logx) + Of,s (xl_ 400J§§-21771497 +£) > xz?‘

From (5.2), (5.3), and % =0.96---, we get the contradiction. As a result, the

sequence {Afyfxf(1)Agugug(n)}ns1 has at least one sign change in the interval
(%, x + x°] with 0.99950--- < § < 1. Therefore, the sequence {A r fx £ (1) dgugng (1) } o1
has at least > x'~° sign change in the interval(x, x + x°] for suffficiently large x.
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