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Abstract

We derive large-sample and other limiting distributions of components of the allele fre-
quency spectrum vector, M,,, joint with the number of alleles, K;,, from a sample of
n genes. Models analysed include those constructed from gamma and «-stable subor-
dinators by Kingman (thus including the Ewens model), the two-parameter extension
by Pitman and Yor, and a two-parameter version constructed by omitting large jumps
from an «-stable subordinator. In each case the limiting distribution of a finite number
of components of M, is derived, joint with K,,. New results include that in the Poisson—
Dirichlet case, M,, and K}, are asymptotically independent after centering and norming
for K,,, and it is notable, especially for statistical applications, that in other cases the lim-
iting distribution of a finite number of components of M,,, after centering and an unusual
n®/? norming, conditional on that of K}, is normal.
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1. Introduction

In population genetics, the allele frequency spectrum (AFS) records the numbers of types
of alleles represented a designated number of times in a sample of genes. Its distribution
was derived under an infinite alleles model of mutation by Ewens [10]. An intimate connec-
tion of this distribution, now known as the Ewens sampling formula (ESF), with Kingman’s
Poisson—Dirichlet distribution [31], was subsequently exploited in a large range of important
applications. The AFS plays an important role for example in the formulation of Kingman’s
coalescent [32]; for background, see Berestycki et al. [4] and Basdevant and Goldschmidt [3].

Kingman [31] constructed the Poisson—Dirichlet distribution PD(6), for 0 > 0, as a ran-
dom distribution on the infinite unit simplex Vo := {x; >0,i=1,2,..., Zi>l x; =1}, by
ranking and renormalising the jumps of a driftless gamma subordinator up to a specified
time. Another of Kingman’s distributions arises when a driftless «-stable subordinator with
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2 R. A. MALLER AND S. SHEMEHSAVAR

parameter « € (0, 1) is used instead of the gamma subordinator. Later again, an encompassing
two-parameter Poisson—Dirichlet distribution PD(«, 8) was constructed by Pitman and Yor
[43]. This specialises to PD(6) when « | 0 and to the second of Kingman’s examples, denoted
herein as PD(«, 0), when 6 = 0.

These distributions and the methodologies associated with them have subsequently had
a huge impact in many applications areas, especially in population genetics, but also in the
excursion theory of stochastic processes, the theory of random partitions, random graphs and
networks, probabilistic number theory, machine learning, Bayesian statistics, and others. They
have also given rise to a number of generalisations and a large literature analysing the vari-
ous versions. Among these, generalising PD(c, 0), is the PDf[) class of Ipsen and Maller [23],
defined for o € (0, 1) and r > O.

In this paper we derive large-sample (n — oc0) and other limiting distributions of the AFS,
joint with the number of alleles, for each of these classes. The AFS in a sample of size n €
N:= {1, 2, ...} is the vector M, = (M1, My, ..., My,), where M}, is the number of allele
types represented j times, and K, = Z]’Ll M, is the total number of alleles in the sample.
(Vectors and matrices are denoted in boldface, with a superscript ‘T’ for transpose.) K, is a
deterministic function of M,,, but analysing M,, and K,, jointly, as we do, leads to important
new insights and useful practical results.

2. Notation, models analysed, and overview

Here we set out some notation to be used throughout. Recall that the sample size is n € N.
The sample AFS is the vector M,, with its dependence on parameters «, 6, or r specified as
required, with components (M1, Ma,, ..., My,) indicated correspondingly. Each M,, takes
values in the set

n n
A= {m=(my. ... mp):m;=0, Y jmj=n» m=kt, (1)

and each K, takes values ke N, := {1,2,...,n},neN.

Specialising our general notation, when the model under consideration depends on parame-
ters o, 6, or r, these are distinguished in the particular M,, and K, analysed; thus, for PD(«, 6)
we have (M, («, 0), K,,(a, 0)) (with (M,(«, 0), K, (e, 0)) abbreviated to (M, («), K, (c)), for
PD(#) we have (M,,(0), K,,(9)), and similarly for PD{". Explicit formulae for the distributions
of (M,,, K,,) are available for each of these models, as we now set out in detail.

Distribution of M,,(«, 9), K, («, 6)) for PD(«, 0). Pitman’s sampling formula ([40, Prop. 9],
[43, Sect. A.2, p. 896]) gives, for0 > 0,0 <o <1,

P(M,(a, 6) =m, Ky,(, ) =k)
_n_!F(G/a+k)F(9+1)< o ) "i<r(; a))
m
1

= 2
alT@/a+1)Tn+0O\Td—a) i

The corresponding formula for PD(«, 0) is given just by setting 6 = 0:

k—1)! k1 (TG—a)\™
POV @) =m. Ko(e) =0 =" o )<F(1a—a)) XH%(%) -
o mi! !
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Asymptotics of the allele frequency spectrum 3

Distribution of (M,,(6), K,(0)) for PD(6). The Ewens sampling formula ([10], [42, p. 46]),
for 6 > 0, is

PM,(0)=m, K,(0)=k)=—-——F| | — 7

nC@ok & 1 (1\"™
I < ) ' @
(n+06) il m

Distribution of (M,,(«, 1), Ky(, r)) for PD{). Equation (2.1) of [26] gives the following
formula: forr>0,0<a <1,

B o P(r+ k) e dr
P(M, (o, 1) =m, Ky, )=k)=n /0 Twor H (Fj())™ = (5)
where '
q/(x):1+a/ (1—e 7 gy (6)
0
and
a [* :
F,-(A):j_' / ed* ldz, jeN, 1>0. 7
+J0

In each of (2)—(5), k € N,,, n € N, and m takes values in the set Ay, in (1).

The limiting distribution of K, is already known for each case, and for components of M,
separately for PD(«, 0) and PD(6), but the joint approach adds new information. For example,
the limiting distributions of M,,(8) and K},(9) are known separately for PD(6) (the ESF), but we
show that they are asymptotically independent. For PD(«, 6) and PD((Y’) we obtain the limiting
covariance matrix of a finite number of components of M,, after centering and normalising,
and show that the conditional limiting distribution of these, given Kj,, is normal — a useful fact
for statistical applications.

Here we list some additional notation and preliminaries. The multinomial distribution arises
in a natural way when considering the distribution of M,,. We use the following generic
notation for a multinomial vector with its length and associated occupancy probabilities
specified by context. If /> 0 and n > J are integers, p = (pj+1, . . ., Pn) is a vector with pos-
itive entries such that pj+1 +...+p, =1, and my41, ..., m, are non-negative integers with
mjy1+...+my,=b<n, we set

n

p.
P(Mult(J, b, n. p)=(msy1.....m))=b! [] L. (8)
jere1 ™

We recall a useful representation from [26, p. 374]. Denote the components of the multinomial
Mult(/, b, n, p) by Mj4+1, ..., My). This vector has moment generating function (MGF)

b
n n
j=J+1 j=J+1

where v; > 0, J + 1 <j <n. Choosing v; =vj,J + 1 <j < n, where v > 0, gives

oolr 1)) - (S0)
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4 R. A. MALLER AND S. SHEMEHSAVAR

Introduce independent and identically distributed (i.i.d.) random variables X; with P(X; = j) =
pj»J + 1 <j <n. Then the right-hand side of (9) is the MGF of "2, X;.

A related covariance matrix that occurs in our analyses is the J x J matrix Q; with diagonal
elements ¢;(1 — g;) and off-diagonal elements —g;q;, 1 <i#j <J, where

q,-:—‘_)"r(’ D ieNy JeN, J<n, (10)
Jird — )

We develop a systematic method of proof in which the novelty is to combine detailed
asymptotics of the combinatorial parts of (2)—(5) together with a local limit theorem arising
from the representation (9) applied to the distributions of (M,,, K;,) in the various cases. In two
instances key results concerning subordinators due to Covo [8] and Hensley [22] are also used.

The paper is organised as follows. We start in the next section with PD(({) by analysing the
distribution of (M,,(«, 1), K,(«, r)) as n — oo. This is the most difficult of the cases we deal
with, but having established the method, the analogous results for PD(«, 6), PD(«, 0), and
PD(6) follow with only necessary changes in Sections 4 and 5. Section 6 gives other related
limiting results; for example, the limit as r | 0 of PDfxr) is PD(«, 0). Further discussion and
more references are in the concluding Section 7.

3. Limiting distribution of M,,(«, 1), K,(a, r)) as n — oo

In the PD,({ ) model, M, («, r) and K,(«, r) depend on the parameters « € (0, 1) and r > 0,
and the sample size n € N. In this section « and r are kept fixed for the large-sample analy-
sis (n — o0). The limiting distribution of K,(«, r) was derived in [26]. Here we extend that
analysis to get the joint limiting distribution of a finite number of components of M, (e, r),
self-normalised by K, («, r), together with K,,(«, r). A surprising and novel aspect is the n®/?
norming needed for the self-normalised frequency spectrum (after appropriate centering).

Introduce for each A > 0 a subordinator (¥;(A));~0 having Lévy measure
ayfafl

[T, (dy) := m

(Ljo<y<a<1) + Lo<y<1<a})- (1)

As shown in [26], each Y;(A), t>0, A >0, has a continuous bounded density which we
denote by fy,)(y), y > 0. Let J > 1 be a fixed integer, and define ¢; and Qy as in (10). Let
a=(ay,a,...,a;) R/, ¢>0, and recall that for the components of M, («, r) we write
(M, (o, r))1<j<n- Throughout, when m € Ay, let my = Z{:l mj and my 4 = Z}’lemj. Then
we have the following.

Theorem 1. For the PDg) model, we have

) Min(a, r) a; . Ky(a, 1)
i (R <t i i D e

1 2= a=3yTQ; Y
- CHrra —oa) fyeRJ, y<a /O<x§c /):>0 V(2m)! det (Qy))
dxr
par+l

x e VDT, 60(1) dxdy. (12)
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Corollary 1. Let (1\7[(01, r), K(a, r)) denote a vector having the distribution on the right-hand
side of (12). Then the distribution of M(«, r), conditional on K(a, r)=x> 0, is N(0, Qj/x),
that is, with density

12 a3y QY

V@) det(Q))’

Proof of Theorem 1. Take n, J e N,n > J,m=(my, ..., m,) € Ay, and k € N,,. From (5) we
can write

yeR’. 13)

P(Mjy(ct, r)=mj,1<j<J Ky(a, r)=k)

® I'(r+ k)rk
=n/0 (r+5 1‘[ (F(k))”’fx > ]_[ —(F(k))'"f—, (14)

T (AW V+k
T(¥(h) oo

withmY) = (my41, ..., m,) and
n n
W =mz0s iz ¥ imenmens 3 meem] 09
j=J+1 Jj=I+1

(Recall my = 2{21 mjand m, y = 2{21 Jjm;.) For each A > 0, let

(J) J) Fj()‘)
= (P]n (A))HKK" (ZZLM Fe(L) J+1§]'<n.

In the notation of (8), let Mult(J ,k—my,n, p,(f)()\)) be a multinomial vector with

n (D
P(Mult(J, k —my, n, p (W) = (mypr, ... oma) =(k—mp)! | M, (16)
j=J+1 j!

where m; >0,/ +1<j<n, and Z/": J+1 M =k — my. We can represent the summation over
m € A of the right-hand side of (16) using (9), the probability

k—m+
P( > x}j)(x)=n—m++>, (17)
i=1

I <i<k—m, aT€ i.i.d. with

and a method detailed in [26, p. 375]. In (17), (X (1))

P(X{)0)=j)=p)(). J+1<j<n.
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For brevity let K =k — my and n’ = n — m, 1, where convenient in what follows. Then

> T1 %(ij)mj

meal j=I+1 "

DN H p,,)( )( 3 FeO»)) |

m el =it " t=J+1
1 n K 14
=m( 3> ron) oS =)
T \e=J+1 i=1

So now we can represent (14) as

P(Mjn(a, r)=mj, 1 <j<J, Ky(a, 1) =k)
J

B T(r + k)rok m
- /0 TOW T | H ()

d da
( > Fg()»)) <ZX§,{)(A)=n/)T. (18)

=J+1 i=1
In this we change variable from A to An, and let
J

1<j<J. and gi,=)_gpn. (19)
j=1

. __ Fonw
N Fe(n)’

The gj, and g, depend on A, but this is omitted in the notation. From (19),

n_ o Fu(wn J
=1 i

so we can rewrite (18) as

PMj(a, r)=m;, 1 <j<J, Kyla, r)=k)

B °°F<r+k)(1—q+n)k’ T il
_A 1l q./" \Ij()\' )k ZFK()L”)

!
=1 1 j=1

PN
 Feva (fo" “’”‘”) . 20
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Introducing continuous variables z > 0 and u; > 0, 1 <j < J, we can write

. Kn(a, 1)
a2’ 1<j=<J, e §C>

= > Ym=(g+a/m)k
1<j<J, 1<k<cn®
x P(Mjy(at, r) =my, Ky(a, r)=k)
J
=/P(Mjn(0h r) = lujl, Ku(,r)= LZJ)H du; dz, (21)

j=1
where the integration is over the range
{w < (g +a/n*)z 1<j<J 0<z<en}.

In this integral make the change of variables z = n%x, u; = (qj +yj /n®/ 2)z, sodz=n"dx, du; =
dy;xn®/?, to write (21) as

j}’l(a r) . Ky(a, 1)
PR <vt e 1isn 2R <

— p1+7/2)

X / xJP(Mj,,(a, r)= |_(qj +yj/n°‘/2)xn“J, 1<j=<J, Ko, 7)= I_xnaj) dy dx.
y<a, O<x<c
(22)

Substitute from (20) to write the last expression as

/ / fu(y, x, A)dy dx dA =: / I,(a, c, M) dA, 23)
A>0 Jy<a, O<x<c A>0

where
In(aa C’ )“) = f fn(Ya -xv )\') dy dx
y<a, O<x<c

and f,,(y, x, 1) denotes the probability in (22), together with a factor n®1+//2x/and with m;
replaced by (g; +y; /n%/?)k and k replaced by [xn®] in (20). The limiting behaviours of the
four factors in (20) which contribute to f;(y, x, A) are set out in the next lemma, whose proof
is given in the supplementary material to this paper. The matrix Qy is defined using (10), its
determinant is det(Qy) and a tilde means the ratio of the connected quantities tends to 1.

Lemma 1. With the substitutions k = [xn®], m; = |q;j + yj/n"‘/ 2|k, k' =k — m., we have the
following limiting behaviours as n — 00:

Lo+ = gen)! 5 m  noy 21 3Ty

4 (24)
KT m! oy V@)’ det (Qy)
()\J’l)ak n k
. _ —x(A7Vv1)/ T(1—a)
dim o (;Faxn)) =e : (25)
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1 1

~ , (26)
rovin)y Tl (1 —aow)
k—m+
A, "P< > X Omy=n— m++> =frm(D. 27)
i=1

Multiplying together the right-hand sides of (24)—(27), and keeping in mind the factor of
n*+/2) from (22), which exactly matches the factors of n in the right-hand side of (24) and
(26), then substituting in (20), shows the existence of the limit

Jim fuly, x, 4) =t f(y, 6 2)
1 H2=1 =3y Q)Y
ST —a) /) det(Q))

This is the integrand in (12). Let

efx()»_"‘vl)/F(lfa)fxx())»\)(l). 28)

I = / f(y, x, A) dy dx.
yeR/, x>0

Then f =0 (1) dA is the integral in (12) taken over (y, x) € R’ x (0, 00). The integral over y of
the right-hand side of (28) equals
X! e—x(r“vl)/r(l—a)fo(k)(l)
rmrrd—aow) per+l ”

and when integrated over A > 0 this equals the limiting density of K, («, r) in equation (2.8) of
[26]. Thus fx>0 I da=1.

Now argue as follows. Let E,, denote the event in the probability on the left-hand side of
(22). Then, by (23), P(E,) = f -0 In(@, ¢, A) dX, and Fatou’s lemma gives

liminf P(E,) = lim inf/ I,(a, c, A)dr > / I(a, c, A)dA, 29)
n— 00 n— o0 )">0 )\>O
where
I(a, c, \) =liminfI,,(a, c, A) > / f(y, x, A) dy dx,
n—00 y<a, O<x<c

again by Fatou’s lemma. Let E{ denote the complement of E, and set I°(a, ¢, A) =I(X) —
I(a, c, X)) and I (a, ¢, A) =I(A) — I,(a, ¢, A). Then

n—oo

lim inf P(E) = lim inf (1 — P(E,))
n—oo

n— o0

— lim inf / (I(\) — In(a, ¢, 1)) dr
r2>0

=1lim inf/ I(a, c, ) dxr
A>0

n—oQ

> / liminfI;(a, ¢, 1) dA.
A

=0 n—oo
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Now
liminf I (a, ¢, ) =lim inf/ fu(y, x, A) dy dx
n—oo n— oo {y§a7 0<XSC}"’
z/ f(y, x, »)dy dx
{y<a, O<x=c}¢
T
{yeR/, x>0} y<a, 0<x<c
>1(A) —I(a, c, 1),
and hence

/ liminfI;(a, ¢, 2) dA > / ) —Ia,c, )dr=1-— / I(a, ¢, A)dA.
A >0

>0 o0 A>0

It follows that

lim sup P(E,,) = 1 — lim inf P(ES) < f I(a, c, »)da, (30)
n— oo A>0

n—oQ

and together with (29) this proves
lim P(E,) = / I(a, c, A) dA,
n—oQ A>0

ie. (12). O
Proof of Corollary 1. (IVI(oz, r), K(o, r)) has density equal to

f(y, x, L) da,
>0

where f(y, x, A) is defined in (28). Integrating out y from this integral gives

xr_l —a _ dx
e—x(k \/l)/ ra a)fyx()\)(l)

T (o o X0
PO —a) Jiso AT

fK(a,r)(x) =

for the density of K(«, r) at x > 0, agreeing with equation (2.8) of [26]. Then dividing

f(y, x, »)dA
>0

by fk(a,n(x) gives (13). -

4. The Pitman sampling formula

The next theorem deals with Pitman’s formula for the AFS from PD(«, 8). Again we see an
n®/? norming for the frequency spectrum, as also occurred in Theorem 1. The marginal lim-
iting distribution obtained for K (o, 8)/n“ in Theorem 2 agrees with that in equation (3.27)

https://doi.org/10.1017/jpr.2024.84 Published online by Cambridge University Press
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of [42, p. 68]. Let c>0, JeN, a=(ay, az,...,ay) e R/, define Qy as in (10) and write
(Mjn(a, 6))1<j<n for the components of M, (e, 6).

Theorem 2. For the PD(«, 6) model we have the asymptotic property

. Aljn(a» 0) aj . Kn(a’ 9)
lim P<—)§f]j+n— 1<]§J,n—a§C

n—oQ

re+1) J12H0/a—1 =3y Q)
= —/ e /0 B fyx(l)(l)dxdy. (31)
ye y<a J0<x<c

ré/a+1) a+/(2)’ det (Qy)

Integrating out 'y gives, for the limiting density of K, («, 0)/n%,

LO+D g
al(O)a + 1)

When 6 = 0 this can alternatively be written as a Mittag—Leffler density, fi, (x), x > 0.

e/ r(limfxx(l)(l), x> 0.

Proof of Theorem 2. Start from Pitman’s sampling formula (2) and proceed as in (14) to get,
with1 <J <n,

P(Mjn(at, 0) =mj, 1 <j<J, Ku(at, 0) =)
_rL!F(Q/a+k)F(9+1)< o )ﬁi(m oz))

S aT@O/a+DIn+0)\I( —a) B m;!
< ()" @
m A(J)/ J+1 '

where m") and A](;q) are as in (15). Let

p(J) _ (pU)) = ( el >
M jn JJ+1<j<n — ZZ:J-’_I F(E - O()/E’ J+1<j<n

)

and in the notation of (8) let Mult(J, k — m, n, py; )(A)) be a multinomial with

no (O
P(Mult(J, k —my, n, p) = (41, .. ., mp)) = (k — my)! ]_[ (pf"? . (33
j=J+1 I

where m;j >0,/ +1<j<n, ZJ’?=J+1 mj =k — m, and recall that

J J
m4y = Z m] and my4 = Z]m]
j=1 j=1

As in the previous proof we can represent the summation over m) of the left-hand side of (33)
using (9) and the probability

k7m+
P( Z X}r{)zn—m_H_), (34)

i=1
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where (X( )) are i.i.d. with

1<i<k—m4
J . J .
P(Xgn) :J) p;n), JH+1<j<n.

Again let K’ =k — my and n’ = n — m where convenient. Then we obtain

> I (M)

m A(J)] J+1

1 L (P(;?) T —a) "
X e (3 e

mea) =+ 7 \e=u+1

1 " T -
:ﬁ<z (z a)) (ZXI(»{)— /> (35)
4

=J+1

To economise on notation we let

ZZ:].H ' —a)/e!
dim T —a)/e!

r'G—a)/j!
SO T —a)/t

1<j<J, sothat

still with g4, = 2{21 gjn- The gj, in (36) play an exactly analogous role to those in (19). We
can write, with the same change of variables as in (22),

jn(a 0) . K, (a, 0)
P(Raey <ot 12i=s B 0

— pe(+I/2)

X / XP(Mju(et, 0) = | (g +yj/n®/?)xn® |, 1 <j < J, Ku(et, 0)
yeR/, y<a JO<x<c

= L) dy dx,
where 1 <J < n, and then, using (32), (34), and (35), we get

PMj (o, 0)=mj, 1 <j<J, Ky(a,0)=k)

N im—a) C r@r@eje+bre+1)
“\ri—o & a @k \T(6/a + DL (n + 0)

x (1= g4n)" ﬁix P(ZX“) ) (37)

Jj=1

The following counterpart of Lemma 1 is proved in the supplementary material.

https://doi.org/10.1017/jpr.2024.84 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.84
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Lemma 2. With the substitutions k = |xn®], m; = |q; +y;/n®/*]k, k' =k — m, we have the
following limiting behaviours as n — 00:

(k— D1 — g L e -3y Q;ly

q'n
KT mt (2r)! det (Qy)

n Lan®]
lim ¢ Z ) —e ¥/ TU-)
n—oo\ T'(1 — ) 2!

=1
Fmr@/a+oreE+1) X%k — DITO + 1)
ak''T'O@ /o + 1)I'(n+0) ak''\T'(@/a +1)

k/
, o)
A "P(E X = "’) =fray(D).
i=1

Substituting these estimates in (37), we arrive at (31). O

)

The PD(«, 6) model reduces exactly to the PD(«, 0) model when 6 is set equal to 0, and
the same is true of the asymptotic result for it. There is an interesting connection between the
probability density of a Stable(«r) subordinator and that of a Mittag—Leffler random variable,
which we exploit. Write the probability density function (PDF) of a Stable(«) subordinator

(Sx(a))x>0 (using variable x > 0 for the time parameter) having Laplace transform e and
Lévy density az‘“‘ll{z>o}/ 'l —w),as
1 &K (=DM Dak+1) , .
F®=—Y X sin(rek), (38)
k=0
and the PDF of a Mittag—Leffler random variable L, with parameter « as
- (_l)k—H il
fra®)=—>" T(ak + 1)s*~! sin (rak) (39)
T k!
k=0
(Pitman [42, pp. 10, 11]). Then observe the useful relation
1
— sy (1) =fr, (%), x > 0. (40)
ax
Leta=(aj, as, ..., ay) € R, ¢ > 0, and write (Mjn(a))1<j<n for the components of M, ().
We prove the following theorem as a corollary to Theorem 2.
Theorem 3. For the PD(«, 0) model, we have
. Mjn(@) aj . Kq(a)
nlilalop(quﬁm’ T=j=d = =c¢
2 lemyerly
_ / =¥/ TU=g, (1) drdy. @1)
yeR/, y<a Jo<x<c a/(27) det (Qy)
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Asymptotics of the allele frequency spectrum 13
Integrating out 'y gives, for the limiting density of K, (o)/n?,

1
— e M TU=ag (1), x>0.
ox

This can alternatively be written as a Mittag—Leffler density, f1, (x), x > 0.
_ Let M(), K(@)) have the distribution on the right-hand side of (41). The distribution of
M(w), conditional on K(o) =x > 0, is N(0, Qy/x), as in (13).

Remarks. (i) Pitman [42, Thm 3.8, p. 68] gives the almost sure convergence of K, («)/n®
to a Mittag—Leffler random variable and the corresponding almost sure convergence of each
M, /n®. Equation (41) also shows that the M, are of order n%, but we express (41) as we do
because K,(«) is a natural normaliser of M,,(«), producing a vector whose components add to
1. Similarly in Theorems 1 and 2.

(i1) Following the fidi convergence proved in Theorems 1, 2, and 3, it is natural to ask for
functional versions. We leave consideration of this to another time.

Proof of Theorem 3. Equation (31) reduces to (41) when 6 =0, so we need only show how
the density fy,(1)(1) in (41) is related to the density of the Mittag—Leffler distribution. Here a
result of Covo [8], which relates the Lévy density of a subordinator to that of a subordinator
with the same but truncated Lévy measure, plays a key role.

The Lévy density of Y, (1) is obtained from (11) with A = 1, and is the same as that of Sy(«)
truncated at 1. Using Corollary 2.1 of Covo [8] (in his formula set x = 1, s = A, t = x, and take
AA)=A1"%/T(1 —a)), we have

[/x]-1
Frap(1) =/ T (fsx(m(l) + ) (A, x)) (42)

k=1

(with Z? = (), where the A(;?( are certain functions defined by Covo. When A =1 these
functions disappear from the formula, and we simply have

Frun(D) =eTE=Of (D).

Using this together with (40) to replace fy,(1)(1) in (41), we obtain a representation of the
limiting density of K, («)/n” in terms of a Mittag—Leffler density, in agreement with Theorem
3.8 of [42]. ~

The conditional distribution of M(«) given K(«) follows easily. O

5. The Ewens sampling formula

In the next theorem, dealing with PD(6), the limiting behaviours of M, (0) and K,(0) as
(independent) Poissons and normal are well known separately ([2, p. 96], [42, pp. 68, 69]), but
the asymptotic independence of M,,(f) and K, (f) seems not to have been previously noted,
and the way the joint limit arises from the methodology of the previous sections is also inter-
esting. A result of Hensley [22] plays a key role. Let m = (my, . .., my,) € Ak, ¢ € R, and write
(M;,(0))1<j<n for the components of M,,(6).
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Theorem 4. For the PD(0) model we have

lim P( in(@)=mj, 1 <j<J,

n— 00

K, (0) —6logn - >
— <
JOBlogn

Proof of Theorem 4. Startmg from Ewens’ sampling formula (4), withn,JeN,n>J, ke
N, and my = Z{:l mj, we get

P(Mjn(0) =m;j, 1 =j<J, Ku(0)=k)

nIr@)pk—m+
T T(i+0) Hw() 2 H ,<) @

j=1 (])eA(])] =J+1

where m“) and A;;l) are as in (15). Let vector pE{’ have components

1 "1

in=— -, J+1<j<n, 45

Dijn j/ E 7 +1<j<n (45)
t=J+1

and let Mult(] ,k—my,n, pﬁ,J)) be multinomial with distribution

n Y

P(Mult(7, k1, n, p) = nygr, o)) = k—mt [ 22,
mj.
j=J+1

for m; > 0, with Z};Hl mj =k — m.. Thus, arguing as in (35), we find

SRR !

m(J)eA(J)} J+1 J+1

D) iy are iid. with

where K =k —my,n ' =n—my and(
P(X\) =j)=pjn, JH+1<j<n. (46)
So we can write, from (44),

P(Mjn(0) =m;, 1 <j<J, Ky(0)=k)

¥ n K J 0 mj K
_Tmr®y (Z 1) HL(_) nP<ZXfJ>=n/> (47)
—” K . in .
P+ ORI\ 7, 6] oy mit\J i—1
Then, for c € R,
Kq(0) — 0 logn )
_—  — <
0 logn

P(M;jn(0) =m;, 1 <j<J, Ky(0) = [z]) dz

P(M,-nw):m,-, 1<j<J,

/;59 log n+c+/0logn

=‘/910gnf P(Mj,(0)=m;j, 1 <j<J,Ky(0)=|0logn+xy/0logn])dx. (48)
x=<c
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Asymptotics of the allele frequency spectrum 15

Let k,(x) = [0 log n 4+ x+/0 log n| and calculate

V0 log nP(Mjy(0) = mj, 1 <j <J, Kn(0) = ky(x))
=,/6 log n x right-hand side of (47) with k = k,,(x).

We let n — o0 in this. Consider the various factors. First,

r@re) N re)

—. 49
F'(n+6) n? “49)
Next, using a standard asymptotic for the harmonic series,
n k—m n J k—my
1 1 1
(975
(=J+1 =1 =1
J 1 k—my
= (logn—i-)/ - Z - +O(1/n))
=17
J . k—m+
-3, 1/j+01/n)
= (log n)t=m+ (1 + V= 2 Ui / )
logn
J .
~ (lognyk =™+ &7 =0 2Ljmt Vi a5 k = ky(x) — o0. (50)

Here y =0.577 . .. is Euler’s constant and we recall k,(x) = |0 log n + x/6 log nn].
Substitute (49) and (50) in (47), remembering the factor of /6 log n from (48), to get (47)
asymptotic to

/ J mi 14

V0 Togn (0 log n)k 1 /o\" .

ngg k%' x 77T (6) x 1_[ m_,‘ i e x nP ZXE,{) =n"]. (51
' j=17

i=1

Using Stirling’s formula and the relations k'=k —m4 =k — Zle m; and k=k,(x)=
16 log n 4 x+/6 log n]|, we find that

JOTogn (0 log n)¥ _flogn (0 log n)¥

n k! n? 2k (K ek
ek < 0 logn ) K
2man? \ K

_ ek <1 H—Qlogn)k/
-~ V2nn? K

e , k' —6logn
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16 R. A. MALLER AND S. SHEMEHSAVAR

Note that

K —0logn _ |Ologn+xy6logn| —my —6logn xy/0logn+ O(1)
K B K B K

is O(1/4/Tog n) — 0 as n — oo, so we can use the expansion log (1 — z) = —z — z2/2 — . .. for
small z to get, for the right-hand side of (52),

e [ K —6logn 1/K—6logn\> 1 \*?
expl k'| — - = +0
A2 n? K 2 K logn

1 (_I(XW+0(1))2>+O< ] >1/2

=—=¢X =
2 P 2 Ologn+x/0logn logn
1 2
— e .
V2

Thus (51) is asymptotic to

10+

J=1

e /2 erVF(Q)an(ZX(]) ) (53)

i=1

It remains to deal with the Xl(,{ ) term in (53). We need a version of a local limit theorem for
a sum of i.i.d. random variables; this kind of usage has arisen before in various analyses of
Poisson—Dirichlet processes [2, 42]. Use the Fourier inversion formula for the mass function
of a discrete random variable (Gnedenko and Kolmogorov [15, p. 233]) to write

b ] ,
nP<Zx“> ) 2’; / " (@a ()" dv
n n'w p X K
_ // e w(E(ew 1n/n)) dv, (54)

2ren’ J_n

where ¢,(v) = E(e"X11 ), v € R. By (45) and (46),

n i/ n n n
1vX(j)/n el/m 1 1 ivj/n’ 1
E( In ): E - / E Z=1+ E —,(e —1)/ E Z,
j=rr1 ! e=J+1 =11 e=J+1

in which

27:J+1 (eivj/n/ - 1)/] _ (Zj‘l:l - JJ— )(eivj/n/ - 1)/]

Dt /0 a (i — i) 1/¢
_ Z;:] (ewj/” — 1)/] —|—O< 1 )
logn 4+ O(1) nlogn
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Asymptotics of the allele frequency spectrum 17

The numerator here is

n n

1
Zl ij/n’ 2/ 1v11/n dz
j:]‘] j=1 / 0

n

1
:2/ Z 1vzj/n
/ /
0 =0

1v 1 e1v2(11+1)/n -1 1
// dz+Of -
n 0 ewz/n _ n

1 1vz(n+1)/n _ 1 1

iv
o 1vz+ O(l/n)

)

and consequently

n 1 kn(x)7m+
g )

Jj= J+1 t=J+1
f()l (eivz _ 1) dZ/Z |6 log n+x./0 log n—m |
B ( logn+0(1) ) .

The last expression has limit exp (6 fol (e"* — 1) dz/z) so it follows that

) I ivz ~
nli)rgo(E 1uX /n) —69 Jo €Vi=1)dz/z =W (v),

in the notation of Hensley [22] (his equations (2.6) and (2.12) with « =6 and K(«)=1).
Hensley’s function wg(v) is the characteristic function of a density wy(u), so taking the limit
in (54) gives

1 .
— e We(v)dv =wp(1).
2

(Justification for taking the limit through the integral in (54) can be given by using the kind of
arguments in (29)—(30).) By [22, eq. (2.1)], wg(1) = 6’97’/ I'(#). We conclude that

k/
: ) _ 1\ _ -0y
nli)rgonP(Ele _n>_e /T(0).
1=

Substituting this in (53) gives (43); in fact we get density convergence in (43), which is
stronger. U
6. Other limits

In this section we derive other limits of the processes studied above. Section 6.1 analyses
PD‘(X’) as r| 0 or r — oo. Section 6.2 summarises the results in a convergence diagram for
M,,(«, r), showing that the convergences n — oo and r |, 0 commute.
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6.1. Limiting behaviour of PD,(; ) as r J0orr— oo

Kingman’s PD(«, 0) distribution arises by taking the ordered jumps, (AS(II)),El, up to
time 1, of a driftless «-stable subordinator S = (S;);~0, normalised by their sum Sy, as a ran-
dom distribution on the infinite simplex V. A natural generalisation is to delete the r largest
jumps (r > 1 an integer) up to time 1 of S, and consider the vector whose components are the
remaining jumps (AS(ll)),-Z,H normalised by their sum. Again we obtain a random distribution
on Vs, now with an extra parameter, r. This is the PDg ) distribution of Ipsen and Maller [23].
Some limiting and other properties of it were studied in [24], where it was extended to all r > 0,
not just integer r, and in Chegini and Zarepour [6]. Zhang and Dassios [46] also consider an
«-stable subordinator with largest jumps removed for simulating functionals of a Pitman—Yor
process.

By its construction, PD((;) reduces to PD(«, 0) when r is set equal to 0, but Theorem 5
shows a kind of continuity property: as r |, 0 the distribution of (M,,(«, r), K, (¢, r)) from PDg )
converges to the corresponding quantity from PD(w, 0); a useful result for statistical analysis,
where we might fit the PDf{) model with general « and r to data, and test Hy : » =0, i.e. whether
r is needed in the model to describe the data. The parameter » models ‘over-dispersion’ in the
data [6].

In this subsection we keep n and « fixed and let r |, O or r — oco. Part (i) of the next theorem
is an analogue of the Pitman and Yor result [43, p. 880] that, for each 6 > 0, the limit of
PD(«, 0) as « | 0 is PD(0).

Theorem 5. We have the following limiting behaviour for PDg).

(1) As r| 0, the limit of PM,,(a, r) =m, K,(c, r) =k) is the probability in (3), i.e. the
distribution of M, (), K, ().

(ii) In the limit as r — 0o, a sample from PDg) is of n alleles each with 1 representative, i.e.
the singleton distribution with mass 1m ky=((n,0,...,0,),n)-

Proof of Theorem 5. For this proof it is convenient to work from a formula for PD‘({) derived
from equations (2.1) and (3.7) of [26]. For m € A, (see (1)) and k e N,,,

PM, (o, ) =m, Ky(x, r)=k)

=n /OOO £,(A)PMul(0, k, n, pa(1)) = m)P <Negbin (r, \IJ:)L)) = k) d% (55)
where the multinomial notation is as in (8) with
Pr(A) = (Pjn(X))jen, = (%) , (56)
22:1 Fe(2) jeN,

and F;(2) is as in (7). The function £, () is defined in [26, eq. (3.6)] as

vw—1_Jo Zij’?=1 @ /jhz e  dz <1, (57)
wn) —1 Joz el (1 —e ) dz

where W(A) is as in (6). Finally, in (55), Negbin(r, 1/W(})) is a negative binomial random
variable with parameter r > 0 and success probability 1/ W (1), thus

(veeon( g5) =4) = T () ()
P{ Negbin| r, =k|)= 1— , keN,. (58)
Yl I'(r)k! Y(A) Y(L)

https://doi.org/10.1017/jpr.2024.84 Published online by Cambridge University Press

LX) =



https://doi.org/10.1017/jpr.2024.84

Asymptotics of the allele frequency spectrum

(i) Observe, by (6), for all A > 0,

A A
1V aY / e dz< W) =1+ar® [ (1—e 9z % dz<1+2%T( —a), (59)
0 0

so (recalling that W(A) > 1)

1
P| Negbin| r, A
YL

Tkl WOk = T(r)k!

) _k> T4k wo)— D - Lr+ &1 —a) 4,

(60)

Fix A > 0. Using (60) and £,(A) < 1, the component of the integral over (0, A) in (55) does

not exceed

. /A '(r+kIka — oz)k,m_1 G- nl(r+ ka1 — o) 5 Aﬁ’
0 L'(rk! C(rk! ko

and this tends to 0 as r | 0 since then I'() — oc.

For the component of the integral over (A, 0o) in (55), change variable to A = A /r and write

it as

r

From (7), (56), and (57),

n .
. a I'(—a)
lim £,(1) =:£2° =
m a(r) =26, F(l—a)j; I

and

. Fj(o0) F(] o) F(E — a)
B P =1pi(00) (Zz 1FL'(OO)> /

so that, as A — o0,

k n . mj
(€4(3) P(Mult(0, k. n, pna»:m)»k!(L) H (M) .
m/

ra—ow) !

%} f _ ] 1 _ d_)\
n/A L,(A/r)"P(Mult(0, k, n, pn(k/r))_m)P(Negb1n<r, \Il(k/r)> _k) =

(61)

(62)

Given ¢ > 0, choose A = A(¢) large enough for the left-hand side of (62) to be within ¢ of the

right-hand side when A > A. Note that, by (59), when A/r > A,

A

A1
WA/r)=>(A/r)* / e iz %dz= (/)" / ez %dz =:cqa(M/r)".
0 0

So, using (58), an upper bound for the integral in (61) is, for r < 1,

I a N\ IG—a)\"™ T(r+ k) r*" da
& Jar (“(F(l—a)) Hm,< 7! ) “) T(Hk! Aer+l

oA

n o k n LG—o)\™ Tr+k)
-7 () Han(F57) ) amon
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20 R. A. MALLER AND S. SHEMEHSAVAR

Let r | 0 and note that ¢’ wAd LAY —>1,rmTr=Tr+1)—>1and I'r+k)—I'tk) =
(k — D)!. Then, letting ¢ ¢ 0, we obtain an upper bound for the limit of the integral in (55)
equal to the distribution in (3).

For a lower bound, we can discard the component of the integral over (0, A) in
(55), then change variables as in (61). For A/r>A, V(A/r) <14+ X/r*T(1—-a)=(1+
o(L)(A/r)°T (1 —«a)asr 0. So, from (58) and (59),

(veeon( gt z) =4) = o (a7 (rommmer=a)
P( Negbin{ r, ——— | =k | > 1— .
W(r/r) I'(r)k! W(A/r) (1 +o(1)(A/r)T (1 — @)

We also have the limit in (62). Substituting these in (61), we get a lower bound of the same
form as in the left-hand side of (63). Fatou’s lemma can then be used on the integral to get a
lower bound equal to the upper bound derived earlier. Thus we prove part (i).

(i1) In the integral in (55), change variable to

1 r
p:(l—m)mzr(w()")_l)’

dr dp
a rk\D/(A)

where W~ is the inverse function to W. Then r — oo implies ¥(1) — 1 thus A — 0. From (7),
(56), (57), and L’Hopital’s rule we see that

so that
p (P
YA)=—+1 and A=V (—+l>,
r r

1

}%E}I}) En()\) =1 and llm p]n()\.) _pjn(O) = hm W lj:] .
After changing variable in (55), we get

PM, (o, r)=m, K,(x,r)=k)

o P g p
=n/ En<\ll(_<—+l)> P(Mult(O, k, n, p,,(\ll‘_(——i—l)) =m>
0 r r
X P<Negbin (r, L) = k) d—p (64)
r+p rAw’())

In this, by (6),
YA)—1~ar/(1 —a) asAr—0,
sorA~ (1 —a)p/a, and

1
\11’()\)=a/ e M7 %dz—> a/(1 —a) asi— 0.
0

We have ¢,(-) <1, and by (60) the negative binomial probability is bounded above by a con-
stant multiple of 7*A% < p* for large r, and as r — oo we have convergence of the negative
binomial to the Poisson. So by dominated convergence the right-hand side of (64) converges
to

e /’pk d,o
0

n /00 PMult(0, k, n, p,(0))=(1,0, ...,0))
0

- %P(Mult(O, ko, pa(0) = (1,0, ..., 0)).
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Here Mult(0, k, n, p,(0)) is multinomial with p,(0) = (p;»(0))1<j<x, and so the probability
equals 1, k)=((n.0,...,0,),n) as required. O

Theorem 6. For the PD((I’ ) model we have the property
li&)l (right-hand side of (12)) = right-hand side of (41).
r

Proof of Theorem 6. From (12) it suffices to consider the integrand
2-1 —iyTQ;!
I/ e 2Y QY o0 e,x(k’“vl)/F(lfot)fY o) d
L1 —a) \/(27) det (Qy) Jr=0 *

and for this we look at fol and [ separately. Recall that fy,;)(y) is uniformly bounded
in A by C, say. For the first part, make the transformation y=A"%, so A=y~ !/* and di =
—y~Ve=ldy/o. Then fol is bounded by

St (65)

Cxr /21 e 3v'Q)ly

e—x(k“"\/l)/l‘(l—a) da
T(NI7(1— ) \/2r) det (Qy) Jr=0 rartl

Cxr /21 e 3v'Qly
a7 (1 — ) \/2r) det (Q)) Jy=1

which tends to 0 as |, 0. So we can neglect fol. For | loo the contribution is

e—xy/ F(l—a)yr—l dy,

A, AL ST d
e /T (1) —
T (1 —a) /2r) det(Qy) Jr=i (O ar+
w21 3V Qly

e Y/ TI=0p 1)(1)

" T (1 — ) J2ry det(Q))
21 =3y Q) ly
7 a2y detQ))

using lim, o ¥I'(r) = lim, o I'(r + 1) = 1. This equals the integrand on the right-hand side of
(4D). O

e ¥/ TU=0p, (1),

Remarks. (i) We can simplify the limit distribution in (12) somewhat by using Corollary 2.1
of [8] as we did in the proof of Theorem 3. Once again in the integral in (65) look at fol and
/i 100 separately. The component of the integral over (1, 0o) can be explicitly evaluated as

1 r
T =)
The component over (0,1) involves the functions A&li defined by Covo (see (42)), which can
be calculated using a recursion formula he gives; for an alternative approach, see [38].

(ii) Theorem 3.1 of Maller and Shemehsavar [35] shows that a sampling model based on
the Dickman subordinator has the same limiting behaviour as the Ewens sampling formula.
The Dickman function is well known to be closely associated with PD(6) and some of its
generalisations; see e.g. Arratia and Baxendale [1], Arratia et al. [2, pp. 14, 76], Handa [20],
and [25], [26], and [35].
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M, (@, ), Kn(a, 1) —=2 Ni(a, r), K(a, )
) !
o o

(M,,(@), Kn(@)) -

(M(), K(a))

FIGURE 1. Convergence diagram for PDg). Arrows denote convergence in distribution. Upper left to

upper right is proved in Theorem 1; (I\N/[(a, r), K(e, r)) has the distribution on the right-hand side of (12).

Upper left to lower left is proved in Theorem 5(i). For upper right to lower right, the convergence is

proved in Theorem 6. Lower left to lower right is proved in Theorem 3, with (M(O{), K(w)) denoting a

random variable with the Normal-Mittag—Leffler mixture distribution on the right-hand side of (41). The

diagram is schematic only: the random variables have to be normed and centred in certain ways before
convergence takes place.

6.2. Convergence diagram for PD

Using Theorems 1 and 3 we can give the convergence diagram shown in Figure 1. We
can also use Theorem 1 to complete the convergence diagram for My (e, r) in [35]; the miss-
ing upper right entry in their Figure 2 is M(«, ), K(«, r). Note that r — oo, « | 0, such that
ra — a > 0,in [35].

We also have the following useful results, which follow immediately from Theorems 1
and 3.

Corollary 2. We have /K(«, r)1\~/[(ol, r) EN(O, Qy), independent of K(«, r), and similarly
«/K(a)l’\v/l((x) Bl N(0, Qy), independent of K(w).

7. Discussion

The methods developed in Sections 3—6 offer a unified approach with nice interpretations
to limit theorems of various sorts for Poisson—Dirichlet models, and we expect they can be
applied in other situations too. For example, Grote and Speed [19] analyse a ‘general selection
model’ based on the infinite alleles mutation scheme. Their formula (1.13) gives a version of
the distribution of (M,,, K,) amenable to analysis by our methods. Ruggiero et al. [44, eqs (3.1),
(3.2)]) analyse a species sampling model based on normalised inverse-Gaussian diffusions
as a generalisation of PD(«, 0); an extra parameter 8 is introduced to the PD(w, 0) model,
somewhat analogous to our PDg). See also Lijoi et al. [34] and Favaro and Feng [11].

Formula (5) can be compared with an analogous formula, equation (4.14) of Pitman [42,

p- 81], in which the component ]_[f; 1 W™ () can be replaced by ]_[]"Z 1 (WD O))m using the

identity m; = Zf;l 1{j=n;}- See also Pitman [41] and the Gibbs partitions in [42, pp. 25-26,
eq. (1.52)]. Hansen [21] gave a general treatment of decomposable combinatorial structures
having a Poisson—Dirichlet limit.

There are many other limiting results in the literature. Joyce et al. [29] prove a variety of
Gaussian limit theorems as the mutation rate & — oo in the PD(#) model; see also Griffiths
[17] and Handa [20]. Feng [12, 13] gives large deviation results as 8 — oco. James [28] gives
results like this related to PD(e, ) in a Bayesian set-up. Dolera and Favaro [9] investigate «-
diversity in PD(«, 6). Berestycki et al. [3] prove laws of large numbers for the AFS when the
coalescent process is taken to be the Bolthausen—Sznitman coalescent. Mohle [37] introduces a

https://doi.org/10.1017/jpr.2024.84 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.84

Asymptotics of the allele frequency spectrum 23

Mittag—Leffler process and shows that the block counting process of the Bolthausen—Sznitman
n-coalescent, properly scaled, converges to it in the Skorokhod topology. See also Freund and
and Mohle [14]. Relevant to our Theorem 2, Koriyama, Matsuda, and Komaki [33] derive the
asymptotic distribution of the maximum likelihood estimator of (¢, 6) for the PD(¢, 6) model
and show that «, is n%/? consistent for .

When r — o0, size-biased samples from PDfxr) tend to those of PD(1 — «), i.e. to PD(0)
with 8 = 1 — «; see [24]. Together with part (i) of Theorem 5, this suggests that PDg) is inter-
mediate in a sense between PD(«, 0) and PD(9). Chegini and Zarepour [6] show that PDf{)
can alternatively be obtained as the ordered normalised jumps of a negative binomial process,
as defined in Gregoire [16]. When r — 0o, @ — 0 such that r« — a > 0, a limit involving the
Dickman subordinator is obtained; see [35].

The AFS is alternatively known as the sife frequency spectrum (SFS). It summarises the
distribution of allele frequencies throughout the genome. According to Mas-Sandoval et al.
[36, p. 2]:

The SFS is arguably one of the most important summary statistics of population
genetic data . . . contain[ing] invaluable information on the demographic and adap-
tive processes that shaped the evolution of the population under investigation . . .
For instance, an SFS showing an overrepresentation of rare alleles is an indication
of an expanding population, while bottleneck events tend to deplete low-frequency
variants.

The appearance of the normal as the limiting distribution of M,,, after centering and norm-
ing, conditional on K, for PD&’), PD(c, 0) and PD(«, 6), is useful for statistical applications.
In Ipsen et al. [27] we used a least-squares method to fit PD((;) to a variety of data sets,
some quite small. Even so, we observed by simulations that the finite sample distributions
of the estimates of o and r were quite closely approximated by the normal. The asymptotic
normality derived in the present paper provides a rationale for using least-squares and helps
explain the approximate normality of the parameter estimates. Similar ideas may be useful for
PD(«, 0). Cereda and Corradi [5] give a methodology for fitting that model to forensic data.
Keith er al. [30] give an example of testing differences between similar allelic distributions
using the AFS. Functionals of M,, such as Z}’zl M, — EM /,,)2 /EM;,, are important in many
aspects of population genetics; see e.g. the measures of sample diversity given by Watterson
[45, Section 4].
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