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Existence and symmetry breaking results
for positive solutions of elliptic
Hamiltonian systems

Abbas Moameni and Kok Lin Wong

Abstract. In this paper, we are interested in positive solutions of

-Au =a(x)v?7l, inQ,
-Av=b(x)u?!, inQ,
u,v >0, in Q,
u=v=0, on 9Q,

where Q is a bounded annular domain (not necessarily an annulus) in RN (N > 3) and a(x), b(x)
are positive continuous functions. We show the existence of a positive solution for a range of
supercritical values of p and g when the problem enjoys certain mild symmetry and monotonicity
conditions. We shall also address the symmetry breaking phenomena where the system is fully

symmetric. Indeed, as a consequence of our results, we shall show that problem (1) has l%J (the
floor of g) positive non-radial solutions when a(x) = b(x) =1and Q is an annulus with certain

assumptions on the radii. In general, for the radial case where the domain is an annulus, we prove
the existence of a non-radial solution provided

(p-1ta-1> (14 20) (1),

where Ay is the best constant for the Hardy inequality on Q2. We remark that the best constant Ay
for the Hardy inequality is just the characteristic of the domain, and is independent of the choices
of p and q. For this reason, the aforementioned inequality plays a major role to prove the existence
and multiplicity of non-radial solutions when the problem is fully symmetric. Our proofs use a
variational formulation on appropriate convex subsets for which the lack of compactness is recovered
for the supercritical problem.

1 Introduction

The main purpose of the paper is to study the existence and multiplicity of positive
solutions for the following system of supercritical nonlinear elliptic equations:
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2 A. Moameni and K.L. Wong

~Au=a(x)vP7l, inQ,
~Av =b(x)u?!, inQ,
u,v >0, in Q,
u=v=0, on dQ},

@

where Q is a bounded annular domain (not necessarily an annulus) in RY, (N > 3),
g>p>2,and a,beC(Q) with a(x) > ap >0 and b(x) > by > 0, where a, and b,
are constants. In addition, for the case when a(x) = b(x) =1 and Q is an annulus
defined as

Q={xeRY:R <|x| <R, },

we shall address the symmetry breaking of the solutions by proving the existence and
multiplicity of positive non-radial solutions provided that R; and R, satisfy certain
conditions. Symmetry considerations dominate modern fundamental physics, both
in quantum theory and in relativity. Such symmetry breaking is responsible for the
existence of magnetism in which rotational invariance is broken.

Introduced independently by Mitidieri [21] and Van der Vorst [31], the Sobolev
critical hyperbola

1 1 2
2) Tis=1-2
P 9 N

plays a crucial role in the analysis of (1). Our main contribution is to prove existence
and multiplicity of positive solutions for the supercritical case by means of the Sobolev
critical hyperbola1/p +1/g =1-2/N.

Over the past 30 years, Hamiltonian systems have been widely studied with
results including, but not limited to, existence, multiplicity, concentration phenomena,
positivity, symmetry, and Liouville theorems. We redirect the interested reader to the
surveys [3, 13, 25] for an overview of the topic and to the works [2, 6, 7, 16] for some
recent results. One of the first mathematical works studying systems of Hardy-Hénon-
type equations were done by Calanchi and Ruf in [5]. The system of Hardy-Hénon-
type equations is given by

~Au = |x|Pvi7l,  inQ,
—-Av = |x]*uP™,  inQ,
u,v>0, in Q,
u=v=0, on 0(),

3)

where Q is a bounded domain in RY, (N23),with0eQ,p,g>2,and a, 5> —N.
The authors in [5] presented existence and nonexistence of positive solutions
along with symmetry breaking results for ground states when Q is the unit ball
in RN, Calanchi and Ruf remarked that systems of type (3) are closely related
to the double weighted Hardy-Littlewood-Sobolev inequality (see [18, 29] for
instance). Later on, the authors Bonheure, Moreira dos Santos, and Ramos in [1]
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presented qualitative properties of ground state solutions corresponding to the fol-
lowing system of equations:

~Au = |x[f|v|17%v, inB,
(4) ~Av = |x|%ulP~u, inB,
u=v=0, on 0B,

where B denotes the open unit ball in RN, N >1, &, >0, and p,q > 1. Here, the
authors describe the system (4) as a Lane-Emden system with Hénon-type weights.
Consider the following Hénon equation:

-Au = |x|*|u|P"u, inB,
u=0, on 0B,

where a > 0,and p > 2. As|x|* increases with respect to | x|, we observe that reflection
and symmetric arguments are inapplicable to prove radial symmetry of either positive
or ground state solutions to the Hénon equation. According to [26], the authors Smets,
Su, and Willem proved that the radial symmetry holds for small values of « whereas
the symmetry breaks for sufficiently large values of «. However, in [23, 27], the authors
showed that the ground state solutions still possess a residual symmetry, namely, the
foliated Schwarz symmetry.

We would like to remark that in the Hardy-Hénon system, one gets improved
compactness due to the presence of the terms |x|* and |x|?. In this paper, we assume
that the functions a and b in (1) are strictly positive and away from zero. As a result,
no improved compactness is induced from these functions.

As we are dealing with Hamiltonian systems, we highlight some further contribu-
tions on problems of type (4) presented in [14, 19]. As for nonexistence of solutions,
we refer the interested reader to the works of [14, 19] and in particular, Theorem 2(a)
in [5]. Specifically speaking, Theorem 2(a) states that the problem (4) possesses no
positive solutions, u, v in the open unit ball B in RY for the case

% + Nq+/3 <N -2, providedthat p,qg>1,N >3.

As a result, this is a consequence of a suitable Pohoz“aev-type identity. The authors in
[1] presented that the hyperbola

N+a N+p
P q

=N-2

is in fact, the exact threshold for the existence of positive solutions associated with (4).
Prior to introducing the main results of this paper, we conclude with some works
pertaining to the Dirichlet problem for the generalized Hénon equation
5) -Au+ ku = |x|%ulf7?u, inQ,
u=0, on 0Q),
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4 A. Moameni and K.L. Wong
and its corresponding problem for a Hénon-Schrédinger system

-Au + ku = |x|“9,F(u,v), inQ,
(6) —Av + kv = |x|*0,F(u,v), inQ,
u=v=0, on 0Q),

where Q is the unit ball in RN, N >2,k, K, ky > 0,p>2,a>-1 and where
F : R?* > R is homogeneous of degree p > 2.

We remark that problem (5) is called the Hénon equation when « = 0. In [20],
Lou, Weth, and Zhang observed that the Morse index of nontrivial radial solutions
corresponding to (6) (positive or sign-changing) tends to infinity as « tends to infinity.
Moreover in [9], Clapp and Soares studied a related problem

1
—Aui+u,-:Zﬁij|uj\p|u,-|p_2ui, uieHl(RN), izl,...,l,
j=1

where N > 4,1< p < N/(N -2), and (f;;) represents a symmetric matrix admitting
a block decomposition with entries either positive or zero within each block and neg-
ative for all remaining entries. The authors resulted in the existence of fully nontrivial
solutions, that is, nontrivial solutions component-wise, provided certain conditions
are satisfied for the symmetric matrix (3;;). Furthermore, the authors derived the
existence of solutions with positive and non-radial sign-changing components to the
system of singularly perturbed elliptic equations

1
—szAui+ui :Zﬁ,’j|uj|p|u,'|1”2u,~, Uu; EH(I)(BI(O)), izl,...,l,
=1

where By (0) is the unit ball exhibiting two different kinds of asymptotic behavior—the
first being solutions whose components decouple as ¢ — 0, while the second behavior
being solutions whose components remain coupled up to their limit.

In this work, we are concerned with domains Q c RV that are invariant by the
group action O(m) x O(n) for N = m + n and m, n > 1. We refer to Section 2 for the
official definitions and further details. Here, we briefly introduce this class of domains
in order to be able to state our main results in this paper. Inspired by the work [4],
for each x = (x1,%2,...,xn) € Q c RN = R™ x R", we shall consider the change of
variable

si={x 4 a2}, b= {xd e xd)
Thus the domain Q can be represented in the (s, t) variable as follows:
Q={(s,t)eU:5>0,t>0},

for some appropriate domain U € R%. Using polar coordinates, we can set s =
rcos(0),t = rsin(8), where r = |x| = |(s, t)| and 0 the usual polar angle in the (s, t)-
plane. To describe the domains in terms of the above polar coordinates, we write

) Q:={(6,r): (s, 1) € Q}.
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We say that Q is an annular domain if its associated domain given by Q in the (s, )-
plane in R? is of the form

= {(6.1): 01(0) <r<ga(6),6¢(0,7)}

in polar coordinates. Here, g; > 0 is smooth on [0, 2] with ¢;(0) = g;(5) =0 and
2(0) > @1(0) on [0, g] . Moreover, we say that Q) is an annular domain with mono-

tonicity if g is increasing and g, is decreasing on (0, g) . The class of annular domains
with monotonicity is indeed quite rich. For instance, a regular annulus

Q={xeR":R <[x|<R,},

is an annular domain with monotonicity. We can also consider a slightly more general
version where the inner and outer boundaries are replaced with ellipsoids instead of
balls. Take Q) to have outer boundary given by the ellipsoid

X, s X
IR

(i M§

and the inner boundary given by

m .2 N 2
Xk Xk _
Yoot Y ==,
C? D2
k=1 k=m+1

where A, B, C, D > 0 are chosen such that the resulting domain is an annular region.
We also assume that the function a (resp. b) is a continuous and strictly positive
function of (s,t) that is a(x) = a(s,t). Moreover, we say that a (resp. b) satisfies
(A) if a (resp. b) is a continuously differentiable function with respect to (s, ¢) and
say — tas <0 (resp. sby — tb; < 0) in Q.
As observed in [8], for problems having the O(m) x O(n) symmetry (with
N = m + n) on an annular domain that is also invariant by O(m) x O(n), the hyper-
bola
1 1 2
—=1-—
P N’
is no longer the critical hyperbola, as one has the required compactness for the
following improved inequality:

1 1 2 2

—+72max{1——,1— }

P q n+1 m+1
Our main contribution in this paper is to go well beyond the latter inequality for the
lower bound of 1/p + 1/g and to prove the existence for

1 1 2 2
7+72min{1—7,1— }
P q n+1 m+1

We begin with the statement of the first main result arising in this paper.
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Theorem 1.1 Suppose Q is an annular domain with monotonicity in RN for N > 3. Let
N = m+ n forl < n < m. In addition, assume that a and b satisfy (A). Letq > p > 2. If

11 2 _ 2 2 p+1
—+—>1- =min{l- —,1- forn>——,
P q n+1 n+1 m+1 p-1

then equation (1) has a positive weak solution (u,v) that is invariant under the group
action O(m) x O(n).

We would like to remark that in Theorem 1.1, we are not imposing any lower bound
condition on 1/p +1/q for the case where n < (p +1)/(p —1). We would also like to
remind the reader that the functions a and b do not add any compactness to the
problem. In addition, we note that the same proof in Theorem 1.1 is valid for the case
when a = b = 1. Similar results have been proved in an influential paper by Y. Y. Li [17]
in the scalar version.

As for our remaining results, we consider a specific problem of (1) given by

~Au=vP"l inQ,
“Av=u?l, inQ,
u,v >0, in Q,
u=v=0, on 0,

(8)

where the conditions in problem (1) are carried over to problem (8) with the exception
that a = b =1 and Q is an annulus defined as

Qz{xERN:R1<|x|<R2},

where the radii R; and R, satisfy certain conditions. We shall see in the following
theorem that the solution obtained from Theorem 1.1 is non-radial.

Theorem 1.2 Let m,n>1 with N=m+mn, and q> p >2. Suppose (u,v) is the
solution of (8) obtained in Theorem 1.1 that is invariant under the group action O(m) x

O(n). Define
2
da= e JolV1,
0#7eH} () fg%
If

2N\%2(¢q
(p-a-0>(1+27) (p)
then (u,v) is non-radial.

We remark that Ay is the optimal constant in the classical Hardy inequality on (,
and is independent of the choices of p and q. Indeed, Ay is the characteristic of the
domain Q and not the supercritical nonlinearities in the system of equations (1). The
following theorem addresses the multiplicity of positive solutions corresponding to
problem (8).
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Theorem 1.3  For each 1< k < |5 |, where | x| is the floor function of x, and g > p > 2,
the equation (8) has k distinct positive non-radial solutions if

(o-a-0> (1 3) (%)

and either of the following two conditions hold:
Lk>(p+1)/(p-1)and

or;

2. k< (p+1)/(p-1) and no lower bound condition imposed for1/p +1/q.

The following corollary states that under certain conditions on the radii, we
conclude that there is a range of p and g for which Ay becomes sufficiently large. We
intend to use Theorem 1.3 to validate this corollary.

Corollary 1.4  The following assertions hold:

1. For 0 < Ry < R, < oo and sufficiently large (p —1)(q—1)(p/q), there are at least

[5—1’1] distinct positive non-radial solutions of (8).
2. For fixed

and
(p-1(a-1>1
p
with Ay sufficiently large, there are [%J distinct positive non-radial solutions of (8).
For instance, under either of the following conditions, Ay can be sufficiently large and
therefore there are [gJ distinct positive non-radial solutions of (8):
2.(a): Let Ry = R and Ry = R+ 1. Then Ay is sufficiently large for large values of R.
Note by scaling, we can take Ry =land R, =1+ % and obtain the same result
for large R.
2.(b): Let R<yp(R) with @ -1 as R-oo. With Qp={xeRN:
R <|x| < y(R)}, we have that for R large enough, the Ay corresponding
to Qp is sufficiently large.

The structure of the paper is presented as follows. In Section 2, we present
some fundamental background on domains of double revolution along with some
important definitions and results arising from convex analysis and minimax principles
for lower semi-continuous functions. Afterward in Section 3, we use a variational
formulation on convex closed subsets of an appropriate Sobolev space that plays a
detrimental role in proving our main results of the paper. We conclude the paper with
Section 4 on the proofs of the remaining results which deal with multiplicity results
of positive non-radial solutions when Q is an annulus.
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2 Preliminaries
2.1 Domains of double revolution

We dedicate this section to introduce some fundamental background on domains of
double revolution. Unless otherwise stated, we assume that our domain is of double
revolution. We begin with some notations. Let RN = R™ x R”, where m, n > 1 and
m+n = N. For each x = (x,%2,...,xy) € Q c RN, we shall consider the change of
variables in terms of s and ¢ as

1 1
si={xt -+ xl)E, t={xk b xRN}

Definition 2.1 We say that Q c RY is a domain of double revolution if it is invariant

under rotations of the first m variables and invariant under rotations of the last

n variables. Equivalently, Q) is of the form Q = {x e RN : (s,¢) € U}, where U is a

domain in R* which is symmetric with respect to the two coordinate axes. In fact,

U={(st) eR?:x= (x1=5%=0,..., %, =0,Xp41 = t,..., x5y =0) € Q},
is the intersection of Q with the (x;, x,,+1)-plane.

We remark that U is smooth if and only if Q is smooth. Next, we denote Q) to be
the intersection of U with the first quadrant of R?, in other words,

9) Q={(s,t)eU:5>0,t>0}.

Using polar coordinates, we can set s = rcos(0), t = rsin(60) where r = |x| = |(s, t)]
and 6 the usual polar angle in the (s, f)-plane.

In this paper, we consider domains to be annular with a certain monotonicity (or
convexity) assumption with respect to the polar angle. In addition, all domains under
consideration will be bounded in RY with smooth boundary unless explicitly stated.
We describe the domains in terms of the above polar coordinates by

(10) Q:={(6,r): (s, 1) € Q}.
Now, we can formally define an annular domain stated as follows.

Definition 2.2 Let Q c RY be a domain of double revolution in RN with N = m + n
for m, n > 1. We say that Q is an annular domain if its associated domain given by Q
in the (s, t)-plane in R? is of the form

~ s

Q={(6.r):01(0) <r<g(6),0¢(0,7)}
in polar coordinates. Here, g; > 0 is smooth on [0, %] with ¢;(0) = g;(5) = 0 and
£(0) > g1(0) on [O, %] . Moreover, we say that Q) is an annular domain with mono-
tonicity if gy is increasing and g; is decreasing on (0, %) .

We refer the interested reader to the paper [11] and [12] for further explicit examples

of annular domains. Now, we provide some assumptions on the functions a and b in
which we encounter later in the paper.
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Definition 2.3 We assume that a and b are continuous and strictly positive functions
of (s, t) thatis a(x) = a(s, t) (resp. b(x) = b(s, t)). Moreover, we say that a (resp. b)
satisfies (A) if a (resp. b) is a continuously differentiable function with respect to (s, t)
and sa; — tas < 0 (resp. sby — tb < 0) in Q.

2.2 Convex analysis and minimax principles for lower semi-continuous functions

In this section, we lay out some important definitions and fundamental results
from convex analysis and minimax principles for lower semi-continuous functions.
Consider V to be a real Banach space, V* to be its topological dual, and we denote the
pairing of V.and V* by (-, -). We denote the weak topology on V induced by the pairing
(,-) tobe 6(V, V*). We say a function ¥ : V — R is weakly lower semi-continuous
if for each u € V and for any sequence {u, },2, approaching u in the weak topology
a(V, V"),

V¥ (u) < liminf W (u,).
n—oo
Consider @ : V —» Ru {00} to be a proper convex function. We define the subdif-

ferential ¥ of ¥ to be the following set-valued operator: if u € Dom(¥) ={ve V:
¥ (v) < oo}, then we set

V(u)={u"eV5{u*,v-u)+¥(u) <¥(v),VveV}

and if u ¢ Dom(¥), we set 0¥ (u) = @. If ¥ is Géteaux differentiable at u, then we
denote the derivative of ¥ at u by DW¥(u). In this case, 0¥ (u) = {D¥(u)}.

Now, we arrive to the topic on minimax principles for lower semi-continuous
functions. We begin with the definition of a critical point arising in Szulkin [30].

Definition 2.4 Let V be a real Banach space, ® € C'(V,R), and ¥ : V — (00, 00]
be a proper (i.e., Dom(¥) # @), convex and lower semi-continuous function. A point
u € V is said to be a critical point of

I=¥Y-0
if u € Dom (W) and if it satisfies the inequality
(DO(u),u-v)+¥(v)-¥(u) >0, VveV.
We utilize the following important property of uniformly convex spaces.

Proposition 2.1 Suppose that V is a uniformly convex Banach space. Let {u,, } =, be a
sequence in V such that u,, — u weakly 6(V,V*) and

limsup [[u, | < [ul.

n—oo

Then u, — u strongly.

The following definition leads to the mountain pass theorem in which we primarily
use to prove our first main result.
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Definition 2.5 We say that I satisfies the Palais—Smale compactness condition (PS)
if for every sequence {u, } 52, such that:

(i) I(u,) > ceR,
(ii) (DD (up),un—v) +¥(v) = V(u,) > —e4|v-—u,|, VYveV,

where ¢, — 0, we have {u, } 2, possessing a convergent subsequence.
Now, we present the mountain pass theorem provided by Szulkin [30].
Theorem 2.6 (Mountain Pass Theorem) LetI:V — (—oo, 0o] be of the form
=¥ -,

where ¥ : V — (=00, 00] is a proper convex and lower semi-continuous function and
® e CY(V,R). Suppose that I satisfies the Palais-Smale condition and the mountain
pass geometry (MPG):

(i) 1(0) =0,
(ii) there exists e € V such that I(e) <0,
(iii) there exists some p such that 0 < p < | e| and for every u € V with |u| = p one has
I(u) > 0.

Then I has a critical value ¢ > 0 which is characterized by

c=inf sup I[y(1)],
e tef0,1]

where T = {y € C([0,1], V) : p(0) = 0,y(1) = e}.
3 A variational formulation and the proof of Theorem 1.1

Our interest in this paper lies within solving the following system:

-Au=a(x)v?7!, inQ,
-Av=b(x)u?!, inQ,
u,v >0, in Q,
u=v=0, on 0(,

(11)

where €) is a bounded annular domain (not necessarily an annulus) in RN, (N >3),
q=p>2,and a,b e C(Q) with a(x) > ag >0 and b(x) > by > 0 where ag and by
are constants. Let p’ = p/(p—1) and consider the Banach space V = W2 (Q) n
WO1 4 (Q) N L1(Q) equipped with the following norm:

lulv = HuHW2>P'(Q) + H”HW;,I”(Q) + u]zaca)-
Recall the duality pairing between V and its dual space V* is defined by
(u,u™) = [Q u(x)u*(x)dx, VueV,u"eV*.
Following for instance the work by Wang [32], one can get from (11) that

v= (—Au)ﬁa(x)_ﬁ.
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Inserting this equation into the second equation of (11) results in the following scalar
equation corresponding to the u-component:

A ((-Au)PTa(x) #1) = b(x)ut ™.
Considering the fact that p’ —1=1/(p — 1) we arrive at
(12) -A ((—Au)p’_la(x)_(p'_l)) =b(x)u?™.

Formally, the Euler-Lagrange functional associated with problem (12) is given by
~ | - Aul? 1 q
I(u):=— 0 a) 1dx—avfﬂb(x)|u| dx.

Wedeﬁne‘P:V—>Rand®:V—>Rby

¥ (u )—f QL(XA)T dx

and
cp(u):lfb(x)wdx,
q Q

respectively. Let K be a convex subset of V. Finally, we introduce the functional
I : V > (—00, 00] to be defined by

(13) Ix(u) = Y (u) - ©(u),

where the restriction of ¥ on K at u, denoted by Wk (u) is defined by

|-au”
Wi (1) :{ Ja G aCor T ”;Ii
o0 u .

We denote the functional Ix the Euler-Lagrange functional corresponding to (12)
restricted on K.

The following proposition states the existence of a critical point for the functional
Ix and we use Theorem 2.6 to prove the proposition.

Proposition 3.1 Let Q be a domain in RN, and let q > p > 2. Let a,b € C(Q) with
a(x) > ag >0 and b(x) > by > 0 where aq and by are constants. Consider the Euler-
Lagrange functional I : V — R associated with problem (12)

| - Auf’
Q a(x)p-1

I(u) = — q/(;b(x)|u|qu.

Let K be a weakly closed convex subset of W2 (Q) n WOI’P,(Q) which is compactly
embedded in L1(Q). Then the functional I has a critical point it on K by means of
Definition 2.4.

https://doi.org/10.4153/50008414X24000397 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000397

12 A. Moameni and K.L. Wong

Proof Note that the function a is bounded from above, and is also away from zero.
Thus, an equivalent norm on W22 (Q) n WO1 "P(Q) can be defined by

» _ ﬂ 2,p' Lp’
ull wir' (@) = Jo a(x)p] dx, Yue W22 (Q) n W,* (Q).
By assumption, K is compactly embedded in L9(Q). So there exists a constant C > 0
such that

(14) [ulwer ) < lullv < Clulwer @) VueK.

In order to satisfy the mountain pass theorem, we must satisfy the (PS)-compactness
condition and the mountain pass geometry. We begin by verifying the (PS)-
compactness condition. Suppose that {u,}52, is a sequence in K such that I(u,) —
ceR,e, > 0,and

(15) Wi (v) = Wi (uy) + (DO(up )ty —v) 2 —n|lv—u,|v VveV.

We want to prove that {u, }:°; has a converging subsequence in V. First, we prove
that {u, }°2, is bounded in W>? (Q). Since I(u,) — c, it follows that for large values
of n, we obtain

_ ?
() = L %dx—lfb(x)mmdx
7 Jo Gy g Ja
_ 1 ? 21 q
= il q/Qb(x)|un| dx
(16) <c+1.

Note that
(D(D(u,,),u,,):fb(x)|u,,|q_1u,,-undx:[b(x)|u,,|qu.
Q Q

Since g > 2 > p’, there exists 6 > 0 such that

’

1)
s+1>(1+2)".
q
Setting v = ru,, in (15) with r = 1 + §/q, we get
1 [ |- Arug? 1 |- Aul?
p'Jao a(x)r-1 P Ja a(x)r'1
+ [ b(x)|tn|T 2 up - (= 11ty )dx 2 =& 1Uy — iy || v
Q
= Augl” 1 |- Aul
7 Jo aGor Ty Ja aGop

+ f b(x)|un|q’2un (uy —ruy)dx > —(r—De,|uallv
Q
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-1
= 7” n”pr (Q) - 1‘) ,/Q b(x)|un|qu 2 _(r_l)sl’l”u”HV

l_rp, ’
) = el )+ () [ bl < (Dl v

Multiplying (16) by 6 and adding the result by (17) yield that

& 1-¢ '
P
(5 + Nl gy < 868+ v
Note that for n large enough, by applying (14), we obtain

<Co(1+ [unlv)

< CO(l + CH”nH WZ’P'(Q))’

Hun H wa.p’ (Q)

for a constant C,. Thus, we conclude that {u,}%, is bounded in W*?'(Q). Since
{u,}2, is bounded in W2'(Q), it follows that, up to a subsequence, there exists
i e W»P'(Q) such that u, — & weakly in W>?' (Q) and u,, — ii a.e.. By assumption
that K is compactly embedded in L7((), we can deduce from boundedness of
{un}2, c K in W»#'(Q) strong convergence of u,, to i in L9(Q). Setting v = i in
(15), we get

(18)

(u ey = Nl )+ OOl a0 (aty = i) > e = ]
Takmg limsup,,_, ., on both sides of (18), we obtain

1
hm 1sup (7. H 0.
o

o @)~ 1#l ) <
By Proposition 2.1, we have
Uy > i stronglyin W>#'(Q),

and therefore, we conclude that u, — i strongly in V, as desired. Now, we verify
the mountain pass geometry for the functional I. Clearly, Ix(0) = 0 which satisfies
condition (7). For condition (ii), let u € K. Then for ¢ > 0,

| - Atul?’
a a(x)r'!
_ q
=— ﬂdx—t—f b(x)|u|?dx.
q Jo

p' o a(x)P

IK(tLl) =

1
- — | b(x)[tul?d
2 Jy bt

Since q > 2 > p/, it follows that for ¢ large enough, we obtain Ix(tu) < 0 and setting
e := tu, condition (ii) holds. To satisfy condition (iii), take u € K with |u]y = p > 0.
Then

1
k() = Nl - . [ boufids.
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By (14), there exists a constant C > 0 such that for all u € K, we have

(19) lullwer ay < lullv < Clulwer a)-

In addition, we have
[ bt < Ciul,
Q

for some constant C; > 0. So,
1 ’ 1
() = 1l o —afﬂb(x)|u|‘1dx

1 4 C1
2 PHMH:;VZ)P’(Q) - ;HuH‘\I/

1
p'Cr’
1

r C
:WPP _Jpq>0’

’ Cl
Jully —;Hu\lqv

provided p is small enough as g >2 > p’. Note that if u ¢ K, then Ix(u) >0 by
definition of Wk (u). Thus, the mountain pass geometry holds for the functional Ix.
By the mountain pass theorem, Ix has a critical point & € K with Ix (%) = ¢, where
¢ > 0 is the critical value characterized by

¢ =inf sup I(y(1)),
el tef0,1]

where T = {y € C([0,1], V) : y(0) = 0,y(1) = e, Ix(y(1)) < 0}. |

Lemma 3.1 Let V be a reflexive Banach space, and let f : V — R be a convex and
differentiable functional. If

(20) f(u) = f(a) 2(Df(u), u - u),

then Df (u) = Df (1), where (., .) is the duality pairing between V and V*. In particu-
lar, if fis strictly convex, then u = u.

Proof By the convexity of f,
@) f(a) - f(u) 2(Df(u),a—u) = f(u) - f(a) <(Df(u),u-n).
So, (20) and (21) implies that
f(u) = f(a) =(Df(u),u-u).
Note that forallv € V,
fO) = f(u) 2(Df(u),v - u).
Equivalently,

fW) 2 f(u) +(Df(u),v—u) = f(v) 2 f(u) +(Df(u),v) = (Df(u), u)
= f(v) = (Df(u),v) 2 f(u) - (Df (u), u).
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Let G(v) = f(v) = (Df(u),v). Thenforallv e V,

G(v) = f(v) = (Df(u),v) 2 f(u) - (Df (u), u) = G(u),
and when v = i,

G(a) = f(#) = (Df(u), ) = f(u) = (Df (), u) = G(u).
So G attains its minimum at v = i, i.e., DG(i1) = 0. Thus,

Df(a) - Df(u) =0.
Now, we show that u = i provided that f is strictly convex. Indeed, it follows that
(Df(u) - Df(a),u—-u)=0,

from which we obtain the desired result. [ ]

Inspired by an argument in [22], the following proposition links the critical points
of Ik to the solutions of the system (11).

Proposition 3.2 Let i be a critical point of the functional Ix. If there exists ti € K and
7 e WP (Q) n W, (Q), where1/q +1/q’ = 1such that

—Ai = a(x)|7|P27,
(22) {_M - b(x)|a]124,

then 0 = i, and (i1, V) is a solution of

—Au = a(x)|v|P2v,
—Av = b(x)|u|1%u.

Proof Define the functional F : W2 (Q) n WJ’P’(Q) - Rby

| AW‘ -1g-2 -
F(w) = 7 Jo a@myr —fob(x)|u|q awdx.

We first show that # is a critical point of F. By (22), we have that

—Adi = a(x)|p|P~27,
~AD = b(x)|a|7T%a.
Therefore,

= |- Al (-Ad),

(23) i “(")Pl
i= b(x)q_1| AD|9 2 (-AD).

<t

Now, take 7 € W>?'(Q) n WS’P,(Q). It follows that
(F(@).) = [ ooyl - Al o ande - [ bl ands
:f&(—Aq)dx—fb(x)|it|q’2ﬁ;1dx, (as a result of (23))
Q Q
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16 A. Moameni and K.L. Wong

= [Q(—Af/)ndx - /Q b(x)|a|1 2 andx
= fﬂb(x)|it|q_2ﬁz1dx—Lb(x)|ﬁ|q_2ﬁndx, (as a result of (22))
=0.
Thus, i is a critical point of F. It then follows that
0=(F'(a),a-u)

:[QW|—Aﬁ|p"2(—Aﬁ)(—A(ﬁ—ﬁ))dx—fnb(x)|a|q‘2ﬁ(ﬂ—ﬁ)dx,

from which we obtain
1 ’
(24) f |- AP () (<A - 7))dx = f b(x) [T 2 (i - i) dx.
Q a(x)r'! Q
Since # is a critical point on Ig, by definition of a critical point, we have

1 [ |-aw 1 [ |-aaf
(25) — ; :
p' Ja a(x)r'-1 p' Ja a(x)P'!

dx > (b(x)|a|"*a,w—-a), VYweK.
Plugging (24) into (25) for w = i1, we get

| = AP "2 (=Ai) (~A(i - i) )dx.

P’ Ja a(x)P' 1 x p' Ja a(x)P'-1 ¥

1 7 |-agf 1 |-l >/ 1
a a(x)p1

Thus, by Lemma 3.1, we obtain

iNg}

u=

The result now follows from (22) considering i = . [

So far, we have considered K to be a weakly closed convex subset of W>?'(Q)
which is compactly embedded in L(Q)). Now, we explicitly define our convex set K
to be given by

(26)
K =K(m,n):={0<u=u(s,t) e WP (Q) n Wy (Q) tsu — tus <Oae.in O,

where Wé’p’(Q) ={ueW>'(Q):gu=u, VYgeG} where G:= O(m)x O(n).
Here, O(k) is the orthogonal group in R with gu(x) := u(g™'x). We remind the
reader that we can express K as functions u such that if we write (s, t) in terms of polar
coordinates, we have 1 < 0 on Q defined in (10). Before we introduce the embedding
theorem for annular domains, for the convenience of the reader, we recall the following
standard embedding theorem for which we make frequent use in this paper.

Theorem 3.2 Let O be a bounded domain in R*. Let j>1 be an integer, and let
1< P < oo. Suppose O satisfies the cone condition. Then the following embeddings are
compact:
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(i) If jP < k, then
wiP(0) - L(0), for1<d <P =kP/(k - jP).
(ii) If jP > k, then
WHP(0) - L(0), forl<d < co.

Theorem 3.3 Let Q c RN = R™*" be an annular domain of double revolution.
(i) (Embedding without monotonicity). Let P > 1. Suppose Q has no monotonicity and

(m+1)P (n+1)?P
(m+1)-2P’ (n+1)—2ﬂ>}'

lsd<min{

Then the embedding Wé’?(Q) < L4(Q) is compact with the obvious interpreta-
tionif (m+1)-2P < 0and (n+1) -2P <0.

(ii) (Embedding with monotonicity). Let p’ > 1 and suppose Q is a domain of double
revolution with monotonicity, n < m and

(n+1)p’ _max{ (m+1)p'  (n+1)p/ }
( .

(n+1)-2p" m+1)-2p" (n+1) - 2p/

1<d<

In addition, let
K := {0 <u=u(st)e Wé’P,(Q) n Wol’p,(Q) tsu;y — tug < 0a.e. in ﬁ}

Then the embedding K — L%(Q) is compact with the obvious interpretation if
(n+1)-2p' <0.

Proof We begin by proving (i). Assume that N = m + n. Then, expressing in terms
of sand ¢, i.e., u(x) = u(s, t), we obtain

f|u|ddx:c/:|u(s,t)|dsm_1t”_ldsdt.
Q a

Take & small enough so that ¢ > § if and only if s < §. So
@) [ Juls ol e dsde
o

= f,\ lu(s, t)|9s™ 1" dsdt + f,\ lu(s, t)|9s™ " dsdt.
{Q,t>6} {Q,s>8}

Looking at the first term on the right-hand side of (27),

[A lu(s, t)|9s™ " dsdt < ¢ /A lu(s, )™ dsdt.
{Q,126} Q

Q

Let u(s, t) = u(y,z), where s = |y| and t = |z|. Then by change of variables,
fA lu(s, t)|9s™ dsdt = co [ lu(y, t)|dydt,
Q O

where Q; = {(y,t) : (|y|.- t) € ﬁ} e R™ x R. Note that Q; c R™* If

(m+1)P

d b
S m+1)-2p
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then by Theorem 3.2,

([, 1t olayde) " < clutins o,
<o [ (ID?ur 0" +[9u(n O + lu(y, 0 ) dydt
<ci [ (100N + [vuln )" +u(r.2)” )dydz
= calul e -

So we have the compact embedding Wé’T(Q) < L4(Q) for

(m+1)?

d< DT
S m+1)-2p

For the second term on the right-hand side of (27), we have that
f C Ju(s ) dsde < ﬁ lu(s, )| t" 1 dsdt
{Q,s28} Q
=c, [ lu(s, z)|dsdz,
Q;

where O, = {(s5,2) : (s,]2|) € Q} € R” x R. Note that Q, c R**. If

(n+1)P
< (n+1)-29°

then by Theorem 3.2,

P/d
( [Q 2 ju(s,2) dsdz) < & oy

<c /Q (|D2u(s, 2)|7 +|vu(s,2)|” + |u(s,z)|ﬂ>)sm71dsdz

<& [ (D22l + 1vu(y.2)|” +u(y.2)|" )dydz
= Cf;”””%z,ﬂ’(g)-
So we have the embedding Wé’T(Q) < L4(Q) is compact for

(n+1)?
< (n+1)-2P°

Taking

. (m+1)P (n+1)P
mm{(m+1)—2ﬂ>’ (n+1)—2ﬂ>}’

we obtain the desired result in part (i). Now, we proceed with proving part (ii). Let
1<n<mand
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(n+1)p’
(n+1)-2p"

Using polar coordinates with s = r cos(6) and ¢ = rsin(0), we obtain

7'[/2 2
[ u(s, t)4s™ 1" dsdt = [ fg s"1(0)r" sin™ () u(r, 0)?rdrd®.
P41

For 0 € [n/3, /2], we have that sin(8) < csin(0 — 7/4) for some constant ¢ > 0.
According to the monotonicity properties of gi, g, and 6 — u(r, 8), we obtain that

n/2 2(0)
/ /g ™ eos™ 1 (0)r" " sin™ " u(r, 0) rdrd6
P41

(6)
n/2 [ g(0-n/4)
<" / ™ eos™ (0 - m/4)r"  sin™ (0 - m/4)u(r, 0 — m/4) rdrd6
n/3 Jg(0-n/4)
n/4  rg(0)
="t f f ™ eos™ 1 (0)r"  sin™ T (0)u(r, 0) rdrde.
n/12 Jgi(0)

Thus, there is a constant C; > 0 such that
"rore -1 -1 -1 d
f f ™ cos™ T (0)r" T sin T (0)u(r, 6)“rdrd6
0 &1
Org L mn -1 -1 d
Sle f ™ cos™ T (0)r" T sin” T (0)u(r, 6)“rdrdo.
0 1
On the other hand,
/3 8 m—1 n-1 . n-1 d _ d m-1 " -1
/; fgl ™ cos” T (0)r" sin” T (0)u(r, 0) rdral@—[m’sZ u(s, t)"s dsdt

for some positive constant 8. Hence,

d m-1,n-1 Pl f d.n-1 p'/d
, b t" " dsdt <C , D)t dsdt
(/{-ﬁ,szﬁ} u(s,t)%s s ) 2( (B} u(s,t) s )
Thus, by part (i), we have
d n-1 /e
D) dsdt
(/{59;;}”(5 ) s )
<G f |D2u(s O +Vu(s OF + u(s O ) dsdt
< Cy f |D2u(s O +|vu(s, )F +|u(s, t)|p) " 1smdsdt
SCsﬁ(|D2u(s, O +|Vu(s, F +|u(s ) )t"’lsm’ldsdt
a
= Co [ (1Dl (7l + juf” )
- C6H szp (Q)
This completes the proof. L]
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Remark 3.4 Let p > 1, and let p’ be the conjugate of p, that is,
1 1
— + 7, -
p p
Suppose Q) is an annular domain with monotonicity, and # < m. We can rewrite the
condition in Theorem 3.3(ii) given by

L<d< (n+1)p - max (m+1)p ’ (n+1)p ’
(n+1)-2p’ (m+1)-2p" (n+1)-2p’
1<d<oo, forn<2p -1,

1.

forn > 2p’ -1,

as follows:

1 1
—+=>1-

2
d n+1

, 2 2 p+1
=min{l- —,1- , forn>>——,
m+1 n+1

p-1
fornSLﬂ.

1 1
no lower bound condition imposed on — + '

Proof By Theorem 3.3(ii), we have compactness when

Lcge (nrDp :max{ (m+1)p (n+1)p

}, forn+1-2p’ >0,

B (n+1)-2p (m+1)-2p"”" (n+1)-2p’
and
1<d < oo, forn+1—2p’§0.
Equivalently,
1sd<(n+1()"(;i)5_2p, for (n+1)(p—-1)—2p >0,
and

1<d<oo, for(n+1)(p-1)-2p<0.
Simplifying, we obtain
1 1 2

;+E>1—ﬁ, for(n+1)(p—l)—2p>0,
and with no lower bound condition on 1/p + 1/d for (n+1)(p —1) = 2p < 0. On the
other hand,
(n+1)(p=1)-2p<0 —> n< i—*i.

Therefore, we conclude that
1 1 2 2 2 +1
—+—=>1- :min{l—i,l— }, forn>p—,
p d n+l m+1 n+1 p-1

1

—, forn< pi

d p-1

We require the following proposition arising from Cowan and Moameni in [11].

L 1
no lower bound condition imposed on — +

https://doi.org/10.4153/50008414X24000397 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000397

Existence and symmetry breaking results for positive solutions 21

Proposition 3.3 Suppose Q ¢ R™ x R" is an annular domain with monotonicity (see
Definition 2.2), and assume that (x) satisfies (A) as in Definition 2.3. Let 0 < il €
H} (Q) n L¥(Q) with sit, - tii; <0 a.e. on Q where P > 2, and

Hy(Q):={ueHy(Q):gu=u, VgeG=0(m)xO0(n)}.
Suppose that v is the solution of

—AV = 5(x)a” T, in Q,
7 =0, on 0Q).

Then 0 < # € Hj () n L¥(Q) with si, — t¥; < 0 a.e. on Q.

Now, we can prove the first main result of the paper.

Proof of Theorem 1.1. First, we recall the convex cone K := K(m, n) as in (26),
namely,

K =K(m,n) := {0 <u=u(s,t)e Wé’P’(Q) n WOI’P’(Q) tsuy — tus < 0ae.in ﬁ} ,

where Wé’p,(Q) ={ue W»P'(Q):gu=u, VgeG}, where G:= O(m) x O(n),
and where O(k) is the orthogonal group in R* with gu(x) := u(g 'x). By Theorem
3.3(ii), we have that the embedding K — L1(Q)) is compact for

LD -pt
D) -2 if(n+1)
1<g<oo, if(n+1)-2p' <0.

1<g< -2p" >0,

By Remark 3.4, this can be rewritten as

1 1 2 . 2 2 p+1
—4+—=>1- =min{l- ——,1- , forn>+——
P q n+1 m+1 n+l p-1

with no condition on the lower bound of

11 p+1

—+—, forl<mn< .
P q p-1

It follows from Proposition 3.1 that Ik has a critical point & in K with Ix (%) = ¢, where
¢ > 0 is the critical value characterized by

c=inf sup I(y(t)),
el tefo,1]

where T = {y € C([0,1], V) : y(0) = 0,y(1) = e, Ix(y(1)) < 0.} Since Ix(@t) >0, it

follows that # is nonzero. Now, we want to show that there exists # € K and
7 e W7 (Q) n W, (Q) satisfying
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~Ai = a(x)|p|P~27,
-AV = b(x)|a]1%a,

so that we can conclude by Proposition 3.2 that (&, 7) is a solution of

{—Au = a(x)v|P%v,

—Av = b(x)|ulT%u.

Indeed, it follows from Proposition 3.3 that there exists ¥ € K such that
—AV = b(x)|a|1 4.

Applying Proposition 3.3 once again, there exists i € K satisfying
~Aii = a(x)||P 2.

Thus, (i, 7) satisfies the equation

~Adi = a(x)|9|P727,
AV = b(x)|a]%a,

and by Proposition 3.2, we conclude that (i, 7) is a solution of

~Au = a(x)|v|P~ 2,
—Av = b(x)|ulT%u.

Note that both @ and ¥ are nonzero and nonnegative. It now follows from the strong
maximum principle [15, Theorem 8.19] that both i and 7 are strictly positive. ]

4 Non-radial solutions when Q is an annulus

In this section, we discuss the case when a(x) = b(x) =1, and Q is an annulus, that
is, Q= {x: Ry <|x| <R,},

—Au=vP"l, inQ,
~Av=u?l, inQ,
u,v >0, in Q,
u=v=0, on 0Q).

(28)

We shall prove that the solution obtained in Theorem 1.1 is non-radial when radii
Ry, R, satisfy certain conditions. We first begin with the following general result for
positive solutions of (28).

Theorem 4.1 Let q > p > 2. Assume that (u,v) is a positive solution of (28). The
following assertion hold:

2d
(29) inf Jo |Y,'Z| * —— < \/E.
0#neHy (Q) [ n2v(x) T u(x) 2 dx p
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Proof We first prove that

(30) qv(x)? > pu(x)d, Vx e Q.

Leto =p/qe(0,1]]and e = 071 Define z(x) = u(x) — ev(x)?. It follows that

Az = Au—eov ' Av —eo(o - 1)v* 2|y

> Au—eav® Ay

-1
oyl -
= 01 _Vo(q 1) ,
ed!

from which we obtain that Az > 0 on the set
{xeQ:z(x)>0}.
Take € > 0. It follows that
(z-¢)"Az 20,
and therefore

/ IV(z-¢)*[*dx <0.
Q

This implies that z < ¢, and since ¢ is arbitrary the inequality (30) follows.
We shall now prove inequality (29). It follows from inequality (30) that

Therefore,
TR CITE Y NS ATt \/?uq_lv
q q
It then follows that
inf Jo |Vn|? dx B Jo [V dx . Jouivdx _ [T
0kneHy (@) [ 1721/(x)p772u(x)q%2 dx I 1/21/(3c)l’77211(x)qz;2 dx Ja \/gu‘iflv dx p
|

Remark 4.2 'We would like to remark that inequalities of the type (30) were first
developed to study Liouville-type theorems for stable Lane-Emden systems and
Hardy-Hénon elliptic systems on RY. We refer the interested reader to [10, 24, 28].

Letw(x) = w(s, ) beafunction of (s, t). If we write w in terms of polar coordinates
(recall we have s = rcos(0), t = rsin(0)), we obtain that w(x) = w(r, 8). Writing the
Laplace operator in polar coordinates gives

_(N-Dw,  wee

w
(31) —Aw(x) = —w,, T r—fh(@),

r
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where

(32) 1) = (m 1) tan(8) - E:nzeli .

Let (y1, 1) be the second eigenpair of the following eigenvalue problem:
{—wi’(e) +y1(6)h(8) = iy (6), in (0,73),

(33) y'(6) >0, in (0, %),
y1(0) =y1(5) =0,
and note that the first eigenpair is given by (o, ¥ ) = (0,1). Note in this problem, one
can find an explicit solution given by
p1=2N, yy(0) = % - cos(20),

and note we can apply Sturm-Liouville theory and count the number of zeros of y; to
see it is in fact the second pair.

Proof of Theorem 1.2.  Let us assume the solution (u, v) of (28) obtained in Theorem
L.1is radial. Let (A;, ¢) be the first eigenpair of the following eigenvalue problem:

g (r) - WL 2N )y (1) T u(r)'T (1), 1€ (RiRy),
(P(T’) =0, TE{Rl,Rz}.

Set w(x) = ¢(r)y1(0) and note that

() = -y - S0, M)
R R
== (r)y1(0) - (N‘l)‘f’;(r)%(@) N 2N‘P(2W1(9)

b2 a2
= A (lx]) 7 u(lx]) > w(x).
Recall that Ix(u) = ¢ > 0, where the critical value ¢ is characterized by

¢ = inf max Ig[y(7)],
yel z¢[0,1]

where

I'={yeC([0,1], V) :y(0) = 0# y(1), Ix(y(1)) < O}

For the sake of simplifying the notations, we use I instead of Ik in the rest of the proof.

Sety,(7) = 7(u + ow)l, where I > 0is chosen in such a way that I((u + aw)l) <0
forall |o| < 1. Note that y, € . We shall show that there exists ¢ > 0 such that for every
7€ [0,1] one has I(y,(7)) < I(u), and therefore,

¢ < max I(y,(7)) < I(u),
7€[0,1]

which leads to a contradiction since I(u) = c. Note first that there exists a unique
twice differentiable real function g on a small neighborhood of zero with ¢g’(0) =0
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and g(0) = 1/ such that max,o,1] I(ys(7)) = I(g(o)(u+ow)l). We now define h :
R —> Rby

h(o) = I(g(a)(u + aw)l) - I(u).

Clearly, we have h(0) = 0. Note also that 4'(0) = 0 due to the fact that I’ (u) = 0. We
now show that h""(0) < 0. Indeed,

” _ r_ p'—z _ 2 _ _ q-2 2
W)= (o' =) [ 180 (-aw) dx = (q=1) [ Jul'(w)’ dx
= (0 =DM [ 18ul () a6y dx = (q-1) [ Jul' 7 (w) dx
Q Q
= (/=D [ (v e () () dx = (g =1 [ [l (w)
= =01 [ ()W ) dx = (g =) [ [l (w)? dx
_ r 2 q-2_ 2
= (' =08 = (@-D) [ ulle)*w(x) dx.
Note that
(p)-1A}-(g-1)<0 if and only if A< (p-1)(g-1).
Let Ay denote the best constant in the Hardy inequality

fn |V11\2dx
/\H = ﬁ
0#neHy(Q) [ \Zﬁ dx
It follows that
Jo|Vn|*dx +2N [, % dx

= inf = =
0+neHy(Q) - [ n?v(x) 2 u(x) 7 dx

M

. (1+33) Ja vl dx q(,,2N
< inf = = <= (1 + —) )
0eneHy (@) [ nv(x)'Tu(x)'T dx "V P\ Au

where the last inequality follows from Theorem 4.1. In particular, if

g(Hle)z <(p-1(g-1),

then (p’ —1)A? - (g — 1) < 0. This implies that h”(0) < 0. This in fact shows that

max I(ys(7)) = I(g(0)(u +0v)l) <I(u),

for small o > 0 as desired. ]

Recall from (26) that

K =K(m,n) := {0 <u=u(s,t)e Wé’p’(Q) n Wol’p’(Q) tsup—tus < 0ae. in ﬁ},
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which corresponds to the decomposition R™ xR" of the annulus
Q={x: R <|x| <Ry} in RY with N=m+n. We have the following result
regarding the distinction of solutions for different decompositions of RV,

Lemma 4.3 Let 1<n<n' <|Z] and set m=N—-n, m'=N—n'. Let timn¢
K(m,n) and u, , € K(m',n") be the solutions obtained in Theorem 1.1 corresponding
to the decomposition R™ x R" and R™ x R" of RN, respectively. Then up, p # Ums nr
unless they are both radial functions.

Proof Let uy,, = tyr,,» = u. We shall show that u must be radial. It follows that
u(x) = f(s,t) = g(s', ¢') for two functions f and g, where

sPi=xP a2, 2= X2+ X
and

2. 2 2 2.2 2

=X Xy U =X+t Xy

By assuming x; = 0 for i # x1, x,,, we obtain that

g (bl = ¢ (/32 + x200),

from which we obtain that ¢ must be a radial function. To show that f is a radial
function, we assume that x; = 0 for i # x,,41, xn. Then

(et be) = (033 5%

from which we obtain that f is a radial function. ]

Proof of Theorem 1.3. 'We begin by proving the existence of a positive solution.
Afterward, we show that the positive solution is in fact, non-radial.

Part 1. It follows from Theorem 1.1 that for each n < k and g > p > 2, equation (28)
has a solution of the form (4, n, Viu,n) = (thm,n (S, 1), Vin,n (s, t) ), where

sP=xP a2, 2= X2+ X
provided
1 1 2 +1
—+—->1- R forn>p7.
P q n+l1 p-1
Since n < k, it follows that
2 2 +1
1- <l—- ——, fork>L.
n+1 k+1 p-1
Thus, for each n < k, we have a positive solution provided
1 1 2
—+—=>1-—
P 9 k+1

Part2.Ifk < (p+1)/(p-1),thenn < (p+1)/(p —1). So, by Theorem 1.1, there exists
a positive solution of (28).
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Now, we proceed to prove that the solution in parts 1 and 2 are non-radial. Indeed,
by Theorem 1.2, the solution (u,,,,,Vm,) is non-radial provided

(p-1)(q-1) > (1+g)2(§).

Thus, foreach n € {1, ..., k} we have a non-radial solution (#,,,,, Vn,» ). On the other
hand, by Lemma 4.3, we have that u,, , # ty - for all n # n’. Similarly, by Lemma
4.3, we obtain v, , # Vo for all n # n’. This indeed implies that we have k distinct
positive non-radial solutions. [ ]

Proof of Corollary1.4. 1.Foreachk e Nwith1<k < [i—jj, by part 2 of Theorem 1.3,
there exists a solution provided

(p-1)(g-1)> (1+g)2(z).

(p—l)(q—n(f;) (1 2,

| positive non-radial solutions.

Thus, if

then we must have [Z—j
2. Assuming k = [%J in Theorem 1.3, we obtain that there are [gJ positive non-

radial solutions provided that

2N 2
(o-a-0>(+3) (%)
and
l+l>1— 2
P q [§J+1

Now, to obtain
q
(p-D(q-1)>-,
p

we want to show that A can be sufficiently large under conditions 2(a) and 2(b) and
hence, we conclude that there are [%J positive non-radial solutions. As for the proof
of 2(a) and 2(b), we refer the interested reader to [11]. ]
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