J. Appl. Prob. 42, 163-174 (2005)
Printed in Israel
© Applied Probability Trust 2005

ON ULTIMATE RUIN IN A
DELAYED-CLAIMS RISK MODEL

KAM C. YUEN,* ** The University of Hong Kong
JUNYI GUO,** Nankai University
KAIW. NG,* The University of Hong Kong

Abstract

In this paper, we consider a risk model in which each main claim induces a delayed claim
called a by-claim. The time of delay for the occurrence of a by-claim is assumed to be
exponentially distributed. From martingale theory, an expression for the ultimate ruin
probability can be derived using the Lundberg exponent of the associated nondelayed
risk model. It can be shown that the Lundberg exponent of the proposed risk model
is the same as that of the nondelayed one. Brownian motion approximations for ruin
probabilities are also discussed.
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1. Introduction

In reality, insurance claims may be delayed due to various reasons. Risk models with this
special feature have been discussed in the literature for some years. Waters and Papatriandafylou
(1985) considered a discrete-time risk model allowing for delay in claims settlements and used
martingale techniques to derive upper bounds for ruin probabilities. Boogaert and Haezendonck
(1989) studied the mathematical properties of a liability process with settling delay within the
framework of an economics environment.

In this paper, we assume that each main claim induces another type of claim, called a by-
claim. The two types of claim have different distributions of severity. The time of occurrence
of a by-claim is later than that of its main claim, and the time of delay for a by-claim is random.
This kind of risk modeling may be of practical use. For instance, a serious motor accident
causes different kinds of claim, such as car damage, injury, and death; some can be dealt with
immediately while others need a random period of time to be settled.

The paper is organized as follows. In Section 2, we give a detailed description of the
model. In Section 3, we use the martingale method to derive an expression for the ultimate ruin
probability, which involves a nondelayed surplus process as well as its Lundberg exponent. In
Section 4, we show that the Lundberg exponent of the proposed model with delayed claims is the
same as that of the associated nondelayed risk model. Finally, in Section 5, we investigate the
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weak convergence of the aggregate claims process and derive Brownian motion approximations
for ruin probabilities.

2. The model

Yuen and Guo (2001) used the method of probability-generating functions to derive ruin
probabilities for the compound binomial model with discrete delay time for by-claims. In this
paper, we consider a similar problem in the continuous-time setting. Specifically, we study
various aspects of the compound Poisson model with delayed claims.

Let the aggregate main claims process be a compound Poisson process and let N (¢) be the
corresponding Poisson claim number process, with intensity A. Its jump times are denoted by
{T;,i = 1,2,...} with Ty = 0. The main claim amount random variables {X;,i = 1,2, ...}
follow a common distribution F with mean pr and variance a,%. In our model, if X; occurs at
T;, it will generate a by-claim, denoted by Y;, occurring at time 7; + W;, where W; is the random
time of delay for Y;. The by-claim amount random variables {Y;,i = 1, 2, ...} have a common
distribution G with mean g and variance 0(2;, while the delay times {W;,i = 1,2,...}
are exponentially distributed with mean Al_l. It is assumed that the X;, Y;, T;, and W; are
independent. All the random variables and random processes considered in this paper are
defined on the probability space (2, #, P).

In this setup, the surplus process takes on the form

S(t) =u+ct — D(t), 2.1
where u is the initial surplus, c is the rate of premium,

N(t) 00

D)= Xi+) YilT;i+W: <o),

i=1 i=1

and 1(-) is the indicator function of the event {-}. The associated by-claim number process is
given by

oo

N =Y WT; + W, <.

i=1
It is obvious that the incorporation of the aggregate by-claims process complicates the analysis
of surplus process (2.1).

Write the distribution of 7; as Hr,. The expectation of the aggregate by-claims at time ¢ is
given by

E[ZY,- (T} + W sr)] =Y wGP(Ti+W; <)

i=1 i=1
= |
0

= MG/ At — x)he M dx
0

Hr (t — xX)Are ¥ dx

t o
i=1
t

=gt — 1L (2.2)
Ry . :
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Hence, to satisfy the positive safety loading condition, we may simply assume that ¢ > A(ur +
ug). Let T = inf{t: S(t) < 0} be the time of ruin for surplus process (2.1). Then, the ultimate
ruin probability for (2.1) is given by ¥ (1) = P(T < o0).

3. A martingale approach for the ultimate ruin probability

In this section, we use martingale techniques to derive an expression for the ultimate ruin
probability for S(¢). Specifically, the ruin probability can be expressed in terms of a slightly
modified surplus process and its Lundberg exponent.

Define a modification of S(¢) by

S*(t) = u + ct — D*(1), 3.1
where D*(t) = Z,N:(? (X; +Y;). Note that (3.1) is a compound Poisson process (a nondelayed
risk model) with X; 4 Y; being the claim amount for the ith claim. Let ¥ = o {S(«), u <t} and
F* = o{S*(u), u <t} be the natural filtrations of S(¢) and S*(¢), respectively. The Lundberg
exponent R* for $*(¢) is defined to be the positive solution of E[e"X+tY)] = 1 + A~ !¢r. From
classical ruin theory, we know that

M*(t) — e—R*S*(T)
is a martingale relative to the filtration #,*. Now, consider two other filtrations given by
G = VvFEY and G, =4 Va(W, Wa..),

where F,*X is the natural filtration of ZZNZ(? X; and F* is the natural filtration of Z,N:(i) Y, It
is obvious that §; C §; and that M*(z) is a §; martingale. Moreover, we make the following
proposition.

Proposition 3.1. For the time of ruin T and the filtrations F;, ¥/*, G, §;, and M*(t), the
following statements hold.

(a) () F* C §f and (i) F C 4.

(b) M*(z) is a martingale relative to filtration G;.

(c) T is a stopping time relative to ¥; and §;.

Proof. Since D*(t) = Y- X; + YN0 v, part (a)(i) follows immediately. Write

(k)_ZJ+1 J _JTl
" _j:0 k 1<E<Wl = k

and
N(1)

DY) => v 1T + W <.
i=1

Then, we have

N(t)

Jim. w® =w;, and Jim. DY (1) =D Y I(T; + W; <1).
i=1
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Thus, to prove part (a)(ii) it suffices to show that D;,k) (t) is §; measurable. It can easily be
shown that

L(N(1) =)D (1)

. ]l ]l + l ]1 + 1
=5 :(I(N(t) =n)<l:11( <Wis= )) § Yi 1<T~ <t >>
3.2)

where the first summation on the right-hand side is over all j; = 0,1,...fori = 1,...,n.
Notice that

LN@) =n)(l_[1(% <W < ji:1>)ZYi1(7} <i— %)
i=1 i=
. Ji Ji+1 +1 .
=1(N(;)=n)<i]11<;<w,-_ >>ZY 1< ( p )Zt). (3.3)

Equalities (3.2) and (3.3) imply that 1(N (¢) = n)Dg,k) (1) is $; measurable, because the product
term on both sides of (3.3) is o {W, W>, ...} measurable.

For part (b), we must prove that EfM™*(¢) | §s] = M*(s) almost surely for¢ > s, i.e. that, for
each G € G, [ M*(t)dP = [, M*(s) dP. Because of the structure of , this is equivalent
to proving that G = K| N K, where K| € 4 and K> € o{W, Wy, ..., W,}. Since K| and
K are independent, K> is independent of M*(¢). Therefore,

/ M*(1)dP =P(K>) | M*(t)dP = P(K») M*(s)dP:/ M*(s)dP,
KiNKy K K KiNK>

because M*(¢) is a §; martingale.
Part (c) follows from part (a)(ii) and the definition of T'.

We now present the main result of this section, which states that S*(¢) and its Lundberg
exponent R* play an important role in studying the ruin probability for S(z).

Theorem 3.1. The ultimate ruin probability for S(t) can be expressed as
—R*u

E[le=RS*M) | T < 00]’

V) =

where T is the time of ruin for S(t).

Proof. Since M*(t) is a martingale and T is a stopping time, it follows from the optional
stopping theorem that

e R — p*0) = E[M*(t A T)]
=BM*¢AT)| T <t]IP(T <t) +B[M*¢ AT)| T > t]P(T > 1).

Hence, the theorem is proved if

EM*(tAT)| T >t]P(T >t) -0 ast — oo. (3.4)
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The following two expectations will be used to prove (3.4):
Z\(R*) = B[S(Ne®X P"0=D] and  Zy(R*) = B[S(r)?eR D" (=eD),
We first consider Z;(R*). Let
Z\(R*) =u+ct — Z11(R*) — Z12(R), (3.5)

where
N(1)

Z11(R*) = E[Z XieR*(D*(z)—cz)]
i=1

o
Z1n(R*) = E[Z Y W(T; + W; < r)e"’*“’*")m]
i=1

and define ix (r) = E[e’X] — 1, hy(r) = E[¢’Y] — 1, and h(r) = E[¢"¥*+Y)] — 1. Then,

n

—rct - ()‘t)ne_m rX; S
Zii(r)y=e Z(TZE[X,-e ’exp{r Z Xj}exp{rZYi}:D

n=1 i=1 j<n,j#i i=1
> (hr)le™H =

=e ¢ Z <T(hy(r) + D" (hx(r) + D" Z E[Xie’X"]> .
n=1 ’ i=1

Since E[X;e"Xi] = h’X(r), hr)+1=(hx@)+1D(hy(@)+1),and Ah(R*) — cR* = 0, where
a prime denotes differentiation, Z;; (R*) becomes

Z11(R*) = (hy(R*) + l)h’X(R*)M. 3.6)
We also have

oo
Zip(r) =Y B[, I(T, + Wy < )70

n=1

o 00
— e—rL‘l Z/ E[Yn I(Tn + Wn S t)erD*(t) | Wn = S] P(Wn = S) dS
0
n=1
o t
:e*”‘fz/ AeTMSE[Y, I(T, <t — s)e"? O] ds
0
n=1

t - o
—e ' / Ae MISE[er D0 Z Y, (T, <t— s)i| ds
0

- n=1
N(t—s)

; _
:e_’”f re MSE[er DT Z Yn] ds
0
- n=1

[ _ N(t—s)
:e—’”f rie M E| e PT) explr(D*(t) — D*(t — 5))} Z Yn} ds
0 - n=1
. N(t—s)
=/ Ale—*le[exp{r(D*(t—s)—c(t—s))} Z Yn} E[e/ P )= gs.
0 n=1
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From (3.6) and the fact that E[eR*(D*(S)_”)] = 1 forall s, Zi2(R*) can be written as
t
2R = [ e (R + Dy (R =) ds

0

A

— (hx(R*) + 1>h’Y(R*>(m - - e—*”>).
1
Then, substituting the derived forms of Z{(R*) and Z,(R*) into (3.5), we obtain
Z1(R*) = u + ct — Ath'(RY) + (1 — e MY (hyx(R*) + DAy (RY). 3.7

We next look for an upper bound for Z,(R*). First, write
Zo(r) = (u+ ct)? = 2(u + 1) Zo1 (r) + Zoa(r) + Zo3(r) + 2204 (1), (3.8)

where

N (1)

Zx +ZY (T, + W; < r)) r(D*()= “>}

N() 2
> r(D*(t)— ct):|
oo

ZY WT; +W; < r)) ’<D*<l>“>},

Zy1(r) =

Zy3(r) =

12
b
i[>

N()

Zy(r) = _<ZX >(ZY T, +W; < t)) r(D*(1)— ct)}

i=1

Note that Z>1 (R*) = Z11(R*) + Z12(R*), i.e.
A
Z>1(R*) = Ath'(R*) — A_(l — e MO (R*) (hx (R*) + 1).
1

To evaluate Z»;(r), we need

o= (En) o |

i=1
= [(hx(r) + D"”
=n(hx(r) + D"72((n — D)Wy (r)* + (hx(r) + D% (),

which implies that

na—At n
Zon(r) = Z (M) [(Zx) ’(D*(”—C’)]
n=0

n,—Ait
=e 7 Z —(M)n (hy(r) + D)'"H(r).

n=1
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After some algebraic manipulation, we obtain

Zn(R*) = exp{t (M (R*) — cR*)}At (hy (R*) 4+ 1) (M (hy (R*) + 1) (W (R*))? + Iy (R*))
= At (hy (R*) + 1) (M (hy (R*) + 1) (hy (R*)* + h’ (R*)).

Similarly, it can be shown that

N (1)

2
Z»(R") < E[(Z Yi) CR*(D*(I)_‘T)}

i=1

= M (hx (R*) + DAt (hx (R*) + 1) (hy (R*))* + By (R*)).
For the last term on the right-hand side of (3.8), we obtain

N (1) N ()

Zu(R*) < EKZ x,-> (Z Y,-)eR*(D*(’)Ct)i|

i=1 i=1

n n n

= e—R*ct—AtZ (M)n [ZX exp{R*Z i} ZY;‘ exp{R*

n=0 i=1 i=

]

- At)"
— o Rrer—ht Z ( ) [(hx(r) + D' _ge[(hy (r) + 1) ], _ g

n=0

(A)"

—i R + !

— —R*ct Ath/ (R )h (R )Z

= e KM R (RN (RH)are P EITD (1 4 a1 (m(R*) + 1))

= Wy (R*)hy (R*)At (1 + At (h(R*) + 1)).
Substituting the derived forms of Z1 (R*), Z22(R™), Z23(R*), and Z»4(R*) into (3.8) gives
Zo(R*) < (u+ ct)* —2(u + ct)()\th’(R*) —(l — efk‘t)h (R*)(hx(R*) + 1))

+ At (hy (R*) + DAt (hy (R*) + 1) (Wy (R*)* + Wy (R*))
+ At (hx(R*) + Dt (hx (R*) + 1) (By (R*))* + Y (R*))
+ 2K (RMRYy (RMAL(1 + At (R(R®) + 1)). (3.9)

The proof of (3.4) is as follows. Note that

EIM*(t AT) | T > t1P(T >1t) = M*(t)dP.
T>t
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It is clear that if T > ¢ then S(r) > 0. Since ¢ — Ah/(R*) < 0, it is easily seen from (3.7) that
Z1(R*) < O for large t. Therefore,

M*(t)de/ M*(t)dP
S()>0

< / M*(t)dP
S()=Z1(R*)/2

<)
[S()—Z1 (R*)|=—Z1(R*)/2

T>t

M*(t)dP

4e=R*STO(S(1) — Z1(R*)?
S/ e (()*21( ))dP
IS(1)—Z1 (R")|=—Z1 (R*)/2 Z1(R*)
—R*u Z,(R*) — Z1(R* 2
< € (Z2(R7) 1(R*)%) (3.10)
Z1(R*)?

Making use of (3.7) and (3.9), we find that

Zy(R*) — Z1(R)* < 2Mh’(R*))%(1 — e MRy (R*) (hx (R*) + 1)

N 2
+ ath"(R) — (H(] e MRy (R*) (hx (R*) + 1))

Hence, the numerator on the right-hand side of (3.10) is of order ¢ and Z; (R*)? is of order #2.
We conclude that

EIM*¢ AT) | T > t1P(T > t) = M*(t)dP — 0

T>t

ast — 0Q.

4. Lundberg exponent

In this section, we show that R* is also the Lundberg exponent for model (2.1). Brémaud
(2000) also discussed such an issue for the Poisson shot noise delayed-claims model.

Since the ruin probability for model (2.1) is smaller than that for the nondelayed model,
we have ¥ (u) < e R To verify that R* is the Lundberg exponent, we must calculate
E[e"P®]. For N(¢) = k, it is well known that the random vector (71, T», . . ., Tj) has the same
distribution as the order statistics of k independent and identically distributed uniform [0, #]
random variables. Furthermore, N (¢), X;, Y;, and W; are independent. Thus, we have

o0 k
E[e"P®] :Z M (M) K /dslfdsz / dskl_[E[exp{r(X + Y 1(s; + W; <)}

k=0 i=1
X 4k

t
Y Z z' (/ Elexp{r(X + Y (W < S))}]dS)

t
= exp{—m<1 — ! / Elexp{r(X + Y L(W < s)}] ds) }
0

k

where (X, Y, W) is the generic random vector of (X;, ¥;, W;).
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r(D(t)—ct)]

Now let g(r) = lim;_ ~!'InE[e . It can easily be shown that

g(r) = AE[e"®TY) 1] —¢r

—ar /Oo & X(1 - F % G(x)) dx — cr, @.1)
0

where F x G represents the convolution of ' and G. On the other hand, the results of Duffield
and O’Connell (1995) give
1
lim —Iny(u) = —R,
U—>00 Y
where R = sup{r: g(r) < 0}. It follows from (4.1) that R is exactly the Lundberg exponent
of the nondelayed risk model (3.1). Therefore, R = R*.

5. Approximations for ruin probabilities

This section is devoted to deriving Brownian motion approximations for ruin probabilities
for model (2.1). This kind of approximation for the compound Poisson model can be found
in Grandell (1977), (1978) and Iglehart (1969). Although the by-claim number process N()
is neither Poisson nor renewal, we are still able to extend the classical results to the proposed
model.

Define k2 = U% + oé + (ur + pbg)z. The mean and variance of D*(¢) are At (up + p1g)
and Ark2, respectively. The following theorem states that, asymptotically, D(¢) has the same
mean and standard deviation, and that the delay time distribution does not come into play in
the limit.

Theorem 5.1. Ast — oo,

D(t) — A (ur + 1G) o

U == i S NO D,

where ‘> stands for convergence in distribution and N (0, 1) is a standard normal random
variable. As a result, (L)~ V2(N(t) — At) = N(O, 1).

Proof. 1t is well known that

D*(t) — A (ur + pG) o
T 2 N, D).

From (2.2), we find that

E[D*(z) —M(up + 1) U(t)} _ E[Z,N:(i) Y =YX i (T + S < t)}
(k)12 (MKk2)1/2
A (1 —e M)
T T Gak)2
— 0

ast — oo. Hence,
D*(t) — M (ur + 1G)
()\t,{2)1/2

-U@)—0
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in probability. This implies the weak convergence of U (¢). If we let X; = O and Y; = 1, the
convergence of the by-claim number process is simply a special case of the convergence of
U@).

Now define
D(nt) — Ant(ur + 1e)

(An KZ)I /2

To obtain the desired Browman motion approximations, we must establish the weak convergence
of U, (). The symbol * A represents weak convergence for stochastic processes.

Un(t) =

Theorem 5.2. For constant t, U, (t) A B(t) as n — oo, where B(t) is a standard Brownian
motion.

Proof. To prove the theorem, we need to prove (i) the convergence of the finite-dimensional
distributions of U, (¢) and (ii) the uniform tightness of U, (¢), i.e. that, for every ¢ > 0,

lim llmsupAJ (c,U,(t),e) =0, ;.1

c—0
where

Al;l (¢, Up(t), &) = sup min(P(|Upn(?) — Un(t1)| > &), P(|Un(22) — U (2)| > ¢)),
f<t<t
with #{ > ¢t — cand 1o < t 4 c¢. Note that, according to Skorokhod (1957), (i) and (ii) imply
that the distribution of /(U,(¢)) converges to the distribution of /(B(¢)) for any Ji-continuous
functional /.
By the definition of U, (¢), we have

N (7
Ui — U] < YO (Xi + Y0) = dnty — 1) (UF + pe)
n — Un =

()LnKZ)l/Z
Z 1 Yi(nty < T; <nnp) — 1ty < T; + S; < ntp))
()LnKZ)l/Z
=: L1+ L,
with #; > t1. By Chebyshev’s inequality,
—t
P(L, > ¢) <271 . (5.2)
&
Furthermore,
L < Y2, Yid(nt; < T; < nty) — Unty < T; <nty,nty < T; + S; < nh))
2= (k2172
n Z[ VY W(T; < nty,nty < T + S; < ntp)
(AnK2)1/2
Yilint; < T; <ntr, T; + S; > ntp)
el
- ()\nKZ)l/Z
N YRV T <ty nn < T+ S < nip)
(Ank?)1/2
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and, hence,
E[L,] < UG Yo Pnty < T; < niy, T; + S; > ntp)
2 (k2172
L M6 Y P(T; < nty,nty < T; + S; < nty)
(Ank?2)1/2
MGZ; (PT; = nty < Ti+ S) +P(T < nty < T; 4 5). 53
(Ank?)1/2 (5-3)

Note that

P(T;, <ntp <T; +S;)+P(T; <nty <T; + Si)

o
=/ MeMS(P(T; <ntry < Tj +5)+P(T; <nt) < T; +5))ds
0

nty oo
2/ e S P(T; <nty < T; + 5)ds +f e MSP(T; < np)ds
0 nty

o0

nt|
+/ re M P(T; <nty < T; 4 5)ds +/ re M P(T; < nrp)ds,  (5.4)
0 n

n

and that
nty )\'l’-l—lxi
P(T; §ntk<T,-+s)=/ e M dx
nty—s i!
1 N
= /S PO ) hinn g

0 i!

fork =1, 2. Let

nig M(nty —
nn(tk)=/ k1e_klsv/ AZ (ntg — x) e M=) dx ds
0

o0
+/ /\le*MZP(Ti < nty)ds
nty

i=1

nty s
= / e M / A1 — e 200y qx ds + Ange 1Mk
0 0

nty
= / e M5 (s 4 e M — e TRy (g 4 Apge MM
0

- i + )\—1 . i e—Mnlk _ ;e—)\ntk _ le—(?»-i-)»l)ntk . (5.5)
A AAL—A) A Al — A A

From (5.3), (5.4), and (5.5), we obtain

2
UG Zk:] Nn (t)
EllL]| < ——— —  ~
[L2] = Ounic2)1/2
and, hence,
MG Zl%:] Nn (1)

P(L>, > <
(L2z8) = = C eI

(5.6)

It follows from (5.2) and (5.6) that (5.1) holds.
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Now define
Vo (1) = pur(ir + p)n't — 0uc®)' 12U, (1).

Based on the weak convergence of U, (t), we obtain our final result.

Theort\!Nm 5.3. Suppose that n'/?p, tends to a positive constant y as n tends to co. Then
Vu(t) — V(t), where
V() = yMur + ue)t — Guc®)' 2 B(@).

Furthermore, for any positive constants u and 8,

lim ¥ (n~ Y28, n'/?u) = e 2%, (5.7)

n—o0

where Y (n='28, n'/?u) is the ultimate ruin probability for model (2.1) with initial surplus
n'2u and security loading n='/%§.

Proof. The weak convergence of V,,(¢) is simply due to Theorem 5.1 and the limit theorem
of Skorokhod (1957). Result (5.7) follows from Grandell (1978).
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