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ISOMETRIC RESULTS ON A MEASURE OF

NON-COMPACTNESS FOR OPERATORS ON BANACH SPACES

S.J. DlLWORTH

For each X S 1 a class of Banach spaces $. is defined.

Isometric results are obtained on the equivalence between a measure

of non-compactness and the essential norm of a linear operator

defined on a <ji space. Best values of X for the classical
A

Banach spaces and for spaces with unconditional basis are investigated.

For the space o of convergent sequences the non-existence of a

X-unconditional basis with X < 2 is deduced.

Recall that a Banach space E is said to be a IT space

(1 < X < ») if for every finite dimensional subspace G of E and for

each e > 0 there exist a finite-dimensional subspace H ^_G and a

projection P from E onto H with | |P| | < X + e (see [6]) . We need

the following dual notion.

DEFINITION 1. Suppose that 1 £ X < » . A Banach space E will be

said to be a (j>, space if for every closed subspace M of finite

codimension in E and for each e > 0 there exist a closed subspace
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2 8 S . J . Dilworth

N c M of finite codimension and a projection P from E onto N with

I | P | | < X + e •

The following proposition i s essentially known (see [4])/ but we

indicate a short proof.

PROPOSITION 2. (a) If E* is a ir, space then E is a <(.,

space.

(b) If E is a <j> space then E* is a IT. space.

Proof. (a) Let M be a closed subspace of finite codimension in

E and l e t e > 0 be given. By a consequence of the principle of local

reflexivity (see [6]) there exists a finite dimensional subspace H

containing Ml = {f e E* : fix) = 0 for a l l x e M} and a weak*-

continuous projection P from E* onto H with \\P\\ <, X + e. Then

(_T - P*) \g i s a projection whose range is a subspace of finite codimension

contained in M and | | I - P * | | < l + X + e . So E i s a ij> space.

(b) This is a simple duality argument and will be omitted;

Let T : E ->• F be a bounded operator between Banach spaces E and

F . The essential norm of T , denoted I\T\ \g , i s defined by

| | r | L = inf{MT + tfll : K : E + F is a compact Operator} . Following [7]

we define a measure of non-compactness of T , denoted c(T) , by

c(T) = inf{| |2'l^ll : codim (M) < =°} . The familiar Kuratowski measure of

non-compactness, y (T) , which is defined by y (T) = inf{r : the image of

the unit ball of E i s covered by finitely many balls in F of radius

r} , i s related to c(T) by the inequalities hc(T) < y(T) < 1c(T)

(see [7]) .

PROPOSITION 3 . Suppose that E is a <f>A space and that

•*• F is a bounded operator. Then \ \T\

\\T\

T : E •*• F is a bounded operator. Then \ \T\ I £ \c(T) j in particular,

Proof. Suppose that K : E •*• F is any compact operator and let

e > 0 be given. Then c(K) = 0 and so there exists a closed subspace L

of finite codimension such that | \K L | | < e . Let M be any closed

subspace of finite codimension. Since E is a $.. space there exists
A

a closed subspace N c L n M of finite codimension in E and a
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p r o j e c t i o n P from E on to N w i th \\P\\ S X + e . Then (T + K)P i s

a compact p e r t u r b a t i o n of T and | | ( T + £ ) P | | ^ (X + e ) ( | | r | w | | + e) .

Since e and M a r e a r b i t r a r y i t fo l lows t h a t \\T\\ i \c{T) . We

o b v i o u s l y h a v e o(T**) < \\T**\\ < \\T*\\ , w h i l e c(T**) ^ c(T)

e G>

follows easily from the definition of the measure of non-compactness

e(-) . Combining these inequalities gives | |f?*| | ^ X||T*||

& e

Remark 4. It is not known whether there exists a constant K such

that ||T|I ̂  K ||T*|I for all Banach spaces E and F and operators

T : E -*• F . The unpublished folklore result a^d1) ̂  3a (T*) , where

a (Tl denotes the n approximation number of T , shows that

| |y|| S 31117*I I provided E* has the approximation property, and so

the second statement in Proposition 3 is good only for X < 3 .

COROLLARY 5. Suppose that E is a classical Banach space and that

T : E •+ F is a bounded operator. Then \\T\\ < 2c(T) (and so
\\T\\e < 2\\T*\\e) .

Proof. E* is a TT -space, and so the result follows from

Propositions 2 and 3.

Remark 6. The constant 2 is best possible (see Corollary 10(a)

below).. Results related to Proposition 3 are obtained in [7] under the

assumption that F has the compact approximation property but without

any assumption on E . In [7] the Banach spaces for which y(T) and

|IrlI are equivalent semi-norms are characterized.

Now suppose that E is a Banach space with a Schauder basis

(e^T , . The basis constant p is defined by y = sup{ | |P | | : n > 1} ,

where P is the natural projection from E onto f̂ Jli._-i (the closed

linear span of e., e_, ..., e ). The basis is said to be shrinking if

l ||-»-0 as n -*• °° f°r every f e E* • Further, the basis
n

is said to be x-unconditional if | | £" ± O-,eA \ <. x| \j7 &j.eT.\ \ f o r a 1 1

n > 1, for all scalars kz^t-i' a n d f o r a^1 choices of signs. It
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follows from Proposition 2 that if E has a shrinking basis, with basis

constant y , then E is a § space. We have the following refinement

for spaces with a A-unconditional shrinking basis.

PROPOSITION 7. Suppose that E has a \-unaonditional shrinking

basis. Then E is a <j>. space.
A.

Proof. For each x = £, <^f,et, in E we define I I |x | | | = supl \l,

± a-,e-A | , where the supremum i s taken over a l l choices of s igns . Since

| | x | | <, | | | x | | | < A| | x | | i t i s suff ic ient to prove the proposit ion for

the norm | | | *| I I • f o r w n i c h ^ek^k-l i s a 1 ~ u n c o n d i t : ' - o n a l ba s i s ; so

we may assume tha t X = 1 . Suppose t h a t e > 0 and tha t M i s any

closed subspace of codimension one in E . We prove the claim tha t there

e x i s t s a subspace N c M of f i n i t e codimension in E which i s (1 + e ) -

complemented in E and which possesses a (1 + e)-unconditional shrinking

b a s i s . There ex i s t s f e E* such that | | / | | = 1 and M = ix e E : / (x)

= Q} . We may choose x e E and a posi t ive integer n such tha t

f{x) = 1, | |x | | < 2 , and x = XfcSi xVelr • Given n > 0 there ex i s t s

n, > n such tha t I | / | r ~\°° \\ S n . Then for any m S n and for
a ° \fkjk=n1

 1

a l l s ca l a r s On-,, ,CL • we have

m m m
( l - 2n\\\\l akek\ \\ < \\\l a . / , 111 < ( l + 2 n ) | 11£ a f e e f c | 11 ,

nl nl nl

where ft,~ev~ f^e-jJx • L e t ? b e t*ie natural projection from E onto

(which i s a contract ion because the basis i s 1-unconditional);
p - loo I— —I oo

then P is an isomorphism from jV ^_M onto e. . with

- 1 , , l+2n
IP I I ^ JTITj- • Moreover,

Q = fP|rf-|» I"1 oP
l f ] j

is a projection from E onto f/^1^ with \\Q\\ ^ ̂ 35^ * The claim
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now follows by taking T\ sufficiently small. The general result for a

closed subspace M of arbitrary finite codimension is obatined by applying

the claim finitely many times and by considering a subspace of codimension

one at each stage of the argument.

Remark 8. Say that a Schauder basis {e-,),, is X-bimonotone if

sup{| |P | | , | | J - P || : n > 1} < X . Then the proof of Proposition 7

shows that E is a <j> space if (e,) «_, is a X-bimonotone shrinking

basis of E .

CO

Let a denote the space of convergent sequences x = (Xj.)jr,_, with

the norm | |a;| | = sup|xj,| , and let a be the subspace of sequences which

K O

tend to zero; let Up (1 < p < <*>) denote the space of sequences for

which

I W I p -

COROLLARY 9. The Banach spaces c and ip (1 < p < <*>) are

<\>j spaces.

COROLLARY 10. (a) a and £ , are ifo spaces but are not <f>.

spaces for any X < 2 .

oo

(b) Let (&j()if—i ^s a X—unconditional basis for

c . Then )i> 2 ; in particular, the Banach-Mazur distance from c to
any space with a 1-unconditional basis is at least 2.

Proof. (a) Let I" :£ . ->• e be the formal iden t i ty operator and l e t

00

Q : c •*• a be the natural inclusion. Let (ej,)j, , be the standard
O K, K,—X

basis of & and define K : I. -*• a by ^•^ev} = u{k Z 1) , where u is

the sequence which has every term equal to one. Then | \jl - hli\\ = h ,

and so c{I) < h ; it now follows from Proposition 3 that I is not a

<j> space for any X < 2 . Let M be any subspace of finite codimension

contained in C and let P be a projection on c whose range is M .
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Then P(J - hK\ i s a compact perturbation of J , and so | \P{jI - hK) | |^1

I t follows that | \P\ | 2: 2 , and so c is not a <j>̂  space for any

X < 2 . The fact that a and %. are <|>2 spaces is a consequence of

Proposition 2.

(bl Any unconditional basis of a (and hence of e ) i s

equivalent to the standard basis (see for example LS, p.71]), and so must

be shrinking. The result now follows from (a) and Proposition 7.

Remark 11. C.V. Hutton ([5]) discussed the formal identity from I

to a as an example of an operator T with the property that

anm f an<J!*\ .

Remark 12. Banach ([2, p.242]) asked whether o and a were

almost isometric. Cambern proved in [3] that the Banach-Mazur distance

from o to G is 3.o

It is very easy to prove, in fact, that it is not possible to imbed

an infinite-dimensional C(K) space almost isometrically into a , as

the following lemma shows.

LEMMA 13. Let K be an infinite aompaot Hausdorff space and let

T : C(K) •*• cQ be a Banaoh isomorphism onto a svbspace of a . Then

\\T\\ \\r2\\ > 2 .

Proof. We may assume that | |5f| | = 1 ,- let ^eVj,-T_ denote the

functionals biorthogonal to the standard basis of a . Given e > 0

there exists n such that \e*T{l) \ < e for al l k > n , where

1 e C(K) i s the constant one function. Select y e C(K) such that

| \y\ | = 1 and ef(Ty) = 0 for 1 < k < n . Then max( | \x + y I I ,

I \x - y\I) = 2 , whereas max(|\Tx + Ty\1 , I\Tx - Ty\ \) < 1 + e , and

i t follows that Mr"1]! > 2 .

Remark 14. Say that E has the distortion property (see [9]) if,

given e > 0 , a Banach space F will contain a (1 + e)-isomorphic copy

of E whenever E and F are isomorphic. I t is well known that e
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and %^ share this property, but since e and a are isomorphic the

previous lemma shows (taking CUQ - e) that a coes not .
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