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SOME NOTES ON THE THEORY OF HOLOMORPHIC CURVES
JUNJI SUZUKI ano NOBUSHIGE TODA

§1. Introduction

In this paper, we shall give some notes on the order functions of
holomorphic curves and, applying these facts, we may formulate the theory
of holomorphic curves more precisely than those in Ahlfors [2], Cowen
and Griffiths [4], Weyl [7] or Wu [8] in several cases.

Let x:|2| < R— P"(C) (n = 1,0 < R < o) be a non-degenerate holo-
morphic curve and x? be the associated curve of rank pof x (p =1, - - -,
n; x' = x).

Let

X = (x,(z), tee, xn+l(z))

be a reduced representation of x where x,, - - -, x,,, are holomorphic func-
tions in |2| < R without common zero for all and

X? = [X,dX]dz, ---,d>"'X|dz>"]  (p=1,---,n)

the osculating p-element of X (X' = X) (see Weyl [7]), which is a repres-
entation of x?. Let T,(r) be the order function of x? (p =1, ---,n). Then
it is known that

(1) V() + {Tp(r) = 2T,(r) + T, i)} = 2,(r) — 2,(r) (e =7 <R)

where r, is a fixed positive number, V,(r) is the valence in |2| < r of the
stationary points of rank p of x and

2,0) = o [ log (Xr I X YIXP A (== re)

(Weyl [7], p. 123).

In the theory of holomorphic curves, it is essential to evaluate 2, in
terms of T,. For example,

“When R = oo, for any number « > 1, the inequality

Received June 15, 1979.
79

https://doi.org/10.1017/50027763000019176 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019176

80 JUNJI SUZUKI AND NOBUSHIGE TODA

20,(r) L alog Ty(r) — 2logr + O(1):

holds except for r of an open set E C [r,, o) such that

'JE ridr < oo .”

(See Weyl [7], Chapter IIL) »

There is a similar result for R < oo (Weyl [7], Chapter IV).

We note that, in this paper, we always use r = |2| as the independent
variable instead of logr. (cf. Weyl [7], Wu [8].) '

In the proof of the defect relations for holomorphic' curves, this' esti-
mate of 2, plays a fundamental role and necessarily it comes out excep-
tional sets in many inequalities of which we are in need to prove the
defect relations. (See Ahlfors [2], Weyl [7] etc.)

On the other hand, in the Nevanlinna theory of meromorphic func-
tions in |z| < R (Hayman [5], Nevanlinna [6]), the second fundamental
theorem tells us that, for a non-constant meromorphic function f(z2) in
|z] < R, the exceptional set does not come out if the order of f is finite
and the defect relation holds either
(I) for any non-constant meromorphic function when R = oo, or
(1) for any meromorphic function f such that

limsup T'(r, f)/log (R — r) ' = oo
r—R

when R < co.

For the systems of holomorphic functions in [z] < R, similar results
are known (Cartan [3]).

In this paper, after the model of the case of meromorphic functions
stated above, we shall remove the exceptional sets in the case of holo-
morphic curves applying the method used in Ahlfors [1] when T\(r) is of
finite order and weaken ‘“the hypothesis H” (Weyl [7], p. 201) in the case
of R < oo. '

We will use the notation used in Weyl [7] in the main.

§2. Lemmas

We prepare some lemmas for later use.

LEmMA 1. Let f(r) be a function defined on [r,, R) with continuous
non-negative derivative and f(r,) = 1. Then for any numbers a > 1 and
r=0,
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(I) when R = oo, the inequality
F) < {0y
holds except in an open set E C [r,, o) such that
L reldr < (@ — 1)1
(II) when R < oo, the inequality

fi(r) < {fGN(R — r)+*

holds except in an open set E C [r,, R) such that
Lm—WWW§@—WK

(See Weyl (7] p. 155 and p. 197.)
LemMmA 2. Let two functions f(r) and F(r) be given on [r,, R) (r, > 0)
such that f(r) is continuous and

L+ log(rjr) + [ {Qogr — log#) exp (FOWedt <F () (< <iR).

Then, for any numbers a« > 1 and p =0,
(I) when R = oo,
f(r) < a*log F(r) + e + D logr
for all r = r, except in an open set E C [r,, o) such that
f reidr < e — 1)1
E
() when R < oo,
fr) < a*log F(r) + (¢ + e+ Dlog(R—r)"' + (¢ + 1) logr
for all r in [r,, R) except in an open set E C [r,, R) such that
fm—wwmgm—nm
E
We may prove this lemma as in Weyl [7], p. 156 or p. 197 using
Lemma 1.

DerinttioN. We say that a holomorphic curve x in |2| < R is admis-
sible if either B = co and x is non-degenerate, or if R < oo, x is non-
degenerate and the following condition holds:
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(2) lim 7(r) = o (p=1,---,n).
r—R

Note that, if R = oo and x is non-degenerate, the condition (2) holds.
(See Weyl [7].)

LemMma 3. For any admissible curve x in |z| < R, the following in-
equality holds for all r in [R,, R) (r, < R,):

1+ log(rir) + [ {Qogr — log 1) exp (22,1} edt < 2T,(r)

where 3,(t) = 2,(¢) + log(t/r,) and R, depends on the curve. (See Weyl
[7], p. 154 and p. 196.)

From now on in §2 and §3, we assume that all curves in our mind
are admissible.

Applying Lemmas 1 and 2 to our curves, we obtain the following by
Lemma 3.

ProrosiTiON 1. For any numbers a« > 1 and p = 0,
(I) when R = oo, the inequality

2.(~)p(r) < a’log T,(r) + ple + 1) logr + O(1)
holds for all r = R, except in an open set E C [R,, o) such that
f re=dr < oo ;
E

(I) when R < oo, the inequality

20,(r) < o log T,(r) + (¢ + Dl + D log (R — )™ + O(1)
holds for all r in [R,, R) except in an open set E C [R,, R) such that

j (R — r)+dr < oo .
E

(See Weyl [7], p. 198.)
Using this proposition, we obtain the following as in Weyl [7].

PropositioN 2. For any numbers ¢ > 0 and p = 0, there exists an r,

such that
(I) when R = o,
(3) T, (r) <L+ 1/p 4+ &)T,(r) + O(logr),
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(4) T,..r) <A+ Y+ 1—p)+ T,(r) + O(ogr)

for all r = r, except in an open set E C [r,, oo) such that
f re='dr < oo 3
E
(II) when R < oo,
(5) T,.(r) <A+ 1p + Ty (r) + OQog (R — 1)),

(6) T,.(r)<Q+1n+1—p)+ Ty(r) + Olog (R — 1))

for all relr, R) except in an open set E C [r,, R) such that

j (R — r)+'dr < oo .
E

§3. Theorems and applications

In this section, we are going to investigate the orders of T,(r) and
improve Propositions 1 and 2.
The order p, of T,(r) is defined by

lim sup log T,,(r)/log r = p, (R = o)

or
lim sup log T,(r)/log (R — r)™' = p, (R < )
r—R

and the lower order 2, of T,(r) by
lim inflog T, (r)/logr = 2, (R = o)

or
lim inflog T,(r)/log (R — r)' = 2, (R < o0).
r-R

TueoreM 1. All T,(r) are of the same order.

Proof. When R = oo, this was proved by Ahlfors [2]. We prove this
theorem when R < co applying the method used in Ahlfors [1].

Now, let p, be finite, then for any p > p,, there is an r(=r) such
that, for all relr, R),

T,(r) < O(R — r)°*) .

Here, we apply Proposition 2, (II), (5).
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(i) When rgE and r, < r < R, we have
Tp+1(r) g O«R - r)-,,) .

(i) When reE and r, < r < R, let r’ be the right hand end point of the
maximal interval included in E and containing r. Then, putting x = p,

we have
®—r)*—®R=1)"=p[ ®=r)edr= 0@
so that
(R~ )" < (R— 1)+ OQ)
and

log(R—r)*=1log(R—r)'+ 0Q).
T,.(r) being increasing and r’' & E,

T, (r) £ T, () S O(R —1')*) < O(R — 1)) + O(1)
=O0(R—r)").

By (i) and (ii), for all r sufficiently near R
Tp+l(r) < O((R - r)_p) .

This means p,,; < p. As p is arbitrarily greater than p,, we obtain p,,,
< pp- Similarly, we obtain p,_, < p, applying (6). It follows that, if one

of p, is finite, then all p, are finite and same. This means also that if

one of p, is infinite, then all p, are infinite. That is, all T,(r) are of the
same order.

TaEOREM 2. All T,(r) are of the same lower order.

Proof. (I) R = co. We have only to prove the case when one of

T,(r) is of positive or infinite lower order. Otherwise, all T,(r) are of
lower order zero.

Now, let 2, be positive or infinite. Then, for any 0 < 2 < 1,, there
is an ry(=r) such that

T,mzr (rzrn).

We apply Proposition 2, (I), (3).
(i) For re¢E and r = r,,
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r<A+1(p—1)+ T, (r)+ O(ogr).
(ii) For reE and r = r,, let 7 be the left hand end point of the maximal
interval included in E and containing r. Then, putting g = 2, we have
r— =2 f #1dt < zf p-idt = O(1) ,

7 E
so that

r<#4+0Q).
As 7 & E for sufficiently large r and T,_,(r) is increasing,

FSA+1Yp -1+ dT,(F) + O(dogr)
SA+Yp -1+ T, (r) + O(logr)

and
r<QQ+4+1Yp—1+ 9T, () + Odogr) + 0Q1) .
By (i) and (ii), for all sufficiently large r,
rs1+1p—1+9T,.(r) + OQogr) + 0(1) .

This means 1 <1,.,. As 1< 2, and 2 is arbitrary, we have 1, < 1,_,.
Similarly, using (4) instead of (3), we have 2, < 2,,,. It follows that, if
one of 2, is not zero, then all 2, are not zero and same.

(II) R < . We can prove this theorem by using Proposition 2, (II) as
in the case R = co.

TrHEOREM 3. If T(r) is of finite order, then, for any number a > 1,
(I) when R = oo, the inequality

2Qp(r) < a’log T,(r) + O (ogr) + OQ1)

holds for all sufficiently large values r;
(II) when R < oo, the inequality

2§p(r) L atlog T,(r) + O(og (R — r)™") + OQ)
holds for all r sufficiently near R.

Proof. (I) R = co. Let Ty(r) be of finite order p,, Then, by Theorem

1, all T,(r) are of order p,. Thus, for any p > p,, there is an r,(= R,)
such that
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T(rysr (zr)

and for any p-ad A? (Weyl [7]), as

Ny(r, A?) S To(r) + G,
C, being independent of A? (Ahlfors [2], p. 7 or Wu [8], p. 105),
(7) ny(r, A" log 2 < f " n,(t, AP)Jtdt < N,(2r, A¥) = O(r")
for r > r,. Now, putting p = p in Proposition 1,
(8) 20,(r) € o’ log T,(r) + ple + 1)log r + O(1)
for all r = R, except in an open set E C [R,, o) such that

L re-idr < oo,

For reE and r = r,, let 7 be the right hand end point of the maximal
interval included in E and containing r. Then,

(9) Fo— re = pf t-dt < pf t-1dt = O(L)
. r E

and

(10) log 7 = logr + O(1) .

Further, by (7) and (9),
N,(7, A?) — N, (r, A?) = j "y, A)edt < o( j ’ t"“dt) = 0Q),

that is,
N, (7, A®?) £ N,(r, A®) + OQ) .

M N,(r, A?) = T\ (r)
AP

(Ahlfors [2], p. 8 or Wu (8], p. 107) and O(1) is independent of A?,
(11) T,(7) < T,(r) + O(1) .
On the other hand, by (1), we have the equality:
Vo(r) + Tpoi(r) + Tpui(r) + log rfr, = B,(r) — 2,(r)) + 2T(r)
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and this shows that
2T,(r) + 2,(r)
is increasing. Thus, we have
2T (r) + 2,4r) < 2To(P) + 2,
so that by (11),
2,(r) < 2,() + 0QV) .
As Fe E, by (8), (10) and (11), we have
20,(r) < & log T,(r) + ol + 1) logr + OQ1) .
Thus, for any r > r,, the inequality
20,(r) < o*log T,(r) + O (log r) + OQ1)

holds.
(II) R < . We can carry out the proof parallel to the case R = co.
Corresponding to Proposition 2, we have

CoroLLARY 1. If T(r) is of finite order, for any ¢ > 0, there is an r;
such that
(I) when R = o,

Tp+1(r) <(1+1p+ E)Tp(r) + O(ogr),
T, ()<A+1/(n+1—p)+ Ty (r) + O(ogr)

for all r = r;
dI) when R < oo,

T,(r) <@+ 1p + oTy(r) + O(log (R — 1)),
T,..(r) <A+ 1(n+1-p)+T,(r) + O(og (R —r)™)

for all relr, R).

When R = oo, it is well-known (see Wu [8]) that if the original curve
x is transcendental:

lim Ty(r)/logr = o ,

then all the associated curves x? are also transcendental.
Similarly to this fact, we give the following for R < co.
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TuEOREM 4. When R is finite, if
12) lim sup T(r)log(R—r)"' = oo,

then there exists a sequence {s,} outside an exceptional set E such that

lims, =R

n—oo
and

lim T(s,)log(R—s,) =00 (0=12---,n).

N0

Proof. When the order of Ty(r) (= p,) is finite, we have the result
easily by Corollary 1. When the order of T\(r) is infinite, then T%(r), - - -,
T.(r) are also of order infinite by Theorem 1. In this case, we apply
Proposition 2, (II), (6) for x = 0. First of all, we note that

0, = lim sup log T(r)/log (R — r)™! = oo .
r—R

r&E
In fact, suppose that o} is finite. For any 7 e E sufficiently near R, let i,
be the left hand end point of the maximal interval I included in E and
containing 7 and ¢, the right hand end point of I. Then, ¢, ¢t & E and
log (R — )~ — log (R — £)* = j (R — r)dr < j (R — r)"'dr = 0Q1),
t1 E
log(R—t)*'<log(R— M '<log(R—1t)".
From this and T\(r) being increasing, we have the following:

log Ti(t,)/log (R — t.)7' < log T(7)/log (R — 7)*
< log Ti(t)/log (B — t,)

and

limlog(R — t) flog(R—¢t) =1
F—R

so that

lim sup log T'(F)/log (R — 7)~* < lim sup log T(r)/log (R — r)™! = p} .
FeE s
This means that the order of T\(r) is finite. This is a contradiction. p;
must be co. “p{ = co” means that there is a sequence {s,} C [r, R) — E
such that s, — R (n — o) and

3
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lim T'(s,)/log(R — s,) ' = o .

N0

Applying this fact to Proposition 2, (II), (6) for p = 2, - - -, n, we have
the desired result.

CoroLLARY 2. ““The hypothesis H” in Weyl [7], p. 201 may be changed
by the following:
“When R is finite,

x is admissible and lim sup Ti(r)/log (R — r)™' = o .”
7R
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