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Pebble trees*

Vincent Pilaud

Abstract. A pebble tree is an ordered tree where each node receives some colored pebbles, in such a
way that each unary node receives at least one pebble, and each subtree has either one more or as
many leaves as pebbles of each color. We show that the contraction poset on pebble trees is isomor-
phic to the face poset of a convex polytope called pebble tree polytope. Beside providing intriguing
generalizations of the classical permutahedra and associahedra, our motivation is that the faces of the
pebble tree polytopes provide realizations as convex polytopes of all assocoipahedra constructed by
K. Poirier and T. Tradler only as polytopal complexes.

1 Introduction

Permutahedra and associahedra are among the most classical polytopes in algebraic
combinatorics. The (n — 1)-dimensional permutahedron has a vertex for each per-
mutation of [n] ={1,...,n} and an edge for each pair of permutations related by
the transposition of two adjacent entries. The (n — 1)-dimensional associahedron has
a vertex for each binary tree on n nodes and an edge for each pair of binary trees
related by a rotation. These two families of polytopes admit common generalizations
explaining their similar behavior, including the permutreehedra of [PP18], the quotien-
topes of [PS19], and the (m, n)-multiplihedra of [CP22]. All these polytopes are actually
deformed permutahedra (defined as generalized permutahedra in [Pos09, PRW08]),
meaning that their normal fans all coarsen the braid fan. This paper is devoted to another
common generalization to the permutahedra and associahedra, which are not deformed
permutahedra in general.

The combinatorics of this generalization is based on pebble trees. A pebble tree is an
ordered tree where each node receives some colored pebbles in such a way that each
unary node receives at least one pebble, and each subtree has either one more or as many
leaves as pebbles of each color (see Figure 1 and the more precise Definition 2.1). We
consider the set of pebble trees with a fixed number of leaves and fixed sets of unbalanced
and balanced colors (i.e. the colors for which the number of leaves equals or exceeds the
number of pebbles). It is immediate from the definition that these pebble trees are closed
by arc contractions, and our main result is that the contraction poset is the face poset
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Figure 1: Some o-balanced and e-unbalanced {o, e}-pebble trees. The first two are related by a
contraction (Section 2.2), while the last two are related by a flip (Section 2.4).

of a simple convex polytope, that we call the pebble tree polytope (see Figure 13). For this,
we first construct the pebble tree fan, associating to each pebble tree a polyhedral cone in
a natural but subtle way, and then prove that this fan is the normal fan of a polytope by
checking that its wall-crossing inequalities are satisfiable.

Our construction recovers the combinatorics and geometry of the permutahedra and
associahedra in two degenerate situations. On the one hand, pebble trees with a single
leaf can be seen as ordered partitions of their balanced colors, and the pebble tree poly-
tope is the permutahedron. On the other hand, pebble trees with no pebbles are Schroder
trees, and the pebble tree polytope is the associahedron. But the special situation which
motivated this paper is when there is exactly one color of pebbles. The pebble trees
are then in bijection with some specific oriented planar trees considered by K. Poirier
and T. Tradler in [PT18] for the combinatorics of algebraic structures endowed with a
binary product and a co-inner product. These structures are closely connected to the
Veo-algebras of T. Tradler and M. Zeinalian [TZ07] that arose in a tentative algebraic
model for string topology operations defined by M. Chas and D. Sullivan [CS99]. It
is proved in [PT18] that the contraction posets on these oriented planar trees are face
lattices of the assocoipahedra, which are polytopal complexes refining the boundary com-
plex of the Cartesian product of an associahedron with a simplex. We prove here that all
assocoipahedra can actually be realized as convex polytopes using faces of pebble tree
polytopes (see Figure 14).

The paper is organized as follows. Section 2 is devoted to the combinatorics of pebble
trees. In Section 2.1, we provide more precise definitions and notations for pebble trees,
we introduce some natural maps between families of pebble trees, and we give the pre-
cise bijection with the oriented planar trees of [PT18]. We introduce in Section 2.2 the
pebble tree contraction poset, prove in Section 2.3 that it is the face poset of a pseudo-
manifold called the pebble tree complex, and discuss in Section 2.4 the adjacency graph
of this complex called the pebble tree flip graph. Section 3 is devoted to the geome-
try of pebble trees. After quickly reminding the reader some geometric preliminaries in
Section 3.1, we construct the pebble tree fan in Section 3.2 and the pebble tree poly-
tope in Section 3.3. Finally, Section 4 is devoted to the numerology of pebble trees.
We compute the generating functions of the maximal pebble trees in Section 4.1 and
of all the pebble trees in Section 4.2, and gather explicit expansions of these generat-
ing functions in Section 4.3. While the methods are standard computations based on
generatingfunctionology [FS09], the results reveal a few surprises.
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2 Pebble tree combinatorics

In this section, we define pebble trees (Section 2.1) and study the pebble tree contraction
poset (Section 2.2), the pebble tree complex (Section 2.3), and the pebble tree flip graph
(Section 2.4).

2.1 Pebble trees

Recall that an ordered tree is either a leaf or a node with an ordered list of subtrees. These
subtrees are the children of the node, and this node is the parent of these subtrees. As
we only consider ordered trees, we omit the adjective ordered and only say tree. For a
node n in a tree T, we denote by 7}, the subtree of T rooted at n. For a subtree S, we
denote by L(S) the set of leaves of S.

Definition 2.1 For a finite set of colors I, a I'-pebble tree is a tree with pebbles colored
by I" placed on its nodes such that

(1) eachleaf receives no pebble, each node with a single child receives at least one pebble,
and each node with at least two children receives arbitrary many pebbles (possibly
none),

(2) for each subtree S and each color y € I, the number of leaves minus the number of
pebbles of color y in S is either O or 1.

Example 2.1 Two classical combinatorial objects are extreme examples of pebble trees:

* pebble trees with a single leaf can be seen as ordered partitions of their pebble colors,
* pebble trees with no pebbles (meaning I" = @) are Schroder trees (where each node
has either none or at least two children).

Some more generic examples of pebble trees are illustrated in Figure 1. Note that all
our pictures of trees start with a vertical half-edge attached to the root, and end with
half-edges representing the leaves.

Notation 2.2 We call y-pebbles the pebbles of color y. We call y-pebble default of a sub-
tree S the difference A, (S) between the number of leaves and the number of y-pebbles
of §. We say that S is y-balanced (resp. y-unbalanced) if A, (S) = 0 (resp. A, (S) = 1). We
denote by B(S) = {y el | A, (S) = O} (resp. U(S) = {y el ’ A, (S) = 1}) the set of
colors y € I' for which S is y-balanced (resp. y-unbalanced).

Notation 2.3 We denote by SDF the set of all pebble trees with leaves L and pebble col-
ors I', and by 7’ Y the subset of B-balanced and U-unbalanced pebble trees of Pr
for any BUU = F For ¢,b,u € N, we define Ph u P[b Ab+Lbrul 1 thig case,
we label the leaves by [€] from left to right, the balanced pel[able colors by [b] and the
unbalanced pebble colors by [b + 1, b + u]. Note that PL is isomorphic to 50;,”” for
arbitrary L, B, U with |L| = ¢,|B| = b and |U| = u. It is however convenient to keep the
notation Pf’u to define certain operations on pebble trees (see Definitions 2.2 to 2.5)
and for recursive decompositions of the pebble trees (see Section 4).

2025/02/06 15:53

https://doi.org/10.4153/S0008414X25000094 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25000094

oooe

/ooloo\oooo ooo./oo\oo\o
/ZIN  /IN \ \ /\
° ° o oe
\ \ [ /\
T u(T)

[ ]
OO‘O.
OOI.. ocoee
NN
i
Be(T)

V. Pilaud
oo‘oo
o/ool..\oooo
/N /I /1IN
® O % % % (]
Nl \
T T
1 (T)

Figure 2: A o-balanced and e-unbalanced {o, }-pebble tree (left), the o-balanced and e-unba-
lanced {o, ®}-pebble tree obtained by mirroring it (middle left), the {o, ®}-balanced {o, ®}-pebble
tree obtained by e-balancing it (middle right), and the {o, x}-balanced and e-unbalanced
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Figure 3: A fully balanced {o, @}-pebble tree and the fully balanced {o, ®}-pebble trees obtained
by rerooting it at leaves x, y and z respectively (left). A fully unbalanced {o, ®}-pebble tree and the
fully balanced {o, e, x}-pebble tree obtained by x-uprooting it (right).

Remark 2.4 Some immediate consequences of Definition 2.1:

. SDE is finite for any L and I, thus Pé”” is finite for any £, b, u € N.

* The number of y-pebbles at a node p with children ¢, .

.., CL 1S

( l]le Ay(T.,)) — A, (T}). Hence, the number of y-unbalanced children of p is the
number of y-pebbles at p, plus 1 if p is y-unbalanced.

* Each unary node has at least one pebble, and at most one of each color.

* There is no consecutive chain formed by |I"| + 1 unary nodes

We now define five natural maps between pebble trees (see Figures 2 and 3), that will
induce isomorphisms in Propositions 2.10, 2.17 and 3.11. In Definitions 2.4 and 2.6, we
call y-leaf the only pebble tree of Pl{y}’@, i.e. whose root has a single pebble of color y

and a single child which is a leaf.

Definition 2.2 'The mirroring map sends a pebble tree T of PE’U to the pebble tree u(T)
of Pf’u obtained by a vertical symmetry of the tree, meaning that u(7') is defined

inductively by

* if T is just a leaf, then p(7) is just a leaf,
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* if T is a node with pebbles P and children Cy, ..., C}, then u(T) is a node with
pebbles P and children u(C;), ..., u(C).

Definition 2.3 If y € U, the y-balancing map sends a pebble tree T of P, B-U to the
pebble tree 8, (T) of SDBU{Y} UN Whose root has a single pebble of color v and a
single child T

Definition 2.4 1If y ¢ B U U, the y-inserting map sends a pebble tree T' of 7) Y to the
pebble tree ¢, (T') of SDBU 1Y obtained from T by replacing each leaf by a y- leaf

Definition 2.5 If x € L and U = @, the x-rerooting map sends a pebble tree T' of PB 2
to the pebble tree p(T) € PB *? obtained by hanging T from its leaf x. In other words,
px(T) is the tree on the nodes of T where the children of each node p of T are the
neighbors ¢ of p in T so that x is in the connected component of p in the tree 7 were we
have deleted the edge joining p to c.

Definltwn 26 If{>1,B=¢@andy ¢ U, the y-uprooting map sends a pebble tree T
of SD g () to the pebble tree 6, (T) of P[UU{]V e obtained from 7 by first hanging T from
its rightmost leaf, then deleting the leftmost leaf and placing a y-pebble at its parent, and
finally replacing all remaining leaves except the first by a y-leaf.

Finally, our next three remarks connect pebble trees with other relevant families of
trees.

Remark 2.5 Consider a word @ € {i,0}‘*! starting with o (here, i and o stand for
incoming and outgoing). An a-tree is a rooted oriented planar tree such that

* labeling the external arrows counterclockwise starting from the root, the ith arrow
is incoming if @; = i and outgoing if @; = o,

* each internal node has at least one outgoing arrow,

* there is no node with precisely one incoming and one outgoing arrow.

These trees arise in the combinatorics of algebras endowed with a binary product and
a co-inner product. They are studied in details in [PT18]. It turns out that they can be
understood from pebble trees.

First, as illustrated in Figure 4, there are simple bijections between the pebble trees
of P;’o and the of*!-trees (meaning the trees where all leaves are outgoing):

* Starting from a pebble tree T € 7’;’0, orient each arc (p, ¢) joining a parent p to one
of its children ¢ in T from c to p if ¢ is balanced, and from p to c if ¢ is unbalanced,
orient the root and leaves outward, and forget all pebbles.

* Starting from a o*!-tree, place at each node one less pebbles than its outdegree, and
forget the orientations.

In the present paper, we prefer our interpretation as pebble trees as it enables us to
consider several pebble colors simultaneously.

Consider now an arbitrary signature @. Although not explicit in [PT18], there is a
clear map from a-trees to o*! -trees, which consists in replacing each incoming external
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Figure 4: Examples of the bijection between the pebble trees of P; % and the 0*-trees.

arrow (like}) by a node with a pair of outgoing arrows (like i). This leads to a bijection
between the a-trees and the pebble trees of 7’2’0 where the parent of the ith leaf is a
unary node marked with a pebble.

Remark 2.6 The reader familiar with the bijective combinatorics of planar maps might
also see some connections with the B-trees of [JS98, CS03]. Indeed, labeling each node p
of a pebble tree by the pebble default A, (T},), we obtain a 5(1, 1)-tree. However, this
map is clearly injective but not surjective, and the additional condition given by the
pebble trees is unclear on 8(1, 1)-trees.

Remark 2.7 There is also a natural map from the pebble trees of SD;’O to the painted
trees corresponding to the faces of the multiplihedron [Sta70, For08, CP22]. Namely, we
can just forget all pebbles which have a pebble on the path to the root of the pebble tree
to obtain a painted tree.

2.2 Pebble tree contraction poset

We now define the contraction poset on pebble trees, and will see that it is the face poset
of a simplicial complex in Section 2.3 and of a polytope in Section 3.3.

Definition 2.7 For any node ¢ (not a leaf, nor the root) with parent p in a pebble tree T,
the contraction of ¢ in T is the pebble tree T'/c obtained by replacing ¢ by its children
in the list of children of p and adding to p the pebbles of c. The pebble tree contraction
poset W?’” is the poset of contractions on pebble trees of SDZ?’”.

Example 2.8 In the extreme situations of Example 2.1:

* the pebble tree contraction poset PP ?’“ is the refinement poset on ordered
partitions of [b],

* the pebble tree contraction poset PP(;’O is the contraction poset on Schroder trees
with £ leaves.
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Figure 5: The pebble tree contraction poset PP(;’ L

The pebble tree contraction posets Wg’l and SDP;’l are illustrated in Figures 5 and 6.
The fact that 7’50(3)’1 and W%’l are isomorphic can be seen applying successively
Points (5), (4), and (2) of Proposition 2.10 below.

Remark 2.9 Observe that:

The set of pebble trees Pj,”" is clearly closed under contraction. Hence, the pebble
tree contraction poset is a simplicial poset (a poset where each interval is a boolean
algebra).

The pebble tree contraction poset is ranked: the rank of a pebble tree is its number

of nodes.

* The maximal pebble trees of SDP?’“ are the pebble trees with only unary nodes
containing a single pebble and binary nodes containing no pebble (hence, they have
€(b + u) — u unary nodes and ¢ — 1 binary nodes, thus rank £(1+ b + u) —u — 1).

* The minimal pebble tree of PP’;’” is the corolla with £ leaves and €(b + u) — u

pebbles at the root (hence it has rank 1).
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Figure 6: The pebble tree contraction poset W%’l

Observe now that the mirroring, balancing, inserting, rerooting and uprooting maps
of Definitions 2.2 to 2.6 obviously commute with contractions. This implies the follow-
ing statement.

Proposition 2.10  Consider the operations of Definitions 2.2 to 2.6.

(1) The mirroring map of Definition 2.2 defines a poset automorphism of W?’”.

(2) If u > 1, the balancing map of Defz’m’tion 2.3 defines a poset isomorphism from the peb-
ble tree contraction poset PP ,° " to a principal upper set of the pebble tree contraction
poset WbH “~! Hence, W?’ is isomorphic to a principal upper set of Wbm 0

(3) The msertlng map of Definition 2.4 defines a poset isomorphism from the pebble tree con-
traction poset PP, " to a principal upper set of the pebble tree contmctwn poset PP, bl

(4) The rerooting maps of Definition 2.5 define poset automorphisms of PP

(5) If ¢ > 1, the uprooting map of Definition 2.6 defines a poset 1som0rphzsm from the
pebble tree contraction poset PPO to a principal upper set of the pebble tree contrac-
tion poset W”H 0,

Finally, we connect the a-trees of [PT18] to an upper set of the pebble tree contrac-
tion poset.
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Remark 2.11 Following Remark 2.5, observe that for any signature @ € o - {i, o}f,
the a-tree contraction poset is isomorphic to the principal upper set of the pebble tree
contraction poset PP;,’O generated by the pebble tree whose root has £ — |a/|; pebbles
and ¢ children, and whose ith children is a leaf if @; = o and a unary node with one
pebble and a leaf if @; = 1.

Remark 2.12 The following observations are consequences of Remarks 2.5 and 2.11
and Proposition 2.10:

+ the o*!-tree contraction poset is isomorphic to the pebble tree contraction
poset PP 10

« forany a € o - {i, o}’ with a single occurrence of i, the a-tree contraction poset is
isomorphic to the pebble tree contraction poset W

* fora = 00i’~! or @ = 0i’" o, the a-tree contract10n poset is isomorphic to the

pebble tree contraction poset ngl (i.e. the contraction poset on Schroder trees).

2.3 Pebble tree complex

As mentioned in Remark 2.9, the pebble tree contraction poset 7"7’?’" is a simpli-
cial poset. We now construct the corresponding simplicial complex. For a pebble tree
in 7’7)?’", recall that we label the leaves by [¢] from left to right, the balanced pebble
colors by [b], and the unbalanced pebble colors by [b + 1, b + u]. Recall also that we
denote by L(S) and B(S) the sets of leaves and of balanced colors in a subtree S. We
will moreover need the following notation and definition, which might be mysterious
at first sight, but aims at generalizing Example 2.14 and will be crucial in Section 3.2.

Notation 2.13  For an interval L = [s,t] C [£] and a subset B C [b +u], we define the
sets

L®B::U[€p+s—l,€p+t—1] and LrB=[s,t—1] U (L ® B).
peB

Definition 2.8 The pebble tree complex PC, bt is the simplicial complex whose sim-
plices are the sets A(T) = {A(S) | Ssubtree of T} for all pebble trees T € Pb M
where A(S) =L(S) = B(S).

Example 2.14 In the extreme situations of Example 2.1:

* the simplices of the pebble tree complex PC ?’“ are the
flags By C B, C -+ C By C [b],

* the simplices of the pebble tree complex PP?’O are the collections of pairwise nested
or non-adjacents intervals of [£ — 1].

Figure 7 illustrates some more generic examples of simplices A(T). Note that in these
trees, the white color o is labeled 1 while the black color e is labeled 2.

Proposition 2.15  The pebble tree complex PC " is a pseudomanifold, whose face poset is
isomorphic to the pebble tree poset SDP -
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Figure 7: Some o-balanced and e-unbalanced {o, ®}-pebble trees T and the associated sim-
plices A(T). Each node n of T is labeled by the concatenation of the elements of the set 1(7},).

\
A : A : A A | o
o Y, )\ X, ® oY X o °
Z X \ \ \ \ \
XY Y Z X X Y, Y Xe Y X Y X
\ \ \ \
[ ] [ ] [ ] oe
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Figure 8: The pebble tree complex is a pseudomanifold. All possible corank 1 pebble trees are
obtained by contracting precisely two maximal pebble trees. In the second (resp. third) picture,

we mark Y (resp. X) with a e to indicate that it is ®-balanced. Neither X nor Y are e-balanced in
the fourth picture.

Proof Observe first that A(T/n) = A(T) N\ {A(T},)} for any node n (not a leaf, nor the
root) in a pebble tree 7. Hence the face poset of PC batt is indeed 1som0rph1c to PP

We thus obtain that P C " is a pure 51mphc1al complex since W " is a ranked s1mpl1—
cial poset. It remains to prove that PC " is a pseudomanifold, meaning that any ridge
(i.e. codimension 1 face) is contained in precisely two facets (i.e. maximal dimensional
faces). Consider thus a pebble tree of corank 1, and let p be the only node which is nei-
ther unary with a pebble, nor binary with no pebble. We want to prove that there are

two ways to open p, meaning to replace p by an edge whose contraction gives back p.
We distinguish three cases:

If p has three children and no pebble, then there are two ways to open p as usual (see
Figure 8 (left)) and it does not matter whether p and its children are balanced or not
for each pebble color.

If p has two children and a y-pebble, then p is y-balanced, and there are still two
ways to open p depending on whether its children are y-balanced or not (see

Figure 8 (middle)).

If p has one child and two pebbles of different colors, then there are still two ways to

open p choosing which pebble goes in the parent and which pebble goes in the child
(see Figure 8 (right)).
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Remark 2.16 In contrast to the special situations of Example 2.1, the pebble tree
complex is not flag in general. For instance, PC ;’0 and PC 2,1 are not flag.

Finally, we translate Proposition 2.10 and Remark 2.11 to the pebble tree complex.

Proposition 2.17  Consider the operations of Definitions 2.2 to 2.6.

(1) Themap defined by €j+i—0 jzo0 — €(j+1)—iforany (i, j) € ([€]x][0, b+u])~{(¢,0)}
induces an automorphism of the pebble tree complex PC,’

(2) If u > 1, the pebble tree complex SDC “is lsomorphlc to the link of the face [€] ® [b] in
the pebble tree complex PCbH u-t Hence, PC * is isomorphic to a link of PC, b0

(3) The pebble tree complex PC " is isomorphic to the link of the face {{i} ® [1] | i € [t’]}
in the pebble tree complex PCbH "

(4) The rerooting maps of Deﬁmtwn 2.5 induce automorphisms of the pebble tree com-
plex PC ?’O

(5 If € > 1, the pebble tree complex PCO‘M is isomorphic to the link of the
face {{i} m [1] | i € [2,€ — 1]} in the pebble tree complex PC”H 0

Remark 2.18 Following Remarks 2.5 and 2.11, observe that for any signature @ €
{i, 0}**!, the a-tree complex is isomorphic to the link of the face {{i} ® [1] | @; = i} in
the pebble tree complex PC }’0

2.4 Pebble tree flip graph

As the pebble tree complex PC?’” is a pseudomanifold by Proposition 2.15, it is natural
to consider its dual graph.

Definition2.9 Two maximal pebble trees T and T’ of 7350?’” are related by a flip if there
are nodes n of T and n” of T’ such that the following equivalent conditions hold:

* the contraction T'/n coincides with the contraction 7”7 /n’.
* AT NAUT) Y = AMT) AT,

All possible types of flips are illustrated in Figure 9. The flip graph is the graph whose ver-
tices are the maximal pebble trees of W?’u and whose edges are the flips between them.

TP PN S R N LN

XY Y Z X XY, Y X, Y X Y

Figure 9: All possible flips in a maximal pebble tree. In the second (resp. third) picture, we mark Y
(resp. X) with a e to indicate that it is ®-balanced. Neither X nor Y are e-balanced in the fourth
picture.
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Figure 10: A sequence of flips in maximal o-balanced and e-unbalanced {o, ®}-pebble trees.

Figure 11: The flip graph on pebble trees of Pg 1

Example 2.19 1In the extreme situations of Example 2.1:

o}.}

* the flip graph on Plb " is the graph of adjacent transpositions on permutations of [b],
* the flip graph on PZ’O is the rotation graph on binary trees with £ leaves.

These extreme situations correspond to the right and left cases of Figure 9 respectively.
Figure 10 illustrates a sequence of flips in maximal pebble trees of Psl 1 Figures 11
and 12 illustrate the flip graphs on maximal pebble trees of P? ! and 7’21 "I (which are
isomorphic by Proposition 2.10 as already mentioned before).

As the dual graph of a pure simplicial pseudomanifold, the pebble tree flip graph is
regular. Its degree is £(1+b+u)—u—2. As we will see in Theorem 3.8 that it is the graph of
asimple polytope, it has the connectivity of its degree. Among various further properties
of this graph that would require more investigations, we mention the following problem
in connection to [STT88, Poul4].
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Figure 12: The flip graph on pebble trees of PZI 1

Problem 2.20  Evaluate the diameter of the flip graph on maximal pebble trees of 735,7’”.

Finally, note that Proposition 2.10 and Remark 2.11 directly translate to morphisms
between the flip graphs on the corresponding trees.

3 Pebble tree geometry

This section is devoted to the geometry of pebble trees. After quickly reminding the
reader some geometric preliminaries (Section 3.1), we construct the pebble tree fan
(Section 3.2) and the pebble tree polytope (Section 3.3).

3.1 Geometric preliminaries

We refer to [Zie98] for a reference on polyhedral geometry, and only remind the basic
notions needed later in the paper.

A (polyhedral) cone is the positive span R>oR of a finite set R of vectors of R¢ or
equivalently, the intersection of finitely many closed linear half-spaces of R?. The faces
of a cone are its intersections with its supporting hyperplanes. The rays (resp. facets) are
the faces of dimension 1 (resp. codimension 1). A cone is simplicial if its rays are linearly
independent. A (polyhedral) fan ¥ is a set of cones such that any face of a cone of F
belongs to ¥, and any two cones of ¥ intersect along a face of both. A fan is essential if
the intersection of its cones is the origin, complete if the union of its cones covers Rd,
and simplicial if all its cones are simplicial.
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Note that a simplicial fan defines a simplicial complex on its rays (the simplices of
the simplicial complex are the subsets of rays which span a cone of the fan). Conversely,
given a simplicial complex A with ground set V, one can try to realize it geometri-
cally by associating a ray r,, of R? to each v € V, and the cone RsoR , generated by
the set R, = {r, | v € A} to each A € A. To show that the resulting cones indeed
form a fan, we will need the following statement, which can be seen as a reformulation
of [DRS10, Coro. 4.5.20].

Proposition 3.1  Consider a closed simplicial pseudomanifold A with ground set V and a set
of vectors (r,)ycv of RY, and define R, = {r, | v € o} forany A € A. Then the collection
of cones {R>oR | A € A} forms a complete simplicial fan of RY if and only if

* there exists a vector v of RY contained in only one of the open cones RsoR 4 for A € A,
¢ for any two adjacent facets A, A" of Awith AN{v} = A’\{v’}, we have @, @, > O where

ay, ry +ay ry + E ay ry =0
weAaNa’

denotes the unique (up to rescaling) linear dependence on R 5y »'.

A polytope is the convex hull of finitely many points of R? or equivalently, a bounded
intersection of finitely many closed affine half-spaces of R¢. The faces of a polytope are
its intersections with its supporting hyperplanes. The vertices (resp. edges, resp. facets) are
the faces of dimension O (resp. dimension 1, resp. codimension 1).

The normal cone of a face I of a polytope P is the cone generated by the normal
vectors to the supporting hyperplanes of IP containing IF'. Said differently, it is the cone
of vectors ¢ of R? such that the linear form x +— (c | x ) on P is maximized by all
points of the face IF'. The normal fan of IP is the set of normal cones of all its faces.

Consider now a complete simplicial fan F of R4 with rays (ry )y ey and conesR>oR 5
for A € A, where R,:={r, | v € A} as in Proposition 3.1. To realize the fan ¥,
one can try to pick a height vector k= (h,),cy € RY and consider the polytope
Py, = {x e R4 | (ry|x) < h,forallv e V} . The following classical statement char-
acterizes the height vectors h for which the fan ¥ is the normal fan of this polytope Py,.
We borrow the formulation from [CFZ02, Lem. 2.1].

Proposition 3.2 Let F be an essential complete simplicial fan in R" with rays (ry)yev and
cones RsoR , for A € A. Then the following are equivalent for any height vector h € RV :

* The fan ¥ is the normal fan of the
polytope Pp, == {x € R4 | (ry|x) < hyforalv e V}.

¢ For two adjacent facets A, A" of A with A \ {v} = A’ \ {v'}, the height vector h satisfies
the wall crossing inequality

ay hy +ay hy + Z ay, hy >0

weaNna’

where

ayr,+av'r, + Z Ay Py =0
weANp
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denotes the unique linear dependence on R ny o such that @, + @, = 2.

3.2 Pebble tree fan

Fix ¢, b, u € N and consider the intervals
Ip=[(b+1)—-1] and L;=[0(b+i),0(b+i+1)—1] foralli € [u]
whose union is the interval
I=lhuhLu---ul,=[¢b+u+1)-1].

We work in the Euclidean space R! with canonical basis (e;)ier. We denote
by 1; = X;c; € the characteristic vector of a subset / C I. As our constructions

actually live in the linear subspace
HY = {x eR! | (15 |x)=0forall0 <i<u},

we define the vector

u

rp= ) (IiNJl-1ay = 10T 14y) € HY"

i=0
for each subset / C . It is immediate to check that these vectors satisfy the linear
dependences

ry+rx =rjuk +rjnk

for any J, K C [. Finally, we associate to any pebble subtree S the vector rg =r,(s) =
ri(s)=B(s) where L(S) and B(S) denote the sets of leaves and of balanced colors in S,
and the operation K was defined in Notation 2.13. Note that rg = 0 when S is the entire
tree T (because L(T) = [£] and B(T) = [b] so that A(T) = Iy) or when S is a leaf i
(because L(S) = {i} and B(S) = @ so that A(S) = @&). We now use these vectors rg to
construct the pebble tree fan.

Definition 3.1 The pebble tree fan PF l;’" is the collection of cones
C(T) = cone{rg | S subtree of T} for all pebble trees T € 7’5’“, where rg=r,s) =

FL(S)=B(S)-

Example 3.3 In the extreme situations of Example 2.1:

* the pebble tree fan 7’7:11”" is the braid fan, with a ray r; for each proper
subset @ # J C [b] and a maximal cone C(o) for each permutation o of [b],
defined by the inequalities X (1) <+ < X g (p),

* the pebble tree fan Wg,o is the sylvester fan, with a ray r; for each proper
interval J of [£] and a maximal cone C(7T') for each binary tree T, defined by the
inequalities x; < x; whenever there is a path from i to j in the tree T labeled in
inorder and oriented towards its root.

Note that the sylvester fan coarsens the braid fan: the cone C(T') of the sylvester fan can
also be obtained by glueing the cones C(0) of the braid fan corresponding to the linear
extensions o of 7.
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Theorem 3.4  The pebble tree fan SDT?’“ is an essential complete simplicial fan in H?’“,
whose face lattice is the pebble tree contraction poset W?’“.

The proof of Theorem 3.4 relies on the description of the linear dependences among
adjacent maximal cones described in Lemma 3.6. To obtain these dependences, we
need the following preliminary statement, where we use the operation ® defined in
Notation 2.13.

Lemma 3.5 For any maximal pebble tree S and any B C B(S), there are in S
some distinct unary subtrees Uy, ..., Uy with children Vi, ...,V respectively such

that ri(s)eB = Die[k] TU; — T'V;-

Proof If a subtree U has a y-pebble and a unique child V, then we have rp () gy} =
ry —ry because L(U) = L(V) and B(U) = B(V) LI {y}. Hence, for any y € B(S), if we
denote by Uy, . . ., Ui the closest descendants of S with a y-pebble and by Vi, ..., Vi
their respective children, then we have rp(s)e{y} = 2ie[x] F'LWUN®{y) = Zie[k] TU; —
ry, because L(S) = | |;¢[x) L(U;). The result follows since rp(s)es = Xyep FL(S) 0 {y)-

|

Lemma 3.6 Let T and T’ be two adjacent maximal pebble trees and let S and S’ be the
subtrees of T and T’ such that A(T) \ {A(S)} = A(T’) \ {A(S")}. Then there is a linear
dependence among the rays rg associated to the subtrees R of T and T’ where the rays rg
and rs both have coefficient 1.

Proof We analyse the five possible types of flips described in Figure 9. In all cases, we
denote by R the parent of S and S’.

Case 1. We have
L(S) = L(X) L L(Y) L(§") = L(Y) UL(Z) L(R) = L(X) uL(Y) L L(Z) SR R .
B(S) = B(X) N B(Y) B(S’) = B(Y) N B(Z) B(R) = B(X) nB(Y) N B(Z) 7 e X

which yields XY 4

\ Fs+rs =rR+ry +IL(s)e(B(S)\B(R)) T I'L(5")®(B(S")\B(R)) — F'L(Y)®B(Y) \

Since r'1(s5)e(B(S)\B(R)) (TeSP. FL(s")o(B(S")B(R)), IeSP. FL(y)eB(Y)) is a linear combi-
nation of the rays rp for some subtrees P of S distinct from S (resp. of S” distinct
from S’, resp. of Y) by Lemma 3.5, this is indeed a linear dependence among the rays o
associated to the subtrees Q of T and T’ where the rays rg and r g both have coefficient 1.

Case 2. We have

L(S) = L(X) L(8") = L(X) UL(Y) L(R) = L(X) U L(Y) RA RLS'
B(S) = B(X) i (s} B(S) = B(X) NB(Y) B(R) = (BY) nBO) ufe)  s¢ Vo A
which yields ‘ rs+rss =rr+rx —rpL(y)efe} X X

2025/02/06 15:53

https://doi.org/10.4153/S0008414X25000094 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25000094

Pebble trees 17

Again, we can develop 1y (y)g{s) using Lemma 3.5, so that we indeed obtained a linear
dependence among the rays r o for the subtrees Q of T'and 7’ where the rays rg and r s/
both have coefficient 1.

R \
Case 3. Symmetric to Case 2. )\ R .S’
Xoes — A
v X, Y
Case 4. Assume first that R has an ancestor with a e-pebble.
Then we additionally denote
. R R
* by Uy the closest ancestor of R which has a e-pebble, )\ )\
* by Uy, ..., Uy the closest descendants of Uy but not descendants of R ST Y «— X TS/
which have a e-pebble, X

* by Vo, V1, ..., Vi the (unique) children of Uy, Uy, . . ., U respectively.
We have

L($) = L(X) L(§") = L(Y) L(Ui) =L(Vi)
B(S) =B(X) U {e} B(S") = B(Y) U {e} B(Ui) = B(Vi) L {e}

and moreover L(Up) = L(S)UL(S")LUL(U;)U---UL(Ug). Using Lemma 3.5, we get
Ty, =TV, S TLUp)®{e} =TS —FX +TFs =Ty + Ty =Ty, +: - +ry, — Ty,

or, written differently

‘r5+r5/=rx+ry +"U0—"vo—"U1+"v1+"'—ruk+"vk‘

Now if R has no ancestor with a e-pebble, then using that FL(T)®{e} = 0, we obtain
similarly

’rg+r5r=rX+ry—rU1+rV1+--~—rUk+rVk‘

where

* Uj,..., U are the closest descendants of the root of T but not descendants of R
which have a e-pebble,
* Vi,..., Vg are the (unique) children of Uy, . . ., U respectively.

Case 5. We have

L($)=L(X) L(8) = L(X) L(R) = L(X) R9 *R
B(S) = B(X) U {e} B(S") = B(X) U {o} B(R) =B(X) LU {o, e} e, o’
which yields |rs+rs =rr+rx] Xa X

Proof Note that PF ?’u is included in H?’” since all rays r; are. To prove that it is a
complete simplicial fan, we just check the two criteria of Proposition 3.1. The second
criterion is guaranteed by the description of the linear dependences in Lemma 3.6. For
the first criterion, consider the vector

V= Z ri+ Z 2 r i e iy -1) + Z 24 r i eGie -1
ie[t-2] i€[b] i€lu]
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and a pebble tree T such that v is contained in the interior of C(T'). As the last £ — 1
coordinates of v are strictly larger than all other coordinates, each of the last £ — 1 leaves
of T is preceded by a unary node with pebble colored by b + u. Repeating the argument,
we obtain that the first leaf of T is preceded by a chain of unary nodes with pebbles
colored 1, ..., b while each of the last £ — 1 leaves if T is preceded by a chain of unary
nodes with pebbles colored 1, . . ., b+u. Finally, we obtain that the rest of the tree T is the
left comb since it is the only Schroder tree whose cone in the sylvester fan contains the
vector X;c[¢—2] I'[i]- Finally, W’;’” is essential as the dimension of its cones matches

the dimension of ng’”. n

Remark 3.7 A few observations on the pebble tree fan:

* The simple descriptions of Example 3.3 for the braid fan and for the sylvester fan
unfortunately fail for arbitrary b, u > 0. Indeed, there is a natural way to label the
nodes of a maximal pebble tree: label the binary nodes in inorder by [£ — 1] and the
unary nodes by the only leaf first covered by this pebble. This labeling yields a cone
C(T) for each maximal pebble tree T, defined by x; < x; whenever there is a
directed path from i to j in the tree T oriented towards its root. However, the cones
C(T) for all maximal pebble trees T’ do not define a complete simplicial fan (check
out the case £ = 2, b = 1 and u = 0). In fact, our pebble tree fan W?’" is not refined
by the braid fan in general

* Our definition of the pebble tree fan 7’7: respects some symmetries of the pebble
tree complex PC *“ but not all. See Proposmon 3.11 for a precise statement directly
on polytopes.

* Lemma 3.6 actually proves that the pebble tree fan SDT b g smooth meamng that
the principal vectors spanning the rays of any max1ma1 cone of PT * form an
integral basis of the space (in other words, the corresponding toric varlety is smooth).

3.3 Pebble tree polytope

Our next step is to construct a polytope whose normal fan is the pebble tree fan, using
the criterion of Proposition 3.2.

Definition 3.2 A submodular function on n is a map f from the subsets of [n] to Ry
such that fz = 0 and

fauB + fans < fa+ [
for any subsets A and B of [n]. We then define
Af=min (fa + fB — faus — fanB)

where the minimum ranges over all subsets A and B of [n] suchthat A ¢ Band A 2 B.
Note that

© Diepk) fa; = fa = (k=1) - Af forany A = U;e[x] Ai where Ay, ..., Ay are
pairwise disjoint,
* AAf = AAf for any scalar factor A.

We say that f is strictly submodular when Af > 0.
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Theorem 3.8  Pick three strictly submodular functions f on{, g on €, and h on b+u such that

Af > 4(€b + fu — u) - (max g + max h) and Ag > (Eb+fu —u+ 1) - max h.

Then the pebble tree fan ?7"1;’“ is the normal fan of the pebble tree polytope IP']I’IPI;’” (f.g,h),

the (€+€b+Cu —u—2)-dimensional polytope defined in the subspace H?’” by the inequalities
(risms | X ) < fis.e) +8lse) - 1Bl +hp

foralll < s <t <{tandall BC [b+u].

Proof To shorten notations in this proof, we define for a maximal pebble subtree S

fs=fus), 8&s=8us), hs=hps), and  @s= fics) +8Ls) - IB(S)| + hp(s)-

Observe that if V is the unique child of U, then ¢y —¢v = gy +hy —hy because L(U) =
L(V) and |B(U)| = |B(V)| + 1. We just need to prove that the function ¢ satisfies the
wall-crossing inequalities of Proposition 3.2 for each of the linear dependences boxed
in the proof of Lemma 3.6.

Case 1. By Lemmas 3.5 and 3.6, we have
rs+rs —rp—ry - Z (ry, —rv,) - Z (ru; —rvy) + Z (rup—ryy) =0

ielk] ie[k’] ie[k”]
for distinct unary subtrees Uy, . .., Uy of S (resp. U7, ..., Uy, of §’,resp. U/, ..., U},
of ¥) with respective children Vi,..., Vi (resp. V{,..., V], resp. V[’,...,V[).

Since L(R) = L(S) UL(S’) and L(Y) = L(S) N L(S”), we have
fs+fy—fr—fr 2 Af > 4({b + tu — u)(max g + max h)

> (gr+hr)+(gv +hy) + > (o, +hu)+ D) (guy+hup) + ) (gvy +hvy),
ielk] ie[k’] ie[k”]

where the last inequality holds since U; # U (resp. U/ # Uj'., resp. V" # ij’) fori # j,
and the pebble tree T has {b + {u — u unary subtrees. Since f, g, h take non-negative
values and ¢y — ¢y = gu + hy — hy when V is the unique child of U, we obtain that ¢
satisfies the wall-crossing inequality

Ps+ s — QPR — Py — Z (pu; —¢v,) — Z (pur —pvy) + Z (pur —@vy) > 0.
i€lk] ielk'] ie[k”]

Case 2. By Lemma 3.6, we have

(rr—rs)—(rs—rx) — Z(rUi_rVi):O

i€lk]

for distinct unary subtrees Uj,...,Ux of Y with children Vi,...,V, such
that | |;epx; L(U;) = L(Y). Since L(R) = L(S) L L(Y), we obtain that

8R — 85 — Z gu, 2(k—1)-Ag>Ag > ({b+Ctu—-u+1) maxh > hy + hs + Z hy,,
ie[k] ielk]
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where the last inequality holds since S # U; # U; fori # j, and the sub-
tree R has at most b + fu — u unary subtrees. Since f, g, h take non-negative values
and ¢y — ¢y = gu + hy — hy when V is the unique child of U, we obtain that ¢
satisfies the wall-crossing inequality

(pr = ps) = (s = ¢x) = D (g, = pv,) > 0.
ielk]

Case 3. Symmetric to Case 2.

Case 4. Assume first that R has an ancestor with a e-pebble. Then by Lemma 3.6, we
have

(ru, = rvy) = (rs =rx) = (rs =ry) = > (ry, = rv,) =0.
i€lk]
Since L(Uo) = L(S) LU L(S") U [;e[x) L(U;), we obtain that

8U,—8s—8s — Z gu, = (k+1)-Ag > Ag > (Eb+lu—u+1)-maxh > hy,+hs+hs+ Z hy,,
ie[k] ielk]

where the last inequality holds since S # U; # U; # §’ fori # j, and the sub-
tree Uy has at most £b + {u — u unary subtrees. Since f, g, h take non-negative values
and ¢y — ¢y = gu + hy — hy when V is the unique child of U, we obtain that ¢
satisfies the wall-crossing inequality

(puy = 9vy) = (s = ¢x) = (ps = ¢y) = Z (¢u; = ¢v;) > 0.
i€lk]
Assume now that R has no ancestor with a e-pebble. Then we have
(rs—rx)+(rg —ry)+ Y (ry, = rv;) =0.
ielk]
The wall-crossing inequality is thus even easier to satisfy since ¢y, — ¢y, does not
appear.
Case 5. By Lemma 3.6, we have
rs+rs —rr—rx =0

Since L(R) = L(S) = L(§") = L(X) and B(R) = B(S) U {o} = B(S") U {e} =
B(X) U {o, e}, we have

@s+ps =R —@x =hs+hs —hg —hg > 0.

Remark 3.9 Note that the conditions of Theorem 3.8 are just sufficient conditions to
ensure the wall-crossing inequalities. To find functions satisfying these conditions, pick
three arbitrary strictly submodular functions f, g, & and rescale first g by a factor 4(£b+
fu—u+1)-max h/Ag,and then f by afactor ({b+€u—u)-(max g+max h)/Af. Wejust
write ]P’JTIP?’“ if we want to consider IP'JPIP?’” (f, g, h) for arbitrary f, g, h satisfying
the conditions of Theorem 3.8.
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>

Figure 13: The pebble tree polytopes IPTIP(;’I (left) and ]PT]P;’I (right)..

Example 3.10 In the extreme situations of Example 2.1:

* the pebble tree fan Wl]”” (a.k.a. braid fan) is the normal fan of the classical
permutahedron, which can be obtained for hp = (bgl) - (|32|+1) (the functions f
and g are irrelevant here, since [, t] is constant to [1]),

* the pebble tree fan W{Z’O (a.k.a. sylvester fan) is the normal fan of the classical
associahedron [SS93, Lod04], which can be obtained for fx = (szrl) - (|X2|+1) (the
functions g and h are irrelevant here, since B is constant to @).

Figure 13 illustrates polytopal realizations of the pebble tree fans 7)7:2’1 and W%’l.
Note that, while they have the same combinatorics by Proposition 2.10, their geometric
realizations differ.

Finally, we translate the first three points of Proposition 2.10 and Remark 2.11 to
pebble tree polytopes. Note that the last two transformations of Proposition 2.10 do not
respect the geometry of the pebble tree polytopes.

Proposition 3.11  Consider the operations of Definitions 2.2 to 2.4,

(1) The map defined by €rj+i-s,,, = €e(j+1)-i forany (i, j) € ([€]x[0, b+u])\{(£,0)}
induces an isometry of the pebble tree polytope IP']TIP?’” (f.g. h).

(2) If u > 1, the pebble tree polytope IP']T]P?’“ (f.g,h) is a facet of the pebble tree
polytope IPTIP?H’”_l(f,g, h). Hence, IPTIP?’”(f,g, h) is a codimension u face of
PTP." (f, g, h).
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Figure 14: The a-assocoipahedra for @ = oiioi (left) and @ = oooi (right), realized as faces of the
pebble tree polytopes IP’]I‘IP}"O and IP']I‘IP;’O,

(3) The pebble tree polytope IP']I‘IP?’"(f,g, h) is a codimension € face of the pebble tree
polytope IP’IFIP?H’”(f,g, h') where h(X) = W' ({x+1|x € X}) for X C [b +u].

Remark 3.12  Following Remarks 2.5,2.11 and 2.18, observe that for any signature @ €
{i, 0}¢*1, the -assocoipahedron of [PT18] is realized by a face of the pebble tree poly-
tope IPTIP;,’O. For instance, Figure 14 shows faces of the pebble tree polytopes IP']I‘IP}"O
and IP']I‘IP;’O which realize the @-assocoipahedra for @ = oiioi and @ = 0ooi presented
in [PT18, Figs. 8, 9, 14 & 15]. Note that the combinatorics of the oooi-assocoipahedra
represented in Figure 14 (right) is also isomorphic to the pebble tree polytopes IF"]I‘]PS’1
represented in Figure 13 by combining Points (2) and (4) of Proposition 2.17.

Pebble tree numerology

In this section, we compute the generating functions of the maximal pebble trees
(Section 4.1) and of all the pebble trees (Section 4.2), and gather explicit expan-
sions of these generating functions (Section 4.3). While the methods are standard
computations based on generatingfunctionology [FS09], the results reveal a few sur-
prises. All references like AO00108 are entries of the Online Encyclopedia of Integer
Sequences [OEI10].
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Pebble trees 23
4.1 Enumeration of maximal pebble trees

We start with the enumeration of the maximal pebble trees which is significantly simpler.

Definition 4.1 For {,u,b € N, we denote by m?’” the number of maximal pebble
trees of Pf’” (i.e. with € leaves, b balanced and u unbalanced colors). We consider the
generating function

(o)
M4 (x) = Z ml;’“ xt.
=1

Proposition 4.1  The generating functions MNP (x) satisfy the functional equations
S (u
mb,u(x) =x- 6b:0 +b- iUtb—l,u+1 ()C) + Z ( ) . g‘nb+v,u—v (x) 3 g‘nbﬂt—v,v (x)’
v
v=0

where & is the Kronecker delta. Hence, P (x) is algebraic for any b, u € N.

Proof A maximal pebble tree in Pﬁ’f]] is:

+ eitheraleafif s = tand B = @,

* or a unary node with a single pebble colored by ¥ € B and a child in P

* or a binary node with no pebble and two children in Pﬁyl and Pﬁ’j]]\ “for
somer € [s,f]andV C U.

B {yLUU{y}

The functional equations for 9P (x) are immediate consequences of this struc-
tural decomposition by classical generatingfunctionology [FS09]. The algebraicity
of MP#(x) follows as it belongs to a system of finitely many polynomial equations (all
equations for a given sum b + u). |

Example 42 When b = u = 0, we recover the functional equation
MO0 (x) = x + M*(x)? which yields the classical Catalan generating function

- V1 —4x

1
MO (x) = > = x+x2+2x° +5x + 14x° +42x% +132¢7 +. .. (A000108)

Example 43 For b + u = 1, we obtain that
M0 (x) = MO (x) + M0 (x)? and MO (x) =x+2- M"0(x) - M1 ()
from which we can compute the expansions

M0(x) = x +3x% + 16x° + 105x* + 768x° + 6006x° +49152x” +... (A085614)
MO (x) = x +2x% + 10x° + 64x” + 462x° +3584x% +29172x” +... (A078531)

These functions actually both satisfy a cubic equation, namely

20 (x)? =30 (x) 2+ MO (x)-x = 0 and 4% (x)>-IM% (x)*+x% = 0.

2025/02/06 15:53

https://doi.org/10.4153/S0008414X25000094 Published online by Cambridge University Press


http://oeis.org/A000108
http://oeis.org/A085614
http://oeis.org/A078531
https://doi.org/10.4153/S0008414X25000094

24 V. Pilaud

Example 44 For b + u = 2, we obtain

M0 (x) = 2- M- (x) + M0 (x)?, (4.1)
M1 (x) = M2 (x) +2- M0 (x) - M" (%), (4.2)
M2 (x) = x +2- MO (x) - MO2(x) +2 - M1 ()2 (4.3)

From which we can compute the expansions:

M>0(x) = 20 + 24x% + 496x° + 12560x" + 354048x° + 10665088x° + . . .
M1 (x) = x + 10x? + 200x> + 5000x* + 140000x° + 4200000x° + ... (A156275)
M2 (x) = x + 6x% + 112x° +2728x* + 75360x° + 2242304x° + . ..

The expansion of M!*! (x) is quite surprising, but can be explained by a tiny functional
miracle. Indeed, observe that we obtain that 2 - I (x) = M>O(x) - (1 — M>(x))
from Equation (4.1) and that M2 (x) = M1 (x) - (1 -2 -93?2’0()6)) from Equation (4.2).
Replacing M2 (x) on both sides of Equation (4.3), we obtain

MU (x) =x+4- M1 (x) - MM>O(x) - (1 —EUBZ’O(x)) +2- M (x)2 = x+10- M1 (x)%
(4.4)
This shows that m}’l = 10¢-1C;, where C; = ﬁ (2;) is the Catalan number.

Consider the map sending a maximal pebble tree of 7’2’1 to its underlying binary
tree. In view of the formula m;,’l = 10°71Cy, it is natural to expect that its fibers all have
size 10~!. However, while the size of the fiber of a binary tree T is clearly invariant
under reordering the children of 7', it is not constant on all binary trees already for £ = 4.
Namely, the fiber of the binary tree whose children are both the tree on 2 leaves contains
968 pebble trees of P,', while the fiber of each of the remaining 4 binary trees on 4
leaves contains 1008 pebble trees of 7":’1.

Despite this disappointing observation, one can provide a bijective explanation for

the appearance of the Catalan numbers in mé’l. It requires the following observation.

Remark 45 Any maximal o-balanced e-unbalanced pebble tree can be uniquely obtained
from a right comb by attaching

T
* to each left leaf, a maximal {o, ®}-balanced pebble tree,
* to the right leaf, a maximal o-balanced e-unbalanced pebble tree, whose root is
- either a unary node with a o pebble, whose unique child X is {o, e}-unbalanced,
- or a binary node with no pebble, whose left child Y is o-balanced e-unbalanced
and whose right child Z is {o, @}-balanced. T

These two options are illustrated on the right. A similar decomposition holds with a left comb
instead of a right comb.

We now proceed to define, for £, > 1, an explicit bijection ¢ sending a
triple (7, L, R) of maximal pebble trees of 7021’1, 7’;’1 and P! respectively to a
maximal pebble tree of P};lr. The image (T, L, R) is described in Figure 15. Note
that (T, L, R) sometimes depends on the type of L or R in the sense of the decompo-
sition of Remark 4.5. In this description, we denote by Te the ®-balanced o-unbalanced
pebble tree obtained by exchanging the o and e pebbles in a o-balanced e-unbalanced
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pebble tree T. As the decomposition of Remark 4.5 is unique, the map ¢ is well
defined, and it is immediate to check that the resulting trees are maximal pebble trees

of P%Jr; Again by Remark 4.5, it is straightforward to check that ¢ is bijective. Finally,

asm, = 10, the existence of the bijection ¢ directly implies Equation (4.4), hence the
fact that m}’l =10"1C,.

4.2 Enumeration of all pebble trees

We now consider all pebble trees.

Definition 4.2 For {,n,u, b € N, we denote by p n " the number of pebble tree with
¢ leaves, n nodes, b balanced and u unbalanced colors. We consider the generating
function

ngu(xy Z pu[’n

(=1 n=0

Proposition 4.6  The generating functions PP-* (x, y) satisfy the functional equations

b d
PO, y) = xS+ Y ) (’j ) PP )y T [ B )
s=1

d>2 k=1
X1, Xp
Y.LV

where & is the Kronecker delta, where each X; ranges among arbitrary subsets of [d]
while each Y; ranges among strict subsets of [d], and where by =|{i € [b] | k € X;} | +
| {j € [u] i k e Yj} | and uy =b + u — by for any k € [d]. Hence, B (x) is algebraic
forany b,u € N.

Proof A pebble tree of P[Ii’% is:

* eitheraleafif s =tand B = @,

* or a unary node with some pebbles colored by a non-empty subset S C B (one
pebble of each color in §) and a child in PB\IS UUS,

+ or a node with some pebbles and d > 2 children in 7) ]
respectively, forsome s =51 <t; =85, < -+ <ty = tan(i B; C B and U; C U for
alli € [d], such that (;c(4) Ui = @.

B1,U; BdsUd

The functional equations for B?-#(x) are immediate consequences of this structural
decomposition by classical generatingfunctionology [FS09]. The algebraicity of P-* (x)
follows as it belongs to a system of finitely many polynomial equations (all equations for
agiven sum b + u). [ ]

Example 47 When b = u = 0, we recover the functional equation

Y- P2(x,y)?

POO(x,y) =x + =00 (x.y)
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Figure 15: Bijection ¢ sending a triple (7', L, R) of maximal pebble trees of 7)21’1, 7’[1’1 and 7’,1’1

respectively to a maximal pebble tree of [}H
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which yield the classical Schroder generating function

y(x +y = X2 = 2xy — 4xy? + y2)

0,0 _
POO(x,y) = )

=x+x2y +x3(y+2y2) +x4(y+5y2+5y3) +x5(y+9y2+21y3+ 14y4) +...

The expansions of the generating functions B2-* (x, 1) and P (x, y) for b+u < 2
can be found in Section 4.3. Finally, we observe that the evaluations of B2-*(x, y) aty =
1 and y = —1 have a geometric meaning.

Proposition 4.8 For any b, u € N, the evaluation BP* (x, 1) is the generating function of
the total number of faces of the pebble tree polytope IP’]I‘IPI;’”, and

PO (x, -1)

_ X
S (=DP (D)

Proof By Theorem 3.8, p?’;: is the number of (£+£b+€u—u—2—n)-dimensional faces
of the (£+¢€b +€u — u —2)-dimensional pebble tree polytope IPTIPI;’“. This implies that

* 2n p?”: is the total number of faces of IP’IF]P?’“,

* 2 Pl;’:(—l)" = (=1)f+b+lu-u=2 1y Eyler’s formula.

This immediately implies the statement. [ ]

4.3 Expansions of generating functions

Below are the expansions of the generating functions IMP*(x), P*(x,1)
and P2~ (x, y) of Definitions 4.1 and 4.2 for all b + u < 2.

b=0andu =0.
MO0 (x) = x +x2 +2x% +5x% +14x° +42x° +132x" +...  (2000108)
POO(x, 1) =x +x% +3x° + 11x* +45x° + 197x° +903x” +... (A001003)

5B0’0(x, y)=x +x2y +x3(y + 2y2) +xt(y + Sy2 + 5y3) +x5(y + 9y2 + 21y3 +14yH + ...

b=1andu=0.

M0 (x) = x +3x% + 16x> + 105x* + 768x° + 6006x°® + 49152x” +... (A085614)
PBLO(x, 1) = x +7x% + 81x> + 1151x* + 18225x° + 308519x° + 5465313x” + . ...
PBLO(x, y) = Xy +x3(y+ 3y2 +3yH) +x3(y + 8y2 + 24y3 +32y% + 16y5) +...

b=0andu=1.

MO (x) = x +2x% + 10x° + 64x* + 462x° +3584x° +29172x" +... (A078531)
PO (x, 1) = x + 3x% +33x° + 459x* + 7185x° + 120771x° + 2129169x” + . ..
‘Bo’l(x, y)=x +x2(y + 2y2) +x3(y + 7y2 + ISy3 + 10y4) +...
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b=2andu=0.

M2 (x) = 2x + 24x% + 496x° + 12560x* + 354048x° + 10665088x° + . . .
PB2O0(x, 1) = 3x + 115x% + 7431x> + 587591x* + 51702219x° + 4860786491x° + . ..
B0 (x, y)=x(y+ 2y2) +x2(y + 9y2 + 33y3 + 48y4 + 24y5) +...

b=1landu=1.

ML (x) = x + 10x% +200x* + 5000x* + 140000x° + 4200000x° + ... (A156275)
P (x, 1) = x + 33x%2 +2061x° + 160797x* + 14049369x° + 1315182201x° + . ..
‘Bl’l(x,y) =Xy +x2(y + 7y2 +15y° + 10y4) +...

b=0andu = 2.
M2 (x) = x + 6x% + 112x° +2728x* + 75360x° + 2242304x° + 70084864x” + . . .
PBO2(x,1) = x + 13x% + 765x> + 58297x* + 5031129x° + 467426661x° + dots
PBO2(x,y) =x +x2(y+6y2 +6y°) +. ..
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