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Abstract. The problem of non-integrability of the circular restricted three-body problem
is very classical and important in the theory of dynamical systems. It was partially solved
by Poincaré in the nineteenth century: he showed that there exists no real-analytic first
integral which depends analytically on the mass ratio of the second body to the total and is
functionally independent of the Hamiltonian. When the mass of the second body becomes
zero, the restricted three-body problem reduces to the two-body Kepler problem. We prove
the non-integrability of the restricted three-body problem both in the planar and spatial
cases for any non-zero mass of the second body. Our basic tool of the proofs is a technique
developed here for determining whether perturbations of integrable systems which may be
non-Hamiltonian are not meromorphically integrable near resonant periodic orbits such
that the first integrals and commutative vector fields also depend meromorphically on the
perturbation parameter. The technique is based on generalized versions due to Ayoul and
Zung of the Morales—Ramis and Morales—Ramis—Sim¢ theories. We emphasize that our
results are not just applications of the theories.
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1. Introduction
In this paper, we study the non-integrability of the circular restricted three-body problem
for the planar case,

. . U,
X=px+y, px=py+——x),
0x (11)
. . U, :
Y=Ppy—X, py=-px+t By (x, ¥)s

https://doi.org/10.1017/etds.2024.4 Published online by Cambridge University Press


http://dx.doi.org/10.1017/etds.2024.4
https://orcid.org/0000-0001-9901-248X
mailto:yagasaki@amp.i.kyoto-u.ac.jp
https://doi.org/10.1017/etds.2024.4

Non-integrability of the restricted three-body problem 3013

y

FIGURE 1. Configuration of the circular restricted three-body problem in the rotational frame.

and for the spatial case,

. . U3
X=px+y, px:py‘i‘a_x(X,y,Z),

. . U3
Yy=py—Xx, py=-—px+ W(x, v, 2), (1.2)
. . U3
Z=p; pr=—1(x,y,2),
0z
where
1z I—u
Us(x,y) = + )
Va=T+w?+y? Vw2 +y?
I l—pn
Us(x,y,2) =

+ .
Va—1+w2+y2+22 Vo +w?+y2+22

The systems (1.1) and (1.2) are Hamiltonian with the Hamiltonians

Hy(x, y, prs py) = 5(px + P3) + (pxy — pyx) — Ua(x, y)

and

H3(x, Y, 2, pxs Pys P2) = 5(p3 + py + p2) + (pxy — pyx) — Us(x, y, 2),

respectively, and represent the dimensionless equations of motion of the third massless
body subjected to the gravitational forces from the two primary bodies with mass u
and 1 — u which remain at (1 — u, 0) and (—pu, 0), respectively, on the xy-plane in
the rotational frame, under the assumption that the primaries rotate counterclockwise on
the circles about their common center of mass at the origin in the inertial coordinate frame
(see Figure 1). Their non-integrability means that equation (1.1) (respectively equation
(1.2)) does not have one first integral (respectively two first integrals) which is (respectively
are) functionally independent of the Hamiltonian H; (respectively H3). See [3, 20] for the
definition of integrability of general Hamiltonian systems, and, e.g., [19, §4.1] for more
details on the derivation and physical meaning of equations (1.1) and (1.2).

The problem of non-integrability of equations (1.1) and (1.2) is very classical and
important in the theory of dynamical systems. In his famous memoir [29], which was
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related to a prize competition celebrating the 60th birthday of King Oscar II, Henri
Poincaré studied the planar case and discussed the non-existence of a first integral
which is analytic in the state variables and parameter p near u = 0 and functionally
independent of the Hamiltonian. His approach was improved significantly in the first
volume of his masterpieces [30] published two years later: he showed the non-existence
of such a first integral for the restricted three-body problem in the planar case. See [6]
for an account of his work from mathematical and historical perspectives. His result
was also explained in [4, 14, 15, 38]. Moreover, remarkable progress has been made on
the planar problem (1.1) in a different direction recently: Guardia er al [12] showed the
occurrence of transverse intersection between the stable and unstable manifolds of the
infinity for any w € (0, 1) in a region far from the primaries in which r = /x2 + y2 and
its conjugate momentum are sufficiently large. This implies, e.g., by [26, Theorem 3.10],
the real-analytic non-integrabilty of equation (1.1) as well as the existence of oscillatory
motions such that lim sup,_, o, r(#) = oo while lim inf;_, o r(¢#) < oo. Similar results
were obtained much earlier when p > 0 is sufficiently small in [16] and for any ¢ € (0, 1)
except for a certain finite number of the values in [40]. Note that these results immediately
say nothing about the non-integrability of the spatial problem (1.2).

Moreover, the non-integrability of the general three-body problem is now well
understood, in comparison with the restricted one. Tsygvintsev [32, 33] proved the
non-integrability of the general planar three-body problem near the Lagrangian parabolic
orbits in which the three bodies form an equilateral triangle and move along certain
parabolas, using Ziglin’s method [45]. Boucher and Weil [9] also obtained a similar result,
using the Morales—Ramis theory [20, 22], which is considered as an extension of the Ziglin
method, while it was proven for the case of equal masses a little earlier in [8]. Moreover,
Tsygvintsev [34-36] proved the non-existence of a single additional first integral near the
Lagrangian parabolic orbits when

mimy + moyms3 + mzm| 1 2 8
(my 4+ ma + m3)? 3°9°27)

where m ; represents the mass of the jth body for j = 1, 2, 3. Subsequently, Morales-Ruiz
and Simon [25] succeeded in removing the three exceptional cases and extended the result
to the space of three or more dimensions. Ziglin [46] also proved the non-integrability of
the general three-body problem near a collinear solution which was used by Yoshida [43]
for the problem in the one-dimensional space much earlier, in the space of any dimension
when two of the three masses, say mi, mo, are nearly equal but neither m3/m| nor
m3/my € {11/12, 1/4, 1/24}. Maciejewski and Przybylska [17] discussed the three-body
problem with general homogeneous potentials. It should be noted that Ziglin [46] and
Morales-Ruiz and Simon [25] also discussed the general N-body problem. We remark
that these results say nothing about the non-integrability of the restricted three-body
problem obtained by limiting manipulation from the general one. In particular, there exists
no non-constant solution corresponding to the Lagrangian parabolic orbits or collinear
solutions in the restricted one.

Here we show the non-integrability of the three-body problems (1.1) and (1.2)
near the primaries for any u € (0, 1) fixed. To state our result precisely, we use the
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following treatment originally made in [10]. We first introduce the new variables
ui, up € C given by

u%—(x—l+u)2—y2=0, M%—(X‘f‘l/v)z—yzzo
and
u%—(x—l+,u)2—y2—z2=0, u%—(x+,u)2—y2—22=0,

and regard equations (1.1) and (1.2) as Hamiltonian systems on the four- and
six-dimensional complex manifolds (algebraic varieties)

S = {(x, Y, Px» py» 1, u2) € C®
luf — (= 1+ w? =y =up — (x + )’ — y* = 0}
and

y:; :{(x5 Y»Z, px» py, pzau17u2) e(cg
= =14+ =y =P = -+’ =y = =0},

respectively. Let 5 : .5 — C* and 73 : .#3 — C° be the projections such that

72(X, ¥, Px> Py, U1, U2) = (X, ¥, Px, Py)

and

73(X, ¥, 2, Px»> Py Pz» U1, U2) = (X, ¥, Z, Px» Py> Pz)>

and let

(S) = {1 = (x — 1+ p)’ + y> =0}
Uluy = (x + 1)’ +y* =0} C 7,
(A ={ui=x—-1+p+y +22=0)
Ufuz = (x+,u)2+y2+12=0} C 7.
Note that 775 and 3 are singular on X (.%) and X (.%3), respectively. The sets X (.%%) and

3 (.7) are called the critical sets of . and .73, respectively. The systems (1.1) and (1.2)
are respectively rewritten as

. . 7 1—pu
X=px+y, px:py__3(x_]+ﬂ)_ 3 (x + ),
ui U
. . 7 1—pn
Yy=py—X, Py=—pPx— 3V~ —5 (1.3)
u Uy

1
n = M—l((x =1+ w(px +y)+y(py —x)),

1
iy = M—z((x +w)(px +y) +y(py —x))
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and
. . n 1—pu
X=px+y, px:py__3(x_1+,u«)_ 3 (x + W),
uy Uy
. . 2 1—pn
=Py =X Py=-—px— V- 5
Ui U3
. . 22 1—u
L=Pz Pz=7"7327 —73 % (1.4)

uy u;
) 1
ny = M—l((x — 14+ wW)(px +y)+y(py —x) +2p2),

) 1
Uy = u—z((x + 1) (px +y) +y(py = x) +2p2),
which are rational on .#> and .#3. We prove the following theorem.

THEOREM 1.1. The circular restricted three-body problem (1.1) (respectively (1.2)) does
not have a complete set of first integrals in involution that are functionally inde-
pendent almost everywhere and meromorphic in (x,y, px, py, U1, uz) (respectively in
(X, ¥, 2, Px» Py, Pz> U1, U2)) except on %(S) (respectively on %(3)) in punctured
neighborhoods of

(x,y) =(=n,0) and (1—p,0)
(respectively (x,v,2) = (—u,0,0) and (1 — u,0,0))

forany u € (0, 1), as Hamiltonian systems on .5 (respectively on ./3).

Proofs of Theorem 1.1 are given in §3 for the planar case of equation (1.1) and in §4 for
the spatial case of equation (1.2). Our basic tool of the proofs is a technique developed in
§2 for

[ =¢h(1,0;¢), 6=w()+eg(l,0;8), (I,0)eR" xT", (1.5)

where £,m € N, T" = (R/2wZ)™, ¢ is a small parameter such that 0 < |¢| < 1, and
w: RESR" hREXT” x R — R and g : R X T™ x R — R™ are meromorphic in
their arguments. The system (1.5) is Hamiltonian if ¢ = 0 or

Dyh(I,0;¢) = —Dog(1, 0; &)

as well as £ = m, and non-Hamiltonian if not. The developed technique enables us to deter-
mine whether the system (1.5) is not meromorphically integrable in the Bogoyavlenskij
sense [7] (see Definition 1.2) such that the first integrals and commutative vector fields also
depend meromorphically on ¢ near ¢ = 0, like the result of Poincaré [29, 30] stated above,
when the domains of the independent and dependent variables are extended to regions in
C and C* x (C/27Z)™, respectively. The general definition of integrability adopted here
is precisely stated as follows.

Definition 1.2. (Bogoyavlenskij) For n € N, an n-dimensional dynamical system

x=f(x), xeR'orC",
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is called (g,n — g)-integrable or simply integrable if there exist g vector fields
f1@) = f(x)), f2(x), ..., fg(x) and n — g scalar-valued functions F (x), . . ., F—4(x)
such that the following two conditions hold:

@ fix),..., fg(x) are linearly independent almost everywhere and commute
with each other, that is, [f;, fil(x) :=Dfi(x)f;j(x) —Df;j(x)fr(x) =0 for
j.k=1,...,q,where [-, -] denotes the Lie bracket;

(ii) the derivatives DFi(x),...,DF,_4(x) are linearly independent almost every-
where and Fi(x), ..., Fy,_4(x) are first integrals of f1,..., fy, thatis, DF(x) -
fix)=0for j=1,...,gand k=1,...,n—q, where ‘-’ represents the inner
product.

We say that the system is meromorphically integrable if the first integrals and commutative
vector fields are meromorphic.

Definition 1.2 is considered as a generalization of Liouville-integrability for Hamil-
tonian systems [3, 20] since an n-degree-of-freedom Liouville-integrable Hamiltonian
system with n > 1 has not only # functionally independent first integrals but also n linearly
independent commutative (Hamiltonian) vector fields generated by the first integrals.
When ¢ = 0, the system (1.5) is meromorphically (m, £)-integrable in the Bogoyavlenskij
sense: Fj(1,0) =1, j=1,...,4£, are firstintegrals and f;(I,0) = (0, ¢;) € RY x R™,
Jj =2,...,m, give m commutative vector fields along with its own vector field, where ¢
is the m-dimensional vector of which the jth element is the unit and the other ones are zero.
Conversely, a general (m, £)-integrable system is transformed to the form (1.5) withe =0
if the level set of the first integrals Fy(x), . . ., Fy,(x) has a connected compact component.
See [7, 47] for more details. Thus, the system (1.5) can be regarded as a normal form for
perturbations of general (m, £)-integrable systems.

Systems of the form (1.5) have attracted much attention, especially when they are
Hamiltonian. See [3, 4, 15] and references therein for more details. In particular, Kozlov
[15] extended the famous result of Poincaré [29, 30] for Hamiltonian systems to the general
analytic case of equation (1.5) and gave sufficient conditions for the non-existence of
additional real-analytic first integrals depending analytically on ¢ near ¢ = 0. See also
[4, 14] for his result in Hamiltonian systems. Moreover, Motonaga and Yagasaki [27] gave
sufficient conditions for real-analytic non-integrability of general nearly integrable systems
in the Bogoyavlenskij sense such that the first integrals and commutative vector fields also
depend real-analytically on & near ¢ = 0. The technique developed in §2 is different from
them and based on generalized versions due to Ayoul and Zung [5] of the Morales—Ramis
and Morales—Ramis—Simé theories [20, 22, 23]. See [41, Appendix A] for a brief review of
the previous results and their comparison with the developed technique. Our technique can
also be applied to several nearly integrable systems containing time-periodic perturbation
of single-degree-of-freedom Hamiltonian systems such as the periodically forced Duffing
oscillator and pendulum [28, 41]. Moreover, it can be used directly to give a new proof of
Poincaré’s result of [30] on the restricted three-body problem [42]. The systems (1.1) and
(1.2) are transformed to the form (1.5) in the punctured neighborhoods in Theorem 1.1 and
the technique is applied to them. We emphasize that our results are not just applications of
the Morales—Ramis and Morales—Ramis—Simé theories or their generalized versions.
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FIGURE 2. Assumption (A2).

2. Determination of non-integrability for equation (1.5)
In this section, we give a technique for determining whether the system (1.5) is not
meromorphically Bogoyavlenskij-integrable such that the first integrals and commutative
vector fields also depend meromorphically on € near ¢ = 0.

When ¢ = 0, equation (1.5) becomes

=0, 6=ow). 2.1)

We assume the following on the unperturbed system (2.1).

(Al) Forsome I* € R, a resonance of multiplicity m — 1,
dimg (@1 (1), . . ., o (1) = 1,

occurs with w (I™*) # 0, that is, there exists a constant w* > 0 such that

I*
2D ¢ 7\ q0),
w
where w; (1) is the jth element of w([) for j =1, ..., m.

Note that we can replace w* with @w*/n for any n € N in assumption (A1). We refer to

the m-dimensional torus 7 * = {(I*, 0) | & € T™} as the resonant torus and to periodic

orbits (I, 0) = (I*, o(I*)t + 0y), 6y € T™, on T* as the resonant periodic orbits. Let

T* = 21 /w*. We also make the following assumption.

(A2) Forsomek € Z>p :=NU {0} and 6 € T™, there exists a closed loop y» in a region
including (0, 7*) C R in C such that yy N (R U (T* 4 iR)) = ¥ and

I50) = %Dw(l*) f DRI, (1) + 65 0) dt (2.2)
: ve
is not zero (see Figure 2).
Note that the condition yy N (R U (T* 4 iR)) = @ is not essential in assumption (A2),
since it always holds by replacing o™ with w*/n for sufficiently large n € N if necessary.
We prove the following theorem which guarantees that conditions (Al) and (A2) are
sufficient for non-integrability of equation (1.5) in a certain meaning.

THEOREM 2.1. Let T’ be any domain in C/T*Z containing R/T*7Z and yy. Suppose
that assumptions (Al) and (A2) hold for some 6 = 6y € T™. Then the system (1.5) is not
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meromorphically integrable in the Bogoyavlenskij sense near the resonant periodic orbit
(1,0) = (I*, o(I*)t + 6y) with t € T such that the first integrals and commutative vector
fields also depend meromorphically on ¢ near ¢ = 0, when the domains of the independent
and dependent variables are extended to regions in C and C* x (C/2nZ)", respectively.
Moreover, if assumption (A2) holds for any 6 € A, where A is a dense set in T™, then the
conclusion holds for any resonant periodic orbit on the resonant torus 7 *.

Our basic idea of the proof of Theorem 2.1 is similar to that of Morales-Ruiz [21], who
studied time-periodic Hamiltonian perturbations of single-degree-of-freedom Hamiltonian
systems and showed a relationship of their non-integrability with a version due to Ziglin
[44] of the Melnikov method [18] when the small parameter ¢ is regarded as a state
variable. Here the Melnikov method enables us to detect transversal self-intersection
of complex separatrices of periodic orbits unlike the standard version [13, 18, 39].
More concretely, under some restrictive conditions, he essentially proved that they are
meromorphically non-integrable when the small parameter is taken as one of the state
variables if the Melnikov functions are not identically zero, based on a generalized version
due to Ayoul and Zung [5] of the Morales—Ramis theory [20, 22]. We also use their gener-
alized versions of the Morales—Ramis theory and its extension, the Morales—Ramis—Simé
theory [23], to prove Theorem 2.1. These generalized theories enable us to show the
non-integrability of general differential equations in the Bogayavlenskij sense by using
differential Galois groups [11, 37] of their variational or higher-order variational equations
along non-constant particular solutions. We extend the idea of Morales-Ruiz [21] to
higher-dimensional non-Hamiltonian systems near periodic orbits.

For the proof of Theorem 2.1, we first consider systems of the general form

= f(x;8), xeC" (2.3)

where f:C" x C — C" is meromorphic, and describe direct consequences of the
generalized versions due to Ayoul and Zung [5] of the Morales—Ramis theory [20, 22]
when the parameter ¢ is regarded as a state variable in equation (2.3) near ¢ = 0. Let
x = x(t) be a periodic orbit in the unperturbed system

x = f(x;0).
Taking ¢ as another state variable, we extend equation (2.3) as
x=flx;e), €=0, (24

in which (x, €) = (x(¢), 0) is a periodic orbit. The variational equation (VE) of equation
(2.4) along the periodic solution (x(¢), 0) is given by

¥ =Dy f(X(0); 0)y +De f(X(1); 0%, 4 =0. 2.5)

We regard equation (2.5) as a linear differential equation on a Riemann surface. Applying
the version due to Ayoul and Zung [5] of the Morales—Ramis theory [20, 22] to
equation (2.4), we obtain the following result.

THEOREM 2.2. If the system (2.3) is meromorphically integrable in the Bogoyavlenskij
sense near x = X (t) such that the first integrals and commutative vector fields also depend
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meromorphically on € near ¢ = 0, then the identity component of the differential Galois
group of equation (2.5) is commutative.

See Appendix A for necessary information on the differential Galois theory.
We can obtain a more general result for equation (2.4) as follows. For simplicity, we
assume that n = 1. The general case can be treated similarly. Letting

FUD =DID. f(7(1); 0),

we express the Taylor series of f(x; ¢) about (x, &) = (x(¢), 0) as

0o 0 1 . )
feie) =3 ) s fUle—x)ye.

=0 j=0
Let
x =x(t)+ Z el y),
j=1
Using these expressions, we write the kth-order VE of equation (2.4) along the periodic
orbit (x, &) = (x(z), 0) as
)',(1) — f(l,())y(l) + f(O,l)k(l)’ A =0,
}',(2) — f(l,O)y(2) + f(OJ))\(2)
4 FeO )2 g FLD () 5y FO ;M2 @) _ g
)',(3) — f(l,O)(yG)) + f(O,l)()LG)) +2f(2,0)(y(1)’ y(2))
+ 2D W, 2Py 4 270D (WM APy 4270200 @) (2.6)
+ OO+ 37D (M)A + 371260, )%
+ FODGMY3 GG —o,

IRV AVIRENN

% f_'(jal)((y(il))jl’ o (y(i)'))jr’ ()L(i{))ll’ o ()»(i;))l“), A0 — 0,

where such terms as (y(M)?, (A()? = 1 have been substituted and the summation in the
last equation has been taken over all integers

. . . ./ ./ . .
Jolorys, i, oo i i, Tl s e s

such that
l<j+l<k, i1<ir<---<ip ij<ij<---<i,
r s r S
Yoe=in Y dy=1 Y jrip+ Y lyig =k
r'=1 s'=1 r'=1 s'=1
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See [23] for the details on derivation of higher-order VEs in a general setting. Substituting
y(j) =0,j=1,...,k—1,and AD =0,1=2, ...,k into equation (2.6), we obtain

A = 0, )',(k) — f(l,O)(y(k)) + f(O,k)()\(l))k’

which is equivalent to
. _ 1 _ .
¥ =D, f(X(1); 0)y + FD@f(xm; 0OAr, A=0 2.7)

with y = y® and A = k! (A(D)*. Equation (2.7) is derived for n > 1 similarly. We regard
equation (2.7) as a linear differential equation on a Riemann surface, again. Such a
reduction of higher-order VEs was used for planar systems in [1, 2]. We call equation
(2.7) the kth-order reduced variational equation (RVE) of equation (2.4) around the
periodic orbit (x, &) = (x(¢), 0). Using the version due to Ayoul and Zung [5] of the
Morales—Ramis—Simo theory [23], we obtain the following result.

THEOREM 2.3. If the system (2.3) is meromorphically integrable in the Bogoyavlenskij
sense near x = X (t) such that the first integrals and commutative vector fields also depend
meromorphically on ¢ near ¢ = 0, then the identity component of the differential Galois
group of equation (2.7) is commutative.

Remark 2.4. The statement of Theorem 2.3 is very weak, compared with the original one
of [23], since the RVE (2.7) is much smaller than the full higher-order VE for equation
(2.3). However, it is tractable and enough for our purpose.

We return to the system (1.5) and regard ¢ as a state variable to rewrite it as
f:eh(l,@;e), 6 =w()+eg(,0;e), &=0, (2.8)

like equation (2.4). We extend the domain of the independent variable ¢ to a region
including R in C, as stated in Theorem 2.1. The (k + 1)th-order RVE of equation (2.8)
along the periodic orbit (1, 0, &) = (I*, (I*)t + 6y, 0) is given by

£ = hF(I*, w*t + 60; 0)2,
i =Dw(I)E + g"(I*, w*t +60; 001, (5,7, x) eCE xC" xC, (29
=0,

where

h*(1,6) = lD’;h(l, 0;0), g“(1,0)= iD’;g(l, 0;0).
k! k!
As a Riemann surface, we take any region I' in C/T*Z such that the closed loop yp in
assumption (A2), as well as R/T*Z, is contained in I, as in Theorem 2.1 (see Figure 3).
Let Ky # C be a differential field that consists of T *-periodic functions and contains
the elements of A% (I*, w(I*)t + 0) and g*(I*, w(I*)t +6) with t € I'. We regard the
(k 4+ Dth-order RVE (2.9) as a linear differential equation over Ky on the Riemann
surface I'. We obtain a fundamental matrix of equation (2.9) as
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Q C/T'Z
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FIGURE 3. Riemann surface I". The monodromy matrix M, is computed along the loop y.

idy 0 =k 6p)
ok (1;60) = | Do(I*)r idy,  WE(z;60) |,
0 0 1

where id is the £ x £ identity matrix and
gl 0) = fo W, o ()T +0) d,
wk(r;0) = /Ot(Da)(I*)E(r; 0) + g*(I*, w(I*)T + 0)) dr.
Let ¢ be the differential Galois group of equation (2.9) and let 0 € ¥. Then

i =k (s — igk . _ pkopx *
0 (E5 @ 0) _a<dtu (t,9)> =W (I*, o (")t + 0),

so that

t
o (BX(t:0)) = f W1, o(I*)T + 60;0) dt + C = EX(1;0) + C, (2.10)
0
where C is a constant £-dimensional vector depending on o. If Ek(t; 0) € Kg,thenC =0
for any o € ¥. Similarly, we have
o (Dw(I*)t) = Do(I*)t + C’,

where C’ is a constant m x £ matrix depending on o. If Dw(I*) # 0, then C’ # 0 for
some o € ¥ since Dw (1)t ¢ Ky. However,

dr
=Dw(I")EX(t; 0) + g(I*, w(I*)t +6) + D (I*)C.

d k d k *y mk ko y* *
EG(\I} (t;9))=U(—‘V (t;9)) =0 Do(I)E (t;0) + g (U™, o(I™)t +0))

Hence,

o (UKt 0)) = Uk(t; 0) + Do (I*)Ct + C”,
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where C” is a constant m-dimensional vector depending on o. If EX(z; 0), Wk(z; 0) € Kp,
then C” = 0 for any o € ¥. Thus, we see that

Gy C G :={M(Cy,Cs,C3)| C, €CtCr e C", C3 € CM¥YY,

where
idg 0 C
M(C1,Cr,C3) = | C3 idy, (2
0 0 1

Proof of Theorem 2.1. Assume that the hypotheses of the theorem hold. We fix 6 € T
such that the integral (2.2) is not zero. We continue the fundamental matrix ok (z; 0)
analytically along the loop ¥ = y4 to obtain the monodromy matrix as

id, 0 ¢
My,=|0 id, G2, @.11)
0 0 1

where

C =/ hE(I*, o (It + 65 0) dr,
Yo

) :/ (Do (I*)EX (7 0) + ¢"(I*, o(I*)T +0)) dT.
Yo

See Appendix B for basic information on monodromy matrices. In particular, we have
M, € %. Note that Do (I*)C; # 0 by assumption (A2).

Let y = {T*s | s € [0, 1]}, which is also a closed loop on the Riemann surface I" (see
Figure 3). We continue ®¥(z; 6) analytically along the loop 7 to obtain the monodromy

matrix as
idg 0 Ek(T*§6)
My = | Do(IH)T* id, WK(T*;0)
0 0 1

Let Cy = EKN(T*0), Co =¥ T*0) and C3=Dw(I*)T*. We see that M; =
M(C1, Ca, C3) € 9 and C3C; # 0 by Dw(I*)C; # 0.

LEMMA 2.5. Suppose that M(C1, Ca, C3), M(C}, C5, C) € 9y for some Cj, C},
Jj =123 withCs Ci = CéCl. Then the identity component ggo of 9y is not commutative.

Proof. Assume that the hypothesis holds. We easily see that M(Ci, Ca, C3) and
M(Cj, C;, C3) is not commutative since

ide 0 C1+C
M(C, C2, C3)M(C}, Ch, C3) = [ C34+ € idw  C3C| + C2+ C)
0 0 1
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while
idy 0 Ci+ Ci
M(C}, C, CM(C}, Cs, C3) = | C3+ C} idy  C4C+Ca +C
0 0 1

However, we compute

id 0 C; d, 0 C
M1, CrC)?=|C5 id, G| |l idy ©

idg 0 2Cy
=12C; id, C3Ci+2C,
0 0 1
and easily show by induction that
ide O kCy
M(Cy, Cy, C3)F = | kC3 idy (K — 1DC3C1 4+ kCs
0 0 1

for any k € N. Since %0 is a subgroup of finite index in ¢ (see Appendix A), we show
that

49 5 (M(cCy, (c — 1)C3Cy + ¢Ca, ¢C3) | ¢ € C}
if C3C1 + Cy # 0 and
40 5 {M(cCy, Ca, cC3) | ¢ € C}
if C3C| + C, = 0. Thus, we show that %O is not commutative in both cases. O]

By Lemma 2.5, the identity component %) is not commutative. Applying Theorem 2.3,
we see that the system (1.5) is meromorphically non-integrable near the resonant periodic
orbit (I*, w(I*)t 4+ 6) in the meaning of Theorem 2.1. If this statement holds for 6 on a
dense set A C T™, then it does so on T". Thus, we complete the proof. O

Remark 2.6

(1) When the system (1.5) is Hamiltonian, it is not meromorphically Liouville-integrable
such that the first integrals also depend meromorphically on ¢ near ¢ = 0, if the
hypotheses of Theorem 2.1 hold.

(i) Assumption (A2) in Theorem 2.1 may be replaced with the following.

(A2) Forsomek € Z>pand 6 € T,
Do (I*)EX(t; 0) ¢ Ky(r).

This is easily proven as follows. Let L be the Picard—Vessiot extension of equation
(2.9) and let 6 : I. — L be a Ky (¢)-automorphism, that is, 6 € Gal(IL/Ky(#)) C %
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(see Appendix A). Since 2k (t; 0) ¢ Ko (1), we have

685 (t;0)) = EFr; 0) + €

as in equation (2.10), so that & corresponds to the matrix

id, 0 ¢
0 idy Cp|=M(Cy,Co,0).
0 0 1

Since Dw(]*)él # 0 for some 6 € Gal(IL/Ky(¢)), we only have to use the above
matrix instead of equation (2.11) and apply the same arguments to obtain the desired
result.

3. Planar case

We prove Theorem 1.1 for the planar case (1.1). We only consider a neighborhood of
(x,¥) = (—nu, 0) since we only have to replace x and p with —x and 1 — p to obtain
the result for a neighborhood of (1 — p, 0). We introduce a small parameter ¢ such that
0 < & <« 1. Letting

fE=x+u, en=y, e 'ps=pe. e 'py=pytu

and scaling the time variable r — &3¢, we rewrite equation (1.1) as

: . (I —w)é 3 4 4 M(gzé -1
E§=p +83?7, Pe=——"F5—535FTEDP —ENU—E ,
§ § (E2 1 2)32 n (26 — )2 1 e*p2)32
L3 o U=y 53 K
PSP TS P Ty T T @ 0 e
or up to the order of &°,
. 3 . (1_M)‘$;: 3 6
TR B =y T 20U
(= 3

n=py—eE py= &’ pe — eun, 3.1

KGR
where the O (¢®) terms have been eliminated. Equation (3.1) is a Hamiltonian system with
the Hamiltonian

e —tpy) — 50— ()
N 2
Non-integrability of a system which is similar to equation (3.1) but does not contain a
small parameter was proven by using the Morales—Ramis theory [20, 22] in [24]. See also
Remark 3.1(i1).

We next rewrite equation (3.2) in the polar coordinates. Let

1
H = E(P?"‘P%)—

&€ =rcos¢, n=rsing.
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The momenta (p,, py) corresponding to (r, ¢) satisfy

pe=preosg—Llsing. py=p sing+ L cos g,

See, e.g., [19, §8.6.1]. The Hamiltonian becomes

1 PN 1—p 1
H = §<p’2+ r-f) - —83p¢ — Ze6ur2(3 cos 2¢ + 1).

Up to O (1), the corresponding Hamiltonian system becomes

2
. N N el T
r = pr, pr—r_3_ I"2 > ¢)__2’ p¢_07 (33)

which is easily solved since py is a constant. Let u = 1/r. From equation (3.3), we have

d%u 1—u
— tu=
dg? Py

5

from which we obtain the relation
Py
r= ,
(1 —pw)(1+ecos @)

3.4)

where the position ¢ = 0 is appropriately chosen and e is a constant. We choose e € (0, 1),
so that equation (3.4) represents an elliptic orbit with the eccentricity e. Moreover, its

period is given by
P, 27 do 27 p,,
T = = . (3.5)
(I-w?*Jo (I+ecosg)® (1 -1 —e?)’?
Now we introduce the Delaunay elements obtained from the generating function
W(r, ¢, I, ) = Lo+ x(r, I, ), (3.6)
where
T20-p - 3\
X(”,Il’lz):/ ( - 2 __22 le
r_ o I; o
= 2% arcsin |~ 4+ s — 1) (r —r_)
ry —r—
21115 r—(ry —r)
+ ——arctan | ——— (3.7
VAT ry(r—r-)
with

12
ri=11<11:i: ]12— 2 )
IL—p
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(see, e.g., [19, §8.9.1]). We have

W % =27
= — =—\r, ) s - a . — s
Pr or or 172 Pe d¢p 2
ow W
0 =— = 9171 > 0 ’I’I 4
Y x1(r, 1y, Ip) 2= 55 ¢+ xo(r, I, I2)

where
dx ax

xi(r, 1, ) = —(r, I1, ), xo(r,I,h)=—(, 11, D).
a1 Bp)

Since the transformation from (v, ¢, p,, py) to (61, 62, I1, I2) is symplectic, the trans-
formed system is also Hamiltonian and its Hamiltonian is given by

I—w
S

212 2

I
— —OuR 1, I, )3 cos 262 — x2(R(O1, 11, 1), 11, 1) + 1),

where r = R(0y, 11, I2) is the r-component of the symplectic transformation satisfying
01 = x1(R61, 11, 1), I, Ip). (3-8)

Thus, we obtain the Hamiltonian system

. 1 oR
I = 586M£(91, I, )R, 11, 12)(3 cos 2(6r — x2(R(61, 11, I2), 11, I2))
dx2
+ 1+ 3R(61, 5, Iz)y(R(Gl, I, D), I1, )
(3.9

x sin 2(62 — x2(R(61, 11, I2), 11, 12))),
3 .
—Ze%uR©61, 11, b)? sin 2(62 — x2(R(61, 11, L), 11, 1)),

. 1-— .
b= +06, 6=-+0
1

Similarly to the treatment for equation (1.1) stated just above Theorem 1.1, the new

variables (v, vy, v3) € C x (C/ZnZ)Z given by

272

Vi(ui,r, I, o) : =U%+V2—2112r+ 11 2 —0,
-

I? .
2 )(2 sin? vy — 1)? — (r — 1})? =0,

Vo(va, r, I, D) : = 112<112 1o,

12 \2

Vi(vs,r, 11, ) 1 = 112<r - ]—2) (tan® v3 + 1)?
—n

2

I 2
—;’2(12 2 ) (tan2 03—1)220

(-
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are introduced, so that the generating function (3.6) is regarded as an analytic one on the
four-dimensional complex manifold
S ={(r, ¢, I1, I, v1, v2, v3) € C x (C/27Z) x C* x (C/27xZ)*
| Vitvj,r, 1, ) =0, j=1,2,3}
since equation (3.7) is represented by
211 1hvs
JI=n

Hence, we can regard equation (3.9) as a meromorphic two-degree-of-freedom
Hamiltonian system on the four-dimensional complex manifold

x U1, b, v, v2,v3) = v — 217wy +

Py = (1, I, 61, 62, 7, v1, v, v3) € C2 x (C/27Z)% x C2 x (C/277)?
| 01 - Xl(r7 Il’ 12) = Vj(vj7 r, 119 12) = 09 ] = 1,2’ 3}9

like equation (1.3) on . for equation (1.1). Actually, we have

Jj= Jj=1

0Vjdvy (Vi g 3Vidv OV o 53 -1
dv; or or 7 v 9l 811_’]_”,_’,
to express
oy <y AV X o= 0x AV
J J
—_— = — H =97 Py A 121,2
or 2} dv; or Al a1 +Z dvj 91

as meromorophic functions of (r, I, I, v1, v2, v3) on LSZZ. In particular, the Hamiltonian
system has an additional first integral that is meromorphic in (I, I», 61, 62, v1, v2, V3, €)
on Y?Z \ E(fz) near ¢ =0 if the system (1.1) has an additional first integral that
is meromorphic in (x, y, px, py, u1, u2) on 3 \ L(F2) near (x,y) = (—u,0), as in
[10, Theorem 2], since the corresponding Hamiltonian system has the same expression
as equation (3.9) on 522 \ 2(522), where 2(522) is the critical set of 5% on which the
projection 7 : S — C2 x (C/277Z)? given by

(I, I, 01, 62,1, v1, v2, v3) = (11, Ip, 01, 62)

is singular.

We next estimate the O(e®)-term in the first equation of equation (3.9) for the
unperturbed solutions. When ¢ = 0, we see that I, I, 6, are constants and can write
61 = w1t + O1p for any solution to equation (3.9), where

I—pn
w] =
I

(3.10)

and 019 € S! is a constant. Since r = R(w17 + 610, 11, I») and

¢ = —x2(R(w1t + 60, 11, D), I1, 1)
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respectively become the r- and ¢-components of a solution to equation (3.3), we have
2
I3 i}
(I =) (1 + e cos(op(t) + ¢(610))) (3.11)
— x2(R(wit + 610, 11, I2), 11, I2) = (&) + ¢(010)

by equation (3.4), where ¢ (t) is the ¢-component of a solution to equation (3.3) and

¢(019p) is a constant depending on 61g. Differentiating both equations in equation (3.11)
with respect to ¢ yields

R(wit + 610, I, ) =

el sin(¢ (1) + ¢(610))$(1)
(1 — (1 + e cos(@ () + $(G10))?’ (3.12)

ax2 OR .
- CUIW(R(CUII + 610, 11, I2), 11, Iz)ﬁ(wlt + 010, I1, ) = ¢(1).

w w1t + , 1, =
1391 1 10, 11, 12

Using equations (3.11) and (3.12), we can obtain the necessary expression of the
0(86)—term.

We are ready to check the hypotheses of Theorem 2.1 for the system (3.9). Assumption
(A1) holds for any /1 > 0. Fix the values of Iy, I at some /', I} > 0, and let * = w;/3.
Since by the second equation of equation (3.11) ¢ (¢) is 27 /w1 -periodic, we have

2 12*3 21 13
(1= =¥~ 1—p
by equations (3.5) and (3.10), so that

=171 — w31 —e2.

From equation (3.10), we also have

=3(1 — w/I}* 0)

Do (I*) = ( 0 0

where I* = (I, I;). We write the first component of equation (2.2) with k =5 for I = I* as

3u(l — 0R
S (Gt + o 15 B Rt + 00 15 1)
217 vo

I70) = 20,

x <3 c0s 205 — xa(R(@it + 01, If 1), I, I5) + 1

P % N T
+3R(w1t + 61, 1], 15) » (R(w1t + 61, 11, 1)), I, I,)
x sin 2(6, — x2(R (w1t + 64, [1*, 12*), [1*, ];))) dt,

where the closed loop yj is specified below. Using equations (3.11) and (3.12), we compute

*4 : Y
730) = 3ul; — / <13(t)<3 sin 24 (1) + ¢(61) + 62)
2(1 = w1y Jy, (1 +ecos(p(r) + ¢(61)))?
e sin(@ (1) + @ (61))(3 cos 2(p (1) + ¢(61) + 62) + 1)) dr
(1 +ecos(p(t) + d(61)))> '

(3.13)
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By equations (3.3) and (3.4), we have

0) _d-w* o
(I+ecosp()? 13— (1—e2)¥?

(3.14)

Using integration by substitution and the relation (3.14), we rewrite the above integral as

S0 ouls / ( . B esin ¢ (t)(cos 2(p(t) + 62) + 1/3))
F0(0) = 2 ], sin 2(¢ (t) + 62) T fecosp() dt,

(3.15)

where the path of integration might change but the same notation yp has still been used
for it.
Here we integrate equation (3.14) to obtain

for ¢ € (—m, 7), (3.16)

(1—e) tan¢>/2> B ev/1 — 2 sin ¢
V1 — e2 1+ecos¢

wit = 2 arctan <
which is rewritten as

+m for¢ € (0,2m),

(1 —e) cot(ep +m)/2 ex/1 —e?sin¢
J1—e2 >_ 1 +ecos¢

wit = 2 arccot (

(3.17)

when ¢ (0) = 0 or lim;_.¢ ¢ (t) = 0. From equation (3.16), we see that as Im ¢ — o0,
w1t — i K|, where

1—e
K1 = 2 arctanh (—) —vV1—-¢e2>0.
V1 —e?

See Figure 4. So the integrand in equation (3.15) is singular at r =iK;. Let K =
arccosh(l/e). Then 1 + e cos ¢ = 0 at ¢ = w + i K7, and by equation (3.17),

1 1
— = ———A¢ +0(A¢)
w1t V1 —e2
near ¢ = + i Ky, where A¢p = ¢ — (m +iK>7). Moreover, near ¢ = 7w + i K>,
) iv1—é? 1 iV1—¢2
sin g = ————— + 0(Ag), cos¢=—;+TA¢+0(A¢2),
2iv/1— e? 2—é?

sin 26 = 5 0(A¢), cos2¢p =

+ O(Ag).
> > (Ag)

We take a closed path starting and ending at r = %T* and passing through ¢t = %T*,
3T*+i(Ky F98), 3T* +iM, 3T* +iM, and 1T* +i(K; £ 8) as yp in C/T*Z, where
6 and M are respectively sufficiently small and large positive constants (see Figure 5).
Here yp passes along the left circular arc centered at %T* + iK1 (respectively at

%T* + i K1) with radius § between %T* +i(K; —6) and %T* + (K| + 8) (respectively
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v
iR
T
iMy----------- -
\ 4 A
Kitd |
iKl :::::::::::.(':::::::::::G """""""
iKi -0
> R
0 1 ¥ 2 ¥ T*
;T ;T

FIGURE 5. Closed path yj.

between %T* +i(Ky +8) and %T* +i(K1 — §8)). We compute
/T*/3+iM sin ¢ (1) (cos 2(p () + 62) + 1/3)
2

T%3+iM 1 +ecos ¢(r) a
B2 e? 2 1 _
= — /2T*/3 (ﬁ cos 26, — = sin 26, + 3e\/ﬁ)z(mM dt + 0O(1)
2 [ 22— . ie?
= ?(ﬁl cos 26, + 2 sin 26 + ﬁ)M 4+ 0(),

while
T*3+iM
/ sin 2(¢ (1) + 63) dt = O(1).
2T#3+iM
Moreover, the integral on [%T*, 2T*] in equation (3.15) is O(1), and the integrals from
%T* to %T* + i M and from %T* +iM to %T* cancel since the integrand is %T*—periodic.

Thus, we see that the integral (3.15) is not zero for M > 0 sufficiently large, so that
assumption (A2) holds.
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Finally, we apply Theorem 2.1 to show that the meromorphic Hamiltonian system
corresponding to equation (3.9) is not meromorphically integrable such that the first
integral depends meromorphically on ¢ near ¢ = 0 even if any higher-order terms are
included. Thus, we obtain the conclusion of Theorem 1.1 for the planar case.

Remark 3.1

(1) The reader may think that a small circle centered at r = %T* +iK; or %T* +iK,
can be taken as yp in the proof, since the integrand in equation (3.15) is singular
there. However, the integral (3.15) for the path is estimated to be zero (cf. [42, §3]).

(i) The different change of coordinates

ef=x+pn, en=y, ps=px, Pp=Pytiu
in equation (1.1) yields
(I =wé
&+ 7))

1 (I—wn 2
@

up to O(g?) after the time scaling 1 — r/e. As in [24], we use the Levi—Civita
regularization

(E>:<ql —qz) <q1> (ps)z 2 <q1 —qz) <p1)
1 2 @) \a@) \p) qi+q3\2 @) \p2)

(see, e.g., [31] or [19, §8.8.1]) to obtain

E=pst+en ps=epy—e + 262 g,
(3.18)

n=py—¢€§, pyp=—¢tpst—¢

H+C—L lc 2, 2, Lo oo N S S _
0="3"—5| 7C0lq1 +42) + S (P + p2) + Jeqi +a3)(q2p1 — q1p2)
97 t 45

1 1
- Eszu(qlz +43)(q1qta3 —4+q3) — Z¢ M- u)),

which yields

H — L l 2 2 l 2 2 l 2 2 _
+Co=—F5——| 7Co(gi +43) + 5(p1 + p3) + 5 (g7 +43)(q2p1 — q1p2)
qi —|—q2 4 2 2
1 1
— Snai + ) @laia; —4+4a) — (1 - u))
after the scaling (¢, p) — (g, p)/€>/?. Using the approach of [24], we can show that
the Hamiltonian system with the Hamiltonian

H = 1Colq} +43) + 3T + pD) + 3(a] + 4D (@2p1 — q1p2)
— sulgt + 4 qlaiar —4+43)

is meromorphically non-integrable. This implies that the Hamiltonian system (3.18)
is also meromorphically non-integrable for ¢ > 0 fixed.
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4. Spatial case

We prove Theorem 1.1 for the spatial case (1.2). As in the planar case, we only consider
a neighborhood of (x, vy, z) = (—u, 0, 0) and introduce a small parameter ¢ such that 0 <
& < 1. Letting

82%- =X+ u, 8277 =Y 82; =23
-1 -1 -1
& 'pg=DPx, & pPp=DPytW, & pr=p;

and scaling the time variable t — &3¢, we rewrite equation (1.2) as

E=ps+e’n, n=p,—e&E {=p;,

. (1 — ) 3 s 4 (e — 1)
Pe = — @ TP TR T Gy e g2 1 g2
by = — (I —wn —83]? _ g6 “n
TTOErR AT (@ - 1P+ AP+ )
ﬁ{ _ (I - 6 224

TE 402 (2 — )2t et + C )

or up to the order of °,

Lo 3 I (1 _M)E 3 6
‘i:_p§+8 1, p%'__(§2+n2+§2)3/2 +<9P77+25 MSa

. 3 R (I —wn 3 6

= — & s = — — & — & . 41
’7 p?’] ‘i: p?} (§2+n2+€_2)3/2 pé' l“? ( )
- : (I—we
{=pe P = g,

@+
like equation (3.1), where the 0(88) terms have been eliminated. Equation (4.1) is a
Hamiltonian system with the Hamiltonian

l—pn
VEX+n? +¢? (4.2)

+&3(ps — Epy) — 2682872 — * — ¢).

H=3(pi+ps+pp)—

We next rewrite equation (4.2) in the spherical coordinates (see Figure 6). Let
E=rsinycos¢p, n=rsinysing, ¢ =rcosy.

The momenta (p,, py, py) corresponding to (r, ¢, ) satisfy

sin
Pé=PrCOS¢SiH1/f—p¢.—¢+p—wcos¢cos¢f,
r sin ¥ r
cos
Pn = Dr Sin¢5inw+p¢.—¢+p—wsin¢cosw,
r sin ¥ r

p;:p,cosd/—p—'psinw
r
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¢

K

FIGURE 6. Spherical coordinates.

(see, e.g., [19, §8.7]). The Hamiltonian becomes

2 2
H = — - _
2<pr+”2+rzsin2 r

1 1
— g3p¢ — eé,urz(z sin? ¥ (3 cos 2¢ + 1) — 3 cos? 1/’)-

Up to O(1), the corresponding Hamiltonian system becomes

2 2
. . Py Py 1—pu
r = Dr, pr—r_3+r3sin2¢_ r2 5
) cos 4.3)
P . by Py
= - = 0’ = —, = .
r2 sin® ¥ P v 2 r2 sin’ ¥

We have the relation (3.4) for periodic orbits on the (&, n)-plane since equation (4.3)
reduces to equation (3.3) when ¥ = %n and py = 0.
As in the planar case, we introduce the Delaunay elements obtained from the generating

function
W, ¢ . L. h.d3) = L + x(r. [, b) + R, I, I3), (4.4)
where
: o B
X(‘(//$ 127 13) = 12 I é dS
Yo sin” s
1/Izzsinzljf—l32 ,/Izzsinzl/f—lf
= I arctan ———  — [y arctan —— 4.5)
1> cos I3 cos Y

with Yy = arcsin(l3/17). See, e.g., [19, §8.9.3], although a slightly modified generating
function is used here. We have
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aW  ay W

pr= :E(r, I, 1), P¢=—8¢ =1,
aW 9% W

Py =g =g, ). 6= g =x I ), (4.6)
W R aW .

h = — = xo(r, 11, ) + xo(¥, I, [3), 03 =— =¢+ x3(¢¥, Iz, I3),
dl I3

where

A X R X
X2(w» 12’ 13) = _(w3 12a 13)9 X3(ws 123 13) = _(w’ 127 13)
ol I3
Since the transformation from (r, ¢, ¥, pr, pg, py) to (61, 62, 63, 11, I, I3) is symplectic,
the transformed system is also Hamiltonian and its Hamiltonian is given by
1-— 1
= —# — &', — *uR @1, 1, 12)2(— sin® W (61, 6, 11, I, I3)
215 4
x (3 cos 203 — x3(V (01, 02, 11, o, I3), I, 1)) + 1)

1
-3 cos> Wby, 6, 11, I, 13)>,

where r = R(0y, 11, 1) and ¥ = W (64, 6, 11, 1>, I3) are the r- and {-components of the
symplectic transformation satisfying equation (3.8) and
W01, 00, 11, I, I3), I, I3) + x2(R(61, It, ), I1, 1) = 63,

respectively. Thus, we obtain the Hamiltonian system as

. 1 N : j
I = 3e%uhi(1.0), h=0G"). Is=0(".
. 1— :
0 = I3M + 0@, 6= 0",
1

63 = —&> + 0(£%), .7
where
A R .2
hi(1,60) = 5(91, I, L)R(01, 11, L) (sin” W (61, 02, 11, I, I3)
1

x (3¢os 2(63 — x3(W (61, 00, I1, I, I3), I, I3)) + 1)
—2cos® (1, 02, I, I2, I3))

,0W
+ R(61, 11, o) £(91,92, L, I, I3)
1

x 3sin W (01, 02, I1, I2, I3) cos W (01, 0, 11, D2, I3)
x (cos 2(63 — x3(W (61, 0o, I1, 2, I3), I, I3)) + 1)
+ 3RO, I, L)* sin> W(O1, 02, 11, I, I3)

X bl bl [l bl b} s s s ) )

x sin 2(63 — x3(¥ (61, 62, 11, Do, I3), Do, I3)).
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As in the planar case, the new variables wy, w2 € (C/27) given by
Wi(wy, ¥, I, I3) := 122 cos? W tan? w| — 122 sin? v+ 132 =0,
Wa(wa, ¥, I, I3) := I3 cos® ¢ tan® wy — I3 sin® ¢ + [§ = 0

are introduced, so that the generating function (4.4) is regarded as an analytic one on the
six-dimensional complex manifold

A ={r, ¢, ¥, I, I, I, v1, va, v3, wi, w) € C x (C/27Z)* x C* x (C/277Z)*
| Vi(vj,r, I, I) = Wi(w;, ¥, I, I3) =0, j=1,2,3, [ =1, 2}
since equation (4.5) is represented by
(I, I3; v1, v2) = hwy — Iw,.

Moreover, we can regard equation (4.7) as a meromorphic three-degree-of-freedom

Hamiltonian systems on the six-dimensional complex manifold

S5 ={(I, I, I3, 01, 62, 63, 7, v1, v2, v3, wi, wo) € C* x (C/2n7)* x C* x (C/2nZ)*
|61 — xa(r, I, ) = Vi(uj,r, 11, ) = Wiw, ¥, I, I3) =0,
j=12,3,1=1,2}

like equation (1.4) on .#3 for equation (1.2). Actually, we have

oW dw; 3WJ'=0 oW dw; %zo, ji=1,21=273

)

dw; oy | oy ow; oI, | 9],
toexpress
37 o~ 9% AW, 37 O 9% AW,
_XZZ_X_J, =X X0 1223
0y~ = dw; oy on " = dw; ol

as meromorophic functions of (v, I, I3, wi, wz) on jg. In particular, the Hamil-
tonian system has two additional meromorphic integrals that are meromorphic
in (I, I, I3, 01, 63, 03, 7, v1, V2, v3, Wi, wa, £) on %3\ £(F3) near ¢ =0, if the
system (1.2) has two additional meromorphic integrals that are meromorphic in
x,y,2z, px,py,pz,ul,uz) on .73\ 2(.73) near (x, y,z)—( u,0,0), as in the
planar case. Here E(y3) is the critical set of .3 on which the projection
Rz H— C3 x (C/27Z)? given by

31y, I, I3, 01, 02, 03, 1, v1, v2, v3, wi, w2) = (11, Iz, I3, 61, 62, 63)

is singular.

We next estimate the function ﬁl(l , ) for solutions to equation (4.7) with ¢ = 0 on the
plane of ¥ = %7[. When ¢ = 0, we see that Iy, I, I3, 6>, 63 are constants and can write
01 = w1t + 61p for any solution to equation (4.7) with equation (3.10), where 619 € St
is a constant. Note that if ¢ = %rr and py =0, then I, = I3 by equation (4.6). Since
r = R(wit + 619, 11, I) and

¢ =—3(W(wit + 010,02, 1, I3, 13), I3, 1), W(wit + 610,02, 11, I3, [3) = 37
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respectively become the 7- and ¢-components of a solution to equation (4.3) with ¥ = %71
and py = 0, we have the first equation of equation (3.11) with

—3(W (w1t + 610, 62, 11, I3, 3), I, I3) = ¢ (t) + d(610), (4.8)

where ¢ (t) is the ¢-component of a solution to equation (3.3) and ¢(6;) is a constant
depending only on 6; as in the planar case. Differentiating equation (4.8) with respect to ¢
yields

dX3
- wlw(‘l’(wﬂ + 610, 02, 11, I3, I3), I3, I3)

ow .
X 3_91(w1t + 610, 62, 11, I3, I3) = (). 4.9)

Using equations (3.11), (3.12), (4.8), and (4.9), we can obtain the necessary expression of
hi(l,0).

We are ready to check the hypotheses of Theorem 2.1 for the system (4.7). Assumption
(A1) holds for any I; > 0. Fix the value of I at some 11* > 0, and let ®* = w1/3. By
the first equation of equation (4.8), ¢ (¢) is 27 /w1 -periodic, so that by equations (3.5) and
(3.10),

L=5L=I1-w"3V1-e(=1I.

From equation (3.10), we have

=30 -w/I* 0 0
Do(I*) = 0 0 0],
0 0 0

where I* = (I}, I3, I3). Using the first equations of equations (3.11) and (3.12), equations
(4.8) and (4.9), we compute the first component of equation (2.2) with k = 5 for I = I* as

3(1 —p)
5t Jy
_ 3w / ¢'><r><3 sin 2(p (1) + $(61) + 63)
21— w2y Jy, (1 + e cos(@ (1) + $(61)))>
48 sin( (1) + ¢(61)) (3 cos 2(¢(t2 +¢(61) +63) + 1)) dt
(1+ecos(@ () +dO1)° ’
which has the same expression as equation (3.13) with 6, = 63. Repeating the arguments
given in §3, we can show that assumption (A2) holds as in the planar case. Finally, we
apply Theorem 2.1 to show that the meromorphic Hamiltonian system corresponding
to equation (4.7) is not meromorphically integrable such that the first integrals depend

meromorphically on ¢ near ¢ = 0. Thus, we complete the proof of Theorem 1.1 for the
spatial case.

F20) = — h(I*, ©*t + 61, 62, 03) do™t
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A. Appendix. Differential Galois theory
In this appendix, we give necessary information on differential Galois theory for linear
differential equations, which is often referred to as the Picard—Vessiot theory. See the
textbooks [11, 37] for more details on the theory.

Consider a linear system of differential equations

y =Ay, AednK), (A.1)

where K is a differential field and gl(n, K) denotes the ring of n x n matrices with entries
in K. Here a differential field is a field endowed with a derivation d, which is an additive
endomorphism satisfying the Leibniz rule. The set Ck of elements of K for which 9
vanishes is a subfield of K and called the field of constants of K. In our application of
the theory in this paper, the differential field K is the field of meromorphic functions on a
Riemann surface, so that the field of constants is C.

A differential field extension I D K is a field extension such that LL is also a differential
field and the derivations on I and K coincide on K. A differential field extension . D K
satisfying the following two conditions is called a Picard—Vessiot extension for equation
(A1)

(PV1) the field L is generated by K and elements of a fundamental matrix of equation
(A.D);

(PV2) the fields of constants for . and K coincide.

The system (A.1) admits a Picard—Vessiot extension which is unique up to isomorphism.

We now fix a Picard—Vessiot extension . O K and fundamental matrix & with entries
in IL for equation (A.1). Let o be a K-automorphism of L, which is a field automorphism of
L that commutes with the derivation of IL and leaves K pointwise fixed. Obviously, o (®)
is also a fundamental matrix of equation (A.1) and consequently there is a matrix M, with
constant entries such that o (®) = ®M,,. This relation gives a faithful representation of
the group of K-automorphisms of I on the general linear group as

R: Autg (L) — GL(n, C), o +— M,,

where GL(n, Cr) is the group of n x n invertible matrices with entries in Cr,. The image
of R is a linear algebraic subgroup of GL(n, Cr,), which is called the differential Galois
group of equation (A.1) and often denoted by Gal(IL/K). This representation is not unique
and depends on the choice of the fundamental matrix &, but a different fundamental matrix
only gives rise to a conjugated representation. Thus, the differential Galois group is unique
up to conjugation as an algebraic subgroup of the general linear group.

Let G C GL(n, Cp) be an algebraic group. Then it contains a unique maximal
connected algebraic subgroup G°, which is called the connected component of the identity
or identity component. The identity component G® C G is the smallest subgroup of finite
index, that is, the quotient group G /G is finite.

B. Appendix. Monodromy matrices

In this appendix, we give general information on monodromy matrices for the reader’s
convenience.
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Let K be the field of meromorphic functions on a Riemann surface I', and consider
the linear system (A.1). Let #o € T" be a non-singular point for equation (A.1). We prolong
the fundamental matrix ® () analytically along any loop y based at #y and containing no
singular point, and obtain another fundamental matrix y * ®(¢). So there exists a constant
non-singular matrix M|, such that

yx ®(t) = )My

The matrix M[,; depends on the homotopy class [y] of the loop y and is called the
monodromy matrix of [y].

Let L be a Picard—Vessiot extension of equation (A.l) and let Gal(L/K) be the
differential Galois group, as in Appendix A. Since analytic continuation commutes with
differentiation, we have M, € Gal(LL/K).
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