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Abstract. Let ‘P be an (unbounded) countable multiset of primes (that is, every prime
may appear multiple times) and let G = pep Fp. We develop a Host-Kra structure
theory for the universal characteristic factors of an ergodic G-system. More specifically,
we generalize the main results of Bergelson, Tao and Ziegler [An inverse theorem for
the uniformity seminorms associated with the action of IE"ZO. Geom. Funct. Anal. 19(6)
(2010), 1539-1596], who studied these factors in the special case P = {p, p, p, . . .}
for some fixed prime p. As an application we deduce a Khintchine-type recurrence
theorem in the flavor of Bergelson, Tao and Ziegler [Multiple recurrence and convergence
results associated to F;,"-actions. J. Anal. Math. 127 (2015), 329-378] and Bergelson,
Host and Kra [Multiple recurrence and nilsequences. Invent. Math. 160(2) (2005),
261-303, with an appendix by I. Ruzsa].
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1. Introduction

This paper is concerned with the study of the structure of the universal characteristic
factors corresponding to multiple averages associated with the action of G = pep Fp
for some countable multiset of primes P (formal definitions below). The study of char-
acteristic factors for multiple averages plays an important role in ergodic Ramsey theory.
For example, in the case of Z-actions they are related to the theorem of Szemerédi on
arithmetic progressions in sets of positive density in the integers. Universal characteristic
factors corresponding to multiple averages associated with Z-actions were studied by Host
and Kra [29] and Ziegler [45] and, for F‘;,’-actions, by Bergelson, Tao and Ziegler [6]. In
this paper we develop the theory further to P pep Fp-actions for a countable multiset of
primes P. If P is unbounded, the universal characteristic factors may have a pathological
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structure, as can be seen in Theorem 1.21. This and other properties make the unbounded

case differ significantly from that of F'}-systems; see for instance Example 1.28 and the

discussion afterwards.
We briefly survey our results. All definitions and statements used here are defined later
in the paper where the results are formulated.

e Strongly Abramov D ,c p F,-systems. In [6], Bergelson, Tao and Ziegler proved that
the universal characteristic factors for F;)-actions are strongly Abramov (see Definition
1.18). We show that this is not generally true for P pep Fp-actions and construct an
example in §9. Most of the paper is devoted to proving an if and only if criterion
fora P pep Fp-system to be strongly Abramov (Theorem 1.19). Roughly speaking, in
Theorem 1.26 we prove that unless a system admits some pathological properties it
must be strongly Abramov.

e P peP I¥,-systems as nilpotent systems. Host and Kra [29] and Ziegler [45] proved that
the universal characteristic factors for Z-actions are inverse limits of nilsystems. In the
case of Conze—Lesigne systems (systems of order < 3), we prove a counterpart for
the Host—Kra theorem for P pep Fp. We show that every such system is an inverse
limit of nilpotent systems; these are similar to nilsystems, but the Host—Kra group
(the homogeneous group), as defined in [29], is not necessarily a Lie group. For more
details, see Theorem 1.31.

e Limit formula for multiple ergodic averages and a Khintchine-type recurrence

theorem.
Lesigne [33] and Ziegler [44] proved a limit formula for the multiple ergodic averages
associated with Szemerédi’s theorem when the underlying space is a connected
simply connected homogeneous space. We prove a counterpart for multiple averages
associated with Szemerédi’s theorem for four-term progressions on nilpotent systems
(see Theorem 11.3). We use our structure results to deduce a Khintchine-type
recurrence result for four-term progressions (Theorem 1.32). Similar averages for Z
and F actions were studied by Bergelson, Host and Kra [S] and by Bergelson, Tao
and Ziegler [7], respectively.

1.1. Universal characteristic factors. We begin with some standard definitions, essen-
tially taken from [6].

Definition 1.1. A G-system is a quadruple (X, B, u, G), where (X, B3, i) is a probability
measure space which is separable modulo null sets+, together with an action of G on X
by measure-preserving transformations 7, : X — X. For every topological group: (U, -),
measurable map ¢ : X — U and element g € G, we define the shift Tg¢p = ¢ o T, and
the multiplicative derivative Ag¢p = T,¢p/¢p. We say that a G-system X is ergodic if
the only functions in L2(X) which are invariant under the G-action are the constant
functions.

The Gowers—Host—Kra seminorms play an important role throughout this paper.

+ For technical reasons, we assume that the space (X, BB, u) is regular, meaning that X is compact, B is the Borel
o-algebra and p is a Borel measure.
I All topological groups in this paper are implicitly assumed to be metrizable.
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Definition 1.2. (Gowers—Host—Kra (GHK) seminorms for an arbitrary countable abelian
group G) Let G be a countable abelian group, let X = (X, B, u) be a G-system,
let ¢ € L°°(X) and let k > 1 be an integer. The Gowers—Host—Kra seminorm ||¢||;« of
order k of ¢ is defined recursively by the formula

1
ol := lim —— ¢oT,
N—oo || gg;l ¢l
N
fork =1 and
1 k-1 1/2*
I¢llyx := lim (—k > ||Ag¢||m_1)
N—oo |q>N| ok
N
for k > 1, where ¢ }\,, cee d);‘\, are arbitrary Fglner sequences.

These seminorms were first introduced by Gowers in the special case where G = Z/NZ
in [20], where he derived quantitative bounds for Szemerédi’s theorem about the existence
of arbitrarily large arithmetic progressions in sets of positive upper Banach density [41].
Later, in [29], Host and Kra introduced essentially the above ergodic theoretical version of
the Gowers norms for G = Z (see [30, Ch. 8, Proposition 16] for this version).

Gowers” work raised a natural question about the behavior of functions with large U*
norm. In the context of finite groups, this question is known as the inverse problem for the
Gowers norms and it was answered partially by Gowers for the case G = Z/NZ. Inspired
by the work of Host and Kra [29], Green and Tao proved an inverse theorem for the Gowers
U* norms for Z/NZ in the case k = 3 in [21] and together with Ziegler for general k in
[22]. Their work hints at a link between the ergodic theoretical structure of the universal
characteristic factors and the inverse problem for the Gowers norms. Surprisingly, if
one considers these problems in the context of vector spaces over finite fields, this link
becomes more concrete. Namely, in [42], Tao and Ziegler deduced an inverse theorem
for the Gowers norms over finite fields from an ergodic theoretical structure theorem for
F‘;,’—systems, which they established together with Bergelson in [6].

Another approach for the inverse problem is the study of nilspaces. In [2], Antolin
Camarena and Szegedy introduced a purely combinatorial counterpart of the universal
characteristic factors called a nilspace. The idea was to give a more abstract and general
notion which describes the ‘cubic structure’ of an ergodic system (see Host and Kra [29,
§2]). In [9], Candela and Szegedy used nilspaces to prove a structure theorem for character-
istic factors for GHK seminorms associated with any nilpotent group, giving in particular
an alternative proof of the Host—Kra structure theorem. The notion ‘nilspace’ is more gen-
eral and abstract than the measure-theoretical counterpart. Thus, describing these nilspaces
in a concrete way is often a difficult problem on its own. In a series of papers [24-26],
Gutman, Manners and Varju studied further the structure of nilspaces (more results in
this direction can be found in [8, 10] by Candela, Gonzdlez-Sdnchez and Szegedy and in
[19] by Glasner, Gutman and Ye). By imposing another measure-theoretical aspect to these
nilspaces, Gutman and Lian [23] gave another alternative proof of Host and Kra’s theorem.
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In our work we do not pursue this approach; instead our goal is to generalize the ergodic
theoretical structure for other groups and to deduce a Khintchine-type recurrence.
The GHK seminorms correspond to a ‘factor’ of X (see Proposition 1.4 below).

Definition 1.3. (Factors, push-forwards and pullbacks) Let (X, By, ux, (Tg)geG) be
a G-system. We say that a G-system (Y, By, iy, (Sg)gec) is a factor of (X, By, ux,
(Tg)gec) if there is a measure-preserving factor map nff : X — Y such that the
push-forward of px by 715( is wy and n}’,( oTg =S8g0 n;,( ux-a.e. (almost everywhere) for
all g € G.

For a measure space U and a measurable map f :Y — U, we define the pullback
(rr)),()*f : X - U by (rrf,()*f =fo 71)),(. We define the push-forward of f by n)),( to be
the unique element (73, f € L?(Y) such that E(f]Y) := (7{)* (). f, where E(f|Y)
is the conditional expectation of f with respect to the factor Y.

We say that a function f is By-measurable or measurable with respect to Y if f =
E(f|Y) or equivalently if f = (nf)*F for some F € L(Y).

In this case we refer to X as an extension of the G-system Y. Finally, we say that a factor
Y is generated by a collection F of measurable functions f : X — C if Y is the minimal
factor of X such that all f € F are measurable with respect to Y.

We have the following proposition/definition (see Host and Kra [29, Lemma 4.3]).

PROPOSITION 1.4. (Existence and uniqueness of the universal characteristic factors) Let G
be a countable abelian group, let X be a G-system and let k > 1. Then there exists a factor
Z (X)) =(Zk(X), Bz_.(x)s LZ_r(X)> n?(k(x)) of X with the property that for every f €
L¥O0, [ fllyt oy = 0 if and only if (x5 x))o f = 0 (equivalently, E(f|Z (X)) = 0)
This factor is unique up to isomorphism and is called the kth universal characteristic factor
of X.

The structure of the universal characteristic factors for the GHK norms for Z-systems
was studied by Host and Kra in [29] as a tool in the study of some non-conventional
ergodic averages. Those averages were originally introduced by Furstenberg [16] in his
proof of Szemerédi’s theorem. In [45], Ziegler defined these factors differently and in [6,
pp. 841-853] Leibman proved the equivalence.

THEOREM L1.5. (Structure theorem for Z _j (X) for ergodic Z-systems [29, Theorem 10.1],
[45, Theorem 1.7]) For an ergodic system X, Z_x(X) is an inverse limit of k-step
nilsystems, where a k-step nilsystem is a quadruple (G/ T, B, u, Z), where G is a k-step
nilpotent Lie group, ' a cocompact subgroup, B the Borel o-algebra, i the induced Haar
measure and the action of Z is given by a left translation by an element in G.

This theorem led to various multiple recurrence and convergence results in ergodic
theory; see for instance [7, 12-14, 18].

1.2. Abelian cohomology and some notation. We use the same notation as in [6].
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Definition 1.6. (Abelian cohomology) Let G be a countable abelian group. Let X =

(X, B, u, G) be a G-system and let U = (U, -) be a compact abelian group.

e We denote by M(X, U) the set of all measurable functions ¢ : X — U with two
functions ¢, ¢’ being identified if they agree p-almost everywhere. M(X, U) is
a topological group with respect to pointwise multiplication and the topology of
convergence in measure.

e Similarly, let M(G, X, U) denote the set of all measurable functions p : G x X — U
with p, p’ being identified if p(g, x) = p’(g, x) for u-almost every x € X and every
g€G.

e We let Z(G, X, U) denote the subgroup of M(G, X, U) consisting of those p :
G x X — U which satisfy p(g + g’, x) = p(g, x)p(g’, Tex) for all g, ¢’ € G and
w-almost every x € X. We refer to the elements of Z 1 (G, X, U) as cocycles.

e Givenacocycle p : G x X — U, we define the abelian extension X x, U of X by p to
be the product space (X x U, Bx x By, ux X ny), where By is the Borel o-algebra
on U and py the Haar measure. We define the action of G on this product space
by (x,u) = (Tyx, p(g, x)u) for every g € G. In this setting we define the vertical
translations V, (x, t) = (x, ut) on X x, U for every u € U. We note that this action
of U commutes with the G-action on this system.

o If Fe M(X,U), we define the derivative AF € M(G, X,U) of F to be the
function AF(g, x) := AgF(x). We write BY(G, X, U) for the image of M(X, U)
under the derivative operation. We refer to the elements of Bl(G, X,U) as
(G, X, U)-coboundaries.

e We say that p,p € M(G,X,U) are (G, X, U)-cohomologous if p/p’ €
BI(G, X,U). As usual, we denote the cohomology group by Hl(G, X,U)=
ZY(G, X,U)/B'(G, X, U).

Remark 1.7. Observe that if p and p are (G, X, U)-cohomologous, then X x, U
and X x; U are measure-equivalent systems. The isomorphism is given by m(x, u) =
(x, F(x)u), where F : X — U is a function such that p = p - AF.

1.3. Type of functions. We introduce the notion of cubic systems from [29, §3]
(generalized for arbitrary countable abelian groups).

Definition 1.8. (Cubic measure spaces) Let X = (X, B, u, G) be a G-system for some
countable abelian group G. For each k > 0, we define X (k] — (X (k1 k], u[k], G[k]),
where X %1 is the Cartesian product of 2¥ copies of X, endowed with the product o -algebra
Bl = B2k, Gl = sz acting on X k] in the obvious manner. We define the cubic
measures 1 and o -algebras Z; € B! inductively. Zy is defined to be the o-algebra of
invariant sets in X and u[% := u. Once u!¥! and 7 are defined, we identify X*+11 with
XK1 » XK1 and define w11 by the formula

/ F1@ ) dul N x y) = / E(filT)@E(SIT) () dplf ()

for fi, fo functions on X k1 and E (‘|Zx) the conditional expectation, 7y being the
o -algebra of invariant sets in X% +11,
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This construction leads to the following notion of type for functions and cocycles; see
[29, Definition 7.1] and [6, Definition 4.1].

Definition 1.9. (Functions of type < k) Let G be a countable abelian group and let X =

(X, B, 1, G) be a G-system. Let k > 0 and let X (k] be the cubic system associated with X

and G acting on X'¥I diagonally.

e For each measurable f : X — U, we define a measurable map d'¥1 f : XX — U to
be the function

d[k]f((xw)we{_l’l}k) = l_[ f(xw)Sg“(w)’
wel—1,1}¢
where sgn(w) = wy -wy - -+ - Wy
e Similarly, for each measurable p : G x X — U, we define a measurable map d*1p :
G x XKl — U to be the function

dMp(g. Gwperrp) =[] g xw)=™.

we{—1,1}

e A function p: G x X — U is said to be a function of type < k if d¥lp is a
(G, X kl u )-coboundary. We let M (G, X, U) denote the subspace of functions
p:GxX—>U of type <k. We let Cox(G, X,U) denote the subspace of
Mk (G, X, U) consisting of elements of this space which are also cocycles.

Definition 1.10. (Phase polynomials) Let G be a countable abelian discrete group, let X
be a G-system, let ¢ € L°°(X) and let kK > 0 be an integer. A function ¢ : X — C is
said to be a phase polynomial of degree < k if we have Ay, - - - Ay ¢ = 1ux-almost
everywhere for all hy, ..., hr € G. (In particular, by setting h; =---=h; =0, we
see that ¢ must take values in S', py-a.e.) We write P_x(X) = P—x(X, S!) for the
set of all phase polynomials of degree < k. Similarly, a function f: G x X — C is
said to be a phase polynomial of degree < k if f(g,:) € P_x(X, S') for every g €
G. We let P_i(G, X, S') denote the set of all phase polynomials f : G x X — C of
degree < k.

Definition 1.11. We write Abr_;(X)+ for the factor of X generated by P_x(X) and say
that X is an Abramov system of order < k if it is generated by P_;(X) or equivalently if
P_;(X) spans L%(X).

Remark 1.12. The notion of phase polynomials can be generalized for an arbitrary abelian
group (U, -). A function ¢ : X — U is said to be a phase polynomial of degree < k
if Ap, -+ Ap¢=1ux-ae. for all hy, ..., h € G. We let Py (X, U) and similarly
P_1 (G, X, U) denote the spaces of phase polynomials of degree < k taking values in U.

We recall some basic facts about functions of type < k from [6, Lemma 4.3].

LEMMA 1.13. Let G be a countable abelian group, let X = (X, B, i, G) be an ergodic
G-system, let U = (U, -) be a compact abelian group and let k > 0.

+ It was Abramov who studied systems of this type for Z-actions; see [1].
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(i) Everyfunction f : G x X — U of type < k is also of type < k + 1.

(i) The set My (G, X,U) is a subgroup of M(G,X,U) and it contains the
group BY(G, X,U) of coboundaries. In particular, every function that is
(G, X, U)-cohomologous to a function of type < k is a function of type < k.

(iii) A function f : G x X — U is a phase polynomial of degree < k if and only if
d® f =1, uM-almost everywhere. In particular, every phase polynomial of degree
< k is of type < k.

Gv) If f:Gx X — U isa (G, X, U)-coboundary, then d*' f : G x X1 = U is a
(G, Xk U)-coboundary.

We also recall some properties of functions of type < k and phase polynomials from
[6, Lemma 1.15].

LEMMA 1.14. Let G be a countable abelian group, X a G-system and k > 0.

(1) (Monotonicity) We have P_x(X,U) C P_x+1(X, U). In particular, Abr_;(X) <
Abr <+1(X).

(i) (Homomorphism) Py (X, U) is a group under pointwise multiplication and, for
each h € H, Ay, is a homomorphism from P_;+1(X, U) to Py (X, U).

(iii))  (Polynomiality criterion) Conversely, if ¢ : X — U is measurable and, for every
g8€G, Agp e Pp(X,U), thenp € Po1(X, U).

(iv)  (Functoriality) If Y is a factor of X, then the pullback (71)},( )* is a homomorphism
from P (Y,U) to P_x(X, U). Conversely, if f:Y — U is such that (n}()*f €
P (X,U), then f € Py (Y, U).

We can now formulate the main result of Bergelson, Tao and Ziegler [6, Theorem 1.20].

THEOREM 1.15. (Structure theorem for Z 4 (X) for ergodic IF‘[‘;—systems) There exists a
constant C (k) such that for any ergodic F‘;,’—system X, L>(Z _x(X)) is generated by phase

polynomials of degree < C (k). Moreover, if p is sufficiently large with respect to k, then
Ck) = k.

1.4. Main results. We say that a system X is of order < k if X = Z_;(X). We begin
with the following result of Host and Kra [29, Proposition 6.3] generalized for an arbitrary
discrete countable abelian group action.

PROPOSITION 1.16. (Order < k + 1 systems are abelian extensions of order < k systems)
Let G be a discrete countable abelian group, let k > 1 and let X be an ergodic G-system
of order < k + 1. Then X is an abelian extension X = Z 1 (X) x, U for some compact
abelian metrizable group U and a cocycle p : G x Z_((X) — U of type < k.

In other words, for a countable discrete abelian group G, an ergodic G-system of order
< k 4 1 is isomorphic to a tower of abelian extensions

Uo X p Uy % -+ X, Ui (L1)
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such that foreach 1 <i <k, p; : G x Z.;_1(X) — U; is a cocycle of type < i. We call
Ui, ..., Ui the structure groups of X. We are particularly interested in the structure of
these groups. We need the following definitions.

Definition 1.17. (Totally disconnected systems and Weyl systems) Let k > 1. Let G be

a countable abelian group and X be an ergodic G-system of order < k. We write X =

Up xp, Uy X -+ Xp_, Ur_1 asin equation (1.1).

e We say that X is a totally disconnected system if Uy, Uy, ..., Uy—1 are totally
disconnected groups.

e We say that X is a Weyl system if for every 1 <i < k — 1 the cocycle p; is a phase
polynomial.

Note that we will show that totally disconnected systems are isomorphic to Weyl systems

(Theorem 5.3).

We are particularly interested in systems whose abelian extensions by cocycles of finite
type are Abramov of some finite order (see Definition 1.11). More formally, we have the
following definition.

Definition 1.18. Let X be an ergodic G-system. We say that X is strongly Abramov if for
every m € N there exists /,, € N such that for any compact abelian group U and a cocycle
p: G x X — U of type < m the extension X x, U is Abramov of order < [,,,.

Note that if X is strongly Abramov, then it is Abramov of order < /. To see this, consider
the trivial extension of X with the trivial group and the trivial cocycle (which is of type
< 0).

For a natural number m > 0 and a G-system X, we define the cohomology class
H! (G, X,S")=7Z. (G, X,S")/B'(G, X, S') to be the set of all cocycles of type < m
modulo coboundary. Our first result is the following equivalent characterization of the
strongly Abramov property.

THEOREM 1.19. (A criterion for the strong Abramov property) Let P be a countable
(unbounded) multiset of primes and let G = 69[761” Fp. Let X = Z x(X) be an ergodic
G-system of order < k. Then the factors Z1(X), Z-2(X), ..., Zx(X) are strongly
Abramov if and only if there exists a totally disconnected factor Y of X such that for every
1 <l < k the homomorphism induced by the factor map 7r; : Z1(X) — Z;(Y)

nt i HL, (G, Z(Y), SYY — HL (G, Z_(X), S")

is onto for every m € N. Moreover, we can take l,, = Or(1)+ and, ifk, m < min P, we can
take I, = m + 1.

In particular, we deduce the following result.

COROLLARY 1.20. Let G be as in Theorem 1.19 and let X be an ergodic totally discon-
nected G-system of order < k. Fix an integer m € N; then any cocycle p : G x X — S!

T Here we fix m. Namely, there may be a different bound for different m’s.
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of type < m is (G, X, SY)-cohomologous to a phase polynomial of degree < Okm(1). If
k, m < min P, then it is cohomologous to a phase polynomial of degree < m.

Since all ergodic [ -systems of order < k are totally disconnected (see Theorem 1.23),
this result generalizes Theorem 1.15. A priori, it is not clear that systems which are not
strongly Abramov exist. In fact, Bergelson, Tao and Ziegler [6, Theorem 4.5] proved that
in the case where P is bounded, every system is strongly Abramov. We show that when P
is unbounded, there exists an ergodic Abramov system which is not strongly Abramov.

THEOREM 1.21. (An Abramov system that is not strongly Abramov) Let P be the set of
prime numbers. There exists a solenoid: U with an ergodic & pep
(U, D,cp Fp) is of order < 2 and a cocycle p : P ,cp Fp x U — S of type < 2 that is
not (P peP F,,U,S YY-cohomologous to a phase polynomial of any degree. The extension

I -action such that

U x, Sl is an ergodic @pEP I ,-system of order < 3 that is not Abramov of any order.

This example is based on the work of Furstenberg and Weiss [17]. They showed
that in the case of Z-actions, not all systems are strongly Abramov. (In [28], Host
and Kra worked out their example in detail). In Furstenberg and Weiss’ example, the
group U is the two-dimensional torus. While a torus can be given a structure of an
ergodic pep Fp-system (Example 1.28), it is impossible to generalize their example
for @ ,cp Fp-actions with U being a torus. In Theorem 1.26 below, we show that the
torus and a much larger family of non-pathological ergodic systems are strongly Abramov.
Before we formulate the theorem, we recall the following results of Host and Kra [29] for
Z-actions and the result of Bergelson, Tao and Ziegler [6] for ]F‘I‘,’—actions.

Let X be an ergodic G-system of order < k and let Uy, Uy, . . ., Ux—1 be its structure
groups as in (1.1). We say that X is a toral system if U is a Lie group and, for all 2 <i <
k — 1, U; is isomorphic to a finite-dimensional torus. Host and Kra proved the following
result [29, Theorem 10.3].

THEOREM 1.22. Let X be an ergodic Z-system of order < k. Then X is an inverse limit of
toral systems of order < k.

We say that a group (U, -) is n-torsion if " = 1y for all u € U. Bergelson, Tao and
Ziegler proved the following result [6, Theorem 4.8].

THEOREM 1.23. Let X be an ergodic ¥ -system of order < k. Then every structure group
Uoy, Uy, ..., Ux—1 is a p™-torsion group: for some m = Oy (1). In particular, X is a totally
disconnected system.

Let X be a G-system and p : G x X — U be a cocycle into some compact abelian
group U. If V is a quotient of U with quotient map p : U — V, then we refer to the cocycle
pop:G x X — V asthe projection of p to the group V. The next definition captures all
non-pathological systems including toral systems and totally disconnected systems.

T A solenoid is a compact abelian finite-dimensional group that is not a Lie group. These are known for their
pathological properties.

+ A group (U, ) is n-torsion for some n € Nif u" = 1y foreveryu € U.
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Definition 1.24. (Splitting condition) Let G be a countable discrete abelian group and let
X be an ergodic G-system of order < k and write X = Uy x, Uy X - - - X, Ug_1 as
in (1.1). If, for every 0 <i < k — 1, the group U; is isomorphic to 7; x D;, where T; is
a torus (possibly zero dimensional or infinite dimensional) and D; is totally disconnected
and the projection of each p; to D; is invariant under 77 x - - - x T;_1, then we say that
X satisfies the splitting condition (or that X splits in short). In this case we denote by
TX) = Hf-‘;(} T; the torus part of X and by D(X) := ]_[i:(} D; the totally disconnected
part of X.

Remark 1.25. The assumption that the projection of p; to D; is invariant under the torus is
necessary to avoid pathological systems such as in Theorem 1.21. For instance, there exists
an ergodic system (T, ®peP IF,,) where T is a torus and a cocycle p : @peP Fp,xT—
A (which is non-constant) into a disconnected group A such that the extension X := T x,
A is isomorphic to a solenoid.

Our main result implies that these systems are strongly Abramov.

THEOREM 1.26. (Splitting implies strongly Abramov) Let P be a countable (unbounded)
multiset of primes and G = @pep F,. Let k,m €N and let X be an ergodic
G-system of order <k which splits. Then any cocycle p : G x X — S' of type <m
is (G, X, §Y)-cohomologous to a phase polynomial of degree < Okm(1).

We also prove an exact version in the case where min P is large.

THEOREM 1.27. Under the assumptions of Theorem 1.26, if in addition we have k, m <
min P, then p is (G, X, SV)-cohomologous to a phase polynomial of degree < m.

Theorem 1.26 is the main result in this paper and it implies Theorem 1.19 (see §8).
In order to demonstrate some of our difficulties, we give a simple example of an ergodic
D cp Fp-action on the torus.

IF,-system) Consider the circle X = S !
peP F, on X by
F, — S!is given by the formula

Example 1.28. (The torus as an ergodic B peP
with the Borel o -algebra and the Haar measure. We define an action of €9

Tgx = ¢(g)x, where the homomorphism ¢ : €, p

o((gp)per) = [ wy’-

peP

where w, = e?™i/P is the first root of unity of degree p. This formula is well defined
because g, = 0 for all but finitely many p € P (including multiplicities).

Let f € L°°(X) be an invariant function. We write f(x) =), _, a,x" for the Fourier
series of f. By comparing the Fourier coefficients of f and f o T, we see that a, =0
whenever ¢(g)" # 1. In particular, if P is unbounded, then for every n # O there exists
g e @peP I, such that ¢(g)" # 1. This implies that f must be a constant and X :=
(St &P peP IF,,) is ergodic. Moreover, it is easy to see that the characters x, (z) = z" form
an orthonormal basis of eigenfunctions in L2(X ). From this, it follows that X is a system of
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order < 2 and every phase polynomial of degree < 2 is a constant multiple of a character.
Observe the following fact.

CLAIM. Let X be as in Example 1.28. Then every phase polynomial F : X — S' is of
degree < 2 (there are no phase polynomials of higher degree).

Proof. Fix m € N and let F: X — S' be a phase polynomial of degree < m. By
Corollary B.3, the map s +— A F from S Lto P,y (X) takes values in P (X). In ergodic
systems phase polynomials of degree < 1 are constants. Therefore, there exists a function
x : X — S! such that A;F = x(s) for every s € X. Using the cocycle identity (that is,
Ag F(x) = AgF(tx)A; F(x)), we conclude that y (st) = x (s)x (¢) and y is a character. It
follows that Ag(F(x)/x(x)) = 1 for every s € S'. Hence, F/ is a constant. Since y is a
phase polynomial of degree < 2, we conclude that so is F. O

From this example, we see that many results of Bergelson, Tao and Ziegler [6] for
[F-systems could not be generalized directly for &b F, where P is unbounded, due
to several new difficulties including the following.

peP

(1) Ergodic p pep I p-systems of finite order need not be totally disconnected.

(2) Phase polynomials need not take finitely many values.

(3) From the last claim, we see that some phase polynomials, like the identity map, need
not have phase polynomial roots+.

1.4.1. Nilpotent systems, limit formula and Khintchine-type recurrence. We prove a
structure result for systems of order < 3, from which we deduce a limit formula and a
Khintchine-type recurrence theorem.

Definition 1.29. LetG = P peP F,. For an ergodic G-system X, let G(X) be the Host—Kra
group of X as defined in [29, §5] (see also Definition 10.1). We say that X is a two-step
nilpotent G-system if the Host—Kra group of X is two-step nilpotent and it acts transitively
on X.

Remark 1.30. In this case X = (G/T, B, u, G), where T is the stabilizer of some point
x € X, B is the Borel o-algebra, u is the Haar measure (which always exists because
nilpotent groups are uni-modular) and the action of g € G is given by a left multiplication
by ¢(g) € G for some homomorphism ¢ : G — G.

We prove the following counterpart of Host and Kra’s structure theorem for systems of
order < 3.

THEOREM 1.31. Let X be an ergodic G-system of order < 3. Then X is an inverse limit of
finite-dimensional two-step nilpotent systems.

Let X be a two-step nilpotent system. We prove a (pointwise) limit formula for
three-term ergodic averages

+ By a phase polynomial root for a phase polynomial p : X — §' we mean a phase polynomial g such that
q" = p forsome n > 1.
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NIEHOO Egeay Tg f1(x) Tag f2(x) T34 f3(x)

for any f1, f2, f3 € L°°(X) along a Fglner sequence of G (see Lemma 11.3 for the exact
formulation). Recall that a subset A € G is syndetic if there exists a finite subset C € G
suchthat A+ C ={a+c:a € A, c € C} = G. Using the formula above, we deduce the
following Khintchine-type recurrence for €9 pep Fp-systems.

THEOREM 1.32. Let P be a multiset of primes and suppose that min,ep p > 3. Then, for
every ergodic @peP F,-system (X, u), every measurable set A C X of positive measure
and every ¢ > 0, the set

{g € QB Fp: t(ANT,A N TogA N TagA) > (A — a}
peP

is syndetic.

Remark 1.33. Itis also possible to prove a counterpart for three-term progressions, namely
that

{g e @PFp: u(ANTANTogA) > p(A) —s}
peP

is syndetic. One can also extend this result for other configurations. For instance, if
cp, €1, C2, €3 < minpep p are such that ¢; + ¢; = cx + ¢; for some permutation {i, j, k, [}
of {0, 1, 2, 3}, then the same argument as we provide in § 11 allows to replace (A N Tz A N
TheANT3gA) with u(TeggA N Tey g AN Teyg AN Ty A) in the theorem above.

1.5. The structure of the paper. Most of the paper (§§2-7) will be devoted to the
proof of Theorem 1.26, which is also the main component in the proof of Theorem
1.19 (§8). The proof follows the ideas of Bergelson, Tao and Ziegler [6] and those of
Host and Kra [29] with various modifications. In §9, we give an example of an ergodic
&P pep Fp Kronecker system (system of order < 2) that is not strongly Abramov as in
Theorem 1.21. In the next section, we show that Theorem 1.26 implies a structure theorem
for all ergodic peP IF,-systems of order < 3 as an inverse limit of two-step nilpotent
systems. Finally, we use this structure theorem to prove a limit formula, from which we
deduce the Khintchine-type recurrence as in Theorem 1.32.

2. Standard reductions

Throughout the rest of the paper, it will be convenient to use the letter G to denote the
group P pep Fp for some fixed and possibly unbounded countable multiset of primes P.
We need the following definition.

Definition 2.1. (Automorphism) Let X be a G-system. A measure-preserving transforma-
tion u : X — X is called an automorphism if the induced action on L2(X )by Vi (f) =
f o u commutes with the action of G. In this case, we define the multiplicative derivative
with respect tou by A, f =V, f - f.
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Automorphisms arise naturally from Host—Kra theory. For instance, given an abelian
extension Y x, U, the group U acts on this extension by automorphisms defined by
Vu(y, 1) = (v, tu).

Our next goal is to show that Theorem 1.26 follows from the following two theorems.
The first asserts that in order to prove Theorem 1.26, it suffices to do so on a totally
disconnected system. We begin with the following definition.

Definition 2.2. Let m > 1 be a natural number. Let X be an ergodic G-system and
f:Gx X — S! be a function of type < m. We say that f is a CL function if for
every automorphism 7 : X — X there exist a phase polynomial p; € P, (G, X, S!) and
a measurable map F; : X — S! such that for all g € G,

Arf(g, x) = pi(g, x) - AgFi(x). 2.1

If the equation is satisfied only for a certain group of automorphisms, we say that f is a CL
cocycle with respect to that group.

THEOREM 2.3. (Reduction to a totally disconnected factor) Letk > 1 and X be an ergodic
G-system of order < k which splits. Then there exists a totally disconnected factor Y with
a factor map mw : X — Y such that the following holds.

Foreverym € Nand a cocycle p : G x X — S of type < m, if p is a CL cocycle, then
o is (G, X, SY)-cohomologous to w* p' for a cocycle p’ : G x Y — S\

The second theorem is a version of Theorem 1.26 for totally disconnected systems. As
in [6, Theorem 5.4], the theorem holds for general functions of type < m that may not be
cocycles.

THEOREM 2.4. (The totally disconnected case) Let k,m > 0 and let X be an ergodic
totally disconnected G-system of order < k. Let f : G x X — S! be a function of type
< m. Then fis (G, X, SY)-cohomologous to a phase polynomial of degree < Ok (1).

Note that, in retrospect, knowing that Theorem 1.19 holds, reducing the proof of
Theorem 1.26 to a totally disconnected case is a reasonable approach.

2.1. Proof of Theorem 1.26 assuming Theorems 2.3 and 2.4. We recall some results
from Bergelson, Tao and Ziegler [6, Proposition 8.11 and Lemma 5.3].

LEMMA 2.5. (Descent of type for cocycles) Let k > 0 and let X be an ergodic G-system of
order < k. Let Y be a factor of X with factor map & : X — Y. Suppose that p : G x ¥ —
SVis a cocycle. If 7*p is of type < k, then p is of type < k.

LEMMA 2.6. (Differentiation lemma) Let k > 1 and let X be an ergodic G-system. Let f :

G x X — S! be a function of type < m for some m > 1. Then, for every automorphism
t: X — X which preserves Z i (X), the function A; f(x) := f(tx) - f(x) is of type <
m — min(m, k).

+ Equation (2.1) is named after the mathematicians Conze and Lesigne, who studied these equations in the case
where m = 2; see [12-14].
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In [6], Bergelson, Tao and Ziegler assumed that the automorphism # in the lemma above
is a transformation of the form V;(y, u) = (y, tu), where X =Y X, U is an abelian group
extension of a G-system Y. However, the proof does not use this fact and the result holds
for any automorphism as stated above.

We prove Theorem 1.26 assuming Theorems 2.3 and 2.4. This proof is similar to the
proof of [6, Theorem 5.4].

Proof of Theorem 1.26 assuming Theorems 2.3 and 2.4. Let k, m, X, p be as in Theorem
1.26. We claim that for every 0 < j < m and automorphisms #1, . .., ; : X — X, we have

Ay - Ap € Peg,, )(G. X, S1 - BY(G, X, S"). (2.2)

We prove this by downward induction on j. For j = m, the claim follows by iterat-
ing Lemma 2.6 (with no polynomial term). Fix j < m and assume inductively that
the claim is true for j + 1. By Theorem 2.3, we can find a factor Y with factor

map w : X — Y so that A, - - - Aiip is (G, X, Sl)—cohomologous to ¥ pyy .., i’ where
Pry,.t; 2 G XY — S! is a cocycle. By assumption, p is of type < m. Since 1, . . ., tj
commute with the G-action, A, - - - Atj,o is also of type < m and, by Lemma 1.13(ii),

,,,,,,,,,,
seenslj

.....

,,,,,

of degree < Oy, j(1). This completes the proof of the claim. Theorem 1.26 now follows
from the case j = 0. O]

The rest of the paper is devoted to the proof of Theorems 2.3 and 2.4 assuming the
induction hypothesis of Theorem 1.26.

3. Reduction to a finite-dimensional U
In the next two sections, we develop a theory which eventually allows us to reduce the proof
of Theorem 1.26 to the case where X is totally disconnected. We work in general settings
(we do not assume that X splits) and so we potentially deal with some pathological groups.
Since we work in full generality, one can adapt our proof to prove a more general version of
Theorem 1.26. More concretely, it is possible to replace the torus in the splitting condition
with any compact connected abelian group U that has no non-trivial local isomorphism to
G (that is, there are no open neighborhood U’ of the identity in U and a non-trivial map
@ : U — G such that o(u - u') = ¢(u) - ¢(u') whenever u, u', u - u’ € U'). For the sake
of simplicity, we only prove Theorem 1.26 in the way formulated above.

We define a notion of dimension of compact abelian groups. First, we say that a compact
abelian group is of dimension zero if it is totally disconnected. As for higher dimensions,
we have the following definition/proposition from [27, Theorem 8.22].

Definition 3.1. (Definition and properties of finite-dimensional compact abelian groups)
The following conditions are equivalent for a compact abelian group H and a natural
number n.
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(1) There are a compact zero-dimensional subgroup A of H and an exact sequence
1> A— H—->T"—1,

where T" is the n-dimensional torus.
(2) There are a compact zero-dimensional subgroup A of H and a continuous quotient
homomorphism ¢ : A x R” — H which has a discrete kernel.
We say that a compact abelian group H is finite dimensional if it satisfies at least one of
these conditions.

Remark 3.2. Note that condition (1) in the previous definition is equivalent to the existence
of some zero-dimensional subgroup D of H and an exact sequence

1-D—>H->T"xCy -1

for some finite group Cy. For, if H/D = T" x C, then Cy is a subgroup of H/D. Hence,
the isomorphism theorem implies that there exists D € D’ C H such that D’/D = Cy. It
follows that D’ is also a zero-dimensional group and H/D' = T".

We need the following definition.

Definition 3.3. (Free action) Let U be a locally compact group acting on a probability
space X in a measure-preserving way. The action of U is said to be free if X is measure
equivalent to a system of the form ¥ x U and the action of u € U is given by V,(y, v) =

(y, uv).

In this section, we study CL cocycles p : G x X — S! with respect to some group
U of measure-preserving transformations on X. Note that, in retrospect, if X satisfies the
splitting condition and Theorem 1.26 holds, then any cocycle of type < m is a CL cocycle.
The main result in this section is the following proposition.

PROPOSITION 3.4. Let X be an ergodic G-system. Let U be a compact abelian group
acting freely on X and commuting with the action of G. Let m > 0 and p : G x X — S!
be a CL cocycle of type < m with respect to U. Then p is (G, X, S')-cohomologous to a
cocycle which is invariant under some closed connected subgroup J of U for which U/ J is
a finite-dimensional compact abelian group.

We will take advantage of the following results of Bergelson, Tao and Ziegler [6, Lemma
C.1 and Lemma C.4].

LEMMA 3.5. (Separation lemma) Let X be an ergodic G-system, let k > 1 and let ¢, €
P_;(X, SY) be such that ¢/ is non-constant. Then ||¢ — Vx> «/5/2]‘_2.

Since X is compact, L>(X) is separable. From this, it follows that up to a constant
multiple, there are only countably many phase polynomials of a given degree.

The next lemma asserts that the components in the Conze-Lesigne equations can be
chosen in a measurable way.
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LEMMA 3.6. (Measure selection lemma) Let X be an ergodic G-system and k > 1.
Let U be a compact abelian group. If u v+ h, is a Borel measurable map from U
1o Pi(G, X, Y- BY(G, X, S € M(G, X, SY), where M(G, X, S') is the group of
measurable maps of the form G x X — S! endowed with the topology of convergence
in measure, then there is a Borel measurable choice of f,, ¥, (as functions from U to
M(X, SHY and Uto P (G, X, SY, respectively) obeying hy, = V¥, - Afy.

The next lemma deals with CL cocycles in which the polynomial term is trivial. In this
case, up to coboundary, the cocycles are linear on an open subgroup [29, Lemma C.9].

LEMMA 3.7. (Straightening almost translation-invariant cocycles) Let X be an ergodic
G-system, let K be a compact abelian group acting freely on X by automorphisms and let
p:GxX— S! be such that Arpisa (G, X, Sl)-colmundaryfor every k € K. Then p
is (G, X, SY)-cohomologous to a cocycle which is invariant under the action of some open
subgroup of K.

Remark 3.8. Note that if K is connected, then it has no non-trivial open subgroups (see
Lemma A.13). In this case, we have that p is (G, X, S 1)-cohomologous to a function which
is invariant under K. Moreover, it is important to note that such result does not work for
cocycles which take values in an arbitrary compact abelian group. Finally, we note that
Lemma 3.7 holds even if one replaces the cocycle p with an arbitrary function f : G x
X — §!

Taking advantage of the fact that there are only countably many phase polynomials
of a given degree (modulo constants), we can assume that the polynomial terms in all
Conze-Lesigne equations are almost linear. Formally, we have the following lemma.

LEMMA 3.9. (Linearization of the polynomial term) Let X be an ergodic G-system and let
U be a compact abelian group acting freely on X by automorphisms. Let p : G x X — S!
be a cocycle and suppose that there exists m € N such that for every u € U, there exist
phase polynomials p, € P_,,(G, X, SY) and a measurable map F, : X — S' such that
Ayp = py - AF,. Then there exists a measurable choice u — p,, and u — F, such that
Aup = pl, - AF, for phase polynomials p!, € P, (G, X, S') which satisfies p|,, = pl, -
Vup., whenever u, v, uv € U’, where U’ is some open neighborhood of the identity in U.

The proof of this lemma is given in [6] as part of the proof of Proposition 6.1 (see in
particular equation (6.5) in that proof).

Remark 3.10. The idea of linearizing the term p, as in the lemma above was originally
introduced by Furstenberg and Weiss in [18]. Later, this idea was used by Ziegler in
[45] and by Bergelson, Tao and Ziegler in [6], who studied the structure of the universal
characteristic factors for the groups Z and F%, respectively.

Finally, we prove the following lemma about phase polynomial cocycles and connected
groups. This lemma plays an important role in the proof of Proposition 3.4.
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LEMMA 3.11. Let X be an ergodic G-system, let H be a compact abelian group acting
freely on X by automorphisms and let p: H — P_,(G, X, Sl) N Zl(G, X, Sl) be a
measurable map. Suppose that p satisfies p(hk) = p(h)Vyp(k) for every h, k € H. Then
p(h, ) =1 for every h € Hy, where Hy is the connected component of the identity in H.

Proof. By evaluating the polynomials at g, we see that themap p : H — P_,,(G, X, ") N
Z1(G, X, §') induces a map pg : H — P, (X, S1) with the property that pg(hk) =
pg () Vi pg(k) for every h,k € H. Let g € G be arbitrary and let Hp be the connected
component of the identity in H. Since this group is a subgroup of any open subgroup of
H, we conclude by applying Corollary B.3 that the image of the restriction of p, to Hy
is an element in P-(X, S1). Since this holds for every g € G, we conclude that p(Hp)
is a subset of P_{(G, X,S")NZ(G, X, S"). By ergodicity, P-{(G, X, S') consists
of maps of the form ¢ : G — S! (constant in x). If in addition ¢ € ZY(G, X, 8, then
c is a character of G. In other words, we can identify P_{(G, X, S")n Z(G, X, S1)
with the dual G. Observe that the topology on P.1(G, X, Sl) N Zl(G, X, Sl) as
a subset of M(G, X, S') coincides with the natural topology on G (of pointwise
convergence). In other words, the identification of P_{(G, X, $")n Z!(G, X, S!) with
G is an isomorphism of topological groups. Therefore, we can assume that p|g, takes
values in G. Since p(hk) = p(h)Vyp(k) = p(h)p(k) for every h,k € H, we see that
DPlH, : Hy — G is a measurable homomorphism. By Lemma A.5, p|y, is continuous.
Since Hy is connected and G is totally disconnected, this map is trivial. O

We can finally prove Proposition 3.4.

Proof of Proposition 3.4. Let X, U, p, m, p,, F, be as in Proposition 3.4. By Lemma 3.6,
we may assume that u — p, and u — F, are measurable. Moreover, by Lemma 3.9, we
may assume that there exists an open neighborhood U’ of the identity in U on which p,
is a cocycle in u (that is, p,y, = p, Vy, py Whenever u, v, uv € U’). It is well known that
every compact abelian group can be approximated by Lie groups (Theorem A.3). In other
words, there exists a closed subgroup J’ contained in U’ such that U/J’ is a Lie group.
Let p:J' — P_,,(G, X, Sl) be the map j + p;. From Lemma 3.11, it follows that p
is trivial on the connected component of the identity in J'. Let J := Jg; we conclude
that A p is a coboundary for every j € J. By Lemmas 3.7 and A.13, we have that p is
(G, X, S l)—cohomologous to a cocycle which is invariant under the action of J.

It is left to show that U/J is a finite-dimensional group. We have the following exact
sequence:

1> J/J > U] —>U/J — 1.

Here J'/J is totally disconnected and U/J’ is a Lie group. By the structure theorem for
compact abelian Lie groups (Theorem A.17), we know that U/J’ is a finite extension of
a torus. Hence, U/J’ is a finite-dimensional compact abelian group as in property (1) of
Definition 3.1. O

4. Reduction to the totally disconnected group case

In this section, we work with a finite-dimensional group U acting on a system X. By
the structure of finite-dimensional compact abelian groups (Definition 3.1), we can write

https://doi.org/10.1017/etds.2021.109 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.109

316 0. Shalom

U = (R" x A)/T for some n € N, a totally disconnected compact abelian group A and a
discrete subgroup I' of R" x A. Throughout this section, it will be convenient to identify
R" x {1} with R"” and {1} x A with A.

Definition 4.1. Let (H, +) and (K, -) be two abelian groups. We say that amap ¢ : H —
K is a homomorphism on some set A C H if (x + y) = ¢(x) - ¢(y) whenever x, y € A.

Below is a simple lemma about homomorphisms on open subsets of R”.

LEMMA 4.2. (Lifting of homomorphisms on open sets of R") Let H be a compact abelian
group and let ¢ : R" — H be a measurable map. Suppose that there exists an open ball
around zero W C R" such that (v + w) = ¢(v) + @(w) whenever v, w € W. Then there
exists a homomorphism ¢ : R" — H such that ¢ and ¢ agree on W.

Remark 4.3. Lemma 4.2 is a special case of [45, Lemma 4.7]. Also, we note that if ¢ is
measurable, then so is ¢.

Proof. Write W = B(0, r) for the open ball of radius r around zero for some r > 0. We
extend ¢ to a function ¢; which is a homomorphism on 1.5W = B(0, 1.5r) as follows.

If a € 3W, let ¢1(a) = 1 (or any other element in H). Otherwise, choose any x € W
and y € 2W with a = x + y and let ¢1(a) = ¢(x)@(y). Assume for now that ¢; is well
defined (that is, independent of the choice of x, y); we claim that ¢; is a homomorphism
on 1.5W.Indeed, let x, y € 1.5W and then write x = 1.5u and y = 1.5v foru, v € W. We
have

@1(L.5u 4+ 1.5v) = ¢1(u + (0.5u 4+ 0.5v) +v)

asu, v € W. We see that 0.5u + 0.5v € W and 0.5u + 1.5v € 2W. If ¢; is well defined,
we have

o1(m + (0.5u 4+ 0.5v) + v) = (W)@ (0.5u + 0.5v + v) = (W)@ (0.5u + 0.5v)p(v),

where the last equality follows from the linearity of ¢ on W. Using the linearity of ¢ a few
more times, we have

e)p0.5u 4+ 0.5v)p(v) = (u)e(0.5u)p(0.5v)p(v) = @1 (1.5u)¢(1.5v).

Combining everything, we conclude that ¢1(x + y) = ¢1(x)@1(y), as desired.

It is left to show that ¢; is well defined. Let x, x’ € W and y, y’ € 2W be so that x +
y = x’ + y’. We want to show that ¢(x)@(y) = ¢p(x")@(y').

By assumption, x — x’ = x 4+ (—x') is a sum of two elements in W and hence we have
that ¢(x — x’) = @(x)@(x")~! and so ¢(x) = @(x")@(x — x’). It is thus enough to prove
that ¢(y') = @(y)e(x — x’). We have

() (EH)

Now, as y'/2, (x — x’)/2 and y/2 are elements in W, we see that
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o y 2_ x —x' 2 y 2_ ,
w(y)—w(g) —(w( 5 )) (“’(5)) =@ —x)e(y).

We conclude that ¢; is well defined.

Replacing ¢ with ¢; and W with 1.5W, by the same arguments as before we can
construct ¢, which extends ¢; on 1.5W and is a homomorphism on (1.5)?>W. Continuing
in this way, we deduce that there exists a sequence ¢, ¢3, . . . with ¢; extending ¢;_; for
each i such that ¢, is a homomorphism on (1.5)" W for every n € N.

Thus, for every x € R”, there exists m so that x € B(0, (1.5)"r). Let ¢(x) = @, (x). It
is easy to see that ¢ is well defined, is a homomorphism and it agrees with ¢ on W. O

Given a finite-dimensional compact abelian group U, its connected component Uy is
also finite dimensional (see [27, Corollary 8.24]). Let p be a CL cocycle; we use the
previous lemma to obtain some results on the map p : Uy — P-, (G, X, S') given by
U py.

LEMMA 4.4. Let X be an ergodic G-system. Let U be a finite-dimensional compact abelian
group acting freely on X and commuting with the action of G. Let m > 1 and let p : G X
X — S! be a CL cocycle of type < m and write Ayp = py - AF, as in (2.1). We denote
by Uy the connected component of the identity in U and write Uy = (R" x A)/ T for some
n € N, a totally disconnected group A and a discrete subgroup I'. Let m : R" x A — Uj
be the projection map. Then:

(1)  there exists an open subgroup V of A such that

Pr(uv) = Pr(u)Pr(v)

whenever u,v € V;
(2) there exists an open ball W C R" such that pyq,) = 1 forallw e W;
3) prw)isa(G, X, SY-coboundary for every w € R".

Proof. In order to keep the same notation as above, we use the multiplicative notation to
denote the additive operation of R”.

Applying the linearization lemma (Lemma 3.9), there exists an open neighborhood U’
of the identity in Uy on which u — p, is a cocycle (that is, p,, = p, V., p, whenever
u, v € U"). Since 7 is continuous, 7 ! (U’) is an open subset of R” x A around zero and
therefore it contains an open subset of the form W x V, where W is an open subset of R”
and V is an open subset of A. By shrinking W and V, we can assume that W is an open
ball around zero and by Proposition A.9 that V is an open subgroup of A. Since 7 (V) is a
subgroup of Uy and it lies inside U’, we conclude that

Pr(uv) = Pr(u) Vn(u)pn(v) = Pn(u)Pr(v)»

where the last equality follows from Proposition B.5. This proves (1).

Let p:Uy— P, (G, X, Sy be the map u+> p,. Then pom :R"x A —
P_,(G, X, S') is a homomorphism on W x V. Applying Lemma 4.2 once for every
v € V, we see that there exists a homomorphism p : R? x V — P_,,(G, X, S') which
extends pomw on W x V. We restrict p to R". Since the index of P_1(X,S!) in
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P_,(X, S") is at most countable (Lemma 3.5) and R” has no proper measurable subgroups
of countable index (Corollary A.4), we conclude that p|gr» takes values in P-1(G, X, S b,
By ergodicity, every element in P_{(G, X, S') is a constant. Hence, since p, are cocycles
for every u € U, we conclude that p, : G — S is a character for every u € R”. Therefore,
plre gives rise to a homomorphism from R” into G. Since R” is divisible, such a
homomorphism must be trivial. In other words, the image of p|rn» is trivial. This completes
the proof of (2) because p and p o 7 agree on W and p(W) = {1}.
For (3), we let

H = {s € R" : py(s is a coboundary}.

Using the facts that p; = 1, py; is cohomologous to ps Vs p; = psp: and ps is cohomolo-
gous to p,—1 for every s, t € Up, we have that H is a subgroup of R". Moreover, from (2),
we have that H contains the open ball W and therefore H = R". This proves (3). O

In this situation we would like to use Lemma 3.7 in order to eliminate the R"” part of
Up. Unfortunately this is impossible because the image of R” is not necessarily a compact
subgroup of Up. In fact, the image of R" is dense and it is closed if and only if Uy is a
torus. We have the following proposition as a corollary.

PROPOSITION 4.5. In the settings of Lemma 4.4, if Uy is a torus, then p is
(G, X, SY-cohomologous to a cocycle which is invariant under the action of Uy,.

Assuming that X splits, we combine this with the results of the previous section to
conclude the following result.

THEOREM 4.6. (Eliminating the connected components of a system X of order < k which
splits) Let k > 1 be such that Theorem 1.26 has already been proven for smaller values
of k. Let X be an ergodic G-system of order < k which splits. We can then write X =
Uop xp, Uy X -+ - X Uk, where p; : G x Z.i(X) — Uj is a cocycle of type < i for
alll <i<k—1.Letm>0and p: G x X — S' be a CL cocycle of type < m. Then p
is (G, X, SY-cohomologous to a cocycle p: G x X — S' which is invariant under the
action of U o on X by translations for all 0 < j < k — 1.

Proof. Fix 1 < j <k — 1. We prove the theorem by induction on k. If kK = 1, then X is
just a point and the claim in the theorem is trivial. Fix k > 2 and assume that the claim
holds for smaller values of k. We replace the cocycles pj1, . .., pr—1 with cocycles that
are invariant under the action of U;o. We begin with pjy1: G x Z_j11(X) = Uj41.
Since pj41 is of type < j+ 1, we can apply Theorem 1.26 to the projection of pj4q
to the torus of U4 (that is, T(U;41)) by applying it to each coordinate separately. We
conclude that pj41 is (G, Z<j4+1(X), T (Uj+1))-cohomologous to a phase polynomial,
which, by Proposition B.5, is invariant with respect to the action of U . Now, since X
splits, the projection of p;; to the totally disconnected part of U is also invariant
under the action of U} . Hence, by Lemma 3.7 (applied with K = U; o) and Remark 1.7,
we can replace p;11 with a cocycle ,0;. 41 that is invariant under U; . We conclude that
Zj12(X) is isomorphic as G-systems t0 Z_ j1(X) Xp_’,+, Uj11 (see Remark 1.7). On the
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new system, since p} 41 1s invariant with respect to Uj o, we see that for every g € G
the transformation 7, commutes with the translations V, for u € U;y. To see this, let
(s,1) € Z.j11(X) x Ujs1. Then, for every u € Ujo and g € G, we have TV, (s, t) =
(Sg Vus, p}H(g, us)t), where S, is the action of G on Z_;(X) and we abuse notation
and denote the translation by u on Z . ;1 (X) by V,, as well. Now, since V,, commutes with
Sg and ,03.4_1 is invariant to u, we conclude that T, V, (s, 1) = (SgVus, ,o}“(g, Vus)t) =
(VuSgs, ,0} +1(g, s)t) = V,T,(s, t), as required. Therefore, the same argument as before
can be applied with p;, instead of p;;;. Continuing in this way (using induction), we
can assume that pjy1, ..., pox—1 are invariant with respect to the action of U . In this
case, it follows that U; ¢ acts on X by automorphisms.

Thus, by Proposition 3.4, p is (G, X, Sl)-cohomologous to a cocycle p' : G x X —
S which is invariant with respect to the translations by some connected subgroup

J of Ujp for which Ujo/J is a finite-dimensional torus. Since pjy1,..., pk—1 are
invariant with respect to the action of U, they are also invariant to the action of J.
In particular, we can define a factor Y := U x,, Uy X - - - X, Uj/J Xph, Ujti Xpl

X Ui_1 of X, where p}H, ..., p_, are induced from p;i1, ..., pr—1 under
the projection U; — U;/J. Let w : X — Y be the factor map m(uo,...,ur—1) =
(uo, ...,uj+J,...,ur—1). We have that p’ is equal to 7*p”, where p” : G x ¥ — st

is a cocycle and Ujo/J is a finite-dimensional torus acting freely on Y and commuting
with the G-action.

We want to apply Proposition 4.5, but first we have to show that o” is a CL cocycle of
type < m with respectto Ujo/J.

As p’is (G, X, Sl)-cohomologous to p, we have that

Aup/ = Pu" AF, 4.1)

for a phase polynomial p, € P-,,(G, X, S') and a measurable map F, : X — S!. Recall
that o’ is invariant with respect to the action of J. Since J is connected, we conclude by
Proposition B.5 and equation (4.1) that AF), is also invariant with respect to J. Since the
action of J commutes with the G-action, we conclude that A ; F' is invariant. By ergodicity
and since A F = AjFV;A; F for every j, j' € J, we see that A;F, = x,(j) for all
J € J for some character y,, : Uj — Sls.

Applying Theorem 1.26, we have that x, o p;_1 is (G, Z-;(X), Sl)-cohomologous to
a phase polynomial g of degree < Ok (1), thatis, x, 0 pj_1 =¢q - AF. Let ¢y, = xu -
F. Then ¢y, : Z_;(X) — Slisa phase polynomial of degree < O (1) and it satisfies
Ajdy, = xu(j) for all j € J. Let ¢y, = (n%((j(x))*@(u. We have that F), := F,/dy, is
invariant with respect to the action of J and that A, p’ = pl, - AF., where p, = p, - A¢y,
is a phase polynomial of degree < Oy, (1). Now p’, p), and F,, are all invariant under J and
so there exist p, : G X ¥ — St and 1:",, .Y — S! such that pu =7*p, and F,, = n*I:"M.
It follows that A, p” = p, - AF, forallu e U 7/J and by functoriality we have that p, are
also phase polynomials of degree < Oy, (1).

We can therefore apply Proposition 4.5. It follows that p” is (G, Y, S')-cohomologous
to a cocycle 5:G x Y — S! which is invariant under U j0/J. Therefore, 7*p

§ Initially x, is a character of J which we can lift (arbitrarily) to a character of U; using Pontryagin duality.
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is (G, X, S")-cohomologous to p’ =m*p” and is invariant under Ujo. As p is
(G, X, Sl)-cohomologous to o/, it is also (G, X, Sl)-cohomologous to 7*p, which
completes the proof. O

Remark 4.7. To obtain a Conze—Lesigne equation for p’, it is also possible to use a similar
argument as in [6, Lemma B.11].

Theorem 2.3 follows by repeatedly applying the theorem above, each time eliminating
the connected component of the next group. After k — 1 iterations we get a totally
disconnected factor of X. In the next section, we study these totally disconnected systems.

5. Topological structure theorem and Weyl systems

We denote by C, the group of all pth roots of unity in the circle, equipped with
discrete topology. We prove the following counterpart of [6, Lemma 4.7] for the group
G = D ,cp F) in the special case where X is a totally disconnected system.

THEOREM 5.1. (The structure of totally disconnected systems) Let k > 2 be an integer
such that Theorem 1.26 has already been proven for smaller values of k. Let X be a
totally disconnected system of order < k and suppose that X = Z y_1(X) X4 U for some
totally disconnected group U. Then there exist d = Oy (1), integers 0 <my,ma, ... <d
and primes pi, p2, ... € P such that U = ]_[Zozl Cpnmn as topological groups. Moreover,
if pi sufficiently large (p; > k), we can take m; < 1.

Recall that if X is totally disconnected, then any phase polynomial P : X — S' takes
finitely many values (see Proposition B.7 and Theorem B.9). In this case, we can also prove
that these phase polynomials have phase polynomial roots (see Corollary B.14). These
results imply the following useful lemma.

LEMMA 5.2. Let X be a totally disconnected ergodic G-system of order < k.
Let p:Gx X — S' be a cocycle which takes values in C, and suppose that
p is (G, X, SY-cohomologous to a phase polynomial of degree < d. Then p is
(G, X, Cy)-cohomologous to a phase polynomial of degree < Oy (1).

Proof. Write
p=gq-AF, (GRY)
where ¢ € P_4(G, X, S') and F : X — S! is a measurable map. Then it follows that
1=p"=4q" - AF". (5.2)

We conclude that P := F" is a phase polynomial of degree < d + 1.

As X is totally disconnected, Theorem B.8 implies that P takes values in some closed
subgroup H of S' (after rotating F by a constant if necessary). Therefore, we can write
H= Cm’l - X C ol forly, ..., I, = Or(1) and distinct primes py, . .., pm.

Letmw; : H—> C S be one of the coordinate maps and let P; := m; o P. Clearly, P; is

also a phase polynomlal of degree < d + 1 and we have that P = [[/_, P;. Our goal is to

https://doi.org/10.1017/etds.2021.109 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.109

Host—Kra theory for @ peP F,-systems and multiple recurrence 321

find for each coordinate 1 < i < m a phase polynomial y; of degree < O, (1) such that
vl = P

Fix 1 <i < m; then P; takes values in Cp,-’f' Write n = pir,- -n’ for some r; € N and
some integer n’ € N that is coprime to p;. First, we find an n’th root of P;. To do this, let
a € Nbe such that n’ - o = 1 mod pfi and let ¢; = P. We conclude that

ol =P =p,.

Clearly, ¢; is also a phase polynomial of degree < d + 1. It is therefore left to find a
pir" th root for ¢;. We have two cases. If p;, ri = O 4(1), then the claim follows from
Corollary B.14. Otherwise, suppose that either p; or r; are sufficiently large. Let G =
Gp; ® G, where G, is the subgroup of G of elements of order p;. In this case, we claim
that g(g, x)" =1 for all g € G,. Indeed, if r; is sufficiently large, then Proposition B.1
implies that g (g, x)" =1 for all g € G,. Otherwise, if p; is sufficiently large (p; > k),
then by Theorem B.9 we have that ¢ (g, x) takes values in C,, and hence g (g, x)" =
From equation (5.2), we see that in both cases P is invariant under g € G, and therefore
sois P;. Recall that P; takes values in C S and so from Proposition B.1 it is invariant under

g € G whose order is coprime to p as well It follows that P; is G-invariant and hence by
ergodicity it is a constant. Since ¢; is some power of P;, it is also a constant. Hence, ¢; has
a p;'th root.

We conclude that either way, there exists a phase polynomial v; of degree < Og4 (1)
with ¢' = P;. Now we glue all coordinates together. Let ¢ : X — H be the product of all
coordinates ¥ (x) = ¥(x) - - - ¥, (x). As ¥y, . . ., ¥, are phase polynomials of degree
< Oga(1),s0is ¥. Since ' = P;, we conclude that " = P

To finish the proof, we now let F' = F /v and ¢’ = g - AY. From equation (5.1), we
see that

p=q - AF.

As v is an nth root of P = F", we have that F’ takes values in C,, and therefore so does
q’. Moreover, as v is a phase polynomial of degree < Oy 4(1), we have that so is ¢’, as
required. O

Proof of Theorem 5.1. Let X = Z_;_1(X) X5 U be as in the theorem. By Proposition
A.11, we have that U =[] » Up, where U, are the p-sylow subgroups of U.

Fix any prime p and let x : Up — S ! be any continuous character of U p- As Up is
a p-group, the image of x is a cyclic group Cp» for some n € N. Noting that x oo is
a cocycle in ZNG, Zj—1(X), S, by our induction use of Theorem 1.26 we have that
xoois (G, X,S 1)—cohomologous to a phase polynomial of degree < Oy (1). Therefore,
by Lemma 5.2, itis (G, X, Cpn)-cohomologous to a phase polynomial g : G x X — Cpn
of degree < Ox(1) (potentially higher bound than before). It follows by Lemma B.1 that ¢
is trivial for all g of order coprime to p. If g is of order p, then by Proposition B.7 we have
that q”d (g, x) = 1 and, if p is sufficiently large (greater than k), then by Theorem B.9 we
can take d = 1. By the cocycle identity in g, it follows that q”d (g, x)=1forall g € G.
Since ¢ is cohomologous to g, we conclude that o isa coboundary.

https://doi.org/10.1017/etds.2021.109 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.109

322 0. Shalom

The system Z _x(X) X pd C pn—d is a factor of Z_;_1(X) X, U and therefore a factor
of X. Since X is ergodic, so is every factor, which means that n = d. Otherwise,
if n > d, then write oP" = AF for some measurable map F : Z_(X) > S !"and observe
that (s, u) — F(s)u is a non-constant invariant function on Z - (X) X pd C pr—d.-

We conclude that U, is a p?-torsion subgroup for some d = Ok (1). Theorem A.12
implies that U, is a direct product of copies of C,r for r < d, as required. O

We can finally prove that all totally disconnected systems of order < k are Weyl,
assuming that Theorem 1.26 holds for all smaller values of k.

THEOREM 5.3. (Totally disconnected systems are Weyl) Let k > 1 be an integer such
that Theorem 1.26 has already been proven for all smaller values of k. Let X be a totally
disconnected system of order < k. Then X is isomorphic to a Weyl system.

Proof. We prove the claim by induction on k. If k = 1, then X is a point and the claim
is trivial. Let k > 2 and assume inductively that the theorem holds for systems of order
<k—1. Write X = Z_;_1(X) X, U. By the induction hypothesis, we can assume that
Z <—1(X) is a Weyl system. Moreover, from Theorem 5.1, we have that U = ]_[ - C i

where m; = Oy (1) and m; = 1 if p; is sufficiently large. Let 7; : U — Cpr_nl be one of
the coordinate maps. We think of Cp(nl- as a subgroup of S'. By Theorem 1.26 applied for

the factor Z _x_1(X), we have that t; o 0 is (G, Z -y—1(X), Sl)-cohomologous to a phase
polynomial of degree < Oy(1) (into S Y Finally, from Lemma 5.2, we have that 7; o o
is (G, Zr_1(X),C m,) -cohomologous to a phase polynomial ¢g; : G x X — C P of
possibly higher but bounded (< Ox(1)) degree. Since this is true for every coordlnate map,
we conclude that o is (G, Z.x—1(X), U)-cohomologous to ¢ : G X Z_;_1(X) — U,
where g(x) := (q1(x), g2(x), . . .). Since all of the phase polynomials g; are of bounded
degree which only depends on k (and is independent of i), it is easy to see that g
is of bounded degree. Since cohomologous cocycles define isomorphic systems (see
Remark 1.7), it follows that X = Z_; 1(X) X U is isomorphic to Z; 1(X) x4 U
Since ¢ is a phase polynomial and Z;_; (U) is a Weyl system, this completes the proof. [

6. Proof of Theorem 2.4

The proof of Theorem 2.4 follows by similar methods as in [6]. However, the multiplicity of
generators of different prime orders in G leads to some new difficulties in the ‘finite-group
case’. These can be solved by working out each prime separately.

6.1. Reduction of Theorem 2.4 to solving a Conze—Lesigne-type equation on a totally
disconnected system. Arguing as in the proof of Theorem 1.26 in §2.1 (see in particular
equation (2.2)), we can reduce matters into solving a Conze—Lesigne-type equation. It is
thus left to show the following result.

THEOREM 6.1. (Conze-Lesigne-type equation for functions on a totally disconnected
system) Let k > 1 be such that Theorem 1.26 has already been proven for smaller values
ofkandlet X = Z _;_1(X) x, U be a totally disconnected ergodic G-system of order < k.
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Let f: G x X — S be a CL function of type < m for some m € N as in Definition 2.1.
Then fis (G, X, SY)-cohomologous to P - w* f for some P € Poo.()(G, X, SYY and a
measurable f cZ—1(X) > S wherew 1 X - Z__1(X) is the factor map.

Remark 6.2. Note that we do not require that the function f : G x X — S! is a cocycle.
This theorem is a counterpart of [6, Theorem 4.5].

Proof of Theorem 1.26 assuming Theorem 6.1. We prove the theorem by induction on k.
If k = 1, then the system X is a point and the claim follows. Let X > 1 and suppose that
Theorem 1.26 has already been proven for all smaller values of k and let p : G x X — S!
be a cocycle of type < m. Let t1,...,t, be any automorphisms of X. We claim by
downward induction on 0 < j < m that equation (2.2) holds. The case j = m follows
by iterating Lemma 2.6. Fix j < m and assume inductively that the equation holds for
Jj+ 1. Let py ., = JAVAERR A,j,o. By the induction hypothesis on j, oy, t is a CL
cocycle. Therefore, by Theorem 2.3, we can reduce matters to the case where X is totally
disconnected. Now, by Theorem 6.1, we see that there exists a phase polynomial P of
degree < Ogm,j(1) such that P - oy, .
X is totally disconnected, we can apply the induction hypothesis on k. We conclude that
P Pty (and ptl,.,,,,j) are cohomologous to a phase polynomial of degree < Oy, ; (1),
as required. The case j = 0 in equation (2.2) implies Theorem 1.26. O

t is measurable with respect to Z_;_1(X). Since

6.2. Reduction to a finite U. Now we turn to the proof of Theorem 6.1 assuming the
induction hypothesis of Theorem 1.26.

Just like in [6, Proposition 6.1], we first show that it suffices to prove the theorem in the
case where the group U is a finite group.

We recall the following results from [6, Lemmas 5.1 and B.6].

LEMMA 6.3. (Descent of type) Let Y be a G-system, letk,m > 1andlet X =Y x, U be
an ergodic extension of Y by a phase polynomial cocycle p : G x Y — U of degree < m.
Letw : X — Y be a factor map and let f : Y — S' be a function such that w* f is of type
< k. Thenfis of type <k +m+ 1.

LEMMA 6.4. (Polynomial integration lemma) Let m,k > 1 and let X =Y x, U be an
ergodic abelian extension of a G-system Y by a cocycle p : G x Y — U that is also a
phase polynomial of degree < k. For all u € U, let q, : X — S! be a phase polynomial
of degree < m which obeys the cocycle identity ¢,y = quVuqy for allu, v € U. Then there
exists a phase polynomial Q : X — S of degree < Oy (1) such that A, Q = q, for all
uel.

The following proposition is a corollary of Lemma 6.4.

PROPOSITION 6.5. (Descent of the Conze—Lesigne equation) Let X, U, p be as in Lemma
6.4.Letm > 0and f : G x X — S be a U-invariant function. Suppose that f = p - AF
for some phase polynomial p € P_,,(G, X, S") and a measurable map F : X — S'.
Then there exist a phase polynomial p': G x X — S' of degree < Oy (1) and a
measurable map F' : X — S' such that p’ and F' are invariant under the action of U and
f=p - AF.
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Proof. We take the derivative of both sides of the equation f = p - AF by some u € U.
Since the action of U commutes with the action of G, we have

Aup - AALF = 1.

It follows that A, F is a phase polynomial of degree < m + 1. Moreover, it satisfies the
cocycle identity A, F = A, FV, A, F. Therefore, applying Lemma 6.4, we conclude that
there exists a phase polynomial Q : X — S! of degree < Oim (1) with the property that
AyF=A,0.Letp’=p-AQand F' = F/Q. We have

f=p - AF.

As F’ is invariant under U and f is invariant under U, we conclude that p’ is invariant
under U and this completes the proof. O

We need the following basic fact about the product topology.

Fact. Let U =52, C pmm be as in Theorem 5.1. The cylinder neighborhoods of the
identity (that is, the cofinite subproducts of these cyclic groups) form a basis for the
topology of U around the identity. That is, any open neighborhood of the identity in U
contains a cylinder set.

Below we prove the following counterpart of Proposition 6.1 from [6]. We fix an integer
k and assume (inductively) that Theorem 1.26 holds for smaller values of k.

THEOREM 6.6. In order to prove Theorem 6.1, it suffices to do so in the case where U is
finite.

Proof. Let X be a totally disconnected system of order < k and write X = Z_;_1(X) X¢
U. By Theorem 5.3, we can assume that o : G X Z_;_1(X) — U is a phase polynomial
of degree < Or(1). Let f: G x X — S! be a function of type < m and assume that
for every u € U we have that A, f = p, - AF, for some p, € P, (G, X, S‘) and
F, € M(X, S"). From the linearization lemma (Lemma 3.9), we know that there exists
an open neighborhood U’ of the identity in U such that u + p, is a cocycle on U’
(that is, pyy = puVyupy whenever u, v € U’). By Theorem 5.1, U’ contains a cylinder
neighborhood. Therefore, by shrinking U’, we can write U = U’ x W for some finite
group W.

We pass from U to U’. First, we write X =Y x5 U’, where Y = Z_j_1(X) xov W
and o’ and 0" are the projections of o to U’ and W, respectively. By construction of U’, we
have that p,, = p,V,py for all u, v € U’. We integrate p, (g, -) by applying Lemma 6.4
once for every g € G. We deduce that there exists a phase polynomial Q : G x X — S! of
degree < Oy (1) such that A, Q = p, for every u € U’ (note that Q may not be a cocycle
in g). In particular, for every u € U’, we have that A, (f/Q) is a (G, X, S')-coboundary.
Therefore, by Lemma 3.7, we see that f/Q is (G, X, Sl)-cohomologous to a function
f': G x X — S! that is invariant under the action of some open subgroup U” of U’.

Let ¢ : U — U/U" be the quotient map, let X' = Z_4_1(X) Xyoo U/U" and let 7 :
X — X’ be the factor map. We can then write f' = 7* f, where f : G x X' — S..

We claim that f is of bounded type. To see this, recall that f is of type < m and
Q is a phase polynomial of degree < Oy, (1). By Lemma 1.13(iii), Q and f/Q are of
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type < Ok, (1). Since 7*f is (G, X, S')-cohomologous to f/Q, it is also of type
< Ok, m(1). Therefore, by Lemma 6.3, f is of type < Ok (1).

Since Q is a phase polynomial of degree < O, (1), we have that A,(f/Q) is
(G, X, Sh)-cohomologous to a phase polynomial. In particular, n*A(p(”)f = Aun*f is
(G, X, S")-cohomologous to a phase polynomial of degree < Oy, (1). Thus, for every
u € U/U", we can write

T*Auf = qu - AF, (6.1)

for some phase polynomial ¢, of degree < O, (1). Applying Proposition 6.5, we
can assume that ¢, and F, are invariant under U”. Therefore, all of the functions in
equation (6.1) are invariant with respect to U” and so everything can be pushed to X’.
We conclude that A, f is (G, X', §')-cohomologous to a phase polynomial of degree
< Ogm(1). Now, applying Theorem 6.1 for the system X', which is an extension of
Z_x—1(X’) by a finite group U/U", we conclude that f is (G, X’, S')-cohomologous
to P -7* fo, where P € P-o,,,1)(G, X', SY, fo: Z_x_1(X) — S!is a measurable map
and 7 : X - Z_;—1(X) is the factor map. As P is a phase polynomial of degree <
Okm(1) and f is of type < Oy, (1), arguing as before we have that fy is also of type
< Ok (1). Finally, applying Theorem 1.26 for the system Z_x—1(X), we have that fj is
(G, Z-x-1(X), S')-cohomologous to a phase polynomial of degree < Oy, (1). Lifting
everything up, we conclude that f is (G, X, S')-cohomologous to a phase polynomial of
degree < Oy, (1). O

6.3. Proving the theorem for a finite U. We prove the following counterpart of
Proposition 7.1 from [6] for totally disconnected systems.

THEOREM 6.7. (Theorem 6.1 for a finite U) Let k > 1 and U be a finite group. Suppose
that X = Z x—1(X) x, U is a totally disconnected ergodic G-system of order < k and
let f:G x X — S! be a CL function of type < m. Then fis (G, X, S')-cohomologous
to P - n*ffor some P € P-o.,, (G, X, SYY and a measurable f: Zio1(X) = S1,
where w : X — Z _x—1(X) is the factor map.

The proof follows the general lines of the proof of Proposition 7.1 in [6]. The main
technical difference is that the results in Appendix B.1 (the counterpart of Appendix D in
[6]) are only valid for polynomials which take values in a finite cyclic group Cpn, where p
is a prime and n € N. Recall that if X is a totally disconnected system then by Proposition
B.7 any phase polynomial p : X — S! (after constant multiplication) takes values in a
finite subgroup H of S'. These subgroups take the form H = ]_[l 1 C ; for some primes

g; and l; € N (and the [;’s are bounded by a constant which only depends on the degree of
the polynomials and the order of X). Therefore, in order to apply the results from Appendix
B.1, we have to study each coordinate of p with respect to H separately. The formal proof
is given below.

Proof. By Theorem 5.1, we have that U is isomorphic to ]_[lN= 1 Cpmi for some
niy,na, ..., ay = Ox(1) and N unbounded but finite. Moreover, if p; is sufficiently
large with respect to k, we can take n; = 1.
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Let ey, . .., en be the standard basis. By the assumption of f being a CL function, for
each 1 <i < N we can write

A, f =0 AF; (6.2)

for a phase polynomial Q; € P, (G, X, S and F; : X — S! a measurable map.

The idea here is to find a measurable map F such that F; = A,, F' times a polynomial
error. This will imply that A,, f/AF is a phase polynomial. The cocycle identity then
implies that A, (f/AF) is also a phase polynomial (and a cocycle in u). At this point the
claim in the theorem follows by the polynomial integration lemma.

The group U is isomorphic to the free group with N generators ey, . . ., ey modulo the
"

relations of the form e;’j =1foreveryl < j <N and[e,ej]=1"forevery1<i, ;<
N. This will help us to construct the function F.
First, observe that we have the following telescoping identity:

nj

Py -1

l_[ VetjAEjle
t=0

and so equation (6.2) implies that

n n

Pj'/—l Pj'/—l
AT viFi=T] V., Q) € P<u(G, X, SH. (6.3)
=0 =0

In particular, we have that
p;j -1

1_[ Vgthj S P<m+1(X, Sl)-
t=0
Observe that, a priori, if F; = A, F - Pj for some function F and a phase polynomial P;
ll]
of degree < Oy (1), then the term above can be written as I_[f;’ 0

1

Ve’j P;. In particular,
it means that we must be able to replace F; with a new function F ' = Fj/Pj such that
F;/F; is a phase polynomial of degree < Oy (1) and

"
pjjfl

Al viE=1
t=0 .

To do this, we claim that there exists a phase polynomial r; of Qegree < O m (1) which
is invariant to the translation V,; and is a p;"/th root of ]_[f; ;71 Vetj F;. Then we set
Pj = ;. Observe that ]_[f; ;_1 Ve’j F;j is invariant to the translation by e;. We study two
cases. First, if p;j = Oy, (1), then we view ]_[f; Z)_] Ve’j F; as a phase polynomial on the
factor induced by quotienting out < e; >. At this point we apply Corollary B.14 in order

nj

. J—1
to find a phase polynomial of degree < O, (1) that is also a pr;’th root of Hgo ij Fj.

e
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Lifting everything up, we conclude that there exists a phase polynomial v/; of degree
A "
< Op,m(1) that is invariant under ¢; and is a p’;’ th root of ]_[tp; 0 Ve’j F;, as required.
Otherwise, we have that p; is sufficiently large. In this case, Theorem 5.1 implies that
nj=1. Since X is totally disconnected, Proposition B.7 implies that up to a constant

multiple, Vt F; takes values in a finite subgroup H of S!. Rotating Fjbya p;th

root of this constant, we may assume that szo Ve’j Fj takes values in H without changing
equation (6.2).
Recall that a finite subgroup H < S ! takes the form H = ]_[lN: 1 Cq;,., where the g; are

primes. The idea now is to find a root for each of the coordinates of ]—[Zp i : Ve’j F; (similar
to the proof of Lemma 5.2).
Let i H— C ; be one of the coordinate maps of H; we study the term 7; o

0 V’ Fj. We have two cases: if g; # p j» then p; is invertible modulo q " (that is,
there exists a € N such thatap; = 1 mod ‘11' "). In this case, we conclude that some power
of ]_[fial Ve’j m; o Fj is a pjth root that is also a phase polynomial of degree < m + 1.
This power is clearly invariant under V,; and the claim follows. We denote this phase
polynomial root by v; ;. Otherwise, we have that g; = p;. Since p; is large, so is ¢; and
so by Theorem B.9 we have that [; = 1. We conclude, by equation (6.3), that the derivative
of ; o ]_[tp;(;l V. Fj by Ag satisfies

pj—1 pj—1 v,
o(TT vi0s) =i ( [T, 00™). 64
=0 t=0

Write G = G, & G’, where G p; 18 the subgroup of elements of order p; and G’ isits
complement. The terms in equation (6.4) are of order ¢; = p;. In particular, this means
that for g € G’ both of them are trivial (by Proposition B.1). For g € G p;» we claim that the
right-hand side is trivial. For such g € G,;, we have by Proposition B.1 and Theorem B.9
that Q (g, -) takes values in C),;. Observe that p; divides (/%) forevery 0 <7 < p; — 1

and, since p; is sufficiently large, A ]’ ! eliminates Q; (by Lemma B.2) and hence for

L pj
g € G, we have ]_[;ZO I(Ai,j 0j(g, x))(tJr/l) = 1. Since Q; is a cocycle in g and every
g € G can be written as g, + g, where g, € G, and g’ € G', we conclude from the
above that the terms in equation (6.4) are trivial for every g € G. Therefore, by ergodicity,

i—1 . .
i o ]_[[P 2o Vetj Fj is a constant and we can find a p ;th root, which we denote by ; ;.

"
. . p; =1 .

Thus, in any case every coordinate of [],7, ij o F; has a root that is also a
polynomial of degree < m + 1 and is invariant with respect to the translation V. Gluing
all the coordinates ; ; together, we see that there exists a phase polynomial v;(x) =

)l I’lj
P —

1 ~
]_[ 1sz of degree < m + 1 such thatw P Vethj.Now set Fj := Fj/v;
and QJ = Qj - Ayj; then QJ is a phase polynomial of degree < O (1) and we have

Ao, f = Q) AF; (6.5)
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and

I1 v, Fi=1. (6.6)

Now that we have already dealt with the torsion relations, we proceed by defining the
desired F and then we will work out the relations which come from the commutators
[ei, e j] =1.

Write [t1, ..., ty]=¢}' -~ - e and X = Zo,_1(X) x, U and let F : X — S! be
the function

N
Foolo, oD =[] TI FO.ln, ... ti1.4,0,...,00)
i=10=<t/<y;

with the convention that [To_,_, ay = ([T, .o @/)~". Equation (6.5) implies that F is
well defined.
We compute the derivatives of F. We have

N
A FOolt, .o otnD =[] [I B¢ Fi0ln, ... tio1,4,0,...,00)
i=10<t/<y;

forany 1 < j < N. On the other hand, we have that telescoping identity

]‘[ [T AqFGu .. tjo1,2),0,...,0) = (yz[vt-l(y 5 ‘D)

j=1 Oftj <tj
and thus

AE,F(y’ [tl7 LR 9tN])

:ﬁj(%[llau JInD ﬁ

.,.(’[t""7t.7’t'/’oa"'ao])’ (6‘7)
F(y,l) Wi, j\y, L1 i—1,1;

i=1

where w; j = A, I:"j/Aej l:"l-. Since [e}, e;] = 1, we see that ¢; and e; commute and so by
(6.5) we have that w; ; are phase polynomials of degree < Oy (1).

We study these polynomials. Recall that o is a phase polynomial of degree < Oy (1).
This means that the map (y,u) — u is also a phase polynomial (the derivative is
o). Since [t1, ..., ]~ [t1,...,ti—1, tl.’, 0,...,0] is a constant multiple of a homo-
morphism, we have that (y, [t1,...,#%]) — [f1,..., -1, ti/, 0,...,0] is also a phase
polynomial of degree < O (1). From Lemma B.4, we conclude that (y, [#1, ..., t;]) —
wij(y, [ty ... 40, ti/, 0,...,0]) are all phase polynomials of degree < Ok, (1).

We claim that the map

N
g ..o =] [] @00t ti1,6,0,...,00
i=10<t/<

10< I.’ t
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is a phase polynomial of degree < O, (1). Clearly, £; is a function of phase polynomials.
From Theorem B.8, it follows that there exists a finite subgroup H < § I Such that all
i j(y, [t ..., i, t/ ...]) take values in H (up to a constant multiple). Therefore, so
does &;. We show that every coordinate of &; is a phase polynomial. Let 7, : H — C n
be one of the coordinate maps. We study two cases. If g, = O, (1), then Corollary B. 3
implies that 7, o &; is a phase polynomial of degree < O, (1). Otherwise, we have that
qn 1is sufficiently large. In this case, 7, o w; (v, [t1, ..., ti—1, ti’, 0,...,0]) is a phase
polynomial in #/ that, by Theorem B.9, takes values in C,,. Note that since there are an
unbounded number of w; ;’s in the definition of £;, we cannot yet deduce that §; is a phase
polynomial of bounded degree. Instead, we consider the Taylor expansion of w; ;. We have

iy, [t ... 621, 8,0,...,0])
=TT ot a0 op )
0/ =0 n(1)
and thus

n wi,j(y?[tl7“"ti_l’ti/705"'70])

0<t/<t;

. i
= 1 18henjonli. . otimn g0, on] U,

ijfok,m (1)

Since the product is over a bounded number of w; ;’s, we see by Lemma B.4 that m, o
&; is a phase polynomial of degree < O, (1). Since the degree is independent of the
coordinate, we conclude that §; € P-g, ,(1)(X, S 1 as required.

From (6.7), we finally have that

(y’ ) ]
Ae; F(y,u) € J— “Poop,, ()X, S).
! Fiy, 1y 7"
Now let f' = f/AF. Then
Ae; f' € (*F)) - P-o,,, (G, X, S"), (6.8)

where n*FJ’. (y,u) = I:"j (y, 1) (that is, A,; f" is a multiplication of n*FJ/. with a phase
polynomial of some bounded degree).

We repeat the same argument as above now with f’ instead. Note that since n*FJ’. is
invariant with respect to the action of U, we do not need to work out the commutator
relations again. Namely, for every i, j, we have that Aeln*F = Aejn*F = 1. We deal
with the torsion relations. As before, we have the telescoping 1dent1ty

"
l_[ Ve f' =1,
t=0

which implies that

"
N*A(Fj)pf € Poo,,,»(G, X, sh.
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"
Therefore, (F/’.)pj is a phase polynomial of degree < Ok, (1) on Z ,—1(X).

We apply the same argument as before. We see that there exists a p';j th root P; for the
nj ’
phase polynomial (F;)pf . Let FJ’./ = F]’./Pj. Then FJ// takes values in Cp”j and from (6.8)
j

we have
(Ao, f) € T*F] - P-o,,,1)(G, X, S").

We define F*: X — S' by F*(y,[t1,...,tn]) = ]_[?’:1 F{(y)'. This map is well
defined since F J/.’ takes values in Cpni- We observe that 7*AF J/.’ = A, AF* and let
f" = f'/AF*. We have that f” is cohomologous to f and A.; f” € P-¢,,,(1)(G, X, sh
for all 1 < j < N. The cocycle identity implies that A, f” € P-o,,,(1)(G, X, s1y for
every u € U. Integrating this term by Lemma 6.4 once for every g € G, we have that
Auf" = AP for some P € P-o,,, 1)(G, X, S"). It follows that f”/P is invariant under
Uandso f/ =P -n*f,where f : G x Z_x_1(X) — S\ O

7. The high-characteristic case
Throughout this section, we denote char(G) = min{p : p € P}. We prove the following
version of Theorem 1.26.

THEOREM 7.1. Let 1 <k, j < char(G) and X be an ergodic G-system of order < j which
splits. Let p : G x X — S! be a cocycle of type < k; then p is (G, X, S')-cohomologous
to a phase polynomial of degree < k.

As with the original version, we want to prove this theorem in two steps. First, we reduce
matters to a totally disconnected case and then prove the theorem in that case.
We begin by introducing some definitions and an important lemma from [6].

Definition 7.2. (Quasi-cocycles) Let X be an ergodic G-system and let f : G x X — !
be a function. We say that f is a quasi-cocycle of order < k if for every g, g’ € G one has

fg+g.x)=f(g.x) f(g Tgx)  pgg(x)
for some pg o € Pop(X, sh.

The following lemma is given in [6, Proposition 8.11].

LEMMA 7.3. (Exact descent) Let X be an ergodic G-system of order < k for some
k> 0. Let m: X — Y be a factor map. Suppose that a function f : G xY — S' isa
quasi-cocycle of order < k. If w* f is of type < k, then so is f.

Definition 7.4. (Line cocycle) Let X be an ergodic G-system and let f : G x X — S!
be a function. We say that f is a line cocycle if for every g € G of order n we have

o f(g. Tix) = 1.

We claim that Theorem 7.1 is a consequence of the following result.
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THEOREM 7.5. (The totally disconnected case in high characteristics) Let 1 < j, k <
char(G). Let X be a totally disconnected and Weyl ergodic G-system of order < j, where
the phase polynomial cocycles o1, ..., 0} that define X are of degrees <1,..., < j.
Then every f : G x X — S of type < k which is also a line cocycle and a quasi-cocycle
of order < k — 1 is (G, X, SV)-cohomologous to a phase polynomial P of degree < k.
Moreover, for g € G of order n, we have that P (g, -) takes values in C,,.

We note that the fact about the values of P is only needed for inductive reasons (see for
example equation (7.1)).

Proof of Theorem 7.1 assuming Theorem 7.5. Let k, j, X, p be as in Theorem 7.1.
Our goal is to reduce matters to the case where X is totally disconnected and then apply
Theorem 7.5. We prove Theorem 7.1 by induction on k. The case k = 1 is trivial. Fix
k and assume that the claim holds for smaller values of k. We observe that since that
the proof of Theorem 1.26 is now complete, we have that p is cohomologous to a phase
polynomial of some degree (possibly higher than k). Therefore, we can apply Theorem
4.6 to eliminate the connected components of X. As in Theorem 2.3, X admits a totally
disconnected and Weyl factor Y and by the induction hypothesis on k we have that the
cocycles which define Y, o1, ..., 0; are phase polynomials of degrees < 1,..., < j.
Moreover, p is cohomologous to some 7*p’, where o’ : G x ¥ — st By Lemma 2.5, we
have that p’ is of type < k and therefore by Theorem 7.5 we have that it is cohomologous to
a phase polynomial P of degree < k. We conclude that p is cohomologous to 7 * P, which
is also a phase polynomial of degree < k. O

It is left to prove Theorem 7.5. The proof method is very similar to [6, Theorem 8.6].
We first deal with the easy case k = 1. In this case, f is a quasi-cocycle of order < 0 and is
thus a cocycle. It is well known (Lemma 10.2) that a cocycle of type < 1 is cohomologous
to a constant c(g). Therefore, we can write f (g, x) = c(g) - Ay F(x) for some measurable
maps F : X — Slandc: G — S!. Since fis a cocycle, c is a character of G and therefore
c(g) € C,, for every g € G of order n and the claim follows.

Now suppose that 2 < k < char(G) and assume inductively that the claim has already
been proven for smaller values of k. We have the following analogue of Theorem 5.1.

THEOREM 7.6. (Exact topological structure theorem for totally disconnected systems) Let
1 < k < char(G) be such that Theorem 7.5 holds for all values smaller than or equal to
k. Let X be an ergodic totally disconnected Weyl G-system of order < k, where the phase
polynomial cocycles o1, . .., or_1 are of degrees < 1, ..., < k — 1. Then there exists a

multiset of primes A such that Z-j(X) = Z<j—1(X) Xq,;_, Uj, where Uj = l_[peA Cp.

When j = 1, X is just a point and Theorem 7.5 is trivial. Now suppose that 2 < j <
char(G) and assume inductively that the claim has already been proven for the same value
of k and smaller values of j.

We first deal with the lower case j < k; write X = Ug X4, Up X -+ - Xg; ; Uj—1 and
letr € Uj_1. We have the following result [6, Lemma 8.8].
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LEMMA 7.7. A f is a line cocycle, is of type < k — j + 1 and is a quasi-coboundary of
order < k — j.

By the induction hypothesis, A, f is (G, X, S')-cohomologous to a phase polynomial
qr € Pej—j+1(G, X, Sl) and ¢, (g, -) takes values in C,, for g of order n. Since A, f is a
line cocycle and a quasi-cocycle of order < k — j, so is g;.

7.1. Reduction to the finite-U case. We now argue as in Theorem 6.6. We show that is
suffices to prove Theorem 7.5 in the case when U;_; is finite.

We will take advantage of the following result of Bergelson, Tao and Ziegler
[6, Proposition 8.9].

LEMMA 7.8. (Exact integration lemma) Let j > 0, let U be a compact abelian group and
let X =Y x, U be an ergodic G-system with Y > Z_;(X), where 0 : G xY — U is
a phase polynomial cocycle of degree < j. For any t € U, let p; : X — S! be a phase
polynomial of degree < | and suppose that for any t,s € U, p;.s = ps(x)p:(Vsx). Then
there exists a phase polynomial Q : X — S' of degree < 1 + j such that A; Q(x) = p;(x).
Furthermore, we can take Q(t, uug) := py(y, uo) for some ug € U.

We continue the proof of Theorem 7.5. Let f be as above and write A, f = ¢, - AF;. By
Lemma 3.9 (linearization lemma), there exists an open neighborhood of the identity U ]/._1
in U;_ such that ¢, = q,V;q; whenever s, € U,;‘—l' As in Theorem 6.6, we can write
Uj—1 = U’ x W for some finite W.Let X =Y x, U',where Y = Z_;_1(X) x,» W and
o', 0" are the projections of ;1 to U’ and W, respectively. Note that as oj_1 is a phase
polynomial of degree < j — 1, so is the projection o”.

Applying Lemma 7.8 once for every g € G, we can find a phase polynomial Q : G X
X — S! such that ¢, = A, Q for every t € U;_1. In fact, we can take Q(g, y, uup) =
qu(g, y,ug)fory € Y,u € U’ and some ug € U'. As g, (g, -) takes values in C,, whenever
g is of order n, so does Q.

We claim that Q : G x X — S is a quasi-cocycle of order < k — 1. The proof follows
the arguments of Bergelson, Tao and Ziegler from [6]. For the sake of completeness,
we repeat the proof. For every g, h € G and x = (y, uup) € X, we have the following
computation.

Q@+hx) Q(g+h,x)
0(g. x)Q(h, Tex)  Q(g. x)Q(h, x)Ag Q(h, x)
_ qu(g + h, y, uo)
 qulgs Y, u0)qu(h, y, u0)Ag Q(h, x)
_ qu(g +h, y, ug) qu(h, Tgy, 0j—1(8, y)uo)
 qu(g yu, 10)qu(h, Tgy, 0j-1(8, Y)uo) qu(h, y, uo) Ag Q(h, x)
= Puas, i) (B0,
where Py g (x) = qu(g +h, x)/qu(g, x)qu(h, Tgx). Since g, is a phase polynomial of
degree < k — j + 1 and Q is of degree < k, we conclude that Ag (g, (h, x)/Q(h, x)) is
a phase polynomial of degree < k — 1. As ¢, is a quasi-cocycle of order < k — j, we
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have that P, ¢ 5 (x) is a phase polynomial of degree < k — j. Moreover, since u > g, is
a cocycle in u, so is u — P, ¢, (x). By the ‘furthermore’ part of Lemma 6.4, the map
(v, uuo) = Py ¢ n(y, uo) is a phase polynomial of degree < k — 1 and the claim follows.
We continue the proof of Theorem 7.5. Set f' = f/Q. It follows from the construction
of Q that A, f’ € BY(G, X, S') for every u € U'. Therefore, by Lemma 3.7, f’ is
(G, X, S")-cohomologous to a function f” which is invariant with respect to the action
of some open subgroup U” of U'. The projection map Uj_; — U;_1/U" gives rise to a
factormap 7w : Y x5, | Uj—1/U". We let f = m. f” be the push-forward of f” to Y.
Observe that if g is of order n, then Q(g, -) takes values in C,. Therefore, by Proposition
B.11 applied with F = Q(g, -), we see that Q is a line cocycle. As f” is cohomologous to
f/Qand f" =x* f , we conclude that 7* f and f are line cocycles. Similarly, since f and
Q are quasi-cocycles of order < k — 1, so is f.
We show that f is of type < k. First, observe that Q is a phase polynomial of degree
< k and so by Lemma 1.13(iii) it is of type < k. Since f is also of type < k, f/Q and
n* f are of type < k. Therefore, by Lemma 7.3, we have that f is of type < k. Since f is
measurable with respect to an extension of X by a finite group, we can apply the finite case
of Theorem 7.5 to complete the proof. U

7.2. The finite-group case. We now establish Theorem 7.5 for a finite U;.
First, we recall the following lemma [29, Lemma C.8].

LEMMA 7.9. (Free actions of compact abelian groups have no cohomology) Let U be a
compact abelian group acting freely on X by measure-preserving transformations. Then
every cocycle p - U x X — SVisa (U, X, SY)-coboundary.

Using Theorem 7.6, we can write U; = Céll X - X Cl%y’,’l’ for some finite Ly, ..., L,
and a finite m € N. We proceed by induction on L = L + - - -+ L,,; the case L =0
is trivial. Suppose that L > 1; then without loss of generality L; > 1 and we assume
1nduct1ve1y that the claim has already been proven for L — 1. Write U; = CL' ! X {(e) x
C 522 X C IL,,’:, where e is a generator for C, . For simplicity, we denote p = py.

Recall from equation (7.1) that A, f is (G, X, S')-cohomologous to a phase polynomial
q. of degree < k — j + 1 and that ¢.(g, -) takes values in C,, where n is the order of g.
We write

Acf =ge- AF,. (7.1)

Arguing as in Theorem 6.7, we can assume that F, satisfies

p—1
[[ViF.=1 (7.2)

without changing equation (7.1) and ¢, is still a phase polynomial of degree < k — j + 1.
We now define a function g,s (g, x) for all 0 < s < p by the formula

s—1

qes (2 %) =[] ge (e, Vix).

i=0
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Since ¢, is a phase polynomial of degree < k — j + 1, so is g.s and by equations (7.1) and
(7.2) we have that I—[f:ol Vig, = 1. It follows that u — g, is a cocycle for u € (e).
By the cocycle identity, we have

s—1
Ap f(g.x) =[] Acf(g. Vix). (7.3)

i=0

Since A, f is cohomologous to g, it follows that A, f is cohomologous to g, (g, x) for
every u € (e).

Now, as g, is a cocycle in u, applying the polynomial integration lemma (Lemma 7.8),
we see that there exists a phase polynomial Q of degree < k such that A, Q = ¢, and
Q(g, -) takes values in C,,, where 7 is the order of g. Moreover, arguing as in the previous
section, we also have that Q is a quasi-cocycle of order < k — 1.

From equation (7.1), we have

Ae(f/Q) = AF,.
From the telescoping identity

p—1
[[Viacs/0) =1,

i=0

we conclude that A 1—Lp:—01 V,i F, = 1 and so by ergodicity ]_[f’:_()l Vi F, is a constant in S'.
Thus, we can rotate F, by a pth root of this constant and assume that

p—1
1_[ V,iFe=1.
i=0

Now, by (7.2), we can define

s—1
Fp =[] ViF..
i=0

Direct computation shows that F, is a cocycle for u € (e) and hence a coboundary (Lemma
7.9). Thus, we can write F, = A, F for some F : X — S'. We conclude that A,(f/(Q -
AF)) =1 and so f/Q is cohomologous to f’, which is invariant under (e); arguing as
before and using the induction hypothesis, we conclude that f/Q is cohomologous to a
phase polynomial P. From Theorem B.9, we have that P(g, -) takes values in C,, where
n is the order of g. Since f is (G, X, S')-cohomologous to Q - P, this completes the
proof. O

7.3. The higher order case. The case j > k is completely analogous to the proof of
Bergelson, Tao and Ziegler [6, §8.5] and so is omitted.
We have therefore completed the proof of Theorem 1.27.
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8. The proof of Theorem 1.19
Now that Theorem 1.26 is established, we can prove Theorem 1.19. The theorem has two
directions; we start with the following one (compare with [6, Theorem 3.8]).

THEOREM 8.1. Let X be an ergodic G-system of order < k. Let 1 <1 < k and suppose
that Z .;—1(X) is strongly Abramov and that there exist a totally disconnected factor Y and
afactormap m; : Z1(X) — Z;(Y) such that

nfHL (G, Z(Y),S") - H. (G, Z(X),S")
is onto for every m € N. Then, for every 1 <1 <k, Z_;(X) is strongly Abramov.

Proof. We prove the claim by induction on [. If [ =1, then Z_;(X) is a point. In
this case, we can take Y to be the trivial system and the claim follows. Let 1 <[ <k
and suppose that the claim has already been proven for smaller values of /. Let Y
be as in the theorem. Fix m € N and let p : G x Z;(X) — U be a cocycle of type
< m into some compact abelian group U. From the assumption, we see that for all
X € U, x op is (G, Z(X), S")-cohomologous to a cocycle 0y Wwhich is measurable
with respectto Z_;(Y).Letw : Z_;(X) — Z;(Y) be the projection map. By Lemma 2.5,
the push-forward 7, 0, is a cocycle of type < m on Z_;(Y). Since Z;(Y) is totally dis-
connected, Theorem 1.26 implies that 7,0y is (G, Z(Y), S 1)—cohomologous to a phase
polynomial of degree < [, for some [,, = Ok, (1). Lifting everything back to Z_;(X)
using 77*, we conclude that x o p is (G, Z_;(X), S')-cohomologous to a phase polynomial
of degree < I,y = O (1). Write x o p = q, - AF, for some Fy : Z_;(X) — S! and a
phase polynomial g, : G x Z;(X) — S!'. The map O (x, u) = x(u) -F(x)is a phase
polynomial of degree < I, +1 on Z;(X) x, U with derivative g,. Since Z;_1(X)
is strongly Abramov, there exists some 7; such that Z_;(X) is Abramov of degree < r;.
In particular, F can be approximated by phase polynomials of some bounded degree.
Therefore, x can be approximated by phase polynomials of degree < max{r, [,, + 1}.
Finally, since L2(Z1(X) X U) is generated by L?(Z-;(X)) and the characters in U, this
completes the proof. O

This proves one of the directions of Theorem 1.19. It is left to prove the other direction.

THEOREM 8.2. Let X be an ergodic G-system of order < k and suppose that
Z4(X),...,Zx(X) are strongly Abramov. Then there exists a totally disconnected
factor Y such that for every m € N, the homomorphism

mf HL, (G, Z4(Y), SY) — HL, (G, Z(X),S")
is onto for every 1| <1 <k, where m; : Z_;(X) — Z_(Y) is the factor map.

Proof. We prove the claim by induction on k. If kK = 1, then the system X is trivial
and we can take ¥ = X. Let k > 1 and suppose that the claim has already been proven
for systems of order < k — 1. Fix 1 <[ < k and recall that Z_;1(X) = Z;(X) X4, U;
for some compact abelian group U; and a cocycle o7 : G x Z;(X) — U, of type < [.
Therefore, by applying the induction hypothesis and Theorem 1.26, we have that x o o; is
(G, Z;(X), S")-cohomologous to a phase polynomial for every x € U,.
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Our main tool now is Proposition B.5, which asserts that polynomials are invariant to
the action of connected groups. We prove by induction on/ < k that there exists a compact
connected abelian group H; which acts on Z_;(X) by automorphisms and contains the
group of transformations U;_19. For [ =1, we let H; be the trivial group. Suppose
inductively that we have already constructed H; for some / > 1. For every x € U, we
have that x o o7 is cohomologous to a phase polynomial. Therefore, we can write

Xo0;=gqy-AF, 8.1)

for some phase polynomial cocycle g, : G x Z;(X) — § ! and a measurable map F %
Z_1(X) — S'. Recall that by Proposition B.5, ¢ x 18 invariant with respect to the action of
the connected group H;. We take the derivative of both sides of equation (8.1) by some
h € H;; since the action of H; commutes with the action of G, we conclude that Ay, X oo
isa (G, Z</(X), SYH- coboundary for every h € H;. Since this holds for every x € Ul, we
conclude that Ajo7 is a (G, Z;(X), U;)-coboundary.

For every h € H; and F : Z_;(X) — U, we define the measure-preserving transfor-
mation Sy f(x,u) := (hx, F(x)u) on Z;(X) x U;. Let Hyy1 := {Sh,r : Apoy = AF}.
Direct computation reveals that the action of Hj41 on Z_;41(X) commutes with the
G-action. Since H; is abelian and commutes with the G-action on Z_;(X), we have
that H;y is two-step nilpotent. Indeed, if Sy r, Sy r € Hi41, then [Syr, Spr]l =
S1.(a, F/a,F- Now, for every h, h' € Hj11, we have

A Ap F _ Ay AF _ Ap Apop _
ARF' )~ ARAF — ApApor

and therefore by ergodicity ¢ := Ay, F/A, F' is a constant. A simple computation implies
that S1,. commutes with Ss r and we conclude that H;1 is two-step nilpotent. We can
view every element u € Uj as a function Z_;(X) — U; which sends every s € Z_;(X) to
this u. This defines an embedding of U; in Hj41 by u +— S, and so we can view U, as
a subgroup of Hj. Finally, since Ajo7 is a (G, Z;(X), U;)-coboundary, the projection
H;+1 — H; is onto. In other words, we have a short exact sequence

1 - U4 — Hip1 —> Hp— 1.

Since U4 and H; are compact, so is Hj41 (Corollary A.7).

Now let H;41 be the connected component of the identity in H;y;. Then H;y is a
compact connected nilpotent group and so is abelian (Proposition A.19). Clearly, it contains
Ujp and it acts on Z_;41(X) by automorphisms. This proves the induction step. Let
‘H = Hy and define an equivalence relation ~4; on X such that x ~4 y if there exists
an element & € H so that Ax = y. Since H acts on X by automorphisms, the quotient
space Y = X/ ~7; has a natural G-action and is a factor of X. We return to the proof of
the original claim.

Fix 1 <l <kand meNand let p: G x Z_;(X) — S! be a cocycle of type < m.
Let X := Z (X)) x, S I Since Z_;(X) is strongly Abramov, we have that X is Abramov
of order < [,,,. We prove that p is cohomologous to a phase polynomial. To do this, we
consider two cases.
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Case I. X is ergodic. If P : X — S! is a phase polynomial, then by Proposition
B.5 we see that AgP = x(s) forall s € § ! for some character x:S I, §! Therefore,
P =y F,where F:Z_(X)— SL.If x : S — S!is not the identity, then P = x - F
is orthogonal to the map (x, u) +— u on X = Z(X) xp S!. Since the system is Abramov,
the polynomials generate L?(X) and therefore some polynomial must be of the form
P(x,s) =sF(x) forx € Z_;(X),s € §' and F : Z_;(X) — S'. By taking derivatives,
we see that

p-AF = AP.

Since AAgP = 1 and s commutes with the action of G, the cocycle A P defines a phase
polynomial on Z_;(X). In other words, p is (G, Z;(X), Sl)—cohomologous to a phase
polynomial of degree < [,,, — 1. By Proposition B.5, this polynomial is measurable with
respectto Z;(X)/H; = Z;(Y). This completes the proof in the case where X is ergodic.

Case II. If X is not ergodic, then by the theory of Mackey p is (G, Z-;(X), S1)-
cohomologous to a minimal cocyclet : G x Z;(X) — § ! which takes values in a proper
closed subgroup of § 1 (see [46, Corollary 3.8]). In particular, this means that 7 = 1
for some n € N. Let X be as in the theorem. We claim by induction on m that every
(G, X, §")-cocycle of type < m is cohomologous to a phase polynomial of degree < ,,.
If m = 0, the claim is trivial. Therefore, using a proof by induction, we may assume that as
a cocycle into S', Ay 7 is (G, X, S')-cohomologous to a phase polynomial for all & € H,;.
Write

Apt = pp - AFy.

Since 7" = 1, we conclude that pj is a coboundary. The cocycle identity and Proposition
B.5 imply that pp» is a coboundary for all & € H;. Since H; is connected, it is also divisible
(Lemma A.15) and so Ayt is a coboundary for all 2 € #;. Finally, since H; acts freely on
Z -1(X) by automorphisms, Lemma 3.7 implies that t is (G, Z;(X), Sl)-cohomologous
to a cocycle that is invariant under H;. This cocycle is measurable with respect to Z_;(Y)
and therefore is cohomologous to a phase polynomial (by Theorem 1.26). Since t and p
are cohomologous, this completes the proof. O

9. A G-system that is not Abramov

In this section, we provide an example of a G-system X of order < 3 that is not an Abramov
system. This example is based on the Furstenberg—Weiss example for a Z-cocycle that
is not cohomologous to a polynomial (which is given in detail in [28]). Our example is
constructed as a circle-group extension of a finite-dimensional compact abelian group (see
Definition 3.1) that is not a Lie group. Such groups are called solenoids and are known for
their pathological properties.

We first construct the underlying group and the G-action on it.

9.1. The underlying group. Let IP denote the set of all prime numbers. We construct a
two-dimensional compact abelian group as follows: let P1, P> be disjoint infinite sets such

that P =P | | P> and let Ay :=[],cp, Cp and Az :=[],cp, Cp. Fixi € {1, 2} and let
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P; = {p1., p2, . . .}. The map 1;(n) = (n, a)’;,l, Zz’ ’[’,3, ...), where wp, is the first root
of unity of order py, defines an embedding of Z as a closed subgroup of R x A;. We
abuse notation and denote by (R x A;)/Z the quotient of R x A; by 1;(Z). This gives rise
to two one-dimensional compact abelian groups, which we denote by U; := (R x A1)/Z
and U, := (R x Aj)/Z. We note that for every i € {1, 2},

w w

{1} - A > Ui - R/Z — {1}

is a short exact sequence, where the embedding A; — U; is given by ¢ — (1, ¢)Z and the
quotient U; — R/Z by (r, t)Z +— rZ.

CLAIM. The two-dimensional compact abelian group U := Uy x U is connected.

Proof. Let Uy < U be the connected component of the identity in U. By Proposition A.13,
U/ U is a totally disconnected group. If by contradiction U is not connected, then by
Corollary A.10 there exists a non-trivial character x : U — S' with a finite image. By
composing x with the projection map R? x A x Ay — U, we obtain a character ¥ :
R? x A x Ay — S! with finite image. We conclude that ker § is an open subgroup of
R? x Aj x A which is invariant to translations by 11(Z) and 15(Z); hence, ker § = R? x
A1 x Ay and x = 1. It follows that y is trivial, which is a contradiction. L]

9.2. The G-action. Let G = G| ® Gy, where G; = @pe]P[ F,. We construct a homo-
morphism ¢ : G — U such that the G-system (U, G) is an ergodic Kronecker system.

Let i, j be such that {i, j} = {1, 2} and g be a generator of the component IF, of G;.
We denote by v, € Aj; the unique pth root of the element (wp,, wp,, . . .) € Aj. This root
is easily constructed component by component, since by our assumption p ¢ P;. We let
o0;(g) be the element (1/p, v,) € U; (so G; acts on U;). This is an element of order p in
U; and hence o extends uniquely to a homomorphism.

Then the group G acts on U by Tou = o (g) - u, where 0 (g) = (01(g), 02(g)). We claim
that this action is ergodic. Equivalently, we need to show that the image of G under o is
dense (see [46, Corollary 3.8]). Let w : R x Ay x R x Ay — U be the quotient map. We
consider a general open set of the form Wy x vy - Vi x W X vy - Vo, where Wy, W, are
balls in R and v; V; is a coset of some open subgroup V; < A; fori = 1, 2 (by Proposition
A.9, every open subset contains a set of this form). Rotating by an element in Z, we
may assume that Wi, W5 intersect non-trivially with (0, 1). It is enough to show that
771 (0(G)) intersects with this set. Let s and 7 denote the sizes of A1/ Vi and Ay/ Vs,
respectively. Let n be a sufficiently large number depending only on Wy, W, s, t that we
will choose later. Let g; € G and g2 € G, be two generators of orders py, pa for py, p2 >
n. Recall that vgl.i is a generator of A; and therefore so is vg;. Since A1/ Vi, Az/V; are
finite, we can find powers m;, m: < max({s, t} such that vgi ev; - V;and vg’,' € V;. Hence,

mi+km} . . .
for every k, we have that v, is in v; - V;. Since m/ depend only on s and 7, we see that

for n sufficiently large, one of the elements in {(m; + km;) /pi : k € N} must intersect
with W; N (0, 1) for all p; > n. Let g = ((m1 + km/)g1, (mz + km/)g>); then o (g) is an
element in the image of Wi x vy - Vi x Wa x va2V; under w. Thus, o (G) intersects with
any open subset in U and therefore is dense.
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9.3. A cocycle that is not cohomologous to a phase polynomial. For every g € G| @
G2, choose any a, = (ag, by) € R? such that a, mod 1 is equal to the first coordinate of
0(g) in Uy and by mod 1 to the first coordinate in U;. In particular, if g € G, thenag, =0
and, if g € G2, then by = 0.

We define a bilinear form ¢ : R* x R> — S! by the formula ¢ (x, y) = e(xy2 —
x2y1), where e(a) = e?™¢, and let f(x) = ¢(x, |x]), where |x] is the integer part of
x coordinate-wise. For every k € 72, we have

fa+k) = f@)-plx, k). ©.1)
This gives rise to a function f : G x R — S! which is given by
fo+ap)
fx)
Equation (9.1) implies that f is well defined on (R/ 7)%. We note that (R/Z)%> = U/(A; x

A») and so we can think of f as a function on U which is invariant under multiplication by
elements in A x Aj.

- P(ag, x).

flg,x)=

LEMMA9.1. Foreveryt eR? A f(g, x)is (G, U, Sl)—cohomologous to ¢ (ag, )P (t, ag).

Proof. Let t € R? and let F(x) := f(x + t)/f(x) - @(t, x); equation (9.1) implies that
F; is well defined on (R/ Z)%. A direct computation shows that A, f = ¢ (ag, (¢, ag) -
Ag, Fr. O

Observe that for every g € G, the constants ¢ (ag, )¢ (¢, ag) give rise to a character of
R2, x(g, x) = ¢(ag, x) - ¢(x, ag). By the lemma above, we have that A;(f - x) = AF;
for every t € R

We extend x to a character of U. To do this, we define amap ¢ : G x Aj x Ay — S!
by the formula ¢(g, vy, v2) = (vz(g))2 . (vl(g))’z, where v, vy are identified with the
corresponding elements in G=A 1 X Aj.Itisnot hard to see that x - ¢ : G % RZ x Ay x
Ay — S'is well defined as a function (homomorphism) on U (that is, it is invariant under
multiplication by an element in Z).

f - x - ¢ is not a cocycle, but it satisfies the following facts.

THEOREM 9.2. f - x - @ isaline cocycleand Apf - x - ¢(g,-) = Agf - x - o(h, ).

Assuming this theorem, there is a unique cocycle p : G x U — S! which agrees with
f - x - ¢ on the generators of G. This cocycle is given by the following equation:t

[e’e} 8i
puw)=[]TaTe - T [1F x-0ler, TS ©.2)
i=1 k=0

We note that the infinite product is well defined because it is trivial outside of a finite set
for every given g € G.

+ This fact is the cocycle counterpart of the fact that a homomorphism is uniquely determined by the values it
gives to a generating set.
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Proof of Theorem 9.2. Let g € G be an element of order n. We then have

n—1 n—1 z
fe+k+Dag)——
: : s Tk B = = & k 5 : s k .
k|=0| fx-e@g T,y (x,v) k|=0| Fox + kety) ¢ (x + kag, atg) - (g, v + V)

We can break the product on the right-hand side of the equations into three products. That

is, TTiZo(f(x + (k + Darg)/f(x + kag)), [TiZp &0 +kag, ag) and [[;Z5 (g, v +
vfg‘). We compute each term separately. The first term is a telescoping series and so equals

f(x + nocg)/f(x). Since ¢ is bilinear and ¢ (g, ) = 1, the second term equals

¢<nx + (Z)ozg, ozg) = ¢(x, nag).

Finally, since ¢(g, -) is a homomorphism, the third term equals ¢(g, v)" - ¢(g, vg)(g).
It follows from the definition of ¢ that g — ¢(g, v) is a homomorphism for every
v € Ay X Ajp. Since n divides 2 - ('21), this implies that the last term is trivial{. We conclude

that
n—1 ~
fx+nog) ———
Cy . , TH(x, =Ll 18 i -1
g)f X @8 Tf(x, v) oy P ney)

In other words, f - x - ¢ is a line cocycle.
We now prove the second property. Since A; f - x (g, X) = Aq, F;(x), one has that

Aay f - X(8: %) = Aa, Fay, (1) = Dg, f (h, ).

Recall the definition of o from §9.2. We abuse notation and write o (g) = (¢, vg), where
vg € Ay X Ay (note that if g is a generator of any IF,-component of G, then this v,
coincides with v, from §9.2). It is enough to show that

Ay, (8, V) Ag, X (h, x) - Ay, @(h,v) =1 9.3)

for every g, h € G, x € R? and v € A; x A,. Since x (h, ag) - ¢(h, vg) is a homomor-
phism in g, we conclude that the map (g, k) > Ay, @(g, V) Ag, X (h, X) - Ay, @(h, v) is
bilinear in g and . Hence, by linearity, it is enough to check equation (9.3) in the case
where h and g are generators. For simplicity, we denote the order of 4 and g by p;, and
Pg, respectively. We begin with the case where h = g. In that case, the claim follows since
X (h, ap) = 1 and the terms A, ¢(g, v) and Avgcp(h, v) cancel each other out. Otherwise,
h # g and then the right-hand side of equation (9.3 is of order p; and of order p,
simultaneously. Since p, # pg, the claim in the equation follows. O

Let p be as in (9.2); then the extension defined by p is not Abramov of any order.
Formally, we prove the following result.

THEOREM 9.3. The system X =U X, S is an ergodic system of order <3 and the
measurable map (x, u) — u is orthogonal to all phase polynomials.
T Note that if n = 2, then n does not divide (3); however in this case we have that ¢ (g, -) = 1 immediately from

the definition.
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Proof. First, we claim that the system is ergodic. It is enough to show that p is not
(G, U, S")-cohomologous to a cocycle taking values in some proper subgroup of S! (see
[46, Corollary 3.8]). Suppose by contradiction that there is an n € N such that p" is a
(G, U, S")-coboundary. Then the Conze—-Lesigne equation gives

Arp =4t - AF;

for every ¢ € U, where A, : G — S! is a homomorphism such that A} is a coboundary.
The cocycle identity implies that A, is a coboundary. Since U is connected, it is divisible
(Lemma A.15) and so every u € U can be written as ¢*. Lemma 3.7 then implies that p is
cohomologous to constant. This is a contradiction and so X is ergodic.
Now we prove that X is of order < 3; equivalently, we show that p is of type < 2. By

the Conze-Lesigne equation with r = x” - x ™!, we have

p(x,) = Ay AF_y(x).

p(x')
Since the action of G on U is given by a homomorphism, we have that the map
(x, x") = AF,_,(x) is a derivative of G(x, x") := F,_(x) in U x U and therefore is
a coboundary; hence, (x, x") = p(x)/p(x’) is cohomologous to A,_,/, which is invariant
under the action of G and so is of type < 1. We conclude that p is of type < 2. Finally,
since X is connected, there are only phase polynomials of degree < 2 (same proof as
in the claim in Example 1.28). Such phase polynomials are measurable with respect to
the Kronecker system U. In particular, the map (u, x) + x is orthogonal to every phase
polynomial. Therefore, X is not Abramov, as required. O

10. Nilpotent systems

The goal of this section is to prove Theorem 1.31. Recall that an ergodic system of order
< 3 takes the form X = Z x, U, where Z and U are compact abelian groups and Z is the
Kronecker factor. Since every compact abelian group U is an inverse limit of Lie groups,
we can assume that U is a product of a torus and a finite group.

Definition 10.1. (Host-Kra group for systems of order < 3) Let X =Z x, U be an
ergodic G-system of order < 3. For every s € Z and a measurable map F : Z — U, we
have a measure-preserving transformation S r(z, u) = (sz, F(z)u) on X. We let G(X)
denote the group of all such transformations with the property that there existsc¢; : G — U
such that Ajp = ¢ - AF.

Equipped with the topology of convergence in measure, Host and Kra [29, Lemma 8.7
and Corollary 5.9] proved that G(X) is a locally compact Polish two-step nilpotent group.
Let p : G(X) — Z denote the projection to the first coordinate S r > s. Observe that if
s =1,then AF =cjandso F € P.»(Z, U). In other words, we can identify ker(p) with
P (Z,U).

We claim that in order to prove Theorem 1.31, it is enough to show that p is onto. In that
case, Theorem A.6 implies that p is an open map. Let u € U and define F, : Z — U to be
the constant map F},(z) = u. It is an immediate application of the definitions that Sy g, €
G(X). Therefore (assuming that p is onto), we have that the group G(X) acts transitively
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on X. Let I" be the stabilizer of (1, 1) € Z x U and assume further that U is a Lie group (as
mentioned above, using inverse limits to approximate U we can assume that this is always
the case). Direct computation reveals that I' = Hom(Z, U) as topological groups. Since U
is a Lie group, the latter is a discrete cocompact subgroup of G and X is homeomorphic
to G/ ' (see Theorem A.6). Moreover, it is easy to see that for every element g € G,
the transformation 7, : X — X belongs to G(X). This gives rise to a natural G-action
on G(X)/T by g.(xI') = (Tgx)I'". It follows that there is an isomorphism (of G-systems)
X = G/ T'. This completes the proof of Theorem 1.31 (assuming that p is onto).

Now we prove that p is onto. Equivalently, we show that for every s € Z, we can find
Fy : Z — U such that S5 f, € G(X). Recall that the Lie group U is a direct product of a
torus and a finite group. Therefore, it is enough to solve this equation coordinate-wise.

If the coordinate is associated with the torus subgroup of U, we can apply the following
important result of Moore and Schmidt [34].

LEMMA 10.2. (Cocycles of type < 1 are cohomologous to constants) Let X be an ergodic
G-system. Suppose that p : G x X — S is a cocycle of type < 1. Then there exists a
character ¢ : G — S! such that pis (G, X, Sl)—cohomologous to c.

We note that this result fails for cocycles which take values in arbitrary compact abelian
groups (in particular, it fails for cocycles into finite groups).

Proof of Theorem 1.31. From the discussion above, we see that we need to show that for
every s € Z, there exist a measurable map F; : Z — U and a constant ¢ : Z — U such
that Agp = ¢5 - AFj.

Let T(U) denote the torus subgroup of U and D(U) the discrete (finite) subgroup.
Then U = T(U) x D(U). Let pr and pp be the projections of p to T(U) and D(U)
respectively andlet X7 = Z x,, T(U) and Xp = Z x,;, D(U).Itis enough to show that
the projections pr : G(X7) = Z and pp : G(Xp) — Z are onto. Indeed, if Frs:Z —
T(U)and Fps : Z— D(U) are such that S ;. € G(X7) and S ), € G(Xp), then, by
definition, the map Fy(z) = (Fr4(z), Fps(z)) satisfies S5 r, € G(X).

Let s € Z. Lemma 2.6 implies that Agpr and Agpp are of type < 1. By Lemma 10.2
applied for pr, we see that A pr is cohomologous to a constant. Equivalently, p7 is onto.
Now we deal with the finite case. The structure theorem of finite abelian groups asserts
that every finite group is a direct product of C,» for some prime p and n € N. By working
out each coordinate, we may assume that U = C» for such p and n. By embedding C yn
in S' and applying Lemma 10.2, we see that

Agpp = ¢ - AF; (10.1)

for some constant ¢, : G — S and F, : Z — S!. Our goal is to replace F; and ¢y with
some F; and c; such that equation (10.1) holds and Fy, ¢ takes values in C .

As a first step we show that pp is (G, Z, S')-cohomologous to a phase polynomial of
degree < 2. To do this, we must first eliminate the connected component of Z. Observe

that by the cocycle identity, we have
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n
—1
. p

Agpp = Asph - [T AsAgepp.
k=0

n__ . .
From equation (10.1), we see that ]—[,‘?zol AsAgpp is a coboundary. Moreover, since

pp takes values in Cp,n, the term Aspf)n vanishes and we conclude that A »pp is
a coboundary for every s € Z. Let Zg be the connected component of the identity in
Z. Since connected groups are divisible (Lemma A.15), we conclude that Agpp is a
(G, Z, Sl)—coboundary forevery s € Zo. By Lemma 3.7, pp is (G, Z, Sl)-cohomologous
to a cocycle p’ that is invariant with respect to the action of Zj. Let m,p’ be the
push-forward of p’ to Z/Zy. By Lemma 2.5, m,p0" is of type < 2. Therefore, by
Theorem 1.27, it is cohomologous to a phase polynomial of degree < 2. Lifting everything
back to Z, we conclude that p’ and pp are (G, Z, S')-cohomologous to a phase polynomial
Q: G x Z — S' of degree < 2. Moreover, Q is invariant to translations by Zo. We write

p=0Q- AF (10.2)

for some F : Z — S!.
Since pp takes values in Cpn, we have that

1= Q" AF"", (10.3)

By taking the derivative of both sides of the equation above by s € Z, we conclude that
AsFP" is a phase polynomial of degree < 2. Our next goal is to replace F with a function
F’ such that F’/F is a phase polynomial of degree < 3 (and so equation (10.2) holds if we
replace Q with another phase polynomial cocycle of degree < 2) and at the same time that
Ay F'P" is a constant.

We study the phase polynomial Q. It is a fact that every phase polynomial of degree
< 2 is a constant multiple of a homomorphism. Therefore, we can write Q(g, x) = c(g)-
q(g,x),wherec: G — S'andg : G x Z — S!is a homomorphism in the Z-coordinate.
Since Q is a cocycle,

c(g+8Nq(g+g',x) =c(g)e(g)Agyq(g. x) - q(g, x) - q(g, x).
It follows that g is bilinear in g and x. Let
zZ,= ker(g”") = {s € Z : q(g., s)”" = 1 forevery g € G}.

Since ¢ is bilinear, Z/Z;, is isomorphic to a subgroup of Gl = pr&qu Cy4. We can take
the derivative of both sides of equation (10.3) by s € Z;,. We conclude by the ergodicity of
the Kronecker factor that A; F P" is a constant. Therefore, by Corollary A.4, there exists an
open subgroup Z' < Z which contains Z;, such that Ag FP" is a constant for every s € Z'.
By the cocycle identity, we conclude that Ag F P" = (s) for some character x : Z' — S'.
Lifting x to a character of Z arbitrarily, we conclude that F?" /x is a phase polynomial
which is invariant under translations by Z’. Since Z’ is open and Z is compact, the quotient
Z/Z' is a finite group. Moreover, since Z’ contains Z}), we conclude that the order of
Z/Z' is coprime to p. By Theorem B.9 applied on the finite system Z/Z’, we conclude
that up to constant multiplication F?"/x takes values in some finite subgroup C,, of S’
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with (p, m) = 1. By rotating F with a p"th root of this constant, we can assume that this
constant is trivial. Since p and m are coprime, we can find an integer / such that/ - p" =1
mod m. We conclude that R := (F?" x)! is a phase polynomial of degree < 3 and that
RP" = FP"/x.Let Q' :== Q - AR and F’ := F/R. Then, as in equation (10.2), we have

op = Q" - AF'

and A F'P" = x(s).
Now, by taking the derivative by s € Z on both sides of the equation above, we conclude
that

Asp = AsQ' - AAGF'.

Observe that ¢ := A, Q' is a character of G and

o = 207 AN x =1,
where the last equality follows from (10.3) and the fact that AA;x vanishes. It is left to
change the term A F. Set F| := AyF'/¢(s), where ¢(s) is a p"th root of x(s) in st
Then, as before, we have that

AépD = Ci‘ : AF;’

7 N ! R
but this time ¢/ = F,¥ = 1. This implies that pp is onto and the proof is now
complete. O

11. The limit formula and the Khintchine-type recurrence

In this section, we let ®n be any Fglner sequence of the group G = P pep Fp. For a
function f : G — C, we write Eycqe, f(g) for the average (1/|Py|) dech f(g). We
study the limit of averages of the form

Egeay Ty f1T5, [2T5, f3,

where f1, f2, f3 € L®(X).
The following results for IF‘;’—systems can be found in [7, Theorem 1.6]; the same proof

holds for @, p F

PROPOSITION 11.1. (The universal characteristic factors are characteristic) If c1, ¢z, ¢3 <
min,ep p, then Z_3(X) is characteristic for the average

IVIE)TIOO EgE¢N ngfl ngfz Lng3'
Namely, if f1, f> or f3 are orthogonal to Z _3(X), then the L*-limit is zero.

We note that the existence of the L2-limit is already known for all countable nilpotent
groups (see a proof by Walsh in [43]). Our goal is to prove a formula for the limit in the
special case when the underlying system is a nilpotent system.

We recall from the previous section that every system of order < 3 is an inverse
limit of systems of the form X = Z x, U, where Z is the Kronecker factor and U is a
Lie group. Every compact abelian Lie group is a product of a torus and a finite group.
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In Theorem 1.32, we further assume that 3 < min,¢p p, which implies that the order of
the finite group is odd (this fact will be used later, in particular that U? = U). We prove
this below.

PROPOSITION 11.2. Let X = Z x, U be an ergodic G-system of order < 3 and suppose
that 3 < minyep p. Then U?="U.

Proof. Assume by contradiction that U? < U. Then, by the Pontryagin dual, there exists
a non-trivial character x € U with values in C,. By Lemma 2.6, we see that Agx o p
is a cocycle of type < 1 for every s € Z and, by Lemma 10.2, this implies that Agx o
p(8, x) = cy,4(g) - AgFy y(x). Arguing as in the proof of Theorem 1.31 above, we can
assume that ¢, , takes values in C,. However, ¢, , is a character of G and by assumption
2 ¢ P. We conclude that ¢ , =1 and A x o p is a coboundary. It follows that x o p is of
type < 1 and that Z x,,, C> is a Kronecker system. This is a contradiction to the maximal
property of the Kronecker factor. O

Let 3 < minyep p and X = Z x, U be a system of order < 3. By Theorem 1.31, we
can approximate X by nilpotent homogeneous spaces. We study these systems. Assume
that X = G/ T, where G is the Host—Kra group of X and I" a discrete subgroup. Let G,
be the commutator subgroup of G that is the smallest closed group generated by all the
commutators. An easy calculation reveals that the commutator subgroup G, is isomorphic
to U. In particular, from Proposition 11.2, we conclude that any element in G, has a square
root. In this case, we have the following formula for the limit of the multiple ergodic
averages.

THEOREM 11.3. (The limit formula) Let p > 3 and let X = G/ T" be a G-system of order
< 3, where G is the Host—Kra group. If G, is a Lie group, then, for all fi, f>, f3 € L*(X),
we have that for pug-almost all x € G the average

EgGCDN fi (Tgx) : fZ(Tng) : f3(T3gx)

converges to

/ /g AT ey yal) f3(x3i y3T) ding, (v2) dux (i),
X JO
with the abuse of notation that f(x) = f(xTI').

The proof follows the argument of Lesigne [33]. Lesigne’s argument relies on a result of
Green (see [3]) that in the case of connected simply connected nilsystems, the ergodicity
is determined by the ergodicity of the Kronecker factor. We prove a counterpart of Green’s
theorem in our special case (see Proposition 11.5 below), from which we deduce the limit
formula.

11.1. The system (G/T, Sex). Let G/ T be a two-step nilpotent system and assume that
Gy is a compact abelian group. Let G := G x [G, G] and define multiplication on G by

(x1, %2) - (1, ¥2) = (¥1y1, [x1, y11x2y2), where [x, y] = x~'y~'xy. For each x € G, let
S¢.x denote the action of G on G by left multiplication with (ag[ag, x], €), where g — a,
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denotes the action of G on G. Finally, let =T x{e} < G. It is easy to see that G is
a locally compact two-step nilpotent group and T is a discrete cocompact subgroup. We
equip G with the product measure and the quotient G/T" with the induced Haar measure.

Let Ay = {(xyT, xylzygF, xyfygl") - (y1, y2) € G} beasubsetof G/T x G/T x G/T
with the induced measure and a—alg~eb~ra. Then the map I, (y1, y2) = (xy1, xyf 2, xyf yg)
defines an isomorphism between (G/I", S, ) and (Ay, (Ty x To, x T34)). Let g be the
Haar measure on G; our goal is to prove that for j1g-almost every x € G, the action of S
is ergodic.

11.2.  Proving ergodicity. We first prove the ergodicity on the Kronecker factor.

PROPOSITION 11.4. (Ergodicity on the Kronecker factor) The induced action of Sg x on
G/GoT is ergodic for ug-almost every x € G.

Proof. Using Fourier analysis, the action of S, , is ergodic if and only if every character
o : G — S! that is trivial on sz and satisfies o ((ag[ag, x], e)) = 1 is trivial.

Let o be such a character; we denote by oy : G — § Vand oy : G» — S! the coordinates
of 0. Namely, o1(x) := o (x, ¢) and 02(y) = o (e, y). Direct computation shows that:
(1) o, y) =o01(x) 020);
(2)  o1(x1x2) = o1(x1) - 01(x2) - 02([x1, X2]);
(3) op is acharacter;
(4) for every x = (x1,x2), y = (y1, 2) € G, we have [x, y] = ([x1, y1]. [x1, y11*). In

particular, o1 (x') = o2(x") 2.

Observe that by property (4), we have that o ((agla,, x], €)) = 1 if and only if 01(ag) =
oa(lag, x])*.

Since the map (g, y) — o02([ag, y]) is a bilinear map G x § — st it gives rise to a
homomorphism g — G.letL < G be the kernel of this homomorphism.

Since G is countable, it is enough to show that the measure of £ for every non-trivial
character is zero. Suppose by contradiction that £ is of positive measure. Then it is an open
normal subgroup of G. Clearly, £ also contains the elements a, for all g € G. Let I'; =
L NT;then £/ Tz can be identified with a closed and open subset of G/ I" which is also
G-invariant. Ergodicity of G/ I' implies that the systems £/T"z and G/ I" are isomorphic
and the identity map xI"s +— xT is the isomorphism. In particular, it follows that the action
of Gon L/ T is ergodic.

CLAIM 1. We prove that op(x) = 1 forall x € [Tz, Gl and x € L».

Proof of claim. From the construction, we see that o3([ag, x]) = 1 for all g € G and for
all x € L. Let y € 'z and look at x — o»([y, x]). Since y € I', this map is trivial for
x € I'; since y € £, this map is also trivial for x = a, for every g € G and hence by
ergodicity this map is trivial for all x € G. Since o7 is a character, this proves the first
claim. Now fix y € £. We have just proved that o»([y, x]) = 1 for all x € I'¢; it follows
by the construction of £ that the same holds for x = a, for all g € G. Ergodicity implies
that o, is trivial on £,, as required. O

https://doi.org/10.1017/etds.2021.109 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.109

Host—Kra theory for @ peP F,-systems and multiple recurrence 347

CLAIM 2. o7 is trivial on Gy.

Proof of claim. Consider the map ¥ : y — o1(y)/o2([y, xo]) for all y € L. By property
(3) above and claim 1, this map is G-invariant and a homomorphism of £. Moreover,
since o is invariant to right multiplication by an element in T, it follows from claim 1
that v is also invariant to right multiplication by I' . The ergodicity of the G-action on
L/ T, implies that ¢ is trivial. Now, since Gy € £, we conclude that for every ¢t € G,
o1(t) = o2([t, xo])* = 1. From property (4) above, this implies that o2(t%) = 1. Since p >
3, sz = G, and the claim follows. O

To finish the proof of the proposition, we prove that o = 1. Just as in claim 2, we see
thato; : G — S lisa homomorphism that is invariant to I and to the action of G. Hence,
it is a constant. Since o = o, we conclude that o is trivial. O

PROPOSITION 11.5. (Ergodicity on the Kronecker factor implies ergodicity) Let x be such
that the induced action of Sg x on G/GoI' is ergodic. Then the original action of Sg x on
G/T is ergodic.

Proof. We proceed as in the proof of Parry [39]. Fix x as in the proposition and let
f:G/T" — S! be an invariant function. The group Grisa compact abelian group which
acts on L2(G /). We deduce, using the Peter—Weyl decomposition theorem, that there
is an orthogonal decomposition of f as a sum of eigenfunctions f =), fi, where A is
a character of G». Since f is invariant, each f, is an eigenfunction of the G-action. Let
n € §G. For every A and every g € G, we have

filngx) = filgnin™", g7 x) = a(n™", g7 ') fulgnx) = A", g7 1) - ¢ fr(nx).

Hence, A, f). is an eigenfunction with respect to the action of G. Direct computation shows
that Ay A, foy = 1forallu € C;z and so A, f can be identified with an eigenfunction with
respect the induced action of S, , on the quotient G/ G>I". We assume that this factor is
ergodic and so by Lemma 3.5 the group of eigenfunctions modulo constants is discrete.
We conclude that the group

L, :=1{n € G : Ayf,is aconstant}

is an open subgroup of G. Moreover, [ — A; f; is a homomorphism from £, to S ! and so
it is invariant under [£;, £3] < G. It is left to show that for every character A, [£;, £;] =
Gr. Fix A and let £ = £;. Let £ = LN G x {e}. By property (4), it is left to prove that
£’2 = G». For convenience, we denote by = aglag, x]. It is easy to see that by € L. Now
we use the fact that G is the Host—Kra group of the underlying space X. Write X = Z x, U,
where Z is the Kronecker factor and U is a Lie group. Since £ is open and contains by
for all g € G, the image of the projection p : £ — Z is an invariant open subgroup and
therefore the projection is onto. Fix a cross-section s > 5 = Sy, y,, where Ajo = ¢5 - Af
for some ¢; : G — U. Then [s, by] =[5, ag] = S1¢,(g), which we identify as an element
of U. Suppose by contradiction that the closed group generated by these ¢s(g) forall s € Z
and g € G is a proper subgroup of U. Then there exists a character y € U such that x o p
is of type < 1. The maximal property of the Kronecker factor provides a contradiction.
This completes the proof. O
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We conclude that the system G /T, S¢.x) is ergodic for ug-almost every x € G. Since it
is ergodic, it is automatically uniquely ergodic (see [37, Theorem 5] and [38, §2, Lemma
1]). Therefore, by the mean ergodic theorem, we have that

lim Egeqy Fagxyr, agxylzyz, agxyfyg)
N—o00
=/ / F(xy1, xy1y2, x313) diig, (v2) dugyr(y1)
g/T JG,

for every continuous function F on (G/T)3 and for all y;, y, € G. Set yj =y, =e
and F(x1, x2,x3) = f(x1) - f(x2) - f(x3). We conclude that Theorem 11.3 holds for
continuous functions. The general case follows by approximating bounded functions by
continuous functions and taking limits.

11.3. Concluding the proof for the Khintchine recurrence. We prove Theorem 1.32
following an argument of Frantzikinakis [15]. Let X be any system; by Proposition 11.1, the
limit of Egeay Ty f1 124 f2T34 f3 in L?is equal to the limit of Egco,, Tgfl T ngggfg if the
latter exists, where fl denotes the projection of f; to the factor Z_3(X) foreach 1 <i < 3.
Using Theorem 1.31, we can assume by an approximation argument that Z_3(X) is an
extension of the Kronecker factor by a Lie group and that Z_3(X) = G/ T", where G, is a
Lie group. Let A be a set of positive measure, set f = fi = f» = f3 = 14 and let e > 0.
Suppose by contradiction that the set {g € G : u(AN T, AN T AN T3,A) > w(A)* — ¢}
fails to be syndetic. Then its complement contains a translation of every finite set. In
particular, it must contain a Fglner sequence ®y. Therefore, for every g € (JYy_; ®n,
we have that

/X foTof ~Togf - Tagfdp < u(A)* —e.

CLAIM. Let Z be the Kronecker factor of X. Let a; € Z Denote the element corresponding

to the action of G on Z and 1 : Z — RT be any continuous function. Then the average

Egecoynlag) Ty f112g 2134 f3

converges to zero in L* if E(fi|Z-3) =0 forany1 <i <3.

Proof. By approximating n by characters, it is enough to assume that n is a character
of the Kronecker factor. Therefore, n(ag) = A, x for some character x € Z. Let fi =
f1 - x and then apply Proposition 11.1 for the average associated with f{, f2, f3. Since x is
measurable with respect to the Kronecker factor, E( fl/ 1 Z23) =0 << E(f1|1Z<3) =0,
which completes the proof. O

We can therefore apply Lemma 11.3 to the twisted average

Egcoynlag) Ty f112g f2T34 f3

and conclude that it converges to

/X /G n(y1) f1(xy1) L(xyy2) f3(xyiy3) dmg, (y2) dmx (yiT).
2
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By taking f; = f> = f3 = 1, we conclude that
Eg€d>Nn(ag) =1
We now consider the average
Egeayn(ag) f fo-Tg f1 - Tagfr - Tag f3 dmy,
X
which by the same argument converges to
/ / / N o) frley) L(xyiy2) 337 y3) dma, (y2) dmx (1 T) dmx (xT).
X JX JGy
Since 7 is arbitrary, we can approximate the indicator functions 1g(g, s), where B(G, 8)

denotes the ball of radius § around all elements of G,. Since translations are continuous in
L?, by taking a limit as § — 0 the limit will be arbitrarily close to

f / OO fxyn) feyys) Fxeyiy3) dmg, g, 01, y2) dmx (xT).
X JGrxGy

We integrate everything to get that this is equal to
f / F(82) f(gxy1) F(8xy7y2) f(8x3773) dmg, xGyxGs (8. x, y2) dmx (yiT).
X JG1xGaxGy

Since the set {(g, gV1, gy} 2. gYi¥3) : & V1. Y2 € Go} equals the set {(hy, ha, h3, ha) €
Qg : h]hg = h4h§}, we can write the above integral as

f f f f(h1x) f(h3x) dr(hy, h3)? dmg, (h) dmy (xT).
X JGy Jnhd=h

By Cauchy—Schwartz and the triangle inequality, this is greater than or equal to

4 4
/ ( f(hx) dmgz(h)> dmx(xT) = <f fx) dmx(xF)) = u(A)*.
X G X
We conclude that
Egeaoyn(agu(ANT,ANTr,ANT3,A) > w(A)* — g/2
for some n(ag) > 0 with Egepyae = 1. This contradicts the inequality u(ANTzA N

TrgANT3gA) < w(A)* — e forall g € |Jycy Pw, as required. O

Acknowledgment. 1 would like to to thank my adviser Prof. Tamar Ziegler for many
helpful discussions and suggestions. I also thank the anonymous referee for many valuable
comments that contributed to the clarity of the paper.

A. Appendix. Topological groups and measurable homomorphisms
In this section, we survey some results about topological groups.
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A.l. Homomorphisms of Polish groups.

Definition A.1. We say that a topological group G is a Polish group if it is separable and
completely metrizable. If G is compact, this is equivalent to the existence of some invariant
metric on G (that is, a metric such that d(x, y) = d(gx, gy)).

Every topological group is a measurable space with respect to the Borel o-algebra. It
is well known that every locally compact abelian group G admits a unique (up to scalar
multiplication) invariant Borel measure p. This measure is inner and outer regular and it
assigns finite measure for compact subsets. In particular, in the case where G is compact,
we can normalize so that 4 (G) = 1. The existence of such measures leads to many fruitful
corollaries.

PROPOSITION A.2. (Weil [11, Lemma 2.3]) Let G be a locally compact Polish group and
let A C G be a measurable subset of positive measure. Then A - A~' contains an open
neighborhood of the identity.

This implies the following useful proposition.

PROPOSITION A.3. Let G be a locally compact Polish abelian group and let H be a Borel
subgroup of at most countable index. Then H is open.

Proof. Let pu be the Haar measure on G. Since H has countable index, there exist
g1, 82, . ..suchthat G = |_|fi 1 & H . In particular, it follows that

0 < u(G) =) ugiH).
i=1

Since the measure is invariant, the right-hand side is an infinite sum of w(H). This is
only possible if the measure of H is positive (note that if G is compact, this also implies
that the sum is finite). Now, by Proposition A.2, we have that H — H contains an open
neighborhood U of the identity. Since H — H C H, we have that H = | J;,.; hU and so
is open. O

We deduce the following result.

COROLLARY A.4. Let G be a locally compact abelian Polish group and let L be a
locally compact abelian group of at most countable cardinality. Then any measurable
homomorphism ¢ : G — L factors through an open subgroup of G.

Proof. The kernel of ¢ is a Borel subgroup of at most countable index. Therefore, the
claim follows from the previous proposition. O

Another important corollary of Proposition A.2 is the following automatic continuity
lemma.

LEMMA A.S. (Automatic continuity of measurable homomorphisms [11, Theorem 2.2])
Any measurable homomorphism from a locally compact Polish group into a Polish group
is continuous.
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The following result is a version of the open mapping theorem in Polish groups
[4, Ch. 1].

THEOREM A.6. Let G and H be Polish groups and let p : G — H be a group homomor-
phism that is continuous and onto. Then p is an open map.

It follows from this theorem that G/ ker(p) = H as topological groups. In particular,
we obtain the following result.

COROLLARY A.7. Let H be a closed normal subgroup of the Polish group G. If H and
G/H are locally compact, then G is locally compact. If H and G /H are compact, then G is
compact.

A.2. Totally disconnected groups.

Definition A.8. [27, Exercise E8.6] Let X be a locally compact Hausdorff space. Then the
following are equivalent.

e Every connected component in X is a singleton.

e X has a basis consisting of open and closed sets.

We say that X is totally disconnected if one of the above is satisfied.

In this section, we will be interested in compact (Hausdorff) totally disconnected
groups. These groups are also called profinite groups; in fact, one can show that every
such group is an inverse limit of finite groups (see [36, Proposition 1.1.3]).

PROPOSITION A.9. Let G be a compact Hausdorff totally disconnected group. Let 1 €
U C G be an open neighborhood of the identity; then U contains an open subgroup of G.

The proof of this proposition can be found in [36, Proposition 1.1.3]. As a corollary, we
have the following result.

COROLLARY A.10. (The dual of a totally disconnected group is a torsion group) Let G
be a compact abelian totally disconnected group and let x : G — S' be a continuous
character. Then the image of x is finite.

Proof. Choose an open neighborhood of the identity U in S' that contains no non-trivial
subgroups. Then x ! (U) is an open neighborhood of G. Now let H be an open subgroup
such that H € x~!(U). It follows that y (H) is trivial and so x factors through G/H,
which is finite. O

We note that the other direction also holds, but we do not use this fact here.

Since compact totally disconnected groups are profinite groups, some of the theory
of finite groups can be generalized to these groups. For example, we have the following
decomposition to p-components.

PROPOSITION A.11. (Sylow theorem [27, Corollary 8.8]) A compact abelian group is
totally disconnected if and only if it is a direct product of p-groups.

We also need the following structure theorem for torsion groups (of bounded torsion).
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THEOREM A.12. (Structure theorem for abelian groups of bounded torsion [35, Ch. 5,
Theorem 18]) Let G be a compact abelian group and suppose that there exists some n € N
such that g" = 1¢ for every g € G. Then G is topologically and algebraically isomorphic
to ]_[?il Cu;, where, for every i, m; is an integer which divides n.

One way to generate totally disconnected groups is to begin with an arbitrary compact
abelian group and quotient it out by its connected component.

LEMMA A.13. Let G be a compact abelian group and let G be the connected component
of the identity. Since the multiplication and the inversion maps are continuous, one has
that G is a subgroup of G. We have:

o Gy has no non-trivial open subgroups;

e every open subgroup of G contains G;

o  G/Gq equipped with the quotient topology is a totally disconnected compact group.

As a corollary, we have the following result.

PROPOSITION A.14. (Quotient of a profinite group is a profinite group) Let G be a
profinite group and let N be a subgroup of G. Then G/N with the induced topology is
a profinite group.

Proof. Let C denote the connected component of the identity in G/N. Let x € C and
let 7 : G — G/N be the projection map. Then 7 ~!({x}) is a closed subset of G. If by
contradiction x # 1, then by Proposition A.9 we have that the complement contains an
open subgroup V. Quotient homomorphisms are open and so, by Lemma A.13, 7 (V)
contains the connected component of G/N, which is absurd. [

We also need the following important fact that connected groups are divisible [27,
Corollary 8.5].

LEMMA A.15. Let G be a compact abelian connected group. Then, for every g € G and
n € N, there exists h € G such that h"" = g.

A.3. Lie groups.

Definition A.16. A topological group G is said to be a Lie group if, as a topological
space, it is a finite-dimensional differentiable manifold over R and the multiplication and
inversion maps are smooth.

A compact abelian group is a Lie group if and only if its Pontryagin dual is finitely
generated. The structure theorem for finitely generated abelian groups then implies the
following result.

THEOREM A.17. (Structure theorem for compact abelian Lie groups [40, Theorem 5.2])
A compact abelian group G is a Lie group if and only if there exists n € N such that
G = (81" x Cy, where Cy is some finite group with discrete topology.
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Fortunately, a classical result of Gleason and Yamabe asserts, in particular, that all
compact abelian groups can be approximated by compact abelian Lie groups.

THEOREM A.18. [27, Corollary 8.18] Let G be a compact abelian group and let U be a
neighborhood of the identity in G. Then U contains a subgroup N such that G/N is a Lie

group.

It follows from the above (see also [31, Lemma 2.2]) that any compact connected
nilpotent group is abelian.

PROPOSITION A.19. If G is a compact metric connected k-step nilpotent group, then G is
abelian.

B. Appendix. Some results about phase polynomials

In this section, G = P, p ) for some multiset of primes P.

PROPOSITION B.1. (Values of phase polynomial cocycles) Let X be an ergodic G-system.
Letd > Oandq : G x X — S' be a phase polynomial of degree < d that is also a cocycle.
Then, for every g € G, q(g, -) takes values in C,,, where m is the order of g to the power
of d.

Proof. We prove the proposition by induction on d. If d = 0, then ¢ = 1 and the claim
is trivial. Fix d > 1 and assume inductively that the claim holds for smaller values of d.
Letg : G x X — S! be a phase polynomial of degree < d and fix g € G of order n. The
cocycle identity implies that
n—1
l=q(ng,x) = ]_[ q(g, Tgx).
k=0

Since ¢(g. TkgX) = q(g. X) - Akgq (g, x), we have that q(g, )" - [T}Zg Akgq(g. x) = 1.
By the induction hypothesis, ]_[Z;(l) Akeq(g, x) is in C,a—1 and it follows that g(g, x) €
C,4, as required. O]

We need the following version of [6, Lemma B.5(1)].

LEMMA B.2. (Vertical derivatives of phase polynomials are phase polynomials of smaller
degree) Let X be an ergodic G-system. Let U be a compact abelian group acting freely
on X by automorphisms. Let P : X — S' be a phase polynomial of degree < d for some
d > 1. Then A, P is a phase polynomial of degree < d — 1 for everyu € U.

Proof. We prove the lemma by induction on d. If d = 1, ergodicity implies that P is a
constant and so A, P = 1, as required. Let d > 2 and assume inductively that the claim
is true for d — 1. Given a phase polynomial P : X — S! of degree < d, we have that
AP : G x X — S'isaphase polynomial of degree < d — 1. By the induction hypothesis,
we conclude that A, AP is a phase polynomial of degree < d — 2. As the action of U
commutes with the action of G, we have that AA, P is a phase polynomial of degree
< d — 2. It follows that A, P is a phase polynomial of degree < d — 1 as desired. O

Proposition B.1 and Lemma B.2 imply the following result.
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COROLLARY B.3. Let X be an ergodic G-system and U be a compact abelian group
acting freely on X and commuting with the action of G. Suppose that there exists a
measurable map u — f, from U to P_y(X, S') which satisfies the cocycle identity (that
i, fuv = fuVufv) for all u, v € U. Then there exists an open subgroup V of U such that
fo € Poi(X,SY forallveV.

Proof. We prove the claim by induction on d. If d = 1, we can take V = U and the claim
follows. Let d > 1 and assume that the claim is true for smaller values of d. Let u — f,
be a map from U to P4(X, S 1. The cocycle identity implies that f,,, = fi fv - Au fo-
Applying Lemma B.2, we have that A, f, € P—4_1(X, S!) and so after quotienting out
P_y_1(X, SY) we have that the map U — P_4(X, Sl)/P<d,1(X, sh sending u to the
equivalent class of f;, is a homomorphism. Since d > 1, Lemma 3.5 (separation lemma)
implies that P_4_1(X, S 1) has at most countable index in P_4(X, Sl). Corollary A4
implies that the kernel, U’, is an open subgroup.

We conclude that f,, € P.4—1(X, S 1 for all u’ € U’ and so the induction hypothesis
implies that there exists an open subgroup V of U’ such that f, € P_;(X, S') forallv € V.
As Vis openin U’ and U’ is open in U, we have that V is open in U. [

We also need the following lemma from [6, Lemma B.5(iii)].

LEMMA B.4. (Composition of polynomials is again polynomial) Let U and V be two
abelian groups and X =Y x, U be an ergodic extension of a G-system Y by a phase
polynomial cocycle p : G x Y — U of degree < k for some k > 1. Suppose that p : X —
V is a phase polynomial of degree <d, vi: X - U, vu: X - U,.. . ,vj: X — U are
phase polynomials of degree < d\, < da, . . ., < djands : X — U is a phase polynomial
of degree < d'. Then the function P : X — V given by the formula

p(y,u) = (Avl(y,u) tet Avj(y,u)p)(ya s(y, u))

is a phase polynomial of degree < Oy j 41, dj.d' k(D).

The next proposition follows from an argument of Bergelson, Tao and Ziegler; see [7,
Lemma 2.1].

PROPOSITION B.5. (Phase polynomials are invariant under connected components) Let
X be an ergodic G-system of order < k and U be a compact abelian connected group
acting freely on X (not necessarily commuting with the G-action). Let P : G x X — S§!
be a phase polynomial of degree < d such that for every g € G, there exists My € N such
that P(g, -) takes at most My values. (e.g. if P is a phase polynomial cocycle). Then P is
invariant under the action of U.

Proof. Fix g € G and consider the map u +— A, P(g, -). Since P(g, -) is a measurable
map X — S', we have that A, P converges in measure to the constant 1 as u converges
to the identity in U. Since convergence in measure implies convergence in L, we can
use Lemma 3.5 to conclude that A, P(g, -) must be almost everywhere constant for u
close to the identity. From the cocycle identity, we have that the subset U é ={uel:
A, P(g,-) is a constant} is an open subgroup of U. As U is connected, we conclude that
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U g, = U for every g € G. We conclude that for every g € G, there exists a character y, :
U — S! such that A, P(g, ) = Xg(u) for every u € U. Since U is connected and yx, is
continuous, we have that the image of x, is either trivial oris § L But, the latter contradicts
the assumption that P(g,-) takes finitely many values. It follows that A, P(g,-) =1
for every u € U and g € G. In other words, P is invariant under the action of U, as
required. O

Remark B.6. In some cases, the group S! in the proposition can be replaced by any
compact abelian group using Pontryagin duality. For instance, if P : G x X — V is a
phase polynomial cocycle for some compact abelian group V, then for every x € V we
have that x o P : G x X — S' is a phase polynomial cocycle of the same degree. By
Propositions B.1 and B.5, we have that x (A, P) = 1 for every u € U. As the characters
separate points, this would imply that A, P = 1 and hence P is invariant with respect to
the action of U.

In the rest of this section, we work with a totally disconnected system X. We show
that in this case any phase polynomial into S' takes values in a coset of a finite cyclic
subgroup.

PROPOSITION B.7. (Phase polynomials on totally disconnected systems take finitely many
values) Let X be an ergodic totally disconnected G-system of order < k (see Definition
1.17). Let P : X — S! be a phase polynomial of degree < d. Then, up to a constant
multiple, P takes values in a finite subgroup of S'.

Proof. We induct on k. If k = 1, then X is trivial. In particular, every function on X is
a constant and the claim follows. Let £ > 2 and assume that the claim has already been
proven for k — 1. Let X be as in the proposition; then, by Proposition 1.16, we can write
X=Z 4 1(X) x, U.

Consider the map u — A, P. Clearly, u — A, P satisfies the cocycle identity and so
Corollary B.3 implies that there exists an open subgroup V such that A, P € P_(X, S!)
for every u € V. Ergodicity implies that A, P is a constant in S'. The induced map V —
S! sending v to the constant A, P is a homomorphism. As V is totally disconnected, the
kernel U’ is an open subgroup which satisfies A, P = 1 for every u € U’.

Now letu € U. As U/ U’ is a finite group, there exists m € N such thatu™ € U’. We fol-
low the argument in the proof of Corollary B.3, but instead of passing to an open subgroup,
we take a power. As in Corollary B.3, we have that U — P_4_1(X, Sl)/P<d_2(X, Sl)
sending u to the equivalent class of A, P is a homomorphism. As A= P = 1forallu € U,
we conclude that A, P™ is a phase polynomial of degree < d — 2. Iterating this process,
we conclude that A, P =1 for all u € U. In other words, P is invariant under
U. Viewing P asa phase polynomial of degree < d on Z_;_1(X) and applying the
induction hypothesis, we see that, up to constant multiplication, P takes values in
some finite subgroup H of S!. Letting ¢ be an m¢~'th root of this constant, we have that
P /c takes values in the finite group H, as desired. O

As a corollary, we have the following result.
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THEOREM B.8. (Phase polynomials of degree < d on totally disconnected systems take
< O4(1) values on finitely many primes) Let X be an ergodic totally disconnected
G-system of order < k (see Definition 1.17) and let F : X — S' be a phase polynomial
of degree < d. Then, up to constant multiplication, F takes values in the group C,,, where
m = pll1 Cee -p,l{’ for some n € N, distinct primes py, ..., ppandly, ..., L, = O4(1).

Proof. By Proposition B.7, we have that up to constant multiplication F takes values in Cy
for some finite o € N. The derivative ¢ := AF is a phase polynomial of degree < d — 1
which is also a cocycle and it takes values in Cy. Let n € N be such that « < p,,, where
pn is the nth prime, and write G = G,, ® G’, where G, = EBpGP,p<pn F, and G is its
complement. From Proposition B.1 and the fact that « < p,, we conclude that g(g, -) =
1 for all g € G'. Let m =[]/, pfl_l. Proposition B.1 implies that g™ = 1 and so, by
ergodicity, F™ is constant. Let ¢ be an mth root for F™. We conclude that ¢ - F takes
values in C,, as required. O

In the next theorem we will generalize the results above in the case where p > k.

THEOREM B.9. Let X be an ergodic G-system, let F : X — S' be a phase polynomial of
degree < k and let p be a prime such that p > k. Suppose now that F takes values in Cpm
for some m € N; then up to constant multiplication F takes values in Cp.

Proof. The derivative AF : G x X — Cn is a phase polynomial of degree < k. Write
G =G, ® G, where G, is the p-torsion subgroup of G. By Proposition B.1, it follows
that for every g € G, A, F takes values in C,, for some n coprime to p. As A F takes values
in Cpm, we conclude that AgF =1 for all g € G’. Now we claim that Ay F? =1 for all
g € G, (using ergodicity and the cocycle identity, this would imply that F'” is constant).

We argue as in [6, Lemma D.3(i)]. Taking logarithms, it is sufficient to show that if
F : X — Z/p™Z is an (additive) polynomial of degree < k, then pF is a constant.

Let g€ Gp; then TJ/F = F. Write Ty =1+ Az,‘, where Az,‘f(x) = f(Ty(x)) —
f(x) is the additive derivative. We conclude, using the binomial formula, that

P (’;)(A;)"F = F. Since F has degree k and k < p, we have that (AJ)?F = 0.
Therefore,

+ p 442 Hp-lp
pAgF+<2>(Ag)F+~~~+p(Ag) F =0,
which we rewrite as

p—1 _
(1 IS AL (A 2)(A;)pF =0.
Inverting the expression in the bracket using Neumann series (and using the fact that
(Ag)p*1 annihilates (Ag)pF), we conclude that A;pF =0 for any g € G,. Since
AfpF =0 for every g € G/, it follows from the cocycle identity in g that Af pF =0
for every g € G. Ergodicity implies that p F’ is a constant, as required. O

Remark B.10. We can generalize the result of Theorem B.9. If F : X — S! is a phase
polynomial of some given degree which takes values in some finite subgroup H of S',
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we can write H = C pylt Xt X C PN Composing F with each of the coordinate maps
i, ...,y yields a polynomial as in the previous theorem and hence if p1, ..., py are
sufficiently large, then F takes values in Cp, x - - - x Cp,,.

We generalize another result from [6, Lemma D.3].

PROPOSITION B.11. (Line cocycles) Let X be an ergodic G-system. Let F : X — S' be a
phase polynomial of degree < k and suppose that F takes values in C,, for some n = p; -

-+ - pj, wherek < p1, p2, ..., pj. Then, for every g € G, we have 1—[;1:—01 TgtF =1

Proof. Write C;, = Cp; X -+ - X ij and let 7r; : C;, — C),; be the projection map. We
show that ]_[f;é Tgf F;=1,where F; =m; o F.

First, we decompose Gas G = G, ® G',where G,, ={g € G : pjg =0} and G’ is/its
complement. Taking logarithms, it is enough to show that every polynomial ¥ : X — R/Z
with nF = 0 satisfies Y-/ T} F = 0.

Forevery g € G, we have a decompositionas g = g; + g’, where g; € G, and g’ € G'.
Since F; is a phase polynomial taking values in Z/ p;Z, we conclude by Proposition B.1

that it is invariant under T,. It follows that Zf;& T, F = Z;:ol Ty F. If gi =0, then
';:_01 T, F = nF = 0. Otherwise, since AZ,‘ = T, — 1, using the binomial formula, we

have

pi—1 pi—1 pi
tp ! +\
; TiF’ - Z (t+1)(Agi) Fi.

=0
Since F is a phase polynomial of degree < k, direct computation shows that so is

F;. Repeated application of Lemma B.2 and the fact that kK < p; imply that (A(;fl_)pi’1
annihilates F;. Since p; divides ( pi ) for0 <t < p; — 1, we conclude that

t+1
pi—1
> TLF =0.
t=0
As g;i is of order p; and p; divides n, we have that Z:’;ol T;i F; is a constant multiple of
f’;gl Tg’l, F; = 0 and hence trivial. Thus, for every 1 <i < j and any g € G, we have
that

n—1
> T Fi=0.
t=0

Since this holds for every coordinate, we conclude that

Y T,F =0,
as required. [

B.1. Roots of phase polynomials. When the multiset P is unbounded, it is not true that
every @pe p Fp-phase polynomial has an nth root that is also a phase polynomial (see
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Example 1.28 and compare with [6, Corollary D.7]). However, when the phase polynomial
takes finitely many values (for example, when the underlying space is totally disconnected),
we can use the tools developed by Bergelson, Tao and Ziegler in [6, Appendix D] to
construct phase polynomial roots.

Let X be an ergodic G-system and P : X — S! be a phase polynomial (of any degree).
Suppose that there exist a prime p and a natural number 7 such that P takes values in Cpn.
Write G, for the p-component of G and G = G, ® G*. We see by Proposition B.1 that
P is invariant with respect to the action of G on X. Let B » be the o-algebra of all G+
invariant functions and X, be the factor of X which corresponds to that o-algebra. It is
easy to see that the induced action of G, on X, is ergodic. This construction allows us
to generalize the following results of Bergelson, Tao and Ziegler about (F©, X, S')-phase
polynomials to our settingss.

We begin with the following version of Proposition D.5 from [6]; the proof is identical
and is therefore omitted.

PROPOSITION B.12. Let P : X — Z/ pmZ be an (additive) polynomial of degree < d and

let 7.) p' 7 be a cyclic group. Embed {0, 1, . . ., p — 1} into 7] p' 7 in the obvious manner.
Then, for any 0 < j <m — 1, the map b;(P) is a polynomial of degree < Oy4 p (1),
where b; : Z7)p'7 — {0, 1, ..., p— 1} is the jth digit map.

Just like in [6], this proposition implies that functions of phase polynomials are phase
polynomials. However, in our case we have to add an assumption about the values of the
phase polynomials.

COROLLARY B.13. (Functions of phase polynomials are phase polynomials) Let

@1, . - . Om be m phase polynomials of degree < d for some d, m > 1 with values in
Cpa. Let n>'1 and let F(gi, ..., ¢n) be some function of @i, ..., ¢n which takes
values in the cyclic group Cpn. Then F(@1, ..., ¢n) is a (X, SYY phase polynomial of

degree < Op gmn(1).
In particular, we have the following result.

COROLLARY B.14. (Phase polynomials with finite values have phase polynomial roots)
Let d,n > 1 be integers and p be a prime number. Let X be an ergodic G-system and
P : X — S! be a phase polynomial of degree < d which takes values in Cpa and letn >
1. Then there exists a phase polynomial W : X — S' of degree < Oy, p(1) such that
Ut = P.
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