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Abstract

Consider a branching random walk on the real line with a random environment in time
(BRWRE). A necessary and sufficient condition for the non-triviality of the limit of the
derivative martingale is formulated. To this end, we investigate the random walk in a
time-inhomogeneous random environment (RWRE), which is related to the BRWRE by
the many-to-one formula. The key step is to figure out Tanaka’s decomposition for the
RWRE conditioned to stay non-negative (or above a line), which is interesting in itself.
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1. Introduction and main result

Consider a discrete-time branching random walk on R in random environment (BRWRE).
The random environment is represented by a sequence of random variables & = (§,,n> 1)
which is defined on some probability space (€2, A, P). We assume throughout that (§,, n > 1)
are independent and identically distributed (i.i.d.) random variables with values in the space
of point process laws (i.e. probability distributions on U7 1Rk). Each realization of &, corre-
sponds to a point process law £,. Given the environment, the time-inhomogeneous branching
random walk is described as follows. It starts at time O with an initial particle (denoted by &)
positioned at the origin. This particle dies at time 1 and gives birth to a random number of
children which form the first generation and whose positions are given by a point process L
with law L. For any integer n > 1, each particle alive at generation n dies at time n+ 1 and
gives birth, independently of all others, to its own children, which are in the (n 4 1)th gener-
ation and are positioned (with respect to the position of their parent) according to the point
process L,+1 with law L. All particles behave independently conditioned on the environ-
ment £. The process goes on as described above if there are particles alive. We denote by T the
genealogical tree of the process. For a given vertex u € T, we denote by V (1) € R its position
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2 W. HONG AND S. LIANG

and by |u| its generation. We write u; (0 < i < |ul) for its ancestor in the ith generation (with the
convention that up := @ and u),| = u). Given a realization of &, we write [P¢ for the conditional
(or quenched) probability and E¢ for the corresponding expectation. The joint (or annealed)
probability of the environment and the branching random walk is defined as P:= P: ® P,
that is,

P() 2/ Pe(-) dP,
Q

with the corresponding expectation E.

This model was first introduced by Biggins and Kyprianou [7]. Recently, some results for
the homogeneous branching random walk have been extended to the BRWRE. Huang and Liu
[17] proved a law of large numbers for the maximal position and large deviations principles
for the counting measure of the process. Gao, Liu and Wang [12] obtained the central limit
theorem. Wang and Huang [31] considered the L” convergence rate of the additive martingale
and a moderate deviations principle for the counting measure. Mallein and Mito$ [26] inves-
tigated the second-order asymptotic behavior of maximal displacement. Also, many authors
have focused on other kinds of random environments. For example, Greven and den Hollander
[13] considered the branching random walk with the reproduction law of the particles depend-
ing on their location. Yoshida [33] and Hu and Yoshida [16] investigated the branching random
walk with space—time i.i.d. offspring distributions.

In this paper we consider the limit of the derivative martingale for the BRWRE, which has
been proved to play an important role in the convergence of both the minimal position and
the additive martingale for the classical branching random walk; see Aidékon [3] and Aidékon
and Shi [4], respectively. The use of the derivative martingale in the present paper is related
to the study of the Seneta—Heyde norming of the additive martingale for BRWRE. The con-
vergence of the derivative martingale first sparked interest because of its association with the
F-KPP equation and branching Brownian motion, as described by McKean [28]. Impressively,
this martingale provides a link to the critical speed travelling wave of the F-KPP equation,
as investigated by Lalley and Sellke [20] and Harris [14]. From these results, questions natu-
rally arise regarding the convergence of the martingale and its implications for the branching
random walk.

For each n > 1, t € R, we introduce the log-Laplace transform of the point process L, as
follows:

W, (1) := log E¢ |:/ e "L, (d)C)i| =log ¢ Z e i
R

x€eL,
The additive martingale is defined as
Wp(t) := Z e IVW—=Y1 Wit).
lul=n
Let F,:= o (&1, &, -+, VW), [ul <n). It is well known that for each fixed 7,

(Wy(1), n > 0) forms a non-negative martingale with respect to the filtration (F;,, n > 0) under
both laws P and P. By the martingale convergence theorem, W, () converges almost surely
(a.s.) to a non-negative limit. In the deterministic-environment case, Biggins [5] gave a nec-
essary and sufficient condition for the Ll—convergence of W, (#); we refer to Lyons [23] for a
simple probabilistic proof based on the spinal decomposition. Later, Biggins and Kyprianou
[7] extended this to the random-environment case.
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Convergence of the derivative martingale 3

To ensure the non-extinction and non-triviality of the BRWRE, we assume that

Pg( > 131):1, P-ass., P(IP’;( > 1>1> >0> >0,

Ju|=1 Ju|=1 (1.1)

Eg( Z l{v(u)>0}e_v(“)> >0, P-as.

Jlul=1

We consider the boundary case (in the quenched sense) in this paper, that is,

log 114:5( > e_V(”)> =Eg( > V(u)e—V<“>> =0, P-as. (1.2)

lul=1 lu|=1

In fact, if we assume that there exists t* > 0 such that, P-a.s., W is differentiable at the point #*
and W (r*) = t*\IJi(t*), then without loss of generality we can assume that =1 and V(1) =
W{(1) =0, P-a.s. For a general case, we can construct a new BRWRE with position replaced by

V) := V() + Zl”:ll W;(t*), u € T; the log-Laplace transform of this new process satisfies

Py(1)=¥[(1)=0,P-as.
We are interested in the derivative martingale, defined by

Dy:= Y Ve "™, nxo.

|ul=n

It is easy to show that, in the boundary case, (D,, n > 0) is a signed martingale with respect
to the filtration (5, n > 0) under both laws IP¢ and IP. For the branching random walk with
constant environment, the derivative martingale has been studied in many contexts. From the
perspective of the smoothing transformation in the sense of Durrett and Liggett [10] and Liu
[21], the limit of the derivative martingale serves as a fixed point of the smoothing transfor-
mation; the existence, uniqueness, and asymptotic behavior of such a fixed point has been
investigated in [8, 19, 22]. In [7], Biggins and Kyprianou derived a sufficient condition for
the non-triviality (and triviality) of the limit of the derivative martingale. Later, Aidékon
[3] gave the optimal condition for the non-triviality, which was proved to be necessary by
Chen [9]. For branching Brownian motion, a necessary and sufficient condition for the non-
degeneracy of the limit of the derivative martingale was given by Yang and Ren [32]. Recently,
Mallein and Shi [27] obtained a necessary and sufficient condition for branching Lévy
processes.
In addition, we assume that there exists § > O such that

E( Z V(u)2+5e—V<“>> < o00. (1.3)

Jul=1

The assumption (1.3) allows us to prove the existence and some useful asymptotic behaviors
of the quenched harmonic function in Section 2.

The main result of this paper is a proof of the existence of the limit of the derivative mar-
tingale for the BRWRE and obtain a necessary and sufficient condition for the non-degeneracy
of the limit. It is stated as follows.

Theorem 1. Under the assumptions (1.1), (1.2), and (1.3), we have the following:
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(i) The derivative martingale (Dy, n > 0) converges almost surely to a non-negative finite
limit, which we denote by Dy, i.e.

lim D, =Dy >0, P-as.

n—o0

(ii) For almost all &, D is non-trivial if and only if
E[YlogiY+21og+z] <00 (1.4)
More precisely,
Ps (Do >0)>0, P-as, <<= E [Ylogi Y+Zlog, Z] < 00,

P; Du=0)=1, P-as, <= E[Vlogl¥+Zlog, Z|=occ.

Here log, x:= max {0, log x} and logi X:= (logJr x)zfor any x >0, and

Y:= Z eV, Z:= Z V(u)e_v(“)l{v(u)zo}.
[ul=1 lul=1

The idea of the proof of this theorem is to follow the general argument of Biggins and
Kyprianou [7] and Chen [9]. Two significant challenges arise because of the random environ-
ment. Firstly, a harmonic function is required to construct a non-negative martingale which is
formulated in our previous work [15]. Secondly, the random walk in a time-inhomogeneous
random environment (RWRE) is hard to handle. Note that for the constant-environment sit-
uation (see [9]), a basic tool is Tanaka’s decomposition for the random walk conditioned to
stay non-negative. In our scenario, we are dealing with a random environment. To address
this, we examine the RWRE, which is connected to the BRWRE via the many-to-one formula.
Based on the quenched harmonic function (refer to [15]) for the RWRE, we figure out Tanaka’s
decomposition for the RWRE conditioned to stay non-negative (Propositions 2 and 3), which
is a novelty of this paper and is also interesting in itself.

Let us briefly describe the proof of Theorem 1. To demonstrate the convergence of the
derivative martingale D,,, we introduce the truncated martingale Dﬁlﬂ ), which is formulated via
a quenched harmonic function of the associated random walk, and use it to approach D,,. To
establish the necessary and sufficient condition for the non-degeneracy of the limit Dy, we
utilize the general argument of Biggins and Kyprianou [7] with certain adaptations. A new
probability measure is defined using the truncated martingale, which clearly characterizes the
branching random walk by a spinal decomposition. Propositions 5 and 6 provide additional
details. Using the spinal decomposition, we can determine the conditions for Df{8 ) to converge
in L' or for the limit D(og) to become degenerate (Proposition 7). These conditions are equiva-
lent to the triviality or non-triviality of the limit Dy, of the derivative martingale D,,, as stated
in Lemma 4. Therefore, verification of the conditions outlined in Proposition 7 is crucial. For
the almost sure convergence of the random series in Proposition 7(i), it is demonstrated that its
expectation is finite under (1.4). To establish the almost sure divergence of the random series in
Proposition 7(ii), an equivalent integral condition (Proposition 4) is proven, which holds true
when (1.4) is invalid.

The rest of this paper is organized as follows. In Section 2, we introduce a quenched har-
monic function which is used to constructed the random walk conditioned to stay above a line.
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Then we give a version of Tanaka’s decomposition for the random walk conditioned to stay
non-negative in our setting, using which we prove an equivalent integral condition for the
almost sure divergence of the random series associated with the conditioned random walk.
In Section 3, we use a truncated martingale to make a change of measure and give a spinal
decomposition of the time-inhomogeneous branching random walk; the proofs are provided
in Appendix A. Finally, in Section 4, we derive a necessary and sufficient condition for the
non-trivial limit of the derivative martingale.

Throughout the paper, we denote by (c;, i > 0) positive constants and by c¢;(f) a positive
constant depending on B. The indicator function is written as 1;.;. We use x,, ~ y, (n — 00) to
denote lim,,_, oo ;‘—: = 1, and when x;,, and y,, are random variables, the limit holds in the sense of
almost sure convergence. For x € R U {oo} U {—00}, we write x4 := max{x, 0}. We also adopt
the notation ) " (---) := Oand [[5 (---) = 1.

2. Quenched harmonic function and conditioned random walk

In this section we present the many-to-one lemma that connects BRWRE and RWRE. Then,
based on the quenched harmonic function ([15]) for the RWRE, we define the law of the
random walk conditioned to stay above a line. After exploring the relationship between the
quenched probability ]P’;’(’B )(x;dy) and the annealed renewal measure R(dy), we give a version
of Tanaka’s decomposition. As a result, an equivalent integral condition for the almost sure
divergence of the random series about the conditioned random walk is proved.

2.1. The many-to-one lemma

The well-known many-to-one lemma is a powerful tool in the study of branching random
walks; see Shi [29] and the references therein. In this paper, we need a time-inhomogeneous
version of this lemma. For all n > 1, we define the probability measure w, on R by

wn (B) := E¢ Z lwepe™ |, forall Be BR).

x€L,

Note that w,, (B) is arandom variable depending on &. Up to a possible enlargement of the prob-
ability space, we define a sequence (X, n > 1) of independent random variables, where X}, has
law w,. Let S, := So + Z:l: 1 Xi. The process (S, n > 0) is arandom walk in a time-dependent
random environment. For convenience, [P¢ also stands for the joint law of the BRWRE and the
RWRE, given the environment &. If we emphasize that the process starts from a € R, this
law will be denoted by P¢ , and Pz := P¢ . The following time-inhomogeneous many-to-one
lemma can be found in Lemma 2.2 of Mallein [25].

Lemma 1. (Many-to-one) For all n > 1 and any measurable function f:R" — R, we have

Eea | 20 f (V) V) | =B [ 1o S0)]. Pas. @)

|u|=n

with Pg 4 (So =a) =1, P-a.s.

2.2. Quenched harmonic function

In this subsection, we introduce the quenched harmonic function which will be used to
construct the random walk conditioned to stay in a given interval.
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It follows from (1.1), (1.2), (1.3) and (2.1) that

Pe (S1>0) =E¢ Z l{v(u)>0}e_v(u) >0, P-as,

ul=1

Ee(S)=E¢ | Y Vwe V™ =0, Pas., (2.2)

[ ul=1

ESTH)=E | > VeV | <oo.

[ Jul=1

Under (2.2), we can formulate the quenched harmonic function as follows.
Let y > 0, and denote by 7, the first time when {S,} enters the interval (—oo, —y):

7y:= inf{n > L:y+ 8§, <0} .

Define
UnE. ) 1= B (0 S0l {500y -

Let 6 be the shift operator, i.e. 0 := (&, &, --- ). For n> 1, 07& := (0" '¢), with the
convention that 0% := &.

The following proposition (see Hong and Liang [15]) proves the existence and asymptotic
behavior of a positive quenched harmonic function.

Proposition 1. For almost all &, we have the following statements:

(1) There exists a random variable U(&, y) such that
lim Uy(§,y)=U(§, y) = —Ee(Sy,) < o0.
n—oo -
(i) The random variable U(§, y) satisfies the quenched harmonic property:
UG, ») = B¢ [U 08, y+50) 15|

(iii) The sequence (U(@”é, v+ S,,)l{,),>,1}, n> 1) is a martingale under P .
(iv) The random variable U(&, y) is positive and non-decreasing in y, with U(§,y) >y and
yl_iFo‘o U¢,n/y=1

(v) Foranyy, > 0 with y, — 00 as n — 09,

. UWO"E, yn)
lim ———=

n—oo )Jn

1. (2.3)

Remark 1. For classical random walks, one important tool for analyzing the behavior of this
process conditioned to stay non-negative is the well-known Wiener—Hopf factorization; we
refer to the standard book of Feller [11]. For any oscillating random walk, the renewal function
associated with the ladder height process is harmonic; see (2.5). These techniques essentially
rely on the so-called duality principle, which unfortunately fails in our setting because the
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Convergence of the derivative martingale 7

random walk is time-inhomogeneous given the environment. In [15], the quenched harmonic

function is obtained by strong approximation. To put it simply, by approximating a random

walk with Brownian motion, we can demonstrate the existence of the limit lim U,(§,y) =
n—oo

U(§, y) ;== —E¢(Sy,) for almost every realization of §.

2.3. Random walk conditioned to stay above a line

2.3.1. Quenched probability ]P’;_’(ﬁ ) (x;dy) and annealed renewal measure R(dy). For any fixed
B > 0, we introduce the quenched random walk conditioned to stay above —f for almost all &,
denoted by {,Eﬂ ), in the sense of Doob’s h-transform. By Proposition 1(iii), for any n > 1 and

B € B(R), we can define the law of ;’,Eﬂ ) by

]EE,a (U(eng_-’ Sn + ,3)1{1'5 >n}1{SneB})
UE,a+B) '

Pe ot =a):=1, Pe P eB):= (2.4)

The process ( ,Eﬁ ) ,n> 0) is called a random walk in time-inhomogeneous random environ-

ment conditioned to stay above —f. In fact, ( éﬁ ), n> O) is a Markov chain with state space

[—B, o0) and a transition kernel that is given by

U(9§,Y‘|‘,3)1{y27/3}P
UE,x+B)

On the other hand, (S,, n > 0) is simply a random walk under the annealed law PP, thanks
to the i.i.d. nature of the environment. Recall that given the environment &, X, has the law w,,.
Let E (u,,) be the annealed probability measure corresponding to averaging w,, over &, and let
u® := [172, E (1) be the product probability measure; denote by E,~ the corresponding
expectation. Then (S,, n > 0) is a usual random walk under «°°. When we are considering the
annealed random walk (that is, (S,, n > 0) under P,), we shall identify the law P, with the law
[T

In what follows, we state the usual construction of a classical random walk conditioned to
stay above a given value, which is indicated in Remark 1. Define the strict descending ladder
epochs of the random walk (S, n > 0) as

PrP (edy) = ex (S €dy).

yo:= 0, Vi1 i= inf{n > YiiSp < S}’k} , k>0.

Let R~ be the function associated with (S,,, n > 0) that is defined by

R O):=1, R @:=Y p®Ey,>-x, x>0.
k=0

Then R™(x) is a renewal function of the ladder heights (—S,,). Let R~ (dx) be the correspond-
ing renewal measure. By the renewal theorem (cf. [11, Chapter XI, Section 1]), in our setting
we have
. R (x)
lim —— =¢g € (0, o0).
x—>0o0 X

The function R~ (x) satisfies (cf. [30, Lemma 1])

u® [R™(x+ XD 1pix=0) ] =R~ (), forx=0. (2.5)
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From (2.5), it follows that (R™(S, +'3)1{&.Z—ﬂ}’ n>1) is a martingale under ©°°, where
S, := min {So, - - -, Sy}. Thus, we can construct the random walk conditioned to stay above

—B, denoted by n,(lﬂ); that is, for any B € B(R),

IR (Sn+ B)lys ~_p11is,en)]
0B ¢ B) = o= .
/'La (nﬂ € ) Rf(a_i_ﬂ)

Similarly, define the weak ascending ladder epochs of the random walk (S,, n > 0) as
Io:=0, Tgy1:= inf{n>Fk:Snerk}, k>0.

Let R(x) be the renewal function associated with the weak ascending ladder height process
(Sr,.n=>1),ie.

RO0):=1, Rkx):= ZMOO(Srn <x), x>0,

n=1

and denote by R(dx) the corresponding renewal measure. Define RP(x):= R(x+ B) with the
corresponding measure R®(dx). By the renewal theorem again, there exist ¢y, ca > 0 such
that for any non-negative measurable function f,

cl /0 fle—pyde< f IR < fo fle— B dx. 2.6)

We give the following lemma, which allows us to express the expectation of the series of the
ng (B
form Zoo G676 ) (where G(6"&, x) is a non-negative measurable function depending on

=1 yore o +)
the n-step shifted environment 6”&) under the annealed probability P in the form of the integral

with respect to RPB(dx).

Lemma 2. Let g,ﬁﬁ) be defined as in (2.4), and for almost all &, let G(§, -):[—f, 00) — [0, 00)
be a measurable function, with G (x) := E[G(§, x)] < oo for all x > —B. Then

E —220 C UE )| = / Gx)RP(dx).
[gl uere, o\ + ) P

Proof. By the duality principle for classical random walks, following the arguments of
Sections 2 and 6 of [6], for any non-negative measurable function f we get

ZEuw (f (Sn) 1{5,12—/3}) :/ﬂ f(x)'R(ﬁ)(dx). 2.7

n=1

Then, by the definition of ;,Eﬁ )

Sl G(o"¢, V(lﬂ) o G(o"¢, ’5/3)
E [Z (é—(ﬁi)ws, /3)] =E [Z E¢ ((5—(2))» UG, /3)}

S vee P+ p) = \ve P +p
X, (UO"E, Sut Bl GO"S, S,
=E|:ZE,§(( o Dt 0 )>U(§,ﬂ)}
n=1

, we obtain

U@"s, Sa+ BUGE, B)
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_E|:Z]Eg (p=m G (0", Sn))i|
—E [Z/ %) Pe (Sq € dx, 75 >”)}

Because of the i.i.d. random environment, for each fixed x, G(6"&, x) forms a stationary and
ergodic sequence (see e.g. [18, Lemmas 10.1 and 10.5]), E [G(68"¢, x)] = G(x), and by the
independence, we deduce

[;/ x) Pg (Sn € dx, Tﬁ>n:| Z/ G (0”&, x) Pg (Sp € dx, 75 > n)]
=/ G(x)ZIP’(S,,edx,rﬁ>n)

- n=1
:foo(;(x)z/ﬁ" (Snedx, S, >=—B)
-8 n=1

_ / ~ GeR®(ax),
-B

where the last equality follows from (2.7). This yields the lemma.

2.3.2. Quenched Tanaka’s decomposition. Tanaka’s decomposition is a fundamental tool for
investigating the behavior of the random walk conditioned to stay non-negative; see [1, 6,
30], for example. With the above preparations in hand, we can now specify a quenched ver-
sion of Tanaka’s decomposition for the RWRE conditioned to stay non-negative. We will
then proceed to discuss the relationship between two kinds of probability measures. For
simplicity, we will restrict our analysis to the case where 8 =0 and write ¢, := {,50). Let
v denote the time at which the first prospective minimal value of the process (&,, n > 0)
occurs, i.e.

v:=inf{m=>1:¢uqy >y, forall n>0}. (2.8)
Write g]: = Lotk — G, k> 1.

Proposition 2. (Quenched Tanaka’s decomposition.) For almost all £, we have the following:

(i) & — 00 Pg-a.s. as n — oo;

@G (v, ¢1,-++,¢) and (;1", SRR ) are independent with respect to Pg;
(iii) U, 0)P: (v =k, { edx) = U(@ks, 0) Pe (Sk < Sk—1, -+ - , Sk <81, Sk edx) for all
k> 1.

Proof. (i) We claim that U(y) := E [U(&, y)] < oo for any y > 0. In fact, by the definition
of U(&, y), we have
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U(0)=E [E¢ (—Sg)] =E Ee (=S, 70 =n)i|

I
-

M2

E

2
|

ES (_S}’hS] 207 e 5S}’l—1 207 S}’l <0):|

I
-

ik

o0
=Z poo (—=Sp, S120, -+, 8,1>0,8,<0)

8II

= /1,°° (=S, y1=n)
n=1
= — ]Euoo (Sy|) <00,

where the validity of the finiteness of E o (S,,) is proved by Theorem 1 in Chapter XVIIL5
of [11]. By Proposition 1(ii), U(y) satisfies the annealed harmonic property:

E[U ¢ +S1) Lyts;20] =UQ), y=0. (2.9)

Since P (S1 > yg) > 0 for some yy > 0, by (2.9) with y =0 we have U(y;) < oo for some y; >
vo. Again applying (2.9) with y =y, we have U(yz) < oo for some y, > y; + yo. Repeating
this argument, we deduce that there exists a sequence (y,, n > 1) such that U (y,) < oo for all
n. By the monotonicity of U(y), we conclude that U(y) < oo for all y > 0.

Since U(£, y) is positive and non-decreasing in y, for any y > 0, by the definition of ¢,, we
have

U, 0)

n=1 n=1

> > Ee (U0, Sp)lizg=m1is, <
E[U@,O)Zps(mw}zla[z ¢ (VO S)bin-nlis y})U(s,m}

o
< Z E[U©"¢, Y)Ee (Lirg=mLis,<y)] -
n=1

Following the same argument as in the proof of Lemma 2, we have

o o0
> E[UO"E, )E: (Lirgomlis,<y1)] = D UG (Sy <. 70 > 1)
n=1

n=1

=UO) Y 1>® (Su<y.8,=0)
=U(y) /y RO (dx) < 0.
0

Thus, for almost all &, Zzil Pe (£n <y) < 0o. The Borel-Cantelli lemma yields that, for
almost all &, ¢, — oo Pg-a.s. as n — oo.
(ii) Let

H(E, x,2) = M,

>z>0, HE, x,2) =0, x<z,
U, x)
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and

Py1e (-n:dyy) =Pe (§ €dyj [ g1 =y-1)
_ U@ o)

= - Pyi—1s .. (S1edy;), j>1.
U1, 3y o s (1€ W) 7=

Then, by Proposition 1(ii), H (&, -, z) is quenched harmonic with respect to the transition kernel
P} in the following sense:

/H(é’é,y, z)IP’;f (xdyy=H (&, x,2), x>z>0. (2.10)

Define 7, := inf {n > 0:¢, < z}. Since 7, is a stopping time, it follows from (2.10) that the
process (H (9“?25, Cnnt,s z) ,n> O) is a martingale under P¢. Thus, for all n > 0, we have

Be [H (0756, tunen2) | =H €. 2).

Note that for almost all £, 0 < H (¢, x,2) <1,H (§,x,z) := Oforx <z and H ("¢, ¢, 2) —
1 as n — oo by (2.3) and Part (i). It follows that

nli)ngoH (9,1/\11&’ gn/\fza Z) = nl—l>nc}oH (ené‘_’ Cns Z) 1{{—2>n} = l{gnzz for all n>0}-
By the dominated convergence theorem, we get
Pey (60> z forall n > 0) =Eg., [ lim H (e’mfzg, Cunt.s Z)] —HE x2).
n

This tells us that H (£, x, z) is the probability that, starting at x, the process (¢,, n > 0) never
hits (—o0, z).
For any x1, - -+ , xg, y1, - -+ , ym = 0 with xg = yg = 0, we have

m
l_[ gh+i-1g )’J 1+ xp;dy; +xk) <9k+m57 Ym + Xk, Xk)
U (9k+ms’ ym)
U (9k+mg’ Ym +xk)
U (0K&, y; + xx) U (0%, y)
U (05718, yjo1 +xx) U (0%47E, y + xx)

U (9k+mE’ }’m)
U (91‘5, xk)

:ls

P§<+j—lé (Yj—l + xi;dy; + xk)
1

J

I
=

Portj-1¢ (y] 1+ xp;dyj +xk)

-~
Il
—_

I
1=

Poisi-1g (yj-13dy))

<.
Il
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2 U (0%e,y) U (6%, 0
= l_[]PekJrj—l&- (yj_1;dyj) i 9/54-]'_15 YJ) - (Gks )
j=1 ( ga yj—l) ( g:a-xk)
m
=11 Poi1g (-1:dy)) H (QkS, Xes Xk> :
j=1
As a result,
PS (]):k’ é‘l edxl’ 7§k€dxk’ é‘lvedyls ,ngEd)’m)
k
zl{xl,-" ,xk,1>xk}1{y1,~~ ,Ym>0} l_[ P;;E (-xi—l;dxi)
i=1
m
X 1_[ P;FHH £ (yj—1 +x:dy; +xx) H <9k+m$ s Ym + Xk, Xk)
j=1
k m
=Ny o) | | P Gimrid) H (0%, 5 2) [T P (-1:)
i=1 j=1
=P v=k {1 €dxy, -, Gedn) Pe (¢ €dyr, -+, ¢ €dym),
which proves that (v, 1, -+ , ¢,) and (g“l" NSPREE ) are independent with respect to Ps.

(iii) For all k > 1 and x > 0, we have

Py (v =k, &y €d0) =Pe (G < Gt G <&, G € o) H (656, x,x)
U (0%, x) U (6%€, 0)

=P: Sk <Sk—1, -+, Sk <81, Spedx
£ (Sk < Sk—1 &k <S1, Sk ) UE.0) UG x)
P (Sp < S Sk < S1, Sk € dx) U(¢'%.0)
= k <Ok—1,""" sk <91,k € —
: U(E. 0)
as desired. ~ ~
Define P(-):= fQ Ulg‘é’(:(’)))IF’g(-)dP and denote by E the corresponding expectation. We
show that the excursion ({1, ---,¢,) under the annealed probability P is distributed as
(SFI — Srl_l, e, S[‘l) under Moo‘

Proposition 3. (Annealed excursion distribution.) If v is the time of the first prospective
minimal value of the process ({,, n 2> 0) defined as in (2.8), then we have the following:

(i) P (g €dx)=p> (Sr, e dx);

(i) E [f ¢, 6] =Eue [f (T1. Sty = Sry—1, - -+ . S, )] for any measurable func-
tion f.

Proof. (i) Proposition 2(iii) yields

E[UGE, 00P; (v =k, &y € 0] =E[Pe (Se < Sic1, -+ S < S1, S e o) U (6%, 0)
=U ) u™ (S —Sk_1 <0, ---,8—81 <0, S; €dx)
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Convergence of the derivative martingale 13
=U(0)MOO (Sl <0,-~- aSk—l <O,Skedx)
=U (0) u™ (Fl =k, Sr, de) .

Dividing by U(0) and summing over k, we have P (¢, € dx) = £ (Sr, € dx).
(i1) Similarly to the proof of Proposition 2(iii), we get

E[f(\}, {1"" 7§U)]

UE, 0
:EI:/f(k,xl,u- ) Xk) l(]iO))PE w=k, ¢ edxy, - ’é—kedxk)il

v (04,0
=E /f(k,xl,-~- s Xk) ————Pe (Sk < Sk—1, -+, Sk < S1, S1edxy, -+, Sk edxy)

U
:ff(ksxl»"' 2 X)) W (Sk < Sk—1, -+, Sk < S1, S1€dxy, -+ -, Sk € dxy)
:ff(ksxl»"' X)) (§1<0,--~  Sk—1 <0, 8k — Sg—1 edxy, - ,Skédxk>
=Eu~ [f (T1, Sty = Sry—1. -+, Sy ]

where S'j := Sk — Sk—j, ] <k, and the last equality follows from the duality property for the
random walk under >

2.3.3. Application of Tanaka’s decomposition. The following proposition gives an integral
criterion for the almost sure divergence of the infinite series Zn 1 UE, BF ( # )).

Proposition 4. Let {’3) be defined as in (2.4), and let F:[—pB, co) — [0, 00) be a non-
increasing measurable function. Then

00 B) (/3)
/ F)(+ fdrmoo s Z UE PF (G (23)( +h) _
-B n=1 (Qng, é.n + ,3)

= Y UG PF(EP) =00, Pas.

n=1

Proof. For the second equivalence, note that for almost all &, ¢, 8 + B — 0o Pg-as. as

n— oo (by Proposition 2(i)), and by (2.3), we have U(6"¢, P 4 B) ~ ~ P 4 B as n— oo;
hence,

© F (/3) (/3)+ e

By Lemma 2, we have

p (9"5, P ; + ﬂ)

} = / ~ F)(x + BYRP (dx).
-
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14 W. HONG AND S. LIANG

It follows from (2.6) that
i UE BF(E) (@ + p)
= u(ere o +p)

Thus we need only to prove that

=00, P-as. — /OOF(X)(x+ﬁ)dx:oo.
-8

/ - FoG+pdr=o0 = Y UE PF(P) =00, Pas.
-8

n=1

For simplicity, we only consider 8§ =0 and write ¢, := {,50), since the case of 8 >0 is
similar to this case. Note that

Y UEOF(g)=00, Pas. < Y F()=o0, Pas.

n=1 n=1

Therefore it remains to show that

/ Fexdr=oo = Y F(g)=o0, P-as. 2.11)
0

n=1

To prove (2.11), it suffices to check that

I@(ZF({,,):OO)<1 = / F(x)x dx < o0.
n=1 0

We assume that P (3°02 | F (¢,) = 00) < 1, thatis, P (302 F (¢,) < 00) > 0.
We first use Tanaka’s decomposition (Propositions 2 and 3) to reconstruct the process
(¢n, n > 0). Recall that

v:=inf{m > 1:{ptn > &p, forall n>0}.

We have an excursion (£, 0<j<v), which is denoted by »=((j),0=<;j<v). Let
{wr = (wr(j), 0 <j <), k> 1} be a sequence of independent copies of @ under P. Define

Vo:= 0, Vii=vi+---+, forall £>1.

The process

k
=0, =Y i)t (n—Ve). forVi<n<Vigl,
i=1
is what we need. Then,

00 [ee) Vi k—1
YF@=), Y. F(Zwim)wk(n—vk_l))
n=1

k=1 n=Vj_1+1 i=1

00 Vg k
= Z Z F (Z w; (Vi) — (wr (Vi) — wi (]))) .

k=1 j=1 i=1
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Convergence of the derivative martingale 15

Hence, by hypothesis,

00 00 Vg k
P(ZF(gnkoo):I@ ZZF(Zwmv,-)—(wk(vk)—wk(f)))<oo >0.

n=1 k=1 j=1 i=1

On the other hand, by Proposition 3(i), it follows from the strong law of large numbers that

lim Zf:l w; (vi)

k— 00 k
where C:= E (Srl) < 00 is due to [11, Chapter XVIII, Section 5, Theorem 1]. Let € > 0
and A := (C +¢€) V 1; then, for all sufficiently large k, Zle w; (v;) < Ak. Since F is non-
increasing, we obtain

=C, ]f”-a.s.,

oo Vi

PD D F(Ak— (@ () — o () < o0

k=1 j=1

oo Vg k
>P ZZF(Zwi(vi)—(wk(vk)—wk(i))><oo > 0.

k=1 j=1 i=1
Let
Vi
X, @, F):="Y " F (Ak — (ox(v) — 0x())) ;
j=1

then P (Z,fil xx(v, o, F) < oo) > (. Note that the independence of the sequence {wg, k > 1}
yields the independence of the sequence {xi (v, ®, F) , k> 1}. By Kolmogorov’s 0-1 law, it

follows that o
P (Z Xk (v, @, F) <oo> =1 2.12)
k=1

From now on, we proceed in the same way as [9]. Let Ey := {Z,fil xx (v, w, F) < M} for

any M > 0. Either P (EMO) =1 for some My < oo, or P (Eym) < 1 for all M € (0, o0). For the
first case—that is, if there exists some M < oo such that P (EMO) = 1—we have

My>E (Z Xk (v, @, F))
k=1

o0 Vi
E(D> D FAk— (@) — o))

k=1 j=1

Bl F @k = (@) - ()
j=1
l—‘lfl
> D F(Ak-5)) |,

1 j=0

Me 102

~
Il
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16 W. HONG AND S. LIANG

where the last equality follows from Proposition 3(ii). Similarly to (2.7), we have

F]—l o
Eueo | Y F(Ak=S)) | =Ep (ZF(Ak—S,,)l{,Krl})

j=0 n=0
—E (F (Ak = S) T, S/_<O})
o0
- f F(Ak + x)R ™ (dx),
0

where R~ (dx) is the renewal measure of R (x), i.e. the renewal measure associated with
the strict descending ladder height process. Thus, Z,fil fooo F(Ak + x)R~(dx) < oo, which
implies that

/OOF(x)xdx<oo.
0

For the second case, P (Eym) < 1 forall M € (0, 00), so limys—, o0 P (Ep) =1by (2.12). Let
Vk
A (v, 0) = Z Lai-<—(@op-oGn<ay, forall k=1, I=1.
j=1
Note that, for any k > 1,

Vi oo
Xk (v, @, F) =Y F (Ak — (@x) — o)) D LAt 1= (@xu)—en()<Al}
j=1 1=1

oo Vg

=D > F (Ak— (@) — o)) TiaG— 1= (rw)—an() <Al
=1 j=1

o
= D FAk+ADAL(, o),
=1
where the last inequality holds because F is non-increasing. Thus, we have

o o o
D X 0, F) =Y FAk+ADAL (v, 0)
k=1 k=1 I=1
o0 m
=D FAm+4) Y Akmsi-k(v, @)
m=1 k=1
o0
= Z F(Am + A)mY,,,
m=1
where Y, .= ka=1 Ak.m+1-k(v, w)/m for all m> 1. Note that (Ak,.(v, w), k> 1) are i.i.d.

under P, and for all /> 1, Ay (v, ) has the same law as Z};‘_l L 4(—1)<—s;<ary under .

Following the same first- and second-moment argument for Y;, as [9], we obtain that there
exists a sufficiently large number M > 0 so that, for any m > 1,

C2 = E (Yulg,) = C1 >0,
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where C1, C; are positive constants. Therefore, we have

M>E (Z Xk (v, ®, F) 1EM)

k=1

o0
>E (Z F(Am +A)mleEM>

m=1

- Z F(Am +A)mE (Y,1g,)

m=1

o0
> Z F(Am + A)mC).

m=1
This yields

ad M
> FAm+Aym < o<
1

m=1

which implies that fooo F(y)y dy < oo and completes the proof of (2.11).

3. Change of measure and spinal decomposition

In this section, we introduce the truncated martingale via the quenched harmonic function
of the associated random walk. Subsequently, we demonstrate the existence of the limit of
the derivative martingale and the equivalence between the non-triviality of the limit and the
mean convergence of the truncated martingales. Finally, we provide the spinal decomposition
for the time-inhomogeneous branching random walk. The main idea is similar to that of the

constant-environment situation. All proofs in this section are postponed to Appendix A.

3.1. Truncated martingales and change of probabilities

To investigate the limit of the derivative martingale, we introduce a non-negative process

with a barrier.
Let 5 >0and V () =a > 0. We define

D=y U(0"6. V@) +B) e Mning o, viup=—p). 72 1,

lu|=n

and Déﬁ) =U(E, a+B)e

Lemma 3. (Truncated martingale.) For any B >0 and a > 0, the process (D,(fS ), n> O) isa
non-negative martingale with respect to the filtration (F,, n > 0) under both laws P¢ , and P,.

Therefore, for almost all &, D,(f} ) converges Pg 4-a.s. to a non-negative finite limit, which we

denote by DE;Z).

The lemma presented below establishes a link between the limits of the truncated martin-
gales and the derivative martingale. Therefore, we can examine the non-triviality of the limit

of the derivative martingale by the mean convergence of the truncated martingales.
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18 W. HONG AND S. LIANG

Lemma 4.
(1) Assume that (1.1), (1.2) and (1.3) hold; then lim,—, o D, = D&, > 0, P-a.s.

(ii) If there exists B > 0 such that, for almost all &, Dg,ﬁ ) converges in L (Pg), then Do is
non-degenerate for almost all &, i.e. Ps (Do > 0) > 0, P-a.s.

(iii) If; for almost all &, foé) =0P¢-a.s. for all B > 0, then Do, is degenerate for almost all
&, i.e. Pe (Doo =0) =1, P-a.s.

Remark 2. In proving Theorem 1, we also show that the following two statements are
equivalent:

(i) There exists 8 > 0 such that Dﬁ,ﬂ Vis L (]P’g)-convergent for almost all &.
(i) Forany g >0, DY is L! (P% )-convergent for almost all .

Since (D,({g ), n> 0) is a non-negative martingale with Eg,a(Dﬁ,ﬁ )) =U(&, a+ B)e™?, it fol-

lows from Kolmogorov’s extension theorem that there exists a unique probability measure Q(gﬂ 3

on Foo i= Vy>0Fy, such that, foralln > 1,

§.a .
dPeq |z~ U, a+p)e @

n

d@(ﬂ . D}(qﬁ)

(3.1
An intuitive description of the new probability measure is presented in the next subsection.

3.2. Spinal decomposition of the time-inhomogeneous branching random walk

This subsection is devoted to giving a time-inhomogeneous version of the spinal decompo-
sition of the branching random walk. The spinal decomposition method was first introduced
by Lyons, Pemantle and Peres [24] to investigate Galton—Watson processes. Lyons [23] subse-
quently applied this approach to study the additive martingale for the branching random walk.
Later, Biggins and Kyprianou [7] expanded on this work, adapting it to general martingales
based on additive functional of multitype branching.

The spinal decomposition provides an alternative explanation for the distribution of a
branching random walk that is biased by a non-negative martingale as a branching random
walk with a special infinite ray called the ‘spine’. For clarity, we first give the main steps and
then give a detailed description below. Firstly, we define the branching random walk with a ran-
dom infinite ray w#) = (wﬁ,’3 ) n> 0): wf)ﬁ ).— &, and w'? is a child of wff_) | with (WP | = n for
each n > 1. Secondly, we construct a new probability measure via a non-negative martingale.
The special individual (spine) reproduces according to the new probability measure, while the
other normal particles behave as before. Lastly, we identify this new process as the branching
random walk under the new probability measure. The spine approach helps us tackle difficult
moment calculations for branching random walks.

Now we introduce the time-inhomogeneous branching random walk with a spine. The pro-
(B) (8)

cess starts with a single particle wy, ~ at position V(w, ') = a. It dies at time 1 and gives birth
to children distributed as ltgﬁ [)l, whose distribution is the law of L; under Qéﬂ Z The particle u

is chosen as the spine element w(lﬂ ) among the children of wy ~ with probability proportional

to U(0€, V(u))e™"“1{y(,>—p), while all other children are normal particles. For any n > 1,
each particle alive at generation n dies at time n 4 1 and gives birth independently to children.

(8)
0
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Convergence of the derivative martingale 19

The children of the normal particle z are distributed as L,11,v() (i.e. Ly41 under Pg y(z),

) reproduces according to the point process o which

1, vPy
is distributed as L,y; under Q(ﬂ ) Wby and the particle v is chosen as the spine ele-

ff:] among the children of w(ﬂ ) with probability proportional to U (6”“5, V) +

,B)e’v(v)l {ming<y<ns1 V(vp)=—p}> all other children are normal particles. The process continues

while the spine element w;

ment w

as described as above. We continue to use T to denote the genealogical tree. Let I@’éﬁg denote
the law of the new process, which is a probability measure on the product of the space of all
marked trees and the space of all infinite spines.

The following spinal decomposmon consists of an alternative construction of the law Q(ﬂ )
as the projection of the law ]Pé,a on the space of all marked trees. By an abuse of notation,

the marginal law of I@’g on the space of marked trees is also denoted by ]f”éﬂa) This alterna-
tive construction allows us to study the mean convergence of the corresponding martingale in
Section 4.

Proposition 5. (Spinal decomposition.) The branching random walk umder Q is distributed

B

Using Proposition 5, we will identify the branching random walk under Qéﬁ ; with ]}A”éﬁ; in
the following.

Proposition 6. (Law of the spine.) Let the spine w'#) = (wﬁ,’g )) and probability measure Qéﬁg
be defined as above. We have the following:

(i) For any n and any vertex v € T with |v| = n, we have

U (9”%‘ V(V) + ,3) e_V(V 1{m1n0</\<,1 V)>— /3}
D(ﬂ)

(ii) The process (V(w(ﬂ )) n> O) under Qéﬂ ) is distributed as the random walk (Sp, n=>0)
under P¢ , conditioned to stay in [—B, 00). Equivalently, for all n and any measurable
function f:R"™! — R, we have P-a.s.

Uue@"s, Sn+8)

UE, at p)  (minosksn Si=—p}
(3.2)

E@fﬂ [f(V(w(()’g)L . V(W;ﬁ)))] =Ee, |:f (So, -+, Sp)

Q)
Note that Q(ﬂ )(D(ﬂ ) > O) E‘E’“(W) = 1; the right-hand side of the identity in

Proposition 6(i) is Qéﬁ [)l-a.s. well-defined. For (ii), by (2.4) and (3.2), we obtain the following
identity:

Eg [F(VOs. - Vo) | = Bea (5" ).

4. Proof of Theorem 1

Lemma 4(i) yields Theorem 1(i). In this section we prove that (1.4), under the assump-
tions (1.1), (1.2), and (1.3), is a necessary and sufficient condition for the truncated martingale
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(D, n> 0) to converge in L' (P¢) for almost all &. Then, by Lemma 4(ii)~(iii), this condi-
tion is equivalent to the non-degeneracy of the limit Dy, of the derivative martingale, which
establishes Theorem 1(ii).

Building on the general approach outlined by Biggins and Kyprianou [7] for multitype
branching processes and their application to deriving the mean convergence of martingales
produced by the mean-harmonic function, we establish the following result (Proposition 7) by
analyzing the mean convergence of the derivative martingale.

Recalling that % is the parent of u, for any u € T\ {&}, we define its relative position by

AV(u) = V() — V(7).

Under P we define

s

g (B AN ()
=1 U018, & + AV(w) + B)e® u1{§»5‘9)+Av(u)zfﬂ}

X:=

Ues, ¢ + p)es”

ZM L U(mte, C(ﬁ)+AV(u)+,3)e_AV(“)l{

.1

o+ avaz-p)

)

u(ens. o + )

where (AV(u), |u] = 1) is independent of g“(ﬂ ) under Pe.

Proposition 7. Let ¢, B pe defined as in (2.4). For all B > 0, we have the following:
(1) If, for almost all &,

ZE%_ {w[ ( U@, (P + e~ ) 1)] U, B) <00, Pe-as.,

then B (DL)) = U(E, B), P-as.
@1i) If, for any c > 1,

E X1 UE, B)=o00, P-as.,
Z o {U(Qng (P pre-i ke } €. A

then B(DL)) =o0.

Proof. (i) Thanks to the harmonic function and the spinal decomposition outlined in pre-
vious sections, this result follows by the same argument as used in the proof of Theorem 2.1
in [7].

(i) For the case of degeneracy, the proof differs slightly from the proof of (i), as we use the
annealed probability instead of the quenched probability in the expression. We will indicate
only the alterations that need to be made in the proof, as the primary concept aligns with [7].

Let
QP0:=E[e0];

then we have

| _ oY
AP, |z UG.a+pre
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Convergence of the derivative martingale 21

It follows from the Corollary 1 of Athreya [2] that
EDL)=0 < QDL =c0)=1.

Note that, by the spinal decomposition,

QDL = 00) > @ Timsup U ("€, VOrf) + e X (Vi) = o0).

n—oo

Thus it suffices to prove that, for any ¢ > 1,
(ONS
limsup U(0"&, VW) + B)e VX (Vwd)) > ¢,  Q-ass.
n— oo

By the conditional Borel-Cantelli lemma, this is equivalent to showing that, for any ¢ > 1,
B\ ~
Z Q(U(e"e, Vo) + B)e IR (VerP)) z e | GP) =00, Qas.

where {g‘ﬂ )} is the filtration containing all the information of the spine and its siblings. By
applying the spinal decomposition and the definition of Q, we achieve the desired result.

4.1. The sufficient condition

In this subsection, we show that for all 8 > 0, Df{s ) converges in L (IPg) to D(O’Z) for almost

all £ under the assumption (1.4).

Lemma 5. If (1.4) holds, then for all B > 0, B¢ (D)) = U(&, B),  P-as.

Proof. According to Proposition 7(i), it suffices to prove that
(B
Z E o [X (0@ P+ e X) A1) | UG By <oo. Pas.  (42)

By (2.3) and the fact that, for almost all &, {03) + B — oo Pg-as. as n— 00, we have, as
n— 00,

+1 (B) —AV(u)
Zlul 1U(@” &, Cn —i—AV(u)-i-,B)e ”1{{,5ﬁ>+Av(u)Z_ﬂ}

u(ers, o + B)

(B) —AV
Y=t (& + AV@) + B)e (u)l{dﬂ)wv(u)z—ﬁ}

u(ere, o + B)

since (¢! + AV + B)1 (s avios—] = P+ B+ AV(W)1av(w)=0). We obtain

et (67 + AV + e AV(M)I{;,EB)+AV(M)2—/3]

<Z\u|:1 ( (ﬁ)+:3) —Avw Z|u|:1 AV 2O av=0)
T s s +p) U(6ms. ¢i” + )
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(GG 2

v(eng. o +8)  Ume o +p)
S { (6" +B)VEue)  ZEnr) }
- (gn%- §(ﬂ)+ﬂ) (ens C('B)‘f‘ﬂ)

where (Y(§n+1) Z($n+ 1)) is independent of {(ﬁ ) under Pe.

Therefore, we only need to show that

00 G +B) V&) (B .
E {Zn_1 E, o [% ((e o7 (e + B)V(&nin)) A 1)] UG, ,3)} <0

. ey oy
E {anl E, . [m (" ZEn) A 1)} UG, ﬁ)} <
(4.3)
which implies (4.2).
x/2

To prove the first term of (4.3), by the inequality e

(P
+ B)Y(nt1) o ®
{Z £ [ U(one, §)<ﬂ)+;1) ((e ( <ﬂ>+ﬁ)Y(En+1))Al)] U, ﬂ)}

(/3)
+ B) Y&, -
<E {ZEE Cn |: :3) ¢ +1) <(e_§’5ﬁ)/2+ﬁ/2y('§n+l)) A 1>:| U(E, ’3)}

u(ens. & + p)
(ﬂ) P /2+ﬁ/2y2
SE[ZES[ +B)e G }U@ ﬁ)}

> x for all x > 0, we have

u(ens. & + B) [a 22108 Vieur)+8) |
Z @+ B) V) ”
+E{ZEE[ uons, o + l{zn’“<2logY(sl+1)+ﬂ] w |[UG B
n=1

Hence, it follows by Lemma 2 and (2.6) that

(& + B)VGar) [, o 3
{Z]Es;,, [ U(one, C(ﬁ)+ﬂ) ((ef (C,Eﬁ)+ﬂ)Y(§,,+1))A1> U, B)

00
< / ; E [(x+ /3) e—x/2+'3/2Y2($n+1)1{x22log ?(§;1+1)+/3}] R(ﬂ)(dX)
)
+ | E|{@+pB) YE1 7 Ry
» n+1 {x<2 log Y(&,+41 )+ﬂ}
00 1B
<c /0 E I:xe_x/ By (§n+1)1{x22 log 17(5n+1)+2/3}] dx

o0
te /O ]E[XY Ent D1 210 ?(s,1+1)+2ﬁ}]dx
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5 . 2(log ¥(&up-1)+8)
—e3PE | PEnsn) / w2 dr | + 0F | PEnsn) / xdx
2(log ¥(&np1 )+l3) 0

<c1(BE(Y(Enr1) log, Y€1) + c2(BE(Y (Enr1) logh Y(Ens1))
=c1(B)E(Y log, ¥) + c2(B)E(Y log? ¥) < o0.

For the second term of (4.3), by the same argument, we have
Z(Ent1) B~
Z E, o S—j;) (" 260 A1) | v )
U0 & + B)

<c3(B )]E(Z(énﬂ) log, Z(&u11))
=c3(B)E(Zlog, Z) < co.

This completes the proof of (4.3), and so Lemma 5 is now proved.
Proof of the sufficient condition of Theorem 1(ii). Assume that (1.4) holds. By Lemma 5,

for all 8 >0, fo ) is L1 (Pg)-convergent for almost all &. Therefore, in view of Lemma 4(ii),
we prove that D, is non-degenerate for almost all £, which completes the proof of sufficiency.

4.2. The necessary condition
In this subsection, we show that Dg’g) =0 P-a.s. for all 8 >0 when (1.4) does not hold.

Lemma 6. If (1.4) does not hold, then for all B > 0, E(Dgz)) =0, which is equivalent to Dfﬁ) =
0 P¢-a.s. for almost all §.

Proof. According to Proposition 7(ii), it suffices to prove that, for any ¢ > 1,

E[YlogiY+Zlog+Z]=oo

00
— B
n=1

Following the idea of Chen [9], we divide the assumption on the left-hand side of (4.4) into
three cases as follows:

®B) ~ } U(é, ,3) =00, P-a.s. (44)

X1
{U(eﬂs,c,5ﬁ>+ﬂ>e—¢n Xzc

(a)IE[YlogJr ] 00, E[Ylog+ ]<oo,
(b) E[Ylog, Y] = 4.5)
(c) IEI[ZlogJr ]—oo.

Note that under ]P>S (P (AV(u): |u| =1) is distributed as L, 1. For any x € R, we define

Y+ (€n+ls )C) = Z eiAV(u)l{AV(u)Z_x},
lul=1

Yo Gt ) = Y e M O av<y.
lul=1

Observe that ¥ (€,11) =Yy (En41, %) + Y- (Enr1, %), and Yy Ear1, %), Yo (Eny1, %), xER)
is independent of ;,5’3 ) under P¢.
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Firstly, we give the proof of (4.4) under the assumption (a) of (4.5). By (4.1) and
Proposition 1(iv), under PE (P we have

n+1 B —AV(u)
=t UOE, &7 + AV(w) + B)e IWMWWZQ}

X=

u(ere, ¢ + B)
Yt (687 + AV + ﬂ)e*AV(u)l{
>

Avwz-&"+p)2}

U0, o\ + )
B) —
>Z|u|=1 (& + B)e AV(M)l{AV(u)zf(C;ﬁﬂHﬂ)/Z}

26, & + )
B)

_ w48 Y<§ 1 é’g)+ﬁ>
2U(9”%" {rgﬂ)-’_ﬂ) + | Sn+1>» ) .

Thus we only need to show that, for any fixed ¢ > 1, P-a.s.,

U, B) = oo.

B | | 2+ B)Ye (Gt 617+ B)/2) )
= v(ons. o + ) e @1 (6011, 9572 ]

Since, for almost all &, g,ﬁf’) + B — oo Pg-as. as n — 00, and by (2.3), it suffices to prove that

Bl UE, py=oco, P-as.,

n

00 (B)
+ B
E|Y , = 1
; +<$n+1 2 > {]02Y+(§n+1,$)29§ﬂ)}

which we can write as

00 (B)
)3 F(# ,gﬁ>)U(g, B)=oco, P-as., (4.6)
n=1
where F(x,y) = E[F (nt1.x,y)] and F Gt x,y) 1= Be [Ye G, 0)
l{log Yy (é)1+lsx)2y}i|’ Xy € R

Let
FiGuet ) = B [ Gt Vg rernyen) |- YR,

and Fy (y) := E[F| (641, y)]. Note that, by the assumption (1.2),

0<F (Eus1, %, Y) < F1 (Eng1.y) <Ee(Y(Es)) =1, Pas.

It follows that 1 (y) is a non-negative, non-increasing function. By the assumption (a) of (4.5),
we obtain

/_ﬁ Fir () (y+ﬁ)dy=/_ﬁ E[f’(én+1)1{logy(gnﬂ)zy}] »+A)dy

- 10g+ ?(‘En+l)
_E Y(§n+1)/ﬂ 4+ B) dy
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E[¥ o) (log, ¥ e +5)’
2
E[Y (log, ¥+ )’]
2

= 00.
By Proposition 4, we have

3 F (g,gﬂ>) U, B)=o00, P-as. 4.7)

n=1
It remains to prove that

o0

(8)
2 |:F1 <§’Eﬁ)) B F<¥7 :gﬂ)>:| UE, B)<oo, P-as.,

n=1
which, together with (4.7), implies (4.6). Equivalently, we only need to prove that
(B)

00 B)
3 —H}) |:F1 ( ,93>) —F(# ,Eﬁﬂ U, B) <oo, P-as. (4.8)

n=1 U(Qng’ Crgﬂ) + .3

We begin our proof by giving an upper bound for Fy (§,+1,y) — F ({441, X, y). For any x, y €
R, we obtain

Fi Eni1.9) = F Gas1, 3. )
=F; [f’ Enr1) Ljjq ?(sn+1)zy}] — e [Y+ Ent1:2) 1iog Y+(§"+"x)zy}]
=B [F G 11) Ltog 16120108 s (6r.0) | B [F G Liog v, 611,020}
— ¢ [Y+ (Env1, %) 1goq Y+(sn+1,x)z.v}]
=B [ 7 ) Liog 161)2r1og ¥ o)) B8 [V Gt 9 Liogr, 101,020
<E¢ [ZY— Ent1> ) Ltog (6,1 ) zy>log Yo (Gus15). Y- (1 0) =Y. +(§"“’x)}]
+ E: [f/ Gnt1) Ltog 76,1 ) 2y>log ¥y (ra1 ). Y- (fwl’x)d*@"“”‘)}]
+ Ee [Y_ Gnt1, %) 110 Y+(En+1!x)zy}:|
<3E¢ [Y- (Gut1, 0] + Ee [f/ 1) Utog 7611 zy>10g Vi (6141.0). Y- (61s1.0) <Y+ (S”“’x)}]

<3E¢ [Y- Epy1. 0)] + Ee [f/ Ent1) 1y ?(sn+1)zy>log(?(sn+1)/2)}]
=:3A1 (§p41, x) + A2 &nt1, ),

where the first and last inequalities follow from the fact that Y (£,41)<
2max {Y4 (§nt1, %), Y= (§n41, X)}. Therefore,

0 B B
Cn +B ®B) (Cn + B (ﬂ))
L U L — F( TP @) v,
n=1 U(@"E,C,Eﬂ)+ﬂ) |: l(é—n ) 2 €5

e B) B
E En P ( Cn ,3) ®)

< —E 3A n s . , &t U ’ '
n=1 U(G"E,g“,gﬂ)+ﬂ) |: 1 S 2 ‘42(5 +1, § ) &, B)
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Taking the expectation on both sides, we have

o0 (B )]
E {Z —Tﬂf) [Fl( )= F(#, ,5‘”)} UG, ﬁ)}

n=1 U(Q"é, é'n +/3

s (B) ®)
B i B D+ B "
= ig u(6ns, ;,ﬁﬂ>+,s)E [3*‘1(5"“’ 2 >+Az(én+1, & )} U, ﬂ)}.

Then, using Lemma 2, we deduce that
0 (B) (B)
+8 &'+ B
E {Z —— [Fl( ®) —F("T, c,iﬁ))} U, ﬂ)}
o U078, 6+ B)

< / ; 3(x+ B)E [Al (§n+1, x;ﬁ )} RP)(dx) + / (x+ B)E [A2 (Ens1, 0] RP(d).

Our aim is to prove that the values of the two integrals in the last equality are finite, which
completes the proof of (4.8). For the first term, by the many-to-one lemma, we have

E[A1 G 0)]=E[Y_ G, 0] =E | Y e layue | =PS1<—x). (4.9
Ju|=1

Thus, from (4.9), (2.6), and the assumption (1.3), we obtain

/oo (x+ B)E [Al (5“1’ x;ﬂ)] RP(dx) = /oo . <31 - _#) RP(dx)
—

o X
§czf xIP <S1 < ——) dx
0 2
2(=SD+
= E / xdx

0

=26:E [(=S1))?] < ox.

For the second term, by (2.6) and the assumption (a) of (4.5), we have

f | BB Guar, 0] RV

= /_ﬁ (x+ BE [f’ (En+1) 1{10g I?(En+1)2x>log(f/(§n+l)/2)}] R(ﬂ)(dx)

= /0 xE I:? (Ent1) l{log )N’(Snﬂ)+ﬂ2x>log(f’(,§n+l)/2)+ﬁ}] dx

. (log Y(&u1)+B) .
=& | Y (§u11) ) xdx
(log(V(&rs1)/2)+B) .

<c4(B)E[Y log, Y] < oco.

We conclude that (4.4) holds for the first case in (4.5).
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Secondly, we give the proof of (4.4) under the assumption (b) of (4.5). By (4.1) and
Proposition 1 (iv), under PE R we get

n+1 (B) —AV(u)
D=1 U(O"H1E. 6 + AV() + B)e 1{;,55>+AV(M)+ﬂzo}

X:

(B) —AV(u)
Z|u|:1 (gn + AV(“) + ﬂ)e " 1{§,$ﬂ)+AV(u)+ﬂ2]}

(o7, ¢ + )
>Z|u|=1 e_AV(u)l{AV(u)> (a+p-1)}
:Y+($n+1a é'n +ﬂ - 1)

Hence, it suffices to prove that, for any fixed ¢ > 1,

o0

YE, Yo (i, 07 + B —1)

B

i u(ers, o + B) [e ¥ G 6P+ ﬂ—l)zc}
(ﬁ)

UE, B)=o00, P-as.

Since, for almost allé in

ZE Yy gn-‘rl,é'n .3_1)1
P LB {108 Y6167+ p—D)zlog e+

which we can write as

i F(&P + B —1,10gc+ )

+ B — oo Pg-a.s. as n — 00, and by (2.3), this is equivalent to

<ﬁ>] UE, B)=o0, P-as.,

@) UE, B)=o00, P-as, (4.10)
n=1 + ﬁ +1
recalling that F (x, logc +y) =E [Y+ Ent 159 Yiog v, (6,41.4)log C+y}], x,yeR.
Let
Be [7 Gr1) Log 7 ]
g7 (&) Zlogety) | Fy (Epy1, loge+)
F (bng1,y) == {log ¥(6ni1) 1 Fi (s, log N s _p

y+B+1 Y+ B+I
andlet F> (y) := E [F2 Ent1, y)]. Clearly F» (y) is non-increasing and
Fi Gnt1, logc+y)} _Filoget+y)
y+pB+1 y+pB+1
By the assumption (b) of (4.5), we have

/ﬂFz(y)(erﬂ)dy:/ fidogety) 1 gyay

O§F2(y)=E[

-B y+,3+1
* Fy (oge+)
R r——— d
= [T e

1 o0
> 5/ Fy (logc+y) dy
1
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1 [ -
- 2 /1 E [Y (En+1) 1{10g ?($n+1)210g0+y}i| dy

1 - ~
= SE[¥ ) (log ( (o) /) — 1), | = ox,

which implies ff; F> (y) (v + B) dy = oo. By Proposition 4, we get

ZFl(logc—i-C(ﬂ))
= (ﬂ)—l—ﬂ—l-l

It remains to prove that

(logc+§(ﬁ)) ( (ﬂ)—i—ﬂ 1 logc—i—g“(’g))
nZ:; (ﬁ) +B8+1
which, combined with (4.11), implies (4.10). Equivalently, we only need to prove that
ZFl(logc—i-C(ﬂ)) F(¢ Py p—1, logc-l-{(ﬁ))
= (ens C(ﬂ) + /3)
By the same argument as in the proof of the first part, we have
Z Fl(logc—i—g“(ﬁ)) ( (ﬁ)—i—ﬁ 1 logc—i—{(ﬁ))
o (e"s &P + )
o B [341 (61, 6 + B — 1) + Ao (i1, Toge + ¢ |
- ; U(one, o + B)
Taking the expectation on both sides, we get
IE{ZFl(logc+§(ﬂ)) F(¢ P g1, logc—i-g“(ﬂ))
o Uens. o + p)
0 B [341(§ns1, &+ B~ 1) + Ao (un, loge + 6 |
= u(67s. ¢” + )
Then, by Lemma 2, we have
. {Z Fi(Ens1, loge+ ") = F(§r1, 6 + B — 1, log e + ¢”)
o U(om&, & + B)

< f , [3E (A1 (Gps1, x+ B — 1)) + E (A2 (Enp1, log c +x) | RP(dx).

UE, B)=o00, P-as. @.11)

UE, B)<oo, P-as.,

UE, B)<oo, P-as. (412

U, B)

UG, B).

U, ﬁ)}

<E

U, B)

U(E, ﬁ)}

We now turn to proving the finiteness of the above two integrals, which completes the proof
of (4.12). For the first integral, by (4.9) and (2.6), we obtain

/ E [Al Ent1, x+ B — 1)] R(ﬂ)(dx) 2/ P(S;<—(x+pB-1) R(ﬂ)(dx)
-8 8

5c2/ P (S < —(x— 1)) dx
0
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(=S1+D+
= E / dx
0

= E [(—S] + 1)+] < 00.

For the second integral, by (2.6), we get

/ E [AZ (&n41, logc +x)] ’R(ﬂ)(dx)
-B

= / 5 E I:? En+1) l{log ?(En+l)210g C+x>log()~’(§n+])/2)}:| R(ﬂ)(dx)

=2 fo E I:? (n+1) l{log Y’(En+1)+ﬁzlogc+x>log()~/(5n+l)/2)+ﬂ}] dx
(log(Y(&us1)/c)+B) , }
dx

(log(¥(&+1)/2¢)+B)

<¢s(BIE [V (Enin)] < o0.

We obtain that (4.4) holds for the second case in (4.5).

Finally, we give the proof of (4.4) under the assumption (c) of (4.5). By (4.1) and Proposition

1(iv), under ]PE (> we get

=E |:)~/ Ent1)

+1 (B) —AV(u)
. =t U™, 0" + AV(u) + B)e ! 1{§£5)+AV(M)+/320}

u(one, o + )
_ Djui=t (@ + AV@) + B)e™ 2V D1 Avu=o)
N U(one. o + )
_ D=t AV@e M avio)
U(one, & + p)
 Z(E)
CUemE 0P +B)

Hence we just need to prove that, for any fixed ¢ > 1,

- 7 (Ens1) o
Ll I g B | U, py=o0, P-as.
r; U(ore, P +B) {e‘fr(rﬂ)z(s,,ﬂ)a.} £, B)=o00 a.s

Since, for almost all &, ;,Eﬁ) + B — oo Pg-a.s. as n — 00, and by (2.3), this is equivalent to

C Z (€ur1)
_Z26ntD) ) _ i
Z - [ & + ﬁ + 11[10g2(§n+1)210gc+{éﬁ)] n } U(E’ ﬂ) =00, P a.s.,

n=1 n

which can be written as

ZF3( PYUE, =00, P-as., (4.13)
n=1
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where
E [Z (En+1) l{log Z(&nt1)=log c+x}]
x+B+1

It is obvious that F3(x) is non-increasing and

F3 (x) := , x>-—B.

]E I:Z ($n+1) 1{]0g2($n+1)210g6‘+x}]
x+pB+1

0<F;3(x)= fE(Z)zE[(Sl)+]<oo.

Observe that, by the assumption (c) of (4.5),

0 oo E [Z (nt1) 1{1og Z(S,,_,_])zlog c+x}]
f_ﬁ Fa ) G pde= [ L (4 ) dx

1 [ 1=

> 5/1 E[Z 1) Log 26y, )2tog ] | 45
17 i

= 3E[Z ) (log Z i) fo) = 1), | = .

By Proposition 4, it follows that (4.13) is valid. Therefore, we conclude that (4.4) holds for the
third case in (4.5).

Proof of the necessary condition of Theorem 1(ii). By Lemma 6, for almost all &, fo)) =0
Pg-a.s. for all B >0 when (1.4) does not hold. Therefore, using Lemma 4¢(iii), we obtain that
Dy s degenerate for almost all £, which completes the proof of necessity.

Appendix A. Proof of the results in Section 3

Proof of Lemma 3. For any v e T\ {&}, we denote by 9 its parent. By the branching
property, many-to-one lemma, and quenched harmonic property, we have

E¢ q I:Dgf&-)l |]:n]

=E¢ 4 Z Z U <9n+1§, V) + ,3) e—V(V)l{minokan V(uk)zfﬁ}l{V(V)z—ﬂ} ‘ Fa

[ul=n |v|=n+1: 5 =u

= > Ymingeiey v —p)Bev | DU (9"“5, V(v)+ﬂ) e "1 y)=—p)

lul=n vl=1

= Z l{miﬂogksn V(uk)Z*ﬂ}e_V(u)Ei‘aV(u) [U <9n+l$’ S1+ ﬂ) 1{512—1‘3}]
|u|=n

= > Ymingerey vi=—pje " VU (676, V() + B)
|u|l=n

=DP.

It follows that (D,(f ), n> 0) is a non-negative martingale under P¢ , and P,,. By the martingale

convergence theorem, we have the almost sure convergence of Dﬁ,’g ).
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Proof of Lemma 4.

(i) By Theorem 7.1 of Biggins and Kyprianou [7], we have W,, — 0 P-a.s. as n — oo. Since
e~ iMflu=n V) < W, it follows that

inf V(u) — oo, inf V(u) > —o0, P-as.
|u|=n ueT

Hence, for any € > 0, there exists § := B(¢) such that
IP’( inf V() > —,B) >1—ec.
ueT
On the one hand, by Lemma 3,
DP =" U (0", V) + B) eV Vying o viupz—p) — DL, Pas.

lul=n

Note that on the event {inf,cT V(1) > — B}, we have, by (2.3),
DP =" U0 v+ ) e~ > (V) +B)e " =D, + W, P-as.

[ul=n lu|=n
Since W,, — 0 P-a.s., it follows that with probability at least 1 — ¢, D,, converges to a
non-negative finite limit. This yields the P-a.s. convergence of D,, if we let 8 — oo.

(i) If there exists 8 > 0 such that fo ) converges in L! (P¢) for almost all &, then we have
E¢ (Dgf,)) =U(§, B) > 0, P-a.s.; in particular, P¢ (DE;Z) > 0) > 0, P-a.s. Since Dg,ﬂ) is non-
decreasing in 8, we deduce by (i) that P¢(Do > 0) > 0, P-a.s.

(iii) If, for almost all &, Dg?:O Pg-a.s. for all >0, then, by (i) again, we have
Pe (Do =0) =1 P-as.

Proof of Proposition 5. To describe the probabilities P¢ 4, (@gfg ;, and Jf”(f; we use the Ulam—

Harris—Neveu notation to encode the genealogical tree T with U/ := U,fil (N *)k U {@}, where
N*:= {1, 2, - - - }. The vertices of the tree are labeled by their line of descent. For example,
the vertex u=kj - - - k,, means the k,th child of - - - of the kjth child of the initial vertex &.
Given two strings # and v, we write uv for the concatenated string. We refer to Section 1.1 of
Mallein [25] for a rigorous presentation of the time-inhomogeneous branching random walk.
Let (gy, u € U) be a family of non-negative measurable functions. By the standard argument
for the measure extension theorem, it suffices to prove that for any n > 0,

By | [T et van | =Eqo | ] gu & v |,

|ul<n ul<n

where E@E‘? and EQQ denote the corresponding expectations of I@’(fi and Qéﬂ ; respectively.

That is, by (3.1) (the definition of an)),

p#
UE at f)ea [T auc

[ul<n

By | [T € V) | =Ee V@) | (AD

lul<n
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Let us define
DP ) := U (0", Vo) +B) e Miing o vopz—pp 1= 1,

and DY (@):= U (5.a+B)e ™ if V(@) =a. Clearly, DY’ =Y, _, D), n>0. We
claim that for any v € I/ with |v| =n,

DP )

UE atped [T & vay|. (A2

lul<n

]E@g()z l{w,([}):v} 1_[ gu &, V) | =E¢ 4

lul<n

which implies (A.1) if we sum over |v| =n.
We turn to the proof of (A.2). We introduce some notation for our statement. For any
u €U, we denote by u its children and by T, the subtree rooted at u. We write {& ~» u} =

{ a,uy, - ,u|u|} for the set of vertices in the unique shortest path connecting & to u.
Decomposing the product Hlu\sn gu (&, V(u)) along the path {& ~ v}, we can write (A.2) as

Egn |- }]"[gv, E Ve ] A& v
“ uevi_1\vi

(A.3)

pPv L
=E¢ 4 Wl;[)g . V() ]"[\h & V) | .

where 1, (§, ) := Eglug [HzeTu guz &, -+ V(2) 1{|Z|§n_‘u|}] and vi—_i\vi means the set of the
siblings of v;.

Now we prove (A.3) by induction. The equation obviously holds for n = 0. Assume that it
holds for n — 1; we need to show that it is true for n. Let us introduce the filtration

gff) = 0(w§ﬂ),V(w§ﬂ)),0§i§n)va( ) V( (ﬂ)) 0§i<n>,
LEN —

the information of the spine and its siblings. By the construction of I@’éﬁ;, given that

D)
DL+ Ly, 10 DI @)
—

B

and the point process generated by w( )1 =v,_1 under Psﬂa has Radon-Nikodym derivative

D) + Luen\v DI (uy
D

1(Vn 1)

with respect to the point process generated by v,_; under P ,. As a result, for the nth term
w(ﬂ):v}gv &, V) ]_[uev,l_|\v hy (€, V(w)) in the product inside the left-hand side of (A.3),
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g(ﬂ)

conditioned on 1> we have

B)
gn—l

By | 1) 80 € VD [T A vy
“ ! uev,_1\v

DP g, € V()
{ =y }E]P’(ﬁ) B ®)
Wn—1=Vn— &.a Dn (V) + Zuevn_|\v Dn (M) ue

[T h vy ‘ g
Va—1\Vv

®
Dy '(v)gy (6, V(v) 1—[ hu 6. V) |(w ;ﬂ)l’v(w(ﬂ) )

=1y (4 5
{w=vus } 2 | DP ) S 2P ) ot
—_ —_

DPwyg, €, V() I

=1y 5 _  Eeq
{w,,_l =vp_1 } Dfﬁ)] n—1) —
—

}f &,V (n-1).

hy (&, V(u)) 'V (Vn—1)

=Vn—1

e

It follows from the above expression and the inductive hypothesis that

Egn | - }Hgv, E Vo)) [T hE v

uevi—1\vi
—

n—1
=Egp | 10 }f<s,V<vn4>>1_[gv,- EVeD) ] huE V)

Hu-1 =Vl i=0 uew_,;\v,-
i (/3)1( Vnet1) n—1
=F a n— ,V n— Vi ,V i hu 7V
ol Taarped &V mgg,(e Vi) 1"[\ (€ VW)
i D(ﬁ)(v)
=Bea | [ ] g0 & V(i ha 5,V
S UG atpe Hg’(g o H\ e

This proves (A.3) and hence completes the proof of Proposition 5.

Proof of Proposition 6. (i) Recalling (A.2) in the proof of Proposition 5 and (3.1) (the
definition of Q(ﬂ )) we have

By |1 [T su 6. vy | =E ZMUNY o S
ul\S, u =lLsal|l ——k————— u (&, V(u
foi {Wflﬁ)ﬂ] ‘M‘Sng 5 UE,a+pB)e ¢ |u|5ng
P
=Egp (ﬁ()v ) 1|_[ qu € V) |,
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which implies
(B)
®) _ _Dy7(v)
Qo =v|7) = 2
n

This proves the first part of the proposition if we recall the definition of Dﬁ,ﬂ )(v).
(i1) For all n and any measurable function f R SRy, by Part (i), we have

FVOr). - Vo)

Fop)

=Eqw |v|2=:nf(V(V<)), ce Vi) l{w;m:v}

=E Z f(V(vo), -+, V(vn)

E.a

U@©"&, VO +B) e M ming, vio=—p)
D(ﬁ)
n

_|V|=n
Then, from the definition of Qéﬁ 3, and the many-to-one lemma, we obtain

U@©"E, VO +B) e MNying e vio=—8)
D(ﬁ)
n

Egw ||Z— f Vo0, -+ V)
U@©", VO) + B) e Myming e, vivo=—p)
UE,a+pB)e @

=Fea | D (V) -+, V(va))

[v|=n

UO"E, S,
=E¢ , |:f (S0, -+, Sp) M

UG.a+p) (minoske SkZ—ﬂ}:| .

This completes the second part of the proposition.

Acknowledgements

We would like to thank the anonymous referees for their valuable comments and sugges-
tions, which improved the original manuscript.

Funding information

This work was supported in part by the National Natural Science Foundation of China
(No. 11971062) and the National Key Research and Development Program of China (No.
2020YFA0712900).

Competing interests

There were no competing interests to declare which arose during the preparation or
publication process of this article.

References

[1] AFANASYEV, V. 1., GEIGER, J., KERSTING, G. AND VATUTIN, V. A. (2005). Criticality for branching
processes in random environment. Ann. Prob. 33, 645-673.

[2] ATHREYA, K. B. (2000). Change of measures for Markov chains and the LlogL theorem for branching
processes. Bernoulli 6, 323-338.

https://doi.org/10.1017/apr.2024.55 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.55

Convergence of the derivative martingale 35

3

—_

[4

=

(5]
(6]
(7]

[8

—

[9

—

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]

[20]
[21]

[22]
[23]

[24]
[25]
[26]
[27]
[28]
[29]

[30]
[31]

[32]

[33]

AIDEKON, E. (2013). Convergence in law of the minimum of a branching random walk. Ann. Prob. 41,
1362-1426.

AIDEKON, E. AND SHI, Z. (2014). The Seneta—Heyde scaling for the branching random walk. Ann. Prob. 42,
959-993.

BIGGINS, J. D. (1977). Martingale convergence in the branching random walk. J. Appl. Prob. 14, 25-37.
BIGGINS, J. D. (2003). Random walk conditioned to stay positive. J. London Math. Soc. 67, 259-272.
BIGGINS, J. D. AND KYPRIANOU, A. E. (2004). Measure change in multitype branching. Adv. Appl. Prob. 36,
544-581.

BIGGINS, J. D. AND KYPRIANOU, A. E. (2005). Fixed points of the smoothing transform: the boundary case.
Electron. J. Prob. 10, 609-631.

CHEN, X. (2015). A necessary and sufficient condition for the nontrivial limit of the derivative martingale in a
branching random walk. Adv. Appl. Prob. 47, 741-760.

DURRETT, R. AND LIGGETT, M. (1983). Fixed points of the smoothing transform. Z. Wahrscheinlichkeitsth.
64, 275-301.

FELLER, W. (1971). An Introduction to Probability Theory and its Applications, Vol. 11, 2nd edn. John Wiley,
New York.

GAO, Z., L1U, Q. AND WANG, H. (2014). Central limit theorems for a branching random walk with a random
environment in time. Acta Math. Sci. 34, 501-512.

GREVEN, A. AND DEN HOLLANDER, F. (1992). Branching random walk in random environment: phase
transition for local and global growth rates. Prob. Theory Relat. Fields 91, 195-249.

HARRIS, S. C. (1999). Travelling-waves for the FKPP equation via probabilistic arguments. Proc. R. Soc.
Edinburgh A 129, 503-517.

HONG, W. AND LIANG, S. (2022). Random walks in time-inhomogeneous random environment conditioned to
stay positive. Preprint. Available at https://arxiv.org/abs/2211.15017.

Hu, Y. AND YOSHIDA, N. (2009). Localization for branching random walks in random environment. Stoch.
Process. Appl. 119, 1632-1651.

HUANG, C. AND L1U, Q. (2014). Branching random walk with a random environment in time. Preprint.
Available at https://arxiv.org/abs/1407.7623.

KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd edn. Springer, New York.

KYPRIANOU, A. E. (1998). Slow variation and uniqueness of solutions to the functional equation in the
branching random walk. J. Appl. Prob. 35, 795-802.

LALLEY, S. P. AND SELLKE, T. (1987). A conditional limit theorem for the frontier of a branching Brownian
motion. Ann. Prob. 15, 1052-1061.

Liu, Q. (1998). Fixed points of a generalized smoothing transform and applications to the branching processes.
Adv. Appl. Prob. 30, 85-112.

L1u, Q. (2000). On generalized multiplicative cascades. Stoch. Process. Appl. 86, 263-286.

LYONS, R. (1997). A simple path to Biggins’ martingale convergence for branching random walk. In Classical
and Modern Branching Processes, Springer, New York, pp. 217-221.

LYONS, R., PEMANTLE, R. AND PERES, Y. (1995). Conceptual proofs of Llog L criteria for mean behavior of
branching processes. Ann. Prob. 23, 1125-1138.

MALLEIN, B. (2015). Maximal displacement in a branching random walk through interfaces. Electron. J. Prob.
20, 1-40.

MALLEIN, B. AND MILOS, P. (2019). Maximal displacement of a supercritical branching random walk in a
time-inhomogeneous random environment. Stoch. Process. Appl. 129, 3239-3260.

MALLEIN, B. AND SHI, Q. (2023). A necessary and sufficient condition for the convergence of the derivative
martingale in a branching Lévy process. Bernoulli 29, 597-624.

MCKEAN, H. P. (1975). Application of Brownian motion to the equation of Kolmogorov—Petrovskii—Piskunov.
Commun. Pure Appl. Math. 28, 323-331.

SHI, Z. (2015). Branching Random Walks: Ecole d’Eté de Probabilités de Saint-Flour XLII—2012. Springer,
Cham.

TANAKA, H. (1989). Time reversal of random walks in one dimension. Tokyo J. Math. 12, 159-174.

WANG, X. AND HUANG, C. (2017). Convergence of martingale and moderate deviations for a branching
random walk with a random environment in time. J. Theoret. Prob. 30, 961-995.

YANG, T. AND REN, Y.-X. (2011). Limit theorem for derivative martingale at criticality w.r.t. branching
Brownian motion. Statist. Prob. Lett. 81, 195-200.

YOSHIDA, N. (2008). Central limit theorem for branching random walks in random environment. Ann. Appl.
Prob. 18, 1619-1635.

https://doi.org/10.1017/apr.2024.55 Published online by Cambridge University Press


https://arxiv.org/abs/2211.15017
https://arxiv.org/abs/1407.7623
https://doi.org/10.1017/apr.2024.55

	Introduction and main result
	Quenched harmonic function and conditioned random walk
	The many-to-one lemma
	Quenched harmonic function
	Random walk conditioned to stay above a line
	Quenched probability
	Quenched Tanaka"2019`s decomposition.
	Application of Tanaka"2019`s decomposition.


	Change of measure and spinal decomposition
	Truncated martingales and change of probabilities
	Spinal decomposition of the time-inhomogeneous branching random walk

	Proof of Theorem 1
	The sufficient condition
	The necessary condition

	Proof of the results in Section 3
	Acknowledgements
	Funding information
	Competing interests
	References

