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THE AUGMENTATION TERMINALS OF CERTAIN 
LOCALLY FINITE GROUPS 

K. W. GRUENBERG AND J. E. ROSEBLADE 

1. Introduction 

1.1. T e r m i n a l s . Let G be a group and ZG be the integral group ring of G. 
We shall write g for the augmentat ion ideal of G; t ha t is to say, the kernel of 
the homomorphism of ZG onto Z which sends each group element to 1. T h e 
powers gx of g are defined inductively for ordinals X by gx = gMg, if X = JJL + 1, 
and gx = p!/i<xÔM> otherwise. The first ordinal X for which cjx = gx+1 is called 
the augmentation terminal or simply the terminal of G. For example, if G is 
either a cyclic group of prime order or else isomorphic with the addit ive group 
of rational numbers then gw > çjw = 0 for all finite n, so t ha t these groups have 
terminal co. 

T h e groups with finite terminal are well-known and easily described. If G 
is one such, then every homomorphic image of G mus t also have finite terminal . 
I t follows tha t the derived quotient G/Gr of G must be periodic and divisible. 
I t is simple to see tha t this implies g2 = g3 (see, for example, [3, § 4.3]). Since 
the addit ive group g/g2 is isomorphic with G/G\ the deduction is t ha t G has 
terminal 1 if G coincides with G' and 2 if not. 

We are primarily concerned with finding all the locally finite groups whose 
terminals are infinite bu t less than co2; and with describing the terminals of 
such groups as precisely as possible in group theoretic terms. 

1.2. T h e m a i n t h e o r e m . There are five characteristic subgroups of G 
which play a rôle. The first is K which is to be the intersection of all the normal 
subgroups X of G for which G/X is nilpotent and of finite exponent. We shall 
assume throughout that G/Kr is periodic. One consequence of this assumption, 
which we prove in § 3.1, is t ha t Kr is contained in the commuta tor subgroup 
[K, nG] for any n. Therefore Kr is contained in the a>th term of the lower central 
series of G. This is the second of the five. We shall denote it by M ; and we 
shall write the lower central series as 

G = 7i(G) ^ T 2 (G) ^ . . . , 
so t ha t 

M = yu(G) = H (7» (G): n e 1). 

T h e third, L, is to be (1 + gw) P\ G. T h a t L comes between K and M will 

be clear from § 3. 
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For any group X and set cô of primes, we shall write Xs for the subgroup 
generated by all the elements of X whose orders are finite co-numbers. Writing 
H for G/K', we define N by saying that N/Kr is to be the product of the 
subgroups [Hv, Hq] taken over all pairs p, q of distinct primes. The subgroup 0 
is defined similarly by requiring that 0/Kr is the product of all the subgroups 
[Hp, Hq, Hr] for distinct primes p, q and r. Obviously 0 is contained in N and, 
since two elements of a nilpotent group commute if they have coprime orders, 
N is contained in M. 

Most of our calculations will take place inside H. In other words we shall 
usually be able to assume that K' is trivial. The diagram which illustrates this 
case may be useful. 

i G 

K = nnGn'yn(G) 

L = (i + r ) n c 
M = nnyn(G) 

N = n [GP, GJ 

0 = 11 [Gp, Ga, G>] 

! * ' - 1 
For any right ZG-module A we define Aw = A and, for non-zero ordinals 

X, we set A(\) = A^Q if X = JJL + 1, and ^4(x) = PIM<X^(M)Ô if X is a limit 
ordinal. The first ordinal X for which AQ,) = ^4(X+D is the G-depth of A; we 
shall denote it with d(A, G). For example, d(ZG, G) is none other than the 
terminal of G. 

Now K/K', as an Abelian normal subgroup of H, is an if-module in the 
usual way. Important for our purposes is the factor N/0. More precisely it is 
the iip-depths of the ^-parts (N/0)p which are significant. Accordingly we 
shall write 

(1) dp = d«N/0)p,Hp), 

and set 
(2) d = Max dp. 

V 

With these notations we may state the main result as 

THEOREM 1. Suppose G/K' is locally finite. The terminal of G is less than co2 
if and only if 

(3) K/N is divisible 

and 

(4) d is finite. 

When this is so, and when G > K, the terminal is œ + d if d is positive; if d 
is zero the terminal is co if L = N and œ + 1 if not. 
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Of course when G = K then G/G' is periodic and divisible and the terminal 
is finite. 

Inasmuch as L occurs in the description when d is zero, the theorem cannot 
be said to describe the terminal group theoretically. However, it may well be 
t h a t L and M coincide for all groups, al though we have been able neither to 
prove nor disprove this. If the so-called dimension subgroup conjecture: t ha t 
(1 + gw) P\ G coincides with yn(G) for n = 1, 2, 3, . . . : were true then there 
would be no doubt . On the other hand seemingly little can be deduced about 
dimension subgroups from knowing tha t L = M. Indeed the dimension sub­
group question is effectively about finite prime power groups G and for these 
it is well-known (see, for example, [2]) t ha t gw is trivial. 

I t is perhaps worth remarking tha t even periodic Abelian groups may fail 
to have terminals less than co2. For, by the theorem, if G is any Abelian 
p-group in which K = H (Gpn: n ^ 1) has exponent p, then G has terminal 
a t least co2. Probably the simplest example of such a group G is the Abelian 
p-group generated by elements Xi, x2, . . . , subject only to the relations 
x/n = 1, xn+ipn = Xi, n = 1, 2, . . . : here K is generated by Xi. 

1.3. F in i t e groups . Suppose G is finite. Evident ly K coincides with M. 
Moreover, setting Mf = 1, Mv = [Mp, Gp>] for all primes p so t ha t M coincides 
with N. Therefore (3) is satisfied; since N/0 is finite, so also is (4). As a 
special case of the theorem, therefore, there is the first 

COROLLARY. / / G is finite and G > G' then the terminal of G is co + d. 

This result allows us to construct, for any given ordinal X with co ^ X < co2, 
a finite group whose terminal is X. Indeed if X is co then any non-trivial finite 
nilpotent group will do. 

Suppose X = co + d with d > 0. Let p be an odd prime greater than d 
and suppose tha t M is a vector space with basis Wi, . . . , md over the field 
with p elements. There is an automorphism a of M defined by 

ntia = mi+i — mu (1 ^ i < d) 

md
a = —mdj 

so t ha t we may form the natural split extension G = M d (a) of M by (a). 
I t is easy to see t ha t av is multiplication by — 1. Therefore M(ap — 1) = M. 
I t follows t ha t M is the limit of the lower central series of G. T h e order of G 
is 2pd+1, so t ha t 0 is trivial. The terminal of G is therefore precisely 
co + d(M,Gp). 

Now Gp = (M, a2) so t ha t d(M, Gv) is the first integer n for which 
(a2 — l)n = 0. Since a — 1 is an automorphism of M, this is the first n such 
t h a t (a + l)n = 0. I t follows tha t d(M, Gv) = d and thence tha t the terminal 
of G is X. 
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1.4. Groups with Mm-n. Suppose now that G is a group with M'm-n, 
the minimal condition for normal subgroups. The subgroup K must be of 
finite index in G and consequently G/K is nilpotent. It follows that G/K' is 
a soluble group with yi'm-n. From a theorem of R. Baer [1; p. 389] we 
deduce that G/K' is locally finite. 

In showing that (3) and (4) hold we may assume that K' = 1. Since 
[NPt nGp] is a normal subgroup of G for n = 1 , 2 , . . . , it is clear that dp is 
finite. Since G has Min-w, K can have only finitely many primary com­
ponents. Therefore d is finite and (4) holds. To see that (3) holds, we may 
assume into the bargain that N is trivial. From this it follows easily that any 
finite homomorphic image of G is nilpotent. Hence K is the unique minimal 
normal subgroup of finite index in G. Because K is Abelian it must be divisible. 

This shows that groups with Min-^ have terminals less than co2. We shall 
prove in § 3.5 that in such groups L is the same as M. Hence we may state the 
second 

COROLLARY. If G has M'm-n and G > K then the terminal of G is oo + d if 
d ^ 1; if d = 0 the terminal is œ if M = N and œ + 1 if not. 

That both possibilities when d = 0 can occur is easily seen. First, if G is the 
direct product of an Abelian ^?œ-group C and a cyclic group D of order p then 
M = N = 1, so that the terminal is co. Contrariwise we may take G to be the 
wreath product C\D. Here M = G' > N = 1, so that the terminal is co + 1. 

1.5. Lower central depths. The G-depth of a ZG-module A is plainly 
related to the lower central depths of the extensions of A by G. For example, if 
E is the split extension then its lower central depth is precisely the maximum 
of the lower central depth of G and the G-depth of A. In particular, therefore, 
if G is a group as in Theorem 1 and A is a free module then the lower central 
depth of E is less than a>2. This is a consequence of the theorem together with 
the simple 

LEMMA. / / G/K' is locally finite and K/N is divisible then G has lower central 
depth at most œ + 1. 

Proof. As we have remarked, Kf is contained in [K, nG] for all n. It is not 
difficult (cf. § 3.1) to see that [K, G] S M, so that 

K' S [M, G, G] = Y » + 2 (G ) . 

Recalling that H was written for G/K' and that N/Kf is the product 
TLp^q[Hp, Hq], we can even go so far as to say that N ^ yœ+2(G). For 
[Hp, HQ] = [Hp, Hq, H] when p and q are different, so that N/Kr is contained 
in the limit of the lower central series of H. 

Now K/N is supposed divisible and therefore N[K, G] = N[K, G,G]. It 
follows that [Kf G] g ya+2(G). However M ^ K and Y<O+I(6) = [M, G] so 
t h a t YoH-l(G) = 7œ+2(G). 
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That the bound GO + 1 of the lemma cannot be improved is not hard to see. 
Let An be the Abelian ^-group generated by elements Xin, x2n, • • • , ocnn, each 
of order pn. This group has an automorphism yn such that [xin, yn] = 
Xi+i,n (1 = i< n) and [xnn,yn] = 1. Let Fn be the split extension of An by 
(yn) and i7 the direct product of the groups Fn, n = 1, 2, 3, . . . . We write T 
for the subgroup of F generated by all the elements xnn~

1xn+itn+ip
1 

n — 1, 2, 3, . . . . The group G = F/F has lower central depth precisely 
co + 1. Moreover, for this group C7 we have K = M and this is an Abelian 
^°°-group. The subgroup N is trivial. 

2. Three Module Isomorphisms 

2.1. Notation. Subsets of groups will be denoted with italic capitals. The 
corresponding small german letter will be used to denote the additive sub­
group of the group ring generated by the elements of the set diminished by 1. 
For example, if X is a subgroup of G then r. = (x — 1; x £ X), and this is 
clearly the augmentation ideal of ZX. We shall use r~ for the right ideal of ZG 
generated by £; thus r - = r. + jg. If X happens to be a normal subgroup of G 
then r~ is a two-sided ideal of ZG, to wit the kernel of the natural homomor-
phism of ZG onto Z(G/X). In particular, if X is normal in G then £ + %$ = 

ï + 8Ï-
When X is a normal subgroup of G we may view X/X' as a right G-module by 

(xX')g = x9X', and also as a left G-module by g(xX') = xQ~xX'. If Q = G/X 
then any Q-module may be considered as a G-module by means of the natural 
homomorphism of G onto Q. In particular ZQ is a two-sided G-module. 

2.2. We prove first 

LEMMA 1. If X < G //ze^ £&e mapping 

(i - x) + &*->xx! (x e x) 
is an isomorphism of JT~/ïÔ on^° X/Xf as left G-modules. 

Proof. Let T be a transversal to the cosets of X in G. The ideal r~ is the 
direct sum C&terp- The mapping of r~ onto X/X' determined by 

(1 - x)t ^ xX' (x € X,t€ T) 

induces a homomorphism of r"/£g onto X/X', which has the obvious inverse 

xXr i—> (1 — JC) H- ïg. 

Since 

g(l - *) + £8 = g(l - rxOg-1 + SB, 

for g in G and x in X, the lemma follows. 

As an obvious consequence we state the 
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COROLLARY. If X <\ G then r~ = jg + gj if and only if X = [X, G\. 

The second useful result is 

LEMMA 2. If X <\ G and Q — G/X then l~/(l~)2 is isomorphic as a right 
G-module with X/X' (x) ZQ. 

Here G is supposed to act only on the right hand factor of the tensor product. 

Proof. Again let T be a transversal to the cosets of X in G, so that 
f~ = ®teTp and (J -)2 = ÇBterft- By Lemma 1, %/f is isomorphic to X/X' 
and so the mapping of j ~ onto X/X' (x) ZQ determined by 

(x - 1)/1-> xX' ®tX (x £ X,t £ T) 

induces an isomorphism of r~/(j~~)2 onto X/X' (x) ZQ. 

2.3. One last isomorphism of a more technical nature may just as well be 
stated here. 

LEMMA 3. Suppose G is the product of its normal subgroups U and V. If X 
is a normal subgroup of G contained in the centre of U C\ V then r - / (ur~ + r~b) 
and X are isomorphic as right U-modules. 

Proof. If i~ = lU, the right ideal of ZU generated by £, then by the right 
hand version of Lemma 1, £~'/it£~ and X are isomorphic as right £/-modules. 

Let T be a transversal (containing 1) to the cosets of U C\ V in V, and 
therefore to those of U in G. Then r~ = ®^ r£~/ and there is a mapping 0 of 
r~/irr- into £~/u£~ determined bydi ->û! for a f f and t Ç T. Now 0 induces 
a mapping 

<?: r/(ur + n>) -» rM~-
This is because r~t> ^ u r - + £t; for, if x G X, g G G, fl G F and g = ut with 
^ G U, t £ T while gz; = ««//' with wÇ [ / H F and £' G 2", then 

(x - l)g(v - 1) = (xw - 1)(/' - 0 mod u r 

follows from the hypothesis that [X, U C\ V] = 1. Clearly <f> has the inverse 
determined by the inclusion £~ —> %~~ and this is a £/-homomorphism. There­
fore so is 0. 

3. g" in Periodic Groups 

3.1. Let p be a, prime. We shall write Gœp for the set of-all the ''generalized 
^-elements" of Mal'cev [5, § 2]. Thus x is in Gœp if and only if for every w ^ 1 
the element yn(G)x of G/yn(G) has finite £-power order. Of course Gœp is a 
normal subgroup of G containing M = y<*(G). 
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We shall write G(p) for the intersection of all the normal subgroups X of G 
such that G/X is a nilpotent ^>-group of finite exponent. Thus 

m 

G(p) = DGP yn(G) 
m,n 

and, evidently (cf. § 1.2), 
K= O G(q). 

Q 

We note the following slight extension of Lemma 1 in Mal'cev's paper [5]. 
The proof is by an obvious induction on n. 

LEMMA 4. Let G be a group, V a normal subgroup and v an element of V. If 
[vm, G] = 1, then [v, G™n-1] ^ [V, nG]for all n ^ 1. 

COROLLARY 1 [5, Theorem 1]. If Gis residually nilpotent, then [Gwv, G(p)] = 1 
for all p. 

Proof. If v is in Gœp and vpT n is in yn(G) then the lemma, with V — G, yields 
[v, Gps] ^ T„ (G) , where 5 = r(n)(n - 2). Hence [v, G(p)] ^ yn(G), and this 
is true for all n è 1. 

COROLLARY 2. / / K/K' is periodic then Kf ^ [K, nG] for all n ^ 1. 

Proof. Taking V = K in the lemma and working modulo [Kf, G], we have 

[0.G"-1] ^ [K',G][K,nG] 

for all » in K and « ^ 1. But 

[K,7n(G)] ^ [K,nG], 
and so 

[v,K] ^ [», T . C G J G " - 1 ] ^ [iT,G][i£,BG]. 
Thus 

from which the result follows. 

An immediate consequence of Corollaries 1 and 2 is 

COROLLARY 3. If G/K' is periodic then K' ^ M S K and [K, G] S M. 

3.2. We set 

the sum being taken over all r ^ 2 and all r-tuples pi, . . . , pr of distinct 
primes. We note that if G = T\vGœp (which happens, for instance, if G/M is 
periodic) then §~uVr can be replaced by ^Pr in the definition of £1G. 

The main result in this section is 

THEOREM 2. / / G/K' is periodic then 

Ï0 + 0* ^ 8" ^ !" + Q0. 
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By Lemma 1, every element a of t~ + iïG has the form /3 + (x — 1) for 
some £ in ïg + iïG and x in K. If a is in gw the theorem shows that x — 1 will 
be in gw and conversely. Hence there is the 

COROLLARY. If G/K' is periodic then $* = fg + &G + I. 

Again from Lemma 1, or directly, if X and F are subgroups of G and 
Z = [X, F] then £~ ^ r~tp + *T£~- It follows quickly by induction that if 
Tn = yn(G), then tn ^ gn. We deduce that m~ S <f. Thus Theorem 2 is really 
a result about periodic residually nilpotent groups. We observe that if G is 
periodic and residually nilpotent then Gœp = Gv for all p. 

3.3. For groups X and F we shall write X (x) F for the tensor product of the 
Abelian groups X/Xr and Y/Y'. As in [7] we say that X and F are orthogonal 
if and only if X (g) F is trivial. 

Suppose Xi, . . . , Xn are finitely many subgroups of a group G and that 
Pi < Xi (1 ^ i £ n). Let 

$z = Ï1Ï2 • • • ïz- l( ïz2 + Pi)h+1 • • • Ï»» 

and $ = 2^=1$*. We need the simple 

LEMMA 5. £i . . . £w/$ is » homomorphic image of X\/P\ (x) . . . (x) Xn/Pn. 

Proof. The mapping 

(xi, x2, . . . , x j *-> $ + (xi — 1) . . . (xn — 1), (xt G Xi, 1 I i ^ ») 

is homomorphic in each component and therefore there is a homomorphism 

Xi (x). . . ®Xn-+%! . . . £„/$ 

in which 

Xi ® . . . (X) Xn f-̂  $ + (Xi — 1) . . . (Xn — 1). 

If Xi is in P i then (xi — 1) . . . (xn — 1) is in $>, so that the result follows. 

We shall use this lemma only for rather special choices of Xi, . . . , Xn. As 
a first example, suppose X and F are orthogonal subgroups of G. With 
n = i + j , Piy . . . , Pn trivial and 

X\ = X2 = . . . = X i = Xy X i+x = X i+2 = . . . = Xn — Y y 

we deduce that £ V = £ î + V + ïV + 1 - Hence we have the 

COROLLARY. / / X and Y are orthogonal subgroups of G then 

V) = icnv> + ict)n in ^ 1) 

and {therefore) jctf ^ $*. 
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LEMMA 6. If G is the direct product of its subgroups Xt (i £ / ) , and if Xt 

and X j are orthogonal whenever i 9^ j , then for all ordinals X 

8X = ©Ï<X © Z ï « l - . - ï * r , 
i r^2 

where X! is taken over all r-tuples ii, . . . , iT of distinct suffixes. 

Proof. Since Xt and Xj commute when i ^ j , the above corollary shows t h a t 

%i$j S %&&. Consequently 

for all X. Bu t 

8 = ©£* © Z f i l - . . f i r , 
i 

so t ha t the result follows. 

If G is a finite nilpotent group then Gv is a finite £>-group. As we remarked 
earlier, this implies §p

w = 0. I t follows from the lemma tha t çf = gw+1 = £lG. 
Therefore, if G is non-trivial, its terminal is co. 

Using the deeper theorem of Har t ley [4] t ha t o? = 0 if G(p) is trivial, a 
correspondingly deeper s ta tement can be made. We write this as a 

COROLLARY. If G is periodic and if G > K = 1, then the terminal of G is œ 
and g" = Œ G. 

Proof. Since G is residually nilpotent, it is the direct product of its subgroups 
Gv\ and because K is trivial, Gv(p) is trivial for each prime p. Hence $p

a = 0 
and the result follows from the lemma. 

T h e corollary shows tha t if G is any group for which G/M is periodic then 
gw ^ f~ + Œ<?. For then Gup/M = (G/M)p and this maps onto (G/K)p under 
the natural homomorphism of G/ikf onto G/.K. Hence 0G/jR: = (QQ + f")/f~. 
By the corollary, (ilG + 3f~)/ï~ is precisely the coth power of the augmentat ion 
ideal of G/K. This proves half of Theorem 2. 

Suppose now tha t G is any group for which G/K' is periodic; we assert t h a t 
& G ^ Ôw- For suppose tha t p and a are any distinct primes and write A = Gwp 

and B = GœQ. By Corollary 2 to Lemma ±, K' S M and so A/M and £/ ikf 
are orthogonal. Since m - ^ çf, the corollary to Lemma 5 yields ctb ^ g". T h e 
inclusion &G = 8* now follows. 

T o complete the proof of Theorem 2 it remains only to show tha t fg ^ gw. 

3.4. T o show tha t fg ^ gw we first observe 

LEMMA 7. For any gro#£ G, 

Proof. For w ^ 1 let Fw,m be the normal subgroup (1 + rag + gw) P\ G of G. 
Then , clearly, G /F n , m is nilpotent of class a t most n — 1. Let G* = G/Vn,m. 
Now G*/G*' is isomorphic with g*/ô*2 which, being an image of g/g2 + rag, 
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has exponent dividing m. Now as Robinson [6] has remarked, yi(G*)/yi+i(G*) 
is an image of 

G* (x). . . (g) G*. 

i 

Hence every lower central factor of G* has exponent dividing m. Hence G* 
has exponent dividing mn~l. From the definition of K, it follows that K ^ Vn,m. 
This gives the result. 

As a matter of fact, if G is periodic, the intersection in Lemma 7 equals 
f~" + 12G. This may be seen using Hartley's theorem. We make no use of this 
fact however so that the proof can be omitted. 

It is another application of Lemma 5 which is now needed to finish the proof 
of Theorem 2. We state it in a slightly more general form than is strictly 
necessary for this purpose because we shall later need some consequences 
of it. 

LEMMA 8. Suppose P <\ X ^ G. If X/P has exponent dividing m then 
£ô/(£Ôw+1 + Pô) has exponent dividing mn for all n ^ 1. 

Proof. In Lemma 5 we take X2 = . . . = Xn+i = G, P2 = . • . = Pn+i = 1 
and n ^ 1. It follows that £ôV(£Ôw+1 + PÇf) is an image of 

X/P ® G ® . . . ®G. 

n 

When X/P has exponent dividing m, so does this tensor product. We deduce 
that (ççf + pg)/(ï9w+1 + Pô) has exponent dividing m for each n ^ 1. The 
lemma now follows. 

Another way of putting Lemma 8 is to say that £(gra+1 + mn§) S £Ô*+1 + Pô 
when X/P has exponent m. From Lemma 7 we may deduce that 

(5) ï ï ^ £ôw + pg (» ^ 1). 

Now suppose that K/Kf is periodic and set P = K''. Inclusion (5) holds 
for any X such that X/K' is finite. Since p ^ f2, we deduce that f2 ^ fgw + f2g 
for all n ^ 1. It follows, of course, that f2 ^ fçf for all w ^ 1. Hence f2 ^ gw. 

The left hand version 

ïï ^ Ôw£ + ÔP ( w è 1) 

of (5) will hold, similarly, when X/P is of finite exponent. Again with P = K' 
we may deduce that 

ÏÔ ^ Ôn+1 + Of2 

whenever G/K' is periodic. Since f2 ^ g<° in these circumstances, it follows 
that fg ^ g<°. 

This completes the proof of Theorem 2. For future reference however we 
state the 
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COROLLARY, (i) / / K/K' is periodic then t2 ^ t§n for all n ^ 1. 
(ii) If G/K' is periodic then t2 ^ g»2. 

To see (ii), we merely observe that for all n ^ 0, 

f2 è kn+1 S g<°gw, 

by (i) and Theorem 2. 

3.5. We pause briefly to prove 

LEMMA 9. / / G has Mm-n then L = M. 

We may assume that M = 1. Then G is actually nilpotent and locally 
finite. The groups G(p) have finite index in G, so that there is a finite supple­
ment to G{p) in G. The lemma will therefore follow from the rather more 
general 

LEMMA 10. Suppose G is periodic and residually nilpotent. If Gp(p) has a 
finite supplement in Gp for each prime p, then L = 1. 

Proof. Since G is the direct product of the subgroups Gp, it follows from 
Lemma 6 that gw P §v = g/ . Thus Lv = L C\ Gv. We may therefore assume 
that G is a ^>-group. 

Let T be a transversal to the cosets of K (which is now G(p)) in G such 
that F = (T) is finite. The intersection D = K C\ F has exponent pr, say. 
Since D and b/b2 are isomorphic, it follows that prb ^ b2. Now, F being a 
finite ^-group, f/£rf lies in the radical of the finite ring (Z/pTZ)F. Hence 
fs ^ PT\ for some 5. Since F — DT, we may write f S b~ + t. It follows that 
V S (b-)2 + t. 

Since g = I~ + f and i£ is central in G (by Corollary 3 to Lemma 4), 
9s ^ fg + t. Therefore f" Pi gs ^ fg + t P î~. But t P f~ = 0, and we 
already know that ïg S gw. Thus t~ P gs = fg. Now G/i£ is a finite ^-group 
so that a? ^ f~. Consequently g" = fg and the result follows from Lemma 1 
with K replacing X. 

4. Proof of Theorem 1 : Reductions 

4.1. Suppose that G/K' is periodic. From the corollary to Lemma 8 and 
because K' rg (1 + t2) P G, we deduce that the terminal of G is less than co2 
if and only if that of G/K' is less than co2, and that when this happens the two 
terminals are equal. Accordingly we shall assume throughout this section that 
K' — 1 and that G is locally finite. 

As a matter of fact, in proving Theorem 1 we may even assume, whenever it 
is convenient, that 0 is trivial. This follows from 

LEMMA 11. o~ ^ gw2. 
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Proof. Suppose that p, q, r are distinct primes. From the corollary to 
Lemma 5, gffgr ^ P u g ^ . Hence gpgffgr ^ rWfi^B*- But g ^ ^ gw, so that 
ĝ ĝ ĝ  ^ gw2. Now 0 is the product of all subgroups of the form [Gp, Gqi GT], so 
that o~ is contained in the sum of all ideals ôP~gff

-Qr~- The result follows. 

4.2. To prove the necessity of condition (3) in Theorem 1 (cf. Lemma 13 
below) we first establish the elementary 

LEMMA 12. For every prime p, Np = [Np, Gp>] and Gp P\ Gp> ^ N. 

Proof. Suppose that F is a finite subgroup of G and that X = ya(F). Because 
X is contained in K it is Abelian. For any prime q, therefore, Xq = [XQy Fq>], 
Hence X g N. Since Fp Pi Fv. ^ X, this shows that Fp Pi i y ^ N. Any 
element of Gp Pi Gv> is contained in Fp P\ Fp> for some finite subgroup F of G. 
It follows that Gp Pi G^ ^ iV. 

Now if x is in N then x lies in Ilff[Gff, Gq']. There is therefore some finite 
subgroup F with x in HQ[FQ, Fg>]. Then x will lie in X. If x happens to be in 
Np, then x will be in Xv and so in [XPJ / y ] . Therefore iVp ^ [iV ,̂ GP']. Since 
the opposite inclusion is obvious, the lemma is proven. 

LEMMA 13. If G has terminal less than co2 then K/N is divisible. 

Proof. Since N S M and m~ S g", the terminal of G/N is also less than co2. 
We therefore assume that N is trivial. From Lemma 12, G is the direct product 
of the subgroups GP. It follows that K is the direct product of its subgroups 
Gp(p). From Lemma 6, gx equals G)p$p

x 0 S ^ g ^ i . • . gPr. Therefore each Gv 

has terminal less than co2. Since K is divisible if and only if each Gp(p) is, we 
may assume that G is a ^>-group. 

If K is not divisible, there is a homomorphic image C of X of order p. Let 
<2 = G/K. From the definition of K, it follows that Q is infinite. Let 
B = C (x) ZQ be viewed as a G-module by the action of G on the right hand 
factor; thus B is isomorphic to the group algebra of Q over the field of p 
elements. Since Q is residually a nilpotent ^>-group of finite exponent, we 
deduce from [5, Theorem 2] (cf. also [4]), that C\nB§n is trivial. Since Q is 
infinite, G has no fixed points on B. Hence B has infinite G-depth. 

Now K (x) ZQ has B as an image and therefore it too has infinite G-depth. 
From Lemma 2, however, K ® ZQ is isomorphic with l~/(l~)2. Therefore t~ 
has infinite G-depth. However, Theorem 2 asserts that fg S gw ^ f~~. Since G 
has terminal less than co2, it follows that t~ has finite G-depth. This contra­
diction proves the lemma. 

4.3. In our present situation (i.e., K' = 1 and G locally finite) we can 
replace the ideal 12 G appearing in Theorem 2 by another that is easier to 
handle. We define 

Aflt = E ÔH1 • • • Ôpr» 
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where the sum is taken over all r ^ 2 and r-tuples pi, . . . , pr of distinct 
primes. We always have A<? ^ tiG; and, since Gup = GPM, f~ + A^ = f~+ tiG. 
Consequently Theorem 2 remains true here with AG replacing 12G. In what 
follows we shall always use the theorem in this form. 

For the remainder of the proof of Theorem 1 we are concerned, in view of 
Lemma 13, with groups in which K/N is divisible. We prove 

LEMMA 14. / / K/N is divisible then 

xr + g<°+1 = i r + flw+2. 

Proof. Since G is periodic it is orthogonal to K/N. It follows from Lemma 5 
(with n = 2, Xl = K, P i = N and X2 = G, P2 = 1) that 

(6) fg = fg2 + tig. 

From Theorem 2, 

fg2 + AGg ^ fi«+i ^ fg + AGg. 

Since rt ^ AG, the left hand term here contains fg2 + ng which, from (6), 
equals fg. Therefore 

(7) g»+1 = (I + AG)g. 

Suppose that p and q are distinct primes. Since [Gp, GQ] ^ iV, it follows 
that 

n~ + MQ = n- + g5g„. 

Because C^ and Gq are orthogonal, we may deduce from the corollary to 
Lemma 5 that 

tt" + M« ^ n~ + foficg
n 

for all n. Since AG is generated as a right ideal by all such gpgff and n~ ^ AG, 
we may write 

(8) AG = xr + AGQn (n è 0). 

From (7), 
n- + g«+1 = vr + fg + AGg. 

From (6) and (8), it follows that 

n- + g»+1 = n- + fg2 + AGg2. 

From (7) again we obtain the required result. 

4.4. Now suppose that K/N is divisible. From Lemma 14, gw+w = gw+w+! for 
w ^ 1 if and only if vr f\ gw+n = n~ H gw+n+1. From (7), therefore, g«+n = 
gw+n+i £or w >̂ ^ j s equivalent with 

vr C\ (Ï + AG)g* = n- H (I + AG)g*+1. 

Now in the final section we shall prove 
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LEMMA 15. If 0 = I, then for n ^ 0 
(i) f - n (AGg*) S f-ç? + AGn-, and 

(ii) n- H (f- + AG)%n = AGn- + m » . 

It follows from (ii) that o?+n = gw+w+1 for n ^ 1 is equivalent with 

AGxr + n~gw = AGn~ + n"gw+1. 

Thus it is d(n - /A G n - , G) which is significant. 

LEMMA 16. / / 0 = 1, then d = d(xi~/AGxi~, G). 

Here d is the number defined in equation (2) in § 1.2. 
We shall prove Lemma 16 in the next section. The qualitative aspect of 

Theorem 1 is, of course, a direct consequence of it. As for the quantitative part, 
we may assume that G > K and that d is finite. It is clear that the terminal 
of G will be œ + d provided that d is positive and gw > QW+1. We need only 
discuss the exceptional cases. 

If g" = gw+1 then xr ^ g"+1; from (7) it follows that xr = xr H (f + AG)g. 
From Lemma 15 (ii) we deduce that xr = AGxr + n~g and from Lemma 16 
that d = 0. Now I must also be contained in gw+1. Therefore 

l ^ ( ï + Aoh H !" = fg + (A*ô) H !" 

From Lemma 15 (i) it follows that I ^ fg + AGn~. Hence I ^ fg + n. From 
Lemma 1, therefore, L = N. 

Conversely, if d = 0, then Lemma 16 gives xr = AGx\r + n~g2. From 
Lemma 15 (ii) we deduce that n~" ^ (f + AG)g2 and from (7) that xr ^ gw+2. 
Lemma 14 now shows that gw+1 = gt0+2. If it happens that L = N, then from 
the corollary to Theorem 2, 

ô« = Ifl + AG + xi = fg + AG. 

From (8), this gives gw = fg + n~ + AGg. Hence g" = gw+1, as required. 
We have reduced the proof of Theorem 1 to proving Lemmas 15 and 16. 

5. Proof of Theorem 1 : Conclusion 

Throughout this section we assume that 0 is trivial and that G is locally finite. 

5.1. Proof of Lemma 16. Since xr ^ AG, the module in question is an image 
of xv~/(xi~)2. By Lemma 2 and because N is Abelian, this is isomorphic with 
N ®Z(G/N). Hence 

n " / ( n - ) 2 = 0 ( ( n - ) 2 + n , - ) / (n-) 2 . 

The submodule AGn~/n-2 therefore splits up into the direct sum 

0 ((tr)2 + AGn,-)/(n~)2. 
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From this we deduce that the G-depth of n~/AGn~ is the maximum of the 
G-depthsof the components ((n -)2 + np)/((n~)2 + A ^ - ) . Again from Lemma 2, 
np~ H (n~)2 = np~n~. Therefore 

((n-)2 + np-)/((n-)2 + A ^ v ) ^ np-/(AGnp- + v t r ) . 

Accordingly, to prove Lemma 16, we should show for each prime p that 

(9) dp = d(np-/(AGnp- + n^rn -), G). 

From the corollary to Lemma 5, n ^ ' ^ ^n^g7*. Therefore 

np-/(AGnp- + xip-rr) 

has the same G-depth as np~/ (AGnP~ + nP~wr + xip~$p>). Now UpUq ^ n ^ ' , if 
p ^ q, and n / ^ AGnp

- because n~ ^ AG. Hence n^rn- ^ AGnp
_ + n^rg^. 

For (9), therefore, it will be good enough to prove 

(10) dp = d(np-/(AGnp- + rip-$p>), Gp). 

From Lemma 12, Np = [Np, GP'] S Gp>. From the corollary to Lemma 1 we 
deduce that np ^ np§p> + g^îV Therefore 

(11) iV~8p' + $PUP~ = nP~§P' + Ô P Ô P ' V -

Further, from Lemma 1 itself with NPGP> replacing G and Np replacing X, it 
follows that (rip + ïip$P')/ïip$P' is isomorphic with NP as a left Gp>-module. For 
different primes q and r, both distinct from />, [Gp, Gq, Gr] is trivial. Therefore 
[Np, Gq, Gr] = 1 and we deduce 

(12) mrnp ^ npqp>. 

Now A^Ttp- is the right ideal generated by all g^g^ with q^ r. From (11) 
and (12) it follows that 

(13) AGnp- + np-§P> = §pnp~ + np-§p>. 

From Lemma 12, Gp P\ Gp> ^ N, so that Np is certainly in the centre of 
GP r\ GP'. Moreover G = GPGP> because G is periodic. We may therefore 
appeal to Lemma 3 with N for X, Gp for U and Gp> for V, to deduce that 

i V / G b V + «a»~fii»') and iVp 

are isomorphic as right G^-modules. Together with (13) and the definition (1) 
of dp y this gives (10). The proof of Lemma 16 is thereby completed. 

5.2. Proof of Lemma 15. Since Kf = 1, the limit X of the lower central 
series of any finite subgroup F of G must be Abelian. According to a theorem 
of Schenkman [8], this has as a consequence that there is a complement to 
X in F. We need a result about such finite groups. 

LEMMA 17. Suppose F is finite and X = yu(F) is Abelian. Suppose that C is 
a complement to X in F. If X ^ Y ^ F then 
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(i) r f n r ^ r r + rf". 
(ii) c n r ^ Or)2 + ZPy.'> 

(iii) f»+n = rf" + c r + CM, 

(iv) f»+» n r ^ Or)2 + rf + A„r + T*Mv 
for all n ^ 0. 

Here, of course, r~ and ty~~ refer to the ideals of ZF generated by £ and t). 

Proof. Since r - ^ f" and f = £~ + c it follows t h a t \n = £~ + cw. Wri t ing 
Z = Y r\ C we have F = X Z , so t h a t ty ^ j r + 3. Hence, 

t?f ^ ( r + a)(r + <") ^ (r)2 + ar + rcw + r ^ r r + r f + c, 
Since ^" H c = 0, this gives (i) if n is positive. For n = 0, (i) is obvious, so 
t ha t we may proceed to (ii). 

Le t Tv be a transversal to the cosets of Zv in Cv and write J1 for the product 
TLpTp. Because C is nilpotent, this set T is a transversal to the cosets of Z in C 
and moreover 

(i4) n t ^ t . 
V 

From the corollary to Lemma 6, C° equals ^ cplcpl . . . cPr. Now Cp = ZVTV, 
so t h a t cp = iv + fotp + tp. On subst i tut ing this expression for cp in c" we 
obtain 

(is) c- ̂  (f )2 + Z afv + IT V 

Inclusions (14) and (15), together with t}~~ r\ t = 0, now show t h a t (ii) is t rue. 
Now fw = %~ + cw. Moreover 

(cr- + c")f = (cjp + r) (r~ + c) = n r + cw, 
since, by the corollary to Lemma 6, C has terminal co. Now (iii) follows by 
induction on n. Finally (iv) follows from (ii) and (iii) and the fact t h a t 
C" = Ac ^ AF. 

With the help of Lemma 17 we m a y prove Lemma 15. Suppose first t ha t £ 
is in t~ C\ (AG$n). There is some finitely generated subgroup F± of G such t h a t £ 
is in AFlfiw. Since A F l ^ fiw, this shows t h a t £ is in fiw+w. There is some finitely 
generated subgroup F2 of G such t h a t if P is K C\ F2 then £ belongs to p + pf2. 
Let F = (Fi, F2) and F = K C\ F. Since G is locally finite, i7 is finite. Let 
X = jœ(F). F rom pa r t (iv) of L e m m a 17 it follows t h a t £ is in 

on2 + rr + A,r + E W-

Now X is contained in iV, as we remarked in the proof of L e m m a 12, and F 
is contained in K. F rom the corollary to Lemma 8, ( f - ) 2 S î~§n and from the 
corollary to Lemma 5, ïpq^ ^ lv~§n. Therefore £ is in t~§n + AGn~. This 
proves pa r t (i) of Lemma 15. 
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To prove part (ii) we notice first that n ^ f~, so that 

rrn (f- + AG)8" = n-r \ {î-r\ (r-fl« + AG8
M)} = 

n- n {f-9
K + (Ï- r\ Ac8")j è rr n (f-9

re + A0tr), 
by part (i). Hence 

(16) n- r\ (!- + AG)c? ^ AGn- + ( t r H f~(f ). 

We prove 

(17) rr H 3f-gn ^ AGn" + ire*. 

This will be sufficient, for (16) and (17) together give 

n- r\ (f- + AG)$n g AGn- + irfin. 

On the other hand, since xr S Ôw, it is obvious that 

A ^ - + n-o? S n- H (ï~ + A0)fi
n. 

Suppose that 77 is in n~ Pi f~gn. As before, there is some finitely generated 
subgroup 7̂3 of G such that ii Q = K C\ F% then rj lies in (q + qf3)f3^. More­
over, since N is the product of the subgroups [Gp, Gp>], there is some finitely 
generated subgroup F4 of G such that if 

^ = i l [Fi,pi F*,P'] 
V 

then 7] is in r + rf4. Now write F = <F3, F4), X = y»(F) and F = K H F. It 
follows that 77 lies in (j + ïf) H (t) + tyf)fn. From (i) of Lemma 17 we deduce 
that r] lies in ty~jr + £~fn. As before, this shows that 77 is in F~n~ + n~(f. 

However, K is Abelian so that if p and g are distinct primes then 

£p*l<z = = ttçtp* 

This lies in n~(f by the corollary to Lemma 5. However 

ïpïij, ^ §vnv- ^ np-§p> + A G r r 

by (11). It follows that r\ is in AGn~~ + n~gw. This then gives (17) and the proof 
of Lemma 15 is finished. 
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