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In this paper, we compute the BP-cohomology of complex projective Stiefel
manifolds. The method involves the homotopy fixed point spectral sequence, and
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1. Introduction

The projective Stiefel manifolds have been of interest in connection with a varied
spectrum of topological questions. On one hand, they are useful in studying equiv-
ariant maps between the Stiefel manifolds [17], and on the other, they form a part
of an obstruction theory for constructing sections of multiples of a given line bundle
[3]. In the real case, they play an important role in the immersion problem for real
projective spaces [19].

In this paper, we consider the complex projective Stiefel manifolds PW/, ,, defined
as the quotient of the complex Stiefel manifold W, j by the S'-action. Recall that
W,k is the space of orthonormal k-frames in C", and the group S' acts on W,
by vector-wise multiplication using S' C C, whose orbit space is the complex pro-
jective Stiefel manifold PW, ;. The cohomology of PW, , with Z/p-coefficients
was computed in [3], which is analogous to the Z/2-computation for real projective
Stiefel manifolds in [11]. Among other applications, this has been used to prove the
non-existence of S'-equivariant maps between Stiefel manifolds [17].

A natural idea here is that extending the computations to generalized cohomology
theories would yield further results about equivariant maps. We follow through
along these lines and compute the BP-cohomology as (theorem 4.4).

THEOREM A. The BP-cohomology of PW, ; is described as

BP*(PWpx) = App+(pt) (Yn—k+2: - - Tn) @Bp=(pty BP*(pt)[[x]]/1
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where v;’s are of degree 2j — 1, x is of degree 2, and I is the ideal generated by
{(T)x”n —k<j<n}.

The method used to compute the BP-cohomology is the homotopy fixed point
spectral sequence. This works for any complex oriented cohomology theory, where
the class = comes from the choice of complex orientation. Consequently, the
K-theory of the complex projective Stiefel manifold has an analogous formula,
which was computed in [13] using the Hodgkin spectral sequence for the cohomol-
ogy of homogeneous spaces. The same method is also likely to work for P,W,, i,
the quotient by a variant of the S'-action, whose cohomology was computed in [5].
Here, (¢ refers to a tuple of integers (g, ..., lx) and the action of S* is given by
zo (v, oo, o) = (2B, .. 2Ry,

We observe that the BP-cohomology ring of PW,, ;. is just the extension of coef-
ficients from Z,, in ordinary cohomology to Z,[vi, vz, ...] in BP-cohomology.
Therefore, the primary multiplicative structure does not yield new results for equiv-
ariant maps between Stiefel manifolds. However, BP has the action of Adams
operations [2], which yield the following new result on equivariant maps (see
theorem 5.3).

THEOREM B. Suppose that m, n, [, k are positive integers satisfying
(1) n—k <m—1 and there is an s such that m < 2°+m — 1 < n.

(2) 2 divides all the binomial coefficients (n_2+1), ce (m"_l).

(3) 2 does not divide (mf;_ﬂ) and 24m — 1.
Then, there is no S*-equivariant map from Whk to Wi, .

We also obtain some new results using the action of Steenrod operations on
H*PW, ;. We point out that the analysis of equivariant maps on Stiefel manifolds
also leads to results in topological combinatorics [4].

1.1. Organization

In § 2, we discuss the construction of the homotopy fixed point spectral sequence,
proving results about the convergence and the differentials in the case of projective
Stiefel manifolds. In § 3, we describe the cohomology of the Stiefel manifold over
generalized cohomology theories, and then specialize to BP. In § 4, we complete the
calculation of the spectral sequence and describe the B P-cohomology of PW,, ;.. In
§ 5, we discuss the applications to equivariant maps between Stiefel manifolds.

2. Homotopy fixed point spectral sequence

The purpose of this section is to set up the computational tools for the following
sections. The main idea here is the homotopy fixed point spectral sequence for
(naive) G-equivariant spectra: for a spectrum Z with a G-action, there is a spectral
sequence with Ey-page H*(G;m;Z) which converges to m;_Z"“ [10] (see also [12]).

The principal example for our paper is when G acts on a function spectrum
F(X, E) for a spectrum E and a based G-space X. Let us make this more precise.
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Let E be a spectrum so that the reduced F-cohomology of based spaces is computed
as (note here that the cohomological grading is negative of the usual homotopy
grading)

E"(X)=[X,X"E] = 71_,F(X,E).

Here we use the notation [—, —] for the homotopy classes of maps between spectra.
We follow the construction of function spectra in [14]. If X has a G-action, the
function spectrum F(X, E) is a spectrum with G-action (that is, a G-spectrum
indexed over a trivial G-universe). We write [—, —]$ for the equivariant homotopy
classes in the category of spectra with G-action, and F&(—, —) for the equivari-
ant function spectrum with G-action. We have the following result regarding this
construction.

PROPOSITION 2.1 [14, Ch. XVI, §1, (1.9)]. Let X be a based G-space, and E a
spectrum. Then,

7%, FS(X,B) = [X,X"E]{ =~ [X/G,S"E] = E"(X/G).

For a free G-space X we may apply proposition 2.1 by adding a disjoint base-
point. The homotopy fixed points of a spectrum Z with G-action are Zh¢ =
FS(EG,, Z)%. We know that for a free G-space X, the projection X x EG — X
is a G-equivalence. Therefore, we have the following equivalence of spectra.

COROLLARY 2.2. Let X be a free G-space, and E a spectrum. Then
FE(X4, B)'C = FE(X,, E)° = F(X/G, E).

In this paper, we apply corollary 2.2 to the case X = W,, j, the Stiefel manifold
of k-orthogonal vectors in C™. This action is free and the quotient space is the
projective Stiefel manifold PW,, j.

COROLLARY 2.3. Let E be a spectrum. There is an equivalence of spectra

F(PWok, E) = Fy (W, , E)"S.

We attempt to understand Fgl Wk n E)hS " via the homotopy fixed point spec-

tral sequence. For a spectrum Z with S'-action, we follow the exposition in [8]

replacing homology with homotopy groups. We have a S'-equivariant filtration of
ES! given by

gCcS(C)csSCHc...csCHcscCHc...,
so that
21"~ fim FS(S(C7)+, 2)%".

T

We index the filtration of ES! as

ora. S(C3z+Y) if ris even
1 ECDSY if r s odd,
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so that
E(Zr)sl/E(Q'r'—l)Sl ~ Si/\sm"’ E(27"+1)Sl/E(2r)Sl ~ %,

where the action of S! on 52" is the trivial action. The filtration on the induced
tower of fibrations is written as

1

1 1 r
215 = P st 2%,
so that

st /Zhsl Ft‘?nl(LS’i/\.S",Z)Sl ~¥""Z ifriseven
Zir) 1= = * if r is odd.

We may now follow [8] to obtain a conditionally convergent spectral sequence [6].

PROPOSITION 2.4. Let Z be a homotopy commutative ring spectrum with S*-action.
There is a conditionally convergent multiplicative spectral sequence

B3t = H (SN m(2)) = m_o(Z"50).

In this expression, the group cohomology H*(SY; 7 Z) of St with coefficients in the
discrete group m Z equals Z[y| @ mi Z with |y| = ( 0).

EXAMPLE 2.5. If Z = E with trivial S'-action, the homotopy fixed point spec-
1

trum 25" ~ F(BS_l‘_, E). In this case, the homotopy fixed point spectral sequence

becomes

B} = H(CP™) & mll — 7 JF(CPF,E)

Making identifications E™(CP*) = 7n_, F(CP{°, E), we observe that this reduces
to the Atiyah-Hirzebruch spectral sequence for CP>°. If E is complex orientable,
the class y becomes a permanent cycle.

Next we specialize to the case Z = Ftsr1 (X4, E) where X is a free Sl-space,
and F is a spectrum. The homotopy groups of Fgl (X, E) in proposition 2.4 are
computed by forgetting the S* action, and thus we have

1
mFS (X4, E) 2 mF(Xy, E)= EH(X).
On the other hand, we apply corollary 2.2 to deduce
1 1 1 1
mFS (X4, )" = mFS (X, E)® 2, F(X/SL,E) = EY(X/S").

We now switch the sign of the t-grading in the spectral sequence of proposition 2.4
to obtain a conditionally convergent multiplicative spectral sequence

By' = HY(S, E'(X)) ® Zly) © B'(X) = E*7(X/S").

We summarize these facts together in the theorem below. For the rest of the section,
X is a free S'-space and E a homotopy commutative ring spectrum.
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PROPOSITION 2.6. There is a conditionally convergent multiplicative spectral
sequence

B3’ = H*(S% E'(X)) 2 Zly| @ B(X) = E*7(X/S").

(1) If E is complex orientable, the class y is a permanent cycle.
(2) The differential d, changes the grading by (s, t) +— (s+r, t —r+1).

(3) If X, X/St are finite CW complezes, and E is complex orientable, the spectral
sequence 1s strongly convergent.

Proof. The degree of the differentials follow from the construction of the exact
couple for the spectral sequence. We also have the map X, — SY which gives a
map F — Fgl (X4, E) which is S'-equivariant. Thus we have a map between the
homotopy fixed point spectral sequences which maps the classes y to one another,
and so, (1) follows from the identification in example 2.5.

It remains to prove (3). For this, we show that for k sufficiently large, y* lies
in the image of a differential. It will then follow that for r sufficiently large the
classes y™ and their w, F multiples are 0 in the E,-page for m > k. Therefore, the
FE,.-page will be concentrated in the columns between 1 and k, and E,, = F, by
increasing r further if necessary. Hence, the spectral sequence converges strongly [6,
theorem 7.4].

The space X/S! being finite dimensional implies that the classifying map
X/St — BS! (for the S'-bundle X — X/S') factors through a finite skeleton.
Hence, we have an equivariant map X — S(C**!) for some k, and thus a map
ngl (S(CFY) E) — Ft‘il (X4, E). As E is complex orientable,

T FS (S(C*Y)4, B) = n, F(CP*, E) = E~*(CP*) = m.Ely]/(y**)

for some choice of complex orientation y. Observe that the homotopy fixed point
spectral sequence for the space ES! as in example 2.5 matches with the Atiyah-
Hirzebruch spectral sequence for CP*°. It follows that the class y represents the
complex orientation in the Es-page. For S(CF*1) and hence also for X via the
equivariant map X — S(CF*1), the class y represents a nilpotent class whose k +
I-power is 0. Therefore, y**1 must lie in the image of a differential, and (3) follows.

O

EXAMPLE 2.7. Suppose that F = HR for a commutative ring R, the Eilenberg-
MacLane spectrum with mgH R = R. In this case the spectral sequence in proposi-
tion 2.6 matches the Serre spectral sequence (from the E2-page onwards) associated
to the fibration

X — X/S1 — CP*™

obtained by identifying the homotopy orbits space X, g1 ~ X/S!, and the classify-
ing space BS! ~ CP>. In this case, the spectral sequence is strongly convergent
from the corresponding result for the Serre spectral sequence. Moreover, due to the
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fact that X/S! is a finite complex, the E..-page vanishes beyond the dimension of
X/S1t.

Next we provide a method to compute the differentials in the spectral sequence of
proposition 2.6. In the tower of fibrations usedlto construct the1 spectral sequence,
the spectrum at the bottom of the tower is F3 (S x X, E)S ~ F(X, E).

Fi(S(CT) x X4, B)¥
v

i
F'(S(C?) x X4, B)%
_— |

F(X/SlaE) = thl(X-i-vE)hSl - til(sl X X-‘r?E)Sl = F(X+7E)

Let @ denote the homotopy cofibre of the map X — X/S!. In the category of spec-
tra, F(X7'Q, E) ~ SF(Q, E) is the homotopy cofibre of the map F(X/S}, E) —
F(X,, E). In view of the commutative square

F(X/SY,E) FS'(ES' x X, ,E)S"

|

F5H(S(CHY) x Xy B)S' ——= F(X,, E),

F(X.,E)

we obtain coherent maps Py : SF(Q, E)—XFS (Q(k), E)S', where Q(k) =
[S(CF+1)/S(C)] A X is the S'-equivariant homotopy cofibre of X x S(C) — X x
S(C*+1). Projecting onto the first factor gives a map Q(k) — S(C*+1)/S(C) which
gives a map

1

F(CP* E) ~ FS (S(C1)/S(C), B)S — FS (Qk), B)®".

Let an element x € E"(X) be represented by the map S~ % F(X,, E). Our
hypothesis about such an z is a factorization in the following commutative diagram
for 0 < k < 0.

s L SF(CP* E)
F(Xy, B) —=SF5 (Q(k), B)Y (2.1)

Before applying this hypothesis we note

PROPOSITION  2.8. Suppose that the composite S™" 5 F(X,, E) — EF{?
(Q(k), E)S1 is null-homotopic. Then, d,(z) =0 for r < 2k + 1.
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Proof. The statement follows from the fact that the 1composite being null—hlomotopic
implies that = lifts in the tower of fibrations to Fj; (S(C*+1) x X, E)S . O

EXAMPLE 2.9. In the case E = HR, the spectral sequence is the Serre spectral
sequence of the fibration X — X/S* — CP*> according to example 2.7. Note that

F(CP*HR)~ \/ S HR,
1<igk
so in the diagram (2.1) y may be non-trivial only when n is odd, and k > ”TH Ifn
is odd and (2.1) holds for k = ™#1, the class z is transgressive, and d,,;1 () is the
composite

s L yF(CPs HR)~ \/ S *"HR—-Y "HR.

1<i<"T+1

We assume now that F is connective, and that (2.1) holds for k = oco. In this case
we have

PROPOSITION 2.10. Suppose that (2.1) holds for k = oo and that E is connec-
tive. Then, d,(z) =0 if r < n. Further, dyi1(z) = df,,(qu(z)), where q is the
map E — HmogE, and df_H is the (n + 1)1 differential for the spectral sequence of
proposition 2.6 for HrnoE. (Here we observe that the spectral sequence is one of
moE-modules, so this allows us to interpret the last statement.)

Proof. We observe that E is connective implies that SF(CP*, E) is (—2k + 1)-
connective (that is, the homotopy groups are 0 in degree < —2k). Therefore, the
composite

s~ % NF(CP>™,E) — LF(CP* E)
is trivial for degree reasons if —n < —2k. From the commutative square

Y

S—n SF(CP>,E) YF(CP* E)

P |

F(X,.E) SF(Q, B) —= SF (Q(k), B)S.

we deduce that the composite in the lower row is trivial. Hence, from proposition
2.8 we get that d.(x) =0 if r < n.

Via the map g : E — HmoE, we observe that (2.1) also holds for ¢ («) when we
replace E by HmoE. Therefore, in the associated spectral sequence d* (qg(z)) =0
if r <n and d,;(qu(z)) is described in the formula in example 2.9. Also we need
to only assume n is odd, as the result is vacuously true in the other case. We fix
k= ”TH so that n = 2k — 1. With this choice of n and k,

T XF(CP* E) = nyE, n_,SF(CP* 1 E)=0.

It follows that the composite of y to XF(CP* E) lifts to y,:S5 " —
YEF(CP*/CPF1 E).
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The differential d,,1(z) may be described as the composite
57" 5 Y (S(C) x X B — SET ((S(CH)/S(CH) A X4, B)Y

where y is a lift of = along the map Fj (S(C*)x X, E)S' — F(X,, E). We
expand this in the diagram below

dpnt1(z)

S —E e~ SFS([S(CHY)/S(C) A Xy, B)S

) |

F§ (S(CF) x X4, B)S' —— BFS ([S(C®)/S(CH)] A Xy, )5

L i

F(X,,E) SES(Q E)S.

Observe that the bottom square is a homotopy pullback square of sPectra as
the homotopy fibre of both the vertical maps are FS (Q(k — 1), E)S . There-
fore, the map x is determined from x and the map S~ — SFS ([S(C*)/S(CF)] A
X, E)Sl. This may now be computed using the lift of i to XF(CP> /CPk1, E)S1
as its restriction to CP*~! is 0. We may now compute d,,(z) via the following
commutative diagram

Yk

T b
Sne=———""" L ypCP>/CP1E)S — T SF(CPF/CPF E)

FS(S(C*) x X4, B)S" —=SFS ([S(C®)/S(CH] A X4, B)S" —— NFS ([S(CF1)/S(CH) A X1, B)S'.

The middle vertical map is the one which quotients out the factor X, and this also
induces the right vertical map. Under the identification XF(CP*/CP*~! E) ~
Y2k E and n_, S 2* T E = 1y E, we identify yj, with dff,, (z). O

3. The cohomology of W,

In this section, we calculate the generalized cohomology of W), ; with respect to a
complex oriented spectrum E. Later in the section, we specialize to ¥ = BP, the
spectrum for Brown-Peterson cohomology.

Recall that a complex orientation for a homotopy commutative ring spectrum
E is a class 2 € E?>(CP>), which restricts to a generator of the free rank one
moE-module £2(S?%) = E°(pt). For a complex oriented spectrum E, we have [1]

E*(CP") = E*(pt)[z]/(z"""), E*(CP>) = E*(pt)[[z]].
For the complex Stiefel manifold, the classical computations of their cohomology

[15] proceeds using the Serre spectral sequence as for other homogeneous spaces.
It is proved that the cohomology of W, ; is an exterior algebra with generators
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in degrees 2n — 2k + 1, 2n — 2k + 3, ..., 2n — 1. The Stiefel manifold also has a
filtration

Wi Wh_py00—— - W1 p1—— Wy i,

52n72k+1

where the inclusion W,,_q j—1 — W,, 1 is given by adding the last vector e,. The
filtration quotients are computed using the following homotopy pushout ([20, chap-
ter IV] defines the maps in the diagram below, and [16, Ch. 5, proposition 2] proves
the entirely analogous result in the real case)

Hn—1

S(CPP™?) X W1 k-1 Wi—1k-1

5

E(Cpﬁfl) X Wn—l,k—l ka. (3.1)

In order to construct ., one defines
StxcpP*! - U(n)

by (z, L) — A(z, L), where A(z, L) : C" — C" is the unitary transformation which
multiplies the elements of L by z and fixes the orthogonal complement. The map
i is induced by matrix multiplication in U(n) and the left action on W), j. From
the construction of p and the fact that W, , = U(n)/U(n — k), one obtains the
induced map

fin,g : S[CP"H/CP" 1 — Wiy k.
It follows from (3.1) that

Wi/ W11 ~ S[CP" 1 /CP" 2] A Wn—l,k—1+322n71(Wn—l,k—l+)~

In the case of ordinary cohomology, the exterior algebra generators for the coho-
mology of W, ;. pullback under g,  to Lz~ (X : H*X — H*¥X is the suspension
isomorphism). We now use this filtration to prove analogous results for the
E-cohomology of W, .

PROPOSITION 3.1. Let E be a complex oriented cohomology theory, such that there
is no 2-torsion in E*(pt). Then,

E*(Wh k) 2 Ap«(pt) (Zn—k+1,- -+ » 2n),

is an exterior algebra with |z;| = 2i — 1. These generators satisfy

(1) The inclusion Wy_1 -1 — Wy i sends z; to z; if n —k+1<i<n—1 and
sends z, to 0.

(2) 12 (21) = Tai L.

https://doi.org/10.1017/prm.2022.14 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.14

688 S. Basu and D. Dasgupta

Proof. We prove the results by induction on k, constructing the generators z; along
the way. For k = 1, the Stiefel manifold is the sphere S2"~!, and in this case, we
know that the F-cohomology is the exterior algebra on one generator. This starts
the induction.

In the induction step, we know that E*(W,,_1 ,_1) is as described in this proposi-
tion, and attempt to derive the same for E*(W,, ;) via the pushout (3.1). This gives
us the following maps between long exact sequences corresponding to the columns
of (3.1).

Sk

e BTS2 (Wt k1) ——— BN (W) ———— e BN (W1 po1) ———>

: : |
L BN (Waorh1,) — EN(S(CPI™Y) X Was1gm1) —= E"(S(CPP %) X W1 e-1) —>
(3.2)

We now justify the various identifications described in (3.2). The fact that E is
complex oriented implies E*(CP"~1) — E*(CP"~?) is surjective, and the induc-
tion hypothesis gives us that E*(W,,_1 x—1) is a free E*(pt)-module. This implies
that

E"(S(CPY ™) X W1 5-1) — E"(S(CPY ) x Wyoq 4-1)

is surjective. This implies the identifications in the bottom row of (3.2). Note
that the map E(CP_Z_Q) X Wp—15-1 — Wy_1 -1 has a section corresponding
to the inclusion of the base-point of X(CP} ?), and thus, the map induced on
E-cohomology is injective. The identifications on the top follow from the ones of
the bottom row, and the fact that E"(W,_1 ;1) — E"(Z(CP}"?) x Wy_14-1) is
injective. It follows that we have short exact sequences

0— E* (2" W1 po1,) D EX(Woi) S E* (W1 1) — 0.

Forn —k+1 <i<n—1, wechoose z; € E*~1(W,, 1) so that they map to z; under
i*. The class z, is chosen so that it maps to 2™~ under fnn—1. From (3.2), it
follows that z, is a generator for the ideal of E*(W, ) given by image of j*.
By the construction (1) and (2) follow. As the classes z; are in odd degree and
E*(pt) has no 2-torsion, we have z? = 0, and (3.2) implies that E*(W,, ) additively
matches with the exterior algebra on the z;. The result now follows by induction
on k. g

We now proceed to define the generators of the exterior algebra E*(W, ;) in
a strict fashion which will satisfy (1) and (2) of proposition 3.1. From the proof,
we note that for any classes z; satisfying (2), E*(Wy.x) = Ag«(pt)(Zn—kt1s -+ Zn)-
Although the results in the following will have analogous consequences for any
complex oriented F, we fix our attention to the case £ = BP, which will be used
in the following sections. Recall [18]

BP*(pt) = Zpy[vr, v, .. ],
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where v; denotes the Araki generators [18, A2.2.2] that lie in degree —2(p* — 1). We

also fix from now on = € ETDZ(CP”) to denote the fixed orientation for a p-typical
formal group law over BP*(pt). We also assume that x is such that it maps to the
first Chern class under the map A : BP — HZ,).

The method of choosing the generators y; for BP*(W), ;) is by relating them to
the BP-Chern classes ¢P'” [9]. We start with the case k = n, when W, , = U(n).
Recall that H*(U(n); Zy)) = Az, (yf', .., yi) with [yf'| = 2j — 1, and in Serre
spectral sequence for the fibration

U(n) — EU(n) — BU(n),

yf transgresses to the j*"-Chern class cf . This follows from [7] which identifies
the transgression for the above spectral sequence. We also know that A* (y]H )=
Exi{l, where A : $(CP}™") — U(n) is induced from (2, L) — A(z, L), and zp is
the first H-Chern class of the canonical line bundle over CP*>. Write o : XU (n) —
BU(n) for the adjoint of the equivalence U(n) ~ QBU(n), and form the composite
diagram

S2(CPr ) A U (n) —Z= BU(n).

¢

For a cohomology theory E, denote by ¢}, (respectively o},) the map induced by ¢
(respectively o) on E-cohomology. We have ¢%(c;) = S22, " as o3 (c;) = Syl

PROPOSITION 3.2. There are classes 7; € BP* (BU(n)) of the form

Tn:cfp, andV 1< j<n, szcfp—i—g chkBP

k>
for v, € BP*(pt), such that
Phpr; = X2I L

The standard map BU (n) — BU(n + 1) classifying the canonical bundle plus a triv-
ial bundle sends T; to T; for j < m, and T,41 to 0. Define yfp € BP%=Y(U(n)) by
the formula $yPP = o pr;. Then,

(1) The classes yP¥, ... yBY are generators for the exterior algebra BP*(U(n)).
(2) /\(y]BP) = y]H (That is, the classes y]BP are lifts of the cohomology classes
H

y; to BP.)
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Proof. We note that using proposition 3.1, it suffices to prove the statements about
7j. Consider the following commutative diagram

"
Bp

< *

BP*(2*(CP! ) BP*(XU(n)) e \BP*(BU(n))

Al Al lA
H*(E2((CP_?_1),Z(1))) H*(EU(H),Z@)) o H*(BU(TL),Z(p))

—

T ey

(3.3)
We have /\(CJB Py = ¢j, and also that A maps the complex orientation of BP to that
of H. It readily follows that ¢} p(cP”) — 522771 lies in the kernel of A, which is
the ideal (v, va, ...). As

BP (S2(CPI 1) = Zgy 1, 09, .. J{E21, 522, ..., 221},

the left vertical arrow of (3.3) is an isomorphism in degree 2n. It follows that
¢ p(cBY) = £22771 and so, 727 = ¢BP maps to the element of BP*(£*(CP} ™))
required by the proposition.

We proceed to construct the 7; such that ¢ p7; = ¥227~1, Starting from j = n,
suppose that 7;41 has already been defined. We now have (b*BP(cfP) — X%l e
(v1, va, ...). For degree reasons we have

Spp(cf”) =220t =3 2R =N (),
k>j k>j

for some py € (v1, ve, ...). Rearranging terms and substituting the formula for 7y,
we obtain an equation

22207 = ¢5p(cfT + ) mel”),
k>j
where v, is a BP*(pt)-linear combination of the classes pj in the preceeding
equation. It follows that 7; = ¢P¥ + 37, vep” satisfies the required criteria. We
note that ¢} has image in BP*(X2(CP? ")) which is a suspension. It follows that
the decomposable elements over BP*(pt) map to 0 under ¢} p. Also the formula
¢ p(1j) = 22771 implies that ¢} induces an isomorphism when restricted to the
module of indecomposables. This shows that the elements v, are unique, and so
the classes 7 are coherently defined over n as required in the proposition. 0

We now provide a strict definition for the generators of BP*(W, ;) following
proposition 3.2. Recall that there are maps

1: anl,kfl - Wn,kv q: Wn,k - Wn,kfla

where ¢ adds the vector e, at the end, and ¢ forgets the last vector. We have
already seen in (3.2) that i* is surjective in BP-cohomology. We also note that
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q* is injective. For, ¢* applied to the generators of BP*(W,, ,_1) as in proposition
3.1 together with a generator of BP*(S?"~2*+1) = BP*(W,,_j411) satisfies (2) of
proposition 3.1. This provides a tuple of exterior algebra generators for BP*(W,, 1,).
Therefore, the quotient map m : U(n) — W, x is injective in BP-cohomology.

PROPOSITION 3.3. With notations as above, ©* maps BP*(W, 1) to the subalgebra
of BP*(U(n)) generated by the classes y2%, 1, ..., yB¥.

Proof. We have a diagram of fibrations

U(n) Wn,k

| !

EU(n) —— BU(n — k)

| |

BU(n) =———= BU(n),

which induces the commutative diagram

-+ —= BP{(U(n)) —>> BP"* (EU(n),U(n))

ol -l T

e BPi(ka) i> BPH'l(BU(n o k)vwn,k) . BPH_I(BU(TI, - k)) I

d
BP(BU(n)).

(3.4)
From the construction of the classes yJBP we have m*a(7;) = 6(yfp). On the
other hand, if j > n — k, the class «(7;) maps to 0 in BP*(BU(n — k)). The map
BP*BU(n) — BP*BU(n — k) is the map on BP-cohomology associated to the
standard inclusion BU(n — k) — BU(n) classifying the sum of the canonical bun-
dle with k-copies of a trivial bundle. This maps cfP to 0 for j > k, and hence,
from the formula in proposition 3.2, the classes 7; to 0 if j > k. It follows that for
Jj > k, there are classes y; € BP*(W, ;) such that o(7;) = d(y;), and from (3.4)
that 7*(y;) = yJBP. Also the property ¢5p(7;) = 22771 implies that the classes
y; satisfy (2) of proposition 3.1. This result follows readily. O

4. BP-cohomology of PW, ;

In this section, we describe the BP-cohomology ring of PW), ; using the homo-
topy fixed point spectral sequence (proposition 2.6). This is a strongly convergent
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spectral sequence
Ey' =7Z[z] @ BPY (W, ) = BP*"Y(PW,.4) (4.1)
Recall that

BP* (W k) = Appe(pt) Yn—kt1s- -+ Yn)

by proposition 3.3. We start with a proposition describing the initial differential on
the classes y;.

PROPOSITION 4.1. In the spectral sequence (4.1), the differentials on y; are
described by

0 ifr<2j

(j)x if = 2j.

Proof. The proof will follow from the existence of a diagram as in (2.1). We have
the commutative diagram

Wn,k’ PWnJg (CPOO

b

Wk — BU(n — k) — BU(n),

in which the rows are fibrations [3]. The map f classifies the n-fold Whitney sum
of universal canonical complex line bundle. It leads to the following commutative
diagram

BP%~Y(W, ) —> BP%(BU(n — k), W, ) <— BP%(BU(n))

l | |7

BPY=Y (W, 1) BP% (PW,, 5, Wi k) BP%(CP>).

Suppose that the class 7; of proposition 3.2 is mapped to ¢; under f*. In the
first row, the image of y; and image of 7; coincide (proposition 3.2 and (3.4)),
hence, the same must happen in the bottom row leading to the following homotopy
commutative diagram

5—(2i-1) i SF(CP>, BP)
” l
F(Wy e, BP) ——= XF(PWy /Wi, BP). (4.2)

The Whitney sum formula for Chern classes over BP-cohomology implies that

f*(eP?) = (})«. The description of 7; in proposition 3.2 now leads to the following
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form for 9;

by (Mo (1) 13

k>j

Now apply proposition 2.10 to get d,(y;) =0 if r < 2j, and ds;y; is determined
from the corresponding spectral sequence over HZ). This may be computed as in
[3] to be dojy; = (?) 27. Hence the result follows. O

We now proceed to compute the F..-page of the spectral sequence. The main
idea here is that (4.2) may be used to determine all the differentials on the classes

Yj-
PROPOSITION 4.2. The Eo-page of the spectral sequence (4.1) is given by

Ew = App+(pt) (Yn—k+25 - - s Vn) @Bp+(pt) BP*(pt)[[]]/1

where v; are certain elements in BP*(W,, 1) with deg(y;) =2j — 1, and I is the
ideal of BP*[[z]] generated by the set {(?)x”n —k<j<n}

Proof. The class x is a permanent cycle by proposition 2.6. The multiplicative
structure determines all the differentials once they are known on the classes y;. We
notice that Ea,11 is the Eo-page because da,(y,) = 2™ (proposition 4.1) and so
all the higher powers of x are killed in the Fs,-page.

From proposition 4.1, we see that the first non-trivial differential is da(;, — 1) and
the generator vy, _r+1 and all its multiples do not survive to the next page since

n n—
d2(n7k+1) (yn—k—i-l) = (n . 1>$ k+1.

For the y; of higher degree, it may happen that the first non-trivial differential on

it
n
d2jyj = ( ‘>£L‘n_k+1
J

may be zero. This precisely happens when (?) lies in the ideal generated by (7;) for
n —k+1<i<jinside Z(,). This condition may be interpreted in terms of p-adic
valuations of these numbers. We then obtain a multiple p®y; on which the differen-
tial is 0, determined by the formula s + v, ((’})) = min, g4 1<i<; vp((})). The class
p®y; may now support higher order differentials. Their formula is determined by
computing p*1p; using (4.2) in the form of (2.1)

poY;

5 SF(CPN,BP)

Py, l

F (W, BP) — SFS ([S(CN*1) /S| A Wy, . BP)

ks
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for N > 2j. According to the formula (4.3), the next possible differential is

n .
doj+2(p°yj) = P*vjt1 (j n 1> T = prjiadajia(yi).

We now rectify this class as p°y; — p°v;11yj4+1 and obtain a cycle. This process
continues until we reach the FEs,1-page following which there are no further non-
zero differentials.

We now formalize the above process by writing down a series of modifications to

(2

produce the element v;. Starting with ;™ :=y;, in r-th step of the modification,

the modified element will be denoted by fy(T) Below we describe transformations,

exactly one of which will be performed to produce 'y( " from 'y( ")

(1) If d, fy](r) = 0, then it survives to the next page and we call that element 7(7+ )
(2) If r =25 and ’y](? =y; and d,(y (r)) (j)xj Define s by the formula s +
vp((}})) = ming_ki1<i<j vp((})), and declare ’y(rH) ps'y](-r).

(3) If r > 25, and d, (v (T)) # 0, then we know r is even, and there is a BP*-
multiple of yz mapped by d, onto the same class (this follows from the formula

for 1) in the same way as demonstrated for p°y; above). That is, d, (7§T)) =
Ad,(yz) for some A € BP*(pt). We declare ’y( T 'yj(-r) - Ayz.

We finally write v; = ’y(mﬂ) which survives to the F..-page. Hence, we have

shown that the 0-th column of the E.-page is Apgp+« (fyn k42s -+ -y Yn). Also on the
FE-page the ideal generated by {( Jai|n — k < j < n} goes to 0, as each of the
generators are hit by the dlfferentlals d2;(y;). This completes the proof. (|

It remains now to solve the additive and multiplicative extension problems to
obtain BP*PW, ;. from the expression in proposition 4.2. In the following lemma,
we show that the part BP*(pt)[x]/I forms a subalgebra of BP*PW,, ;.. Recall the

fibration W, , — PW,, 1 Pk cpP>~. We prove

LEMMA 4.3. The kernel of the map p* : BP*(CP>) — BP*(PW,, 1) contains the
ideal I generated by {( Jal|n — k < j < n} in BP*(pt)[[z]].

Proof. The proof goes by induction on k. For k = 1, the fibration is up to homotopy
the following sequence

Wy =S~ — PW,, = CP1c 2, cp>,

so that the kernel of pj is the ideal generated by x™, satisfying the statement of
the lemma. Suppose that the lemma is true for PW,, ;1. To show the result for
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PW, i, we consider the diagram

T,
PWp i i BU(n — k)
K \
g Ccp ! BU(n).
Pk—1 J/ /
PWi 1 T BU(n—k+1)

In the above diagram, f classifies the bundle ny where ~y is the canonical line bundle
over CP*° and ¢ is induced by the S'-equivariant projection W,,  — W, x—1. The
three squares in the diagram are homotopy pullbacks. Our aim is to understand the
kernel of ¢*. We see that PW,, , — PW, ;1 is, up to homotopy, the sphere bundle
associated to the complex bundle classified by the map T}, ,—;. This is because
BU(n — k) is (up to homotopy) the sphere bundle of the canonical n — k + 1-plane
bundle over BU(n — k + 1). As BP is complex oriented, we obtain a Gysin sequence

eBP(T k1)

- ——= BP*PW,, ;1 BP*PWy 1 —> BP*PW,j, —> - -

It follows that the kernel of ¢* is the ideal generated by eBF (T, ;_1) in
BP*PW, j—1. The bundle 7T}, ;,_; is obtained by lifting the composite PW,, j,_1 Pisr
CP>"™ BU(n) to BU(n—k) so that T, 1+ (k — 1)e = np}_,~v. We readily

compute eBF as the top BP-Chern class

BP % n n—k+1
Thix_1)= n— = :
e ( ke 1) Pr—1€ k+l(n7) (n —k+ 1).’1)

Therefore, (n_2+1)x”_k+l lies in the kernel of pj : BP*CP* — BP*PW,, ;. By the
inductive formula for the kernel of p;_; : BP*CP* — BP*PW, _1, the proof is

now complete. O

We now apply lemma 4.3 and proposition 4.2 to complete the calculation of
BP*PW, .

THEOREM 4.4. For every prime p, the BP-cohomology algebra of PW,  is
described additively by BP*(pt)-module

BP*(PWyk) = App+(pt) (Yn—tk+2:- - - ¥n) @Bp=(pty BP*(pt)[[x]]/1

where vy;’s are of degree 2j — 1, x is of degree 2, and I is the ideal generated by
{(?) 2/n — k < j < n}. This isomorphism is also multiplicative if p # 2.

Proof. Lemma 4.3 implies that p* induces a ring map of BP*-modules
BP*(pt)[[z]]/I — BP*(PWy). Choosing representatives for generators -;
of proposition 4.2 in the FE,-page we obtain a BP*(pt)-module map
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Agp+(pt)(Yn—k+2s -+, Yn) to BP*PW, ;.. The multiplication as a bilinear map on
these factors gives a map

App-(pt) (Yn—k+2s - - -, Yn) @BP=(pt) BP*(pt)|[[z]]/] — BP*PW,

of BP*(pt)-modules. This is an isomorphism by proposition 4.2 and the multiplica-
tive structure of the spectral sequence (4.1). Further if p # 2, we have ’y]z =0as;
lies in odd degree. Therefore, the isomorphism is also multiplicative. O

We observe that in theorem 4.4, we do not expect the isomorphism to be
multiplicative when p = 2, as it does not even hold over HZ/p ([3]).

5. Equivariant maps between Stiefel manifolds

In this section, we demonstrate how the computations of BP-cohomology opera-
tions may be used to rule out S'-equivariant maps between the Stiefel manifolds.
The results of [17] can be improved in this way.

5.1. Applications using Steenrod operations

We start with an example using Steenrod operations in Z/2-cohomology. The
Steenrod operations on H*(PW,, x; Z/2) are described in [3, theorem 1.2]. We have
from [17] that if there is an S'-equivariant map from W, j to Wy, ; with n — k =

m — [, then
n . m
(n—k+1) divides (m—l—|—1>’

which is then used to rule out such equivariant maps in many cases when n — k =
m — [l and n > m [17, theorem 3.10]. The Steenrod operations allow us to rule out
equivariant maps for cases where the above divisibility is valid. An example is given
in the theorem below.

THEOREM 5.1. Suppose r = —1, =2, or 3 (mod 9) and r =2, 1, or —2 (mod 7),
and m = 16r — 2. Then, there is no S'-equivariant map from Win—3,7 to Wi, 10.

Proof. Write n =m — 3, k =7 and [ = 10. Observe that the following are satisfied
by these integers

(1) m, l even and n, k odd, and m —l =n — k.

(2) 2 divides both (mfllﬂ), (anL:H) but 4 does not divide either.

(3) (n—rli-&-l) | (m—nll+1) '

An S'-equivariant map f from Wi to Wy, 1 induces a map of fibration sequences

W —> PW,, , —= CP>

]

Wy —— PW,, —— CP>.
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We compare the associated Serre spectral sequences with Z-coefficients in the case
n —k =m —[. The condition (2) implies that f*(Ym—i+1) = CYn—k+1, Where ¢ is
odd. This is because in those spectral sequences y; transgresses to (?)xﬂ and (TJ”) 2
respectively. The classes y,_r+1 and y,,—;+1 also survive in the Z/2-cohomology
spectral sequence by (2), and we have [*(ym—i+1) = Yn—k+1- [3, Theorem 1.2]

implies
SG*(Ym-141) = (M = DYm—112 + MY 111 = 0,
and
SG (Yn—n41) = (0 = K)Yn_ky2 + 02Yn ki1 = TYn k1.
This is a contradiction. O

5.2. Results using B P-operations

We have seen how Steenrod squares yield some results on non-existence of S'-
equivariant maps between complex Stiefel manifolds. We now derive stronger results
using BP-theory and cohomology operations associated to it. The operations we
use here are the Adams operations defined via [2, 2.4]. These are multiplicative,
stable operations with the formula

bp(z) =a [alp(2), (5.1)
where a € Z(Xp ) and [a]pp denotes the a-series using the BP-formal group law.

These operations act on the coefficient ring via U% 5 (v;) = a? ~ ;.

Denote the ideal (vi, v, ...) in BP*(pt) = Zy[v1, v, ...] by J. We fix the
{v; | i > 1} to be the Araki generators [18, A2.2.2]. The formal group law pgp,
associated to BP with respect to our chosen orientation is strictly isomorphic to
the additive formal group law over BP*(pt) ® Q and the isomorphism is given by
BP-log series. The choice of generators imply that the BP-log series has the form

loggp(z) =z + Zlimpz,
i>1
where [; are determined by the relations

pln: Z Zivzli

0<i<n
with [y = 1 and vg = p. This implies the formula

Un

l”:p*p"

(mod J?).

Now we consider the expression of [1, part II, proposition 7.5] (mod J?) to obtain
the following relation for the exppp-series

exppp(r) =2 — Zlixpi =x— Z Ui gr' (mod J?).

i
i>1 i PP
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This implies
z+ppy =expgp(loggpz +loggpy)

= logppr +logppy — Z li(loggpx + 1OgBPy)pl (mod J%)
i>1

P
:a:-l—y-l—Zli(xpi-i-ypi)—Zli (m-l—y-i-z:lj(ij +ypj)) (mod J?)

i1 i>1 i1

—a2ty+ > L@ +y" —(@+y)?) (mod J)

i1

—x+y+z

z>1

(® +y” —(x+y)”) (mod J?), (5.2)

where by +p5p we mean the formal sum under the formal group law ugp.
We now restrict our attention to p = 2, and obtain the following reduction for

U3 5 (5.1) by applying (5.2) multiple times.

1

Uip(x) = 3Blor(@)

= %(w +5r [2lBP(2))

1 i
= g(w +5p (2 +pp v12° +5p vox* +5p ... +upviz® +rp...))

1 i
= g(x +ep2r+p (nz®+...+v;z® +...)) (mod J?)

= <<3CC+Z (a: +2x) —(Bx)zi)> +Bp(v1x2+...+vix2i+...)> (mod J?)

- :pzi + (2x)2'i — (3x)2i) + (i 4.+ vz + .. )) (mod J?)

= <3m+2

=1

1321 i

_$+1Z>:1 EprTR VX (mod J?)
We note that =3 _ = q; lies in Z7,, and in this notation we have
2(1-22'-1) (2)
v = x—|—z:ozmZ (mod J?) (5.3)
i1
We shall now determine the action of ¥%,, on BP*(W,, 1) = App+(Yn—k+1, - -+ Yn)
modulo the ideal I?, where [ is the ideal of BP*(W, ) generated by
yn7k+1) ceey y’I’L

PROPOSITION 5.2.

Uhp(y) =y + (G —1) Z aiviYaipj—1  (mod I? + J?)
i>1, 2i4j—1<n
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Proof. Recall the map fi,, j : X[CP"~!/CP"~*+1] = ©P, ; — W, x, for which we
had M;,k(yj) = Y2771, Hence this will give us the isomorphism

(i 2 BP*(Wy i) /1? — SBP*(P, )

By naturality of the Adams operations, %, commutes with Hy - The action of
V%, on y; is determined up to I? from the computation for $z7~!. The Adams
operation being stable, commutes with the suspension, so it is enough to compute
the action of U% , on 2971, which comes from the multiplicative structure and the
formulas above.

Uhp(2'™h) = (hp() ™"

j—1
=|z+ Zaiviin (mod J?) (using 5.3)
i>1
=277 4 Z(] - l)aivixzi”*z (mod J?).
i>1
Hence the proposition follows. O

We now use the action of BP-Adams operations to prove new results about equiv-
ariant maps between complex Stiefel manifolds. We note from [17] that the existence
of a S'-equivariant map Wik — W, implies that n — k < m — [. It states a num-
ber of hypotheses on n, k, m, [ in the case n —k =m — [ for which equivariant
maps do not exist. Proposition 5.1 proves some further results for this case. We use
B P-operations to rule out equivariant maps in some cases where n — k < m — [.

THEOREM 5.3. Suppose that m, n, [, k are positive integers satisfying

(1) n—k <m—1 and there is an s such that m < 2°+m — 1 < n.

(2) 2 divides all the binomial coefficients (n_Z_H), e (m"_l).

(3) 2 does not divide (mZLH) and 2fm — 1.
Then, there is no S'-equivariant map from Wk to Wi

Proof. We assume the contrary that g: W, — W, is an S'-equivariant map.
This induces a map of homotopy fixed point spectral sequences, and also a compat-
ible map between the associated projective Stiefel manifolds. The formula for the
differentials in the homotopy fixed point spectral sequence (proposition 4.1) and
the fact that (, ") must be odd due to the hypotheses (2) and (3), implies that

m—Il+1
the pullback satisfies

9 Wm-141) = Bym—r1+ > pjy; (mod I* + J?).
j>m—I+1
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for some 3 € Z;, and p; € BP*(pt). Note that |y;| =2j — 1 and |v;| =2 — 271,
For degree reasons, the second term in the above expression will be of the form

Z kjviy2s 1 m—1

i=21,n>2i+m—1

where k; € Z(3).
Now we shall compute ¥% 5 (g* (ym—i1+1)) and ¢* (V% 5 (Ym—1+1)) modulo the ideal
I? + J2.

VS (9" (Ym—-121)) = U | Bym—11+ > kjvjYaipm—t | (mod I4.J?)
j=1, n>22i+m—1

=B | Ym-1+1 + (m —1) > QiViY2i4m—1
i>1, 2i4+m—I<n

Yk Ue0) V(i) (mod 17 4 J?)

j=1, n>22i4m—I

=B | ym-1+1+ (m —1) > QViY2i pm—1

i1, n>2i+m—1

+ 0> k3 Ny g (mod 124 J7). (5.4)

=21, n>2i4+m—l

On the other hand, we have

9" (Y% p(Ym—141)) = g* (ymm +(m—1) > az’”z‘y2i+m—z) (mod 1% + J?)
i1, m>24m—1
= BYm—1+1 + Z K595 1
=1, n>=2i+m—1
+ Z ;9" (Yai 4 y—y) (mod %+ J?). (5.5)

i>1, m>2t4m—1
Note that for degree reasons,
@;0g" (Y2i pm—1) = VQVY2i 4y (mod I’ + J2)7

for some v € Z(s). Since U, 5 (9* (Ym—i+1)) = 9* (Y% p(Ym—i41)), the coefficients for
Yas+m—1 (for s asin (1)) in the expressions (5.4) and (5.5) must be the same modulo
the ideal I? + J2. This implies

B(m — Dags + 3% ks = ki
— Bim—1)=2(1—2% Yk,

This contradicts the fact that S(m —1) € Z(XQ). Hence no such S'-equivariant map
g can exist. O
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EXAMPLE 5.4. One may easily figure out values of m, n, [, k for which the hypoth-
esis of theorem 5.3 is satisfied. For example, putting k =n and m — 1+ 1 =2, we

obtain : If n is even and (7;) odd, and there is some s such that m < 2%+ 1 < n,

then, there is no S'-equivariant map from Win to Wi m—1.
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