Proceedings of the Edinburgh Mathematical Society (2009) 52, 653-677 ©
DOI:10.1017/S0013091508000394 Printed in the United Kingdom

LEADING COEFFICIENTS AND CELLULAR BASES
OF HECKE ALGEBRAS

MEINOLF GECK

Department of Mathematical Sciences, King’s College, University of Aberdeen,
Aberdeen AB24 3UE, UK (m.geck@abdn.ac.uk)

(Received 31 March 2008)

Abstract Let H be the generic Iwahori—-Hecke algebra associated with a finite Coxeter group W.
Recently, we have shown that H admits a natural cellular basis in the sense of Graham and Lehrer,
provided that W is a Weyl group and all parameters of H are equal. The construction involves some
data arising from the Kazhdan—Lusztig basis {Cy} of H and Lusztig’s asymptotic ring J. We attempt
to study J and its representation theory from a new point of view. We show that J can be obtained in an
entirely different fashion from the generic representations of H, without any reference to {C., }. We then
extend the construction of the cellular basis to the case where W is not crystallographic. Furthermore,
if H is a multi-parameter algebra, we see that there always exists at least one cellular structure on H.
Finally, the new construction of J may be extended to Hecke algebras associated with complex reflection
groups.
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1. Introduction

Let H be a generic one-parameter Iwahori—-Hecke algebra associated with a finite Weyl
group W, defined over a suitable ring of Laurent polynomials. (More precise definitions
will be given below.) By definition, H has a standard basis usually denoted by {T,, |
w € W}. Using properties of the ‘new’ basis {C,, | w € W} introduced in [14], Lusztig
has defined a ring J which has a Z-basis {t,, | w € W} and integral structure constants,
and which can be viewed as an ‘asymptotic’ version of H. All the ingredients in the
construction of J can be defined in an elementary way, but the proof that we indeed
obtain an associative ring with identity requires a deep geometric interpretation of the
basis {C,,} (see [19,20]).

It turns out that Jg = Q@), J is a split semisimple algebra isomorphic to the group
algebra of . Using properties of the irreducible representations of Jg, we have recently
proved in [9] that H has a natural ‘cellular’ structure in the sense of Graham and
Lehrer [13]. The elements of the corresponding ‘cellular’ basis of H are certain Z-linear
combinations of the basis {C,, }, where the coefficients involve data arising from the action
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of the basis elements t,, in the irreducible representations of Jg. Note that, although
there is an isomorphism between Jg and the group algebra of W, it does not seem to be
possible to see the data that we need easily through this isomorphism. (For example, the
image of ¢,, in the group algebra of W is, in general, a rather complicated sum of group
elements.)

Now Lusztig [17,20] has shown that the construction of J also makes sense—under
the assumption that the conjectures (P1)-(P15) in [20, §14.2] hold—when we consider
an Iwahori-Hecke algebra H with possibly unequal parameters. The results in [9] also
extend to this case, assuming that (P1)-(P15) hold.

One of the purposes of this paper is to show that the data required to define a ‘cellular’
basis of H can be obtained in an alternative way, using the generic irreducible repre-
sentations of H and the leading matrix coefficients introduced in [8]. These coefficients
even allow us to construct a ring J with rational structure constants, and show that it
is associative with identity, without any reference to the Kazhdan—Lusztig basis {C,,}
at all. We expect that we have J = J in general but, at present, we can only prove this
equality by assuming that Lusztig’s conjectures (P1)—(P15) hold.

As an application, we extend the construction of a ‘cellular’ basis to Iwahori—-Hecke
algebras associated with non-crystallographic finite Coxeter groups, as announced in [9,
Remark 3.3]. Using the results in [10], we can also show that an Iwahori-Hecke algebra
with possibly unequal parameters always admits at least one ‘cellular’ structure.

Another aspect of our construction of the ring J is that it may actually be applied to
other types of algebras, like the cyclotomic Hecke algebras of Broué and Malle [4] asso-
ciated with complex reflection groups. We hope to discuss this in more detail elsewhere.

This paper is organized as follows. In §2, we briefly recall the main facts about the
Kazhdan-Lusztig basis and the a-invariants of the irreducible representations of W. Here,
we work in the general case of possibly unequal parameters. In Proposition 2.5, we recall
a result from [10] which shows that the structure constants of Lusztig’s ring J can be
expressed in terms of the ‘leading matrix coefficients’ of [8]. This is the starting point
for our construction of a new ring J (see §3). For this purpose, we use a definition of the
leading matrix coefficients which is somewhat more general than that in [8]; this general-
ization is necessary to obtain the strongest possible statements in our applications. The
new definition involves the concept of ‘balanced’ representations, which will be studied in
more detail in §4. In particular, we establish an efficient criterion for checking if a given
representation is balanced or not (see Proposition 4.3). We will show that the analogue
of [9, Proposition 2.6] (which describes the data required to define a cellular basis) holds
for all types of W and all choices of the parameters. In §5, we formulate the hypothesis
(1;1/5), which is a variant of Lusztig’s (P15) in [20, § 14.2]. This hypothesis alone allows
us to construct a cellular basis of H; the statement in Theorem 5.5 is actually slightly
stronger than the main result of [9]. In the process of doing this, we give a simplified
treatment of Lusztig’s homomorphism from H into J (see Theorem 5.2).

Let us now introduce some basic notation that will be used throughout this paper. Let
(W, S) be a Coxeter system and let [ : W — Zx( be the usual length function. In this
paper, we will only consider the case where W is a finite group. Let I" be an abelian group
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(written additively). Following [20], a function L : W — I is called a weight function if
L(ww') = L(w) + L(w') whenever w,w’ € W are such that I(ww’) = l(w) + l(w'). Note
that L is uniquely determined by the values {L(s) | s € S}. Furthermore, if {cs | s € S}
is a collection of elements in I" such that ¢, = ¢; whenever s,t € S are conjugate in W,
then there is a (unique) weight function L : W — I' such that L(s) = ¢, for all s € S.
Let R C C be a subring and let A = R[I'] be the free R-module with basis {¢? | g € I'}.
There is a well-defined ring structure on A such that 99" = 919 for all 9,9 €T.
We write 1 = € € A. Given ¢ € A, we denote by ag the coefficient of €9, so that
a =) ,crag?. Let H = Ha(W,5,L) be the generic Twahori-Hecke algebra over A
with parameters {v, | s € S}, where v, := £%(*) for s € S. This is an associative algebra,
which is free as an A-module, with basis {T,, | w € W}. The multiplication is given by
the rule
S {Tsw if 1(sw) > I(w),
Tow + (s — v DT, if I(sw) < l(w),

where s € S and w € W. The element T} is the identity element.

Example 1.1. Assume that I" = Z. Then A is nothing but the ring of Laurent
polynomials over R in an indeterminate ¢; we will usually set v = €. Then H is an
associative algebra over A = R[v,v~!] with relations

T Tow if I(sw) > l(w),
T T + (0% — 07T, if I(sw) < L(w),

where s € S and w € W. This is the setting of Lusztig [20].
Example 1.2.

(a) Assume that I' = Z and L is constant on S; this case will be referred to as the
equal parameter case. Note that we are automatically in this case when W is of
type An_1, Dy, Io(m), where m is odd, Hs, Hy, Fg, E7 or Eg (since all generators
in S are conjugate in W).

(b) Assume that W is irreducible. Then unequal parameters can only arise in types
B, Fy and Iy(m), where m is even.

Example 1.3. A ‘universal’ weight function is given as follows. Let Iy be the group of
all tuples (ns)ses, where ng € Z for all s € S and ng = n; whenever s, ¢ € S are conjugate
in W. (The addition is defined componentwise). Let Lo : W — I be the weight function
given by sending s € S to the tuple (n:)ics, where n, = 1 if ¢ is conjugate to s, and
ny = 0 otherwise. Let Ay = R[Io] and Hy = H4,(W, S, Lg) be the associated Iwahori—
Hecke algebra, with parameters {v; | s € S}. Then Ay = R[[}] is nothing but the ring of
Laurent polynomials in indeterminates v (s € S) with coefficients in R, where vs = v;
whenever s,t € S are conjugate in W. Furthermore, if S’ C S is a set of representatives
for the classes of S under conjugation, then {v, | s € S’} are algebraically independent.
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2. The Kazhdan—Lusztig basis and leading matrix coefficients

We now introduce two concepts whose interplay is the main subject of this paper: the
Kazhdan—Lusztig basis and leading matrix coefficients. Both of these essentially rely on
the choice of a total ordering < on I" which is compatible with the group structure, that
is, whenever g, g’,h € I are such that g < ¢/, then g + h < ¢ + h. Such an order on I"
will be called a monomzial order.

We will assume that such an ordering exists on I'. One may readily check that this
implies that A = R[I'] is an integral domain; we usually reserve the letter K to denote
its field of fractions. If we are in the equal parameter case (Example 1.2), the group
I' = Z has a natural monomial order. On the other hand, in the setting of Example 1.3
(assuming that not all elements of S are conjugate), there are infinitely many monomial
orders on I

Throughout this paper, we fix a choice of a monomial order, and we assume that

L(s) >0 forallseS.

We define I'so = {g € I' | g > 0} and denote by Z[I'>(] the set of all integral linear com-
binations of terms &9, where g > 0. The notations Z[I¢], Z[I'<o] and Z[['<] have a
similar meaning.

2.1. The a-invariants

We set Zw = Z[2cos(2m/ms:) | s,t € S| (where mg; denotes the order of st in W).
Note that Zw = Z if W is a finite Weyl group (or of crystallographic type), that is, if
mg € {2,3,4,6} for all s,¢ € S. Recall that R is a subring of C. We shall always assume
that

Zw C R and F is the field of fractions of R.

Then it is known that F is a splitting field for W (see [12, Theorem 6.3.8]). The set of
irreducible representations of W (up to isomorphism) will be denoted by

Irr(W) = {E* | X € A},

where A is some finite indexing set and E* is an F-vector space with a given F[W]-module
structure. We shall also write

dy = dim E* for all \ € A.

Let K be the field of fractions of A. By extension of scalars, we obtain a K-algebra Hyx =
K @ 4 H. This algebra is known to be split semisimple (see [12, 9.3.5]). Furthermore, by
Tits’s Deformation Theorem, the irreducible representations of Hy (up to isomorphism)
are in bijection with the irreducible representations of W (see [12, 8.1.7]). Thus, we can
write

Irr(Hy) = {EX | A € A}.

https://doi.org/10.1017/50013091508000394 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091508000394

Leading coefficients and cellular bases 657

For A € A, denote by x* the character afforded by E2. Thus, we have x*(T},) =
Tr(T,, E2) for w € W. Then the correspondence E* «+ E2 is uniquely determined
by the following condition:

01 (x(Tp)) = Tr(w, E*) for all w € W,

where 61 : A — R is the unique R-algebra homomorphism such that 6;(¢9) = 1 for all
g € T'. Note also that x*(T},) € A for all w € W.

The algebra H is symmetric, with trace from 7 : H — A given by 7(71) = 1 and
7(Tyw) =0 for 1 # w € W. The sets {T\, | w € W} and {T,,-1 | w € W} form a pair of
dual bases. Hence, we have the following orthogonality relations:

{dm if A= p,

A _
Z XM (Tw)x (Ty-1) = 0 WA

weWw

(see [12, 8.1.8]). Here, 0 # ¢y € A and, following Lusztig, we can write
cx = fre 2® 4 combination of terms €9, where g > —2ay;

here ay € I'so and f) is a strictly positive real number (see [8, §3.3]).

Remark 2.1. The invariants a and f) are explicitly known for all types of W [20,
Chapter 22]. The elements ¢y € A and the coefficients f) are independent of the mono-
mial order <, but a) heavily depends on it. Note that the statement concerning the
independence of f is of interest only in the unequal parameter case; see [10, Proposi-
tion 5.1 and Table 1] for types Fy and I3(m) and [20, Proposition 22.14] for type B,.

The invariants ay play a fundamental role in Lusztig’s study [18] of the characters of
reductive groups over finite fields. In [9], we use these invariants to define an ordering
of A, which is an essential ingredient in the construction of a ‘cellular’ basis of H.

2.2. Balanced representations

We can now introduce the notion of ‘balanced’ representations, which is slightly more
general than the related concept of ‘orthogonal’ representations introduced in [8]. For
this purpose, following [8], we consider a certain valuation ring O in K. Let us write

F[I'so] = set of F-linear combinations of terms 7, where g > 0,

>

F[I's¢] = set of F-linear combinations of terms 7, where g > 0.

Note that 1 + F[Is¢] is multiplicatively closed. Furthermore, every element x € K can
be written in the form

itp
1+4q’
Note that if x # 0, then r, and g, indeed are uniquely determined by x; if x = 0, we
have ro = 0 and we set gy := +0o0 by convention. We set

T = ryed” where 1, € F, g, € I and p,q € F[I'>¢].

O ={x€K|g, >0} and p:={ze K|g, >0}
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Then it is easily verified that O is a valuation ring in K, with maximal ideal p. Note that
we have

ONFI=F[I'so] and pNF[I]=F[Iso]
We have a well-defined F-linear ring homomorphism O — F with kernel p. The image
of x € O in F is called the constant term of x. Thus, the constant term of x is 0 if z € p;
the constant term equals r, if x € O*.

Definition 2.2. Choosing a basis of E2, we obtain a matrix representation p* : Hy —
Mg, (K). Given h € H and 1 < i,j < dy, we denote by pp(h) the (i, j)-entry of the
matrix p*(h). We say that p is balanced if

e p(Ty) €O forallw € W and all 4,5 € {1,...,dx}.

If p* is balanced, we define the leading matriz coefficient cg » € I to be the constant
term of (—1)l(w)gakpf‘j(Tw).

Proposition 2.3 (Geck [8, §4]). For each A € A, there exists a balanced represen-
tation p* afforded by E2; moreover, p* can be chosen such that

ANMTy-1) = pM(T) " A for allw € W,

where A* € My, (O) is a diagonal matrix with diagonal coefficients having positive real
numbers as constant terms. In particular, det(A*) € O*.

Proof. We may assume without loss of generality that ' C R. Let (-,-) be any
symmetric bilinear form on E2 which admits an orthonormal basis. We define a new
bilinear form (-, -) by the formula

(e,e) = Z (Typ.e,Tp.¢') for any e, e’ € E.
weWw
As in the proof of [16, 1.7], it is easily checked that (Ts - e,e’) = (e, Ts - €') for all s € S
and, hence, (T,,.e,e’) = (e,T,,-1 - €') for all w € W. Arguing as in step 1 of the proof
of [8, Proposition 4.3], we see that the following holds:

for any 0 # e € E2 we have £29(e,e) € b+ p, (%)

where g € I and b € F is such that b > 0. (Recall that FF C R.) Since we are working
over a field of characteristic 0, there exists an orthogonal basis, {e1,...,eq4, } say, with
respect to (-,-). Now (%) implies that by multiplying the basis vectors e; by €~ 9 for
suitable g; € I' we can assume that

(ei,e;) €b;+p, where b; € F, b; > 0.

Let p* be the matrix representation afforded by E2 with respect to the basis {e1, ..., eq, }
and let A* be the Gram matrix of (-, -) with respect to that basis. Let D* be the diagonal

matrix with by,..., b4, on the diagonal. Then we have

AN = D* mod p and AMNNTyy-1) = pN(T) A for all w € W.
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We can now argue as in the proof of [8, Theorem 4.4] to show that p* is balanced. Indeed,
let v € I' be minimal such that E“fp;\j(Tw) € O forallwe W and all 1 < 14,5 < dy. Let

égA € F be the constant term of £7p3;(T,). Choose i,j € {1,...,dx} such that é;j)\ #0

for some y € W. Now, we do not only have the orthogonality relations already mentioned
above, but also the Schur relations in [12, Corollary 7.2.2]. Thus, we have

lex= Y (T p)(Tw1)) = D &) ,E 1, mod p.
weWw weWw

Now we multiply the relation A*p*(T,,—1) = p*(T,)"A* by €7 and consider constant
terms. Taking into account the relation A* = D* mod p, we obtain

biél =& \bi for all w € W.

This yields
OGSl BTN
weWw weWw

which is a non-zero real number since é;j \ 7 0 for some y € W. Thus, we conclude
that £27¢, lies in O and has a non-zero constant term. Comparing this with the relation
g2 ¢y = fy mod p, we deduce that v = ay as required. O

Remark 2.4. In [8, Proposition 4.3], we assumed that F' = R. This allowed us to
go one step further in the above proof and take square roots of the numbers b;. Con-
sequently, by rescaling the basis vectors e;, we can even assume that A* is diagonal
with diagonal coefficients in 1 + p. The resulting balanced representations were called
orthogonal representations in [8]. The corresponding leading matrix coefficients satisfy
the following additional property (see [8, Theorem 4.4]):

cly=ch ., forallweW and1<i,j<d.

2.3. The Kazhdan—Lusztig basis and Lusztig’s a-function

We now recall the basic facts about the Kazhdan—Lusztig basis of H, following [17,20].
Again, this relies on the choice of a monomial < on I'. Now, there is a unique ring
involution A — A, a — a, such that €9 = &9 for all g € I'. We can extend this map to
a ring involution H — H, h + h, such that

Y awTw =Y a,T, , ay,€A

weWw weWw

By [14,17,20], we have a ‘new’ basis {C!, | w € W} of H (depending on <), where C!,
is characterized by the following two conditions:

e C! =C! and

o =Ty + 3 cwPyuwTy, where py ., € Z[I'<o] for all y € W.
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Here we follow the original notation in [14,17]; the element C/, is denoted by ¢, in [20,
Theorem 5.2]. As in [20], it will be convenient to work with the following alternative
version of the Kazhdan-Lusztig basis. We set C,, = (C%)T for all w € W, where { : H —
H is the A-algebra automorphism defined by 71 = —T;!, s € S (see [20, §3.5]). Note
that h = j(h)" = j(h?) for all h € H, where j : H — H is the ring involution such that
jla) =a for a € A and j(T,,) = (—1)"*")T,, for w € W. Thus, we have

e C, =C, and
o Ly = ](Oz/u) = (*1)l(w)Tw + ZyeW(*l)l(y)ﬁy,wTya where py, , € Z[I'>0).

Since the elements {C,, | w € W} form a basis of H, we can write

Cc.C, = Z hgy,-C, for any z,y € W,
zeW

where hy . = hy . € Afor all z,y, 2 € W. Note that either h, , . € Z or h, , . involves
terms from both I'.¢ and I'sq. For a fixed z € W, we set

a(z) :=min{g € I'>q | €%hyy . € Z[I>0)] for all z,y € W}.

This is Lusztig’s function a : W — I" (see [20, Chapter 13]). Given z,y,z € W, we have
e*®h, , . € Z[I'50]. By [20, §13.9], we have a(z) = a(z~!). Then we define 7, . € Z
to be the constant term of Ea(z)hmw’zfl € Z[I'>g], that is, we have

ey y 1 =70y, mod Z[Ts0).

These constants appear as the structure constants in Lusztig’s ring J [20, Chapter 18].

We can now state the following result, which relates the a-function and v, . to leading
matrix coefficients. Here we assume that, for each A € A, we have chosen a balanced
representation p* afforded by E2 as in Remark 2.4. (We will see in Lemma 3.2 that the
same statement holds for any choice of balanced representations.)

Proposition 2.5 (Geck [10, Proposition 3.6 and Remark 4.2]). Assume that
conjectures (P1)~(P15) in [20, § 14.2] hold. Let z € W. If A € A and i,j € {1,...,d\}
are such that CZZJJ\ # 0, then a(z) = ay. Furthermore, for all z,y,z € W, we have

_ —1ij gk ki
Va,y,z = E E , I\ Cw,)\c.{/,)\cz,k'

AEA 1K, G, k<dx

In the next section, we will use the expression on the right-hand side of the above
identity to construct a ring J, without assuming that (P1)-(P15) hold. Note also that
not all of (P1)—(P15) are required for proving Proposition 2.5. For example, (P15) is not
needed (see [10, Remark 3.9]).

Remark 2.6. The conjectures (P1)-(P15) are known to hold, for example, in the
equal parameter case. For crystallographic W, see [20, Chapter 16] and the references
therein; for W of type Is(m), Hs or Hy, see [7]. (An alternative argument for proving
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b  a a a
By oo o —e
I(m) bm a F, a a, b b
m even
Figure 1.

(P1)—(P15) in types Hs and Hy is sketched in [10, Example 4.8].) Now let (W, S) be
of type By, Fy or Io(m) (m even). Let Lo : W — I be the universal weight function
as in Example 1.3. Thus, Ly depends on two values a,b € I', which are attached to the
generators in S, as shown in Figure 1.

Choose a pure lexicographic order on Ip, such that b > ra > 0 for all 7 € Z>;. Then
(P1)—(P15) are also known to hold (see [10, Theorem 5.3] and the references therein). In
analogy to [2], this may be called the general ‘asymptotic case’.

3. The ring J

In this section, we show that the ‘leading matrix coefficients’ associated with balanced
representations as in Definition 2.2 can be used to construct a ring J. We keep the
basic setting of §2.2. Throughout this section we assume that, for each A € A, we are

X with corresponding leading matrix

given a balanced representation p* afforded by E2,

. i]
coefficients Cop A

Definition 3.1. For w,z,y,z € W, we set

Y o —1.47 Jk ki
Va,y,z ~—Z Z I CaxCyaCzn

A€A1KE,5,k<dA

5 e— —1 i
Ny = E E f,\ wal,)\'

NEA1<i<dy

Let J be the F-vector space with basis {tw | w € W}. We define a bilinear product on
J by
t:vty = Z ’?x,y,z_ltzv z,y € W.
zeW
Let D := {w € W | fi,, # 0}. We define an element of J by 1; := Y wed Muwtw-

Lemma 3.2. The constants 7, . . and 7., do not depend on the choice of the balanced
representations {p* | A € A}.

Proof. For any A € A, the sum 2, ;.14 cﬁi/\c;]fAc’;fA (appearing in the definition

of 4z,y,2) is the constant term of

g5 Z pz?\j (Tw)p?k(Ty)pgi(TZ) €0.

1<4,5,k<dx
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But the latter expression just equals 3@ x* (T, T,T,) and, hence, depends on the char-
acter of p* but not on the choice of p* itself. A similar argument applies to the sum
Zlgigd; cjf;,l’)\ (which appears in the definition of 7, ): it is the constant term of
EQXX)\(T;ufl)' O

Remark 3.3. Since H is symmetric, we have the following Schur relations (see [12,

Corollary 7.2.2]):

Z pZJ pkl w— 1) = 6zl5jk6)\uc>\>
yew

where \,p € A, 1 < 4,5 < dy and 1 < k,l < d,. Multiplying by £***% and taking
constant terms on both sides, we obtain orthogonality relations for the leading matrix
coefficients:

Z C” )\C _1 = 5zl5]k6>\,uf)\ (31)

weWw

These relations can be ‘inverted’ and so we also have

YooY KL =6y forallz,yeW. (3.1)

AEA1<L4,j<dx
Lemma 3.4. We have the following relations:
(@) Ya,y,2 = Vy,2,0 for all z,y,z € W,

(b) D wew Vo1 ,ywhw = Ouy for all z,y € W.

Proof. (a) Just note that the defining formula for 4, , . is symmetrical under cyclic
permutations of x,y, z

(b) Using the defining formulae for 4, , . and 7, the left-hand side is evaluated as

(¥ ¥ sdoddn) (X X )

NEA 14,5, k<dx weW peA 1<p<d,

Z Z Z f/\ ,u,l ”—1 Ay ( Z Cﬁ})\cpp_l >

MUEA 1<i,5,k<dx 1<p<d, weWw

By the relations in (3.1), the parenthesized sum evaluates t0 Oppdipd A“ /. Inserting this
into the above expression yields 37\ 4301 «; i<, fite: o )\CZ;/\ = 04y, where the last
equality holds by (3.1). O

Proposition 3.5. J is an associative algebra with identity element 1 j.

Proof. Let z,y,z € W. We must check that (t,¢,)t, = t;(t,t.), which is equivalent
to

E Ye,y,u=1Yu,z,w=1 = E Ve u,w—1Vy,z,u"1 for all w € W.
ueW ueWw
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Using the defining formula, the left-hand side evaluates to

S (X Y maddo (S X e,

ueW MAeA1<Ki,7,k<dx pneEA1Lp,q,r<d,

1 1zg jk gr _rp E:kz Pq
2 : E : § : f/\ f C] )\Cz A 1>\< Cul,)\cu,)\>'

ApEA1LE,G,k<dy 1<p,q,r<d,, ueWw

By the relations in (3.1), the parenthesized sum evaluates to dxq0pidx.fr. Hence, the
above expression equals

1 ik kr ri
Z Z el CZ,,\C ACu-1 -

AEA 1,5,k r<dx
By a similar computation, the right-hand side evaluates to

Z (Z Z fx 16 kx\cklfl /\> (Z Z f qxczr,\cmil ,\>

ueEW “MAeA1<i,5,k<dx HEA1Lp,q,r<d,

Z Z Z Ix fﬂlfxcwfu ,\%A(Z ,\C—l,\)

A €A1, 5,k<dy 1<p,q,7<d,, uew

1 1ij
Z E: e %AC AcuflA

A€A1KE,5,k,q<dA

We see that both sides are equal; hence, J is associative. To show that 1 j is the identity
element of J we let x € W and note that

t:r]-j Z Noylgly = Z ( Z ﬁwﬁ%,w,y_l)ty

weWw yeW NweW
= Z ( Z ﬁw’?y—l7w’w>ty =t, by Lemma 3.4 (a), (b).
yeW ~weW
A similar argument shows that 1 jt, = t,. Thus, 1; is the identity element of J. |

Proposition 3.6. The linear map 7 : J — F defined by 7(t,,) = fi,-1 is a symmetriz-
ing trace such that 7(t,t,1) = 64, for all x,y € W.

Proof. Let x,y € W. Then, using Lemma 3.4 (b), we obtain

x 11f E ’yx 1yw— 17' E Y- 1 yw— 1nw 1 —6:1:y

weWw weWw

This implies that 7(t,t,) = 7(tyt,) for all z,y € W, and hence 7 is a trace function. We
also see that {t,, | w € W} and {t,-1 | w € W} form a pair of dual bases; hence, T is
non-degenerate. Thus, J is a symmetric algebra with trace form 7. |
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Proposition 3.7. For A € A, define a linear map
Mod = Mg (F),  tw = (€2 )1<ij<ds-

Then p* is an absolutely irreducible representation of J, and all irreducible representa-
tions of J (up to equivalence) arise in this way. In particular, J is a split semisimple
algebra. (Recall that F' is any field containing Zyy .)

Proof. We must show that p*(t,t,) = p*(t,)p*(t,) for all z,y € W. Now, by the
definition of 7, . ., we have

E E E E Pq AT TP ij
pzy fYﬂE’y z= 1Cz AT < f Cy ,ucy puex—1 M) cz,k'

zeW ze€W MpeAl1p,q,r<d,

Using the relations in Remark 3.3, the right-hand side evaluates to

Z Z fu ngucgf‘ OrjOpiOrufr = Z CMI,HCZ{ :(ﬁk(tx)ﬁ)\(ty))ijv

HEA1LpP,q,r<d, 1<g<dy

as required. To show that 5* is absolutely irreducible, we argue as follows. By Proposi-
tion 3.6, we have a symmetrizing trace where {t,, | w € W} and {t,-1 | w € W} form
a pair of dual bases. Consequently, the relations in Remark 3.3 can be interpreted as
orthogonality relations for the coefficients of the representations p*. Thus, we have

> oy (tw)pi(tw—1) = Sadjifr for all 1 < i, j, k,1 < d.
weWw

By [12, Remark 7.2.3], the validity of these relations implies that 5 is absolutely irre-
ducible. Finally, if A # p in A, then we also have the relations

Z pl] pkl (tw-1) = 0.

weWw

In particular, this implies that p* and p* are not equivalent.
Since dimJ = [W| =3\, d3, we can now conclude that J is split semisimple, and
that {p* | A € A} are the irreducible representations of J (up to equivalence). O

Proposition 3.8. The linear map J — J defined by t., + t,-1 is an anti-involution,
that is, we have ¥y . = Jy-1 -1 ;-1 for all x,y,z € W.

Proof. By Lemma 3.2, we may assume that F' = R and that our balanced representa-
tions p* are chosen such that they are orthogonal, as in Remark 2.4. Then the correspond-
ing leading matrix coefficients have the additional property cZu]) N = cZUZ “1- The defining
formula then immediately shows that 4, , . = 3,1 ,-1,-1 forall z,y,2 € W. (]
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Lemma 3.9. Assume that p* and ¢ are balanced and equivalent over K. Then there
exists a matrix U € My, (O) such that

det(U*) € ©* and U*pMTy) = 0 (Ty,)U? for all w € W.

Denote the leading matrix coefficients with respect to o by diﬂ s+ Then, for a given
element w € W, we have

cg)\ # 0 for some i,j] < dﬁf)\ = 0 for some k, 1.

Proof. Since p* and o* are equivalent over K, there exists an invertible matrix
U* € My, (K) such that U*p*(T,) = o*(T,,)U> for all A\ € A. Multiplying U* by a
suitable scalar, we may assume that all coefficients of U* lie in O and that at least one
coefficient does not lie in p.

We show that det(U*) € OX. For this purpose, let U* be the matrix whose (4, 5)-
coefficient is the constant term of the (i,7)-coefficient of U*. Multiplying the relation
U*oMT,,) = 0T, )U* by € and taking constant terms, we see that U* € My, (F) is
a non-zero matrix such that

UoMty) = 67 (ty) U™ for all w € W,

where 52 (t,,) = (dfi,,\)lgi,jgdy Now let v € F% be such that U*v = 0. Then we also
have
UMM (tw)v) = 32 (tw) U0 = 0,

and so the nullspace of U is a p*-invariant subspace of U . Since p* is irreducible and
U # 0, we conclude that the nullspace is 0 and, hence, U” is invertible, as claimed.
The assertion about the leading matrix coefficients is now clear. O

Remark 3.10. Let A € A and w € W. As in [10, Definition 3.1], we write E* e~ w if
cfj y # 0 for some 7,5 € {1,...,dx}. By Lemma 3.9, this relation does not depend on the
choice of the balanced representations p*. In particular, choosing p* as in Remark 2.4,
we see that

E* wwpw = Eewpw (3.2)

Now define a graph as follows: the vertices are in bijection with the elements of W; two
vertices corresponding to elements x # y in W are joined by an edge if there exists some
X\ € A such that E* e~y 2 and E» «wp y. Considering the connected components of
this graph, we obtain a partition of W the pieces in this partition will be called the
L-blocks of W. By [10, Remark 3.3], we have that

each L-block is contained in a two-sided cell of W. (3.3)

(See [20, Chapter 8] for the definition of two-sided cells; if (P1)-(P14) hold, then one

can show that the L-blocks are precisely the two-sided cells of W [10, Remark 3.9].)
For an L-block F of W, we define J = (t,, | w € F)r C J. Then one may easily check

that Jz is a two-sided ideal of J. (Indeed, let z € W, w € F; we must show that t,t,,
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and tyt, lie in Jr. Now, tyt, = ZyEW Va,w,y—1ty. Assume that 7, ,, ,—1 # 0. Then, by
the defining formula, there exists some A € A such that E* «w; 2, E* «wp w and
E» «wp y~1. By (3.2), we also have E* «~p y. It follows that x,y,y~! € F. Thus,
tatw € J £. The argument for ¢,1t, is similar.) We obtain a decomposition as a direct
sum of two-sided ideals

J= @ Jr  (sum over all L-blocks F of W). (3.4)
F

Now, given A € A, there will be a unique L-block F such that p*(t,,) # 0 for some w € F.
We denote this L-block by Fj.

4. Properties of balanced representations

The purpose of this section is to study in more detail balanced representations as in
Definition 2.2. In particular, we wish to develop some methods for verifying whether or
not a given matrix representation is balanced. The criterion in Proposition 4.3 will prove
very useful in dealing with a number of examples. Proposition 4.10 exhibits some basic
integrality properties.

We keep the general assumptions of the previous section. In particular, {p* | A € A}
is a fixed choice of balanced representations of Hp .

Lemma 4.1. Let {6* | A € A} be a complete set of representatives for the equivalence
classes of irreducible representations of J. Then p* can be chosen such that p*(t,) =
M (ty) for allw € W.

Proof. First of all, we can assume without loss of generality that p* is equivalent
to 6 for each A € A. Let G* € My, (F) be an invertible matrix such that §*(t,,) =
(GM) 1M ty)G? for all w € W. Now set pMNTy,) = (G*)"1pNT,)G» for w € W.
Then p* is an irreducible representation of Hy equivalent to p*. Moreover, since the
transforming matrix G* has all its coefficients in F, it is clear that p* is also balanced
and that the leading matrix coefficients associated with p*(T,,) are given by 6*(t,). It
remains to use Lemma 3.2. (]

Example 4.2. Assume that we are in the equal parameter case or, more generally,
that Lusztig’s (P1)—(P15) are known to hold (see Remark 2.6). Then, by Proposition 2.5,
we have

Voy,z = Vay,> €L forall z,y,z € W.

Assume further that R := Zw is a principal ideal domain. Then, by a general argument
(see, for example, [12, 7.3.7]), every irreducible representation of J can be realized over R.
Hence, by Lemma 4.1, the balanced representations of Hy can be chosen such that

PMNtw) € My, (Zyw) forall A\ € A and w € W.

This applies to all finite Weyl groups in the equal parameter case, where Zy = W. It
also applies to (W, S) of type H3 or Hy, where Zy, = Z[%(—l +1/5)]; note that Zy is a
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principal ideal domain. By [10, Theorem 5.2], it also applies to (W, .S) of type Fy (where
Zw = Z), any weight function and any monomial order on I

Proposition 4.3. Assume that F C R (which we can do without loss of generality).
Let A € A and 0> : Hx — Mg, (K) be any matrix representation afforded by E2. Then
o? is balanced if and only if there exists a symmetric matrix 2* € My, (O) such that

det(2Y) € 0O and 2*0MNT,-1) = o™NTy) ™ 2> for all w € W.

Proof. Assume first that ¢ is balanced. Now ¢ is obtained by choosing some basis
of E2. Let 2* be the Gram matrix of (-,-) with respect to that basis, where (-,-) is a
bilinear form on E2 as constructed in the proof of Proposition 2.3. Multiplying £2* by a
suitable scalar, we may assume without loss of generality that all coefficients of £2* lie in
O and that some coefficient of 2* does not lie in p. Then 2* € M, (O) is a symmetric
matrix such that

2240 and 20NT,-1) = o™N(Ty)" 2 for all w € W.

Let £2* be the matrix whose (4, j)-coefficient is the constant term of the (4, j)-coefficient
of 2*. Now, multiplying the relation 2*c*(T},—1) = 0 (T, )" 2* by €2* and taking con-
stant terms, we see that 2% is a non-zero symmetric matrix such that

QM (tyy-1) = 0 (ty,) T2 for all w € W.

Thus, 2* defines a J-invariant symmetric bilinear form on a representation space afford-
ing *. The invariance implies that the radical of the form is a J-submodule. Hence,
since > is an irreducible representation, we conclude that the radical must be zero and
so det(£2*) # 0.

Conversely, assume that a matrix £2* with the above properties exists. Let £2* be the
matrix whose (i, j)-coefficient is the constant term of the (i, j)-coefficient of 2*. Then
2* € My, (F) is a symmetric matrix such that det(2*) # 0 (since det(£2*) € 0*). Thus,
2 defines a non-degenerate symmetric bilinear form. Now, since we are working over a
field of characteristic 0, there will be an orthogonal basis with respect to that form. So
we can find invertible matrices Q*, D* € My, (F) such that 2* = (Q*)* D*Q* and D*
is diagonal. Now let P* := (Q*)~! and define

6MTy) = (P '™ (T,)P* for all w € W,
O = (PN P
Thus, 6 is an irreducible representation of Hy equivalent to ¢*; furthermore, we have
O6MNTy-1) = 6MN(T) " Q2> for all w € W.

Since the transforming matrix P* has all its coefficients in F, it is clear that 2* € Mg, (O)
and det(£2*) € O, furthermore, o> is balanced if and only if 6* is balanced.

Thus, it remains to show that 6 is balanced. Now, the point about the above trans-
formation is that we have £2* = D* mod p. We can now argue as in the proof of Propo-
sition 2.3 to show that 6* is balanced. O
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Remark 4.4. Note that, in order to verify that a matrix 2* satisfies
QP oMNTy-1) = oMNT)" 2" forallw e W

it is sufficient to verify that 2 a*(Ty) = o*(Ty)" 2> for all s € S. This remark, although
almost trivial, is nevertheless useful in dealing with concrete examples.

Example 4.5. Let 3 < m < oo and (W, S) be of type I2(m), with generators sy, so
such that (s182)™ = 1. We have Zy = Z[( + (7], where ¢ € C is a root of unity of
order m. We assume without loss of generality that L(s;) > L(s2) > 0. The irreducible
representations of Hy are determined in [12, 8.3]. These representations have dimension
1 or 2. Notice that one-dimensional representations are automatically balanced. By [12,
Theorem 8.3.1], the two-dimensional representations can be realized as

-7t 0 s 1
p] : TS1 ’_> Uél ) Tsz '_> v 2 —1 b)
M Usy 0 Vs,

where 1 = vg, v + 7+ (7 +v; v, and 1< j < 2(m—2) (if mis even) or 1 < j <
1(m —1) (if m is odd). Note that the coefficients of the representing matrices lie in the

ring Zw [vE!, vE!. Now let

Vg, i (Vs —|—v;1 Vgy i
-Qj _ 1#]( 2 2 ) ) 11 c MQ(ZW['U;EI,U?:;])-
Vs Hj Usl +1 ) )

Then §2; is a symmetric matrix satisfying 2;p;(T,-1) = p;(T)™ 2; for all w € W. (By
Remark 4.4, it is sufficient to verify this for w € {sy, s2}.) We see that

1
(O (1)> mod p if L(s2) > L(s1) > 0,

<2+cf +¢I

0
0 1) mod p if L(s2) = L(s1) > 0.

Hence, by Proposition 4.3, p; is a balanced representation, in all cases. Since the coef-

ficients of the matrices p;(Ty,) and p;(Ts,) lie in Zw [vE!, vEl], the same will be true
for the matrices p;(Ty,), where w € W. Hence, all the corresponding leading matrix

coefficients will also lie in Zyy .

Example 4.6. The argument in Example 4.5 can be applied whenever the irreducible
representations of Hy are explicitly known.

Assume, for example, that (W,S) is of type Hs or Hy. In these cases, all elements
in S are conjugate and so all vs, s € S, are equal; write v = vs for s € S. We have
Zw = Zla], where a = %(—1 + \/5) The irreducible representations of Hg are con-
structed by Lusztig [15, §5] and Alvis and Lusztig [1] in terms of so-called W -graphs.
(These W-graphs are reproduced in [12, Chapter 11].) Thus, we obtain explicit matrix
representations p* : Hx — My, (K) for all A € A. By inspection, one sees that

pNTyw) € My, (Zyy[v,v7Y])  for all w € W.
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Table 1. Invariant bilinear forms for Hs

v2+1 0 —v 0 0
0 v2+1 0 —v 0
Qli:M, 917-:[1}, Pr=| v 0 1 0 —v |,
0 —v 0 IR —
0 0 —v —v 241
V84S 4uto?+1 v v v 4+u3 4o vO+03 vSot402
v* v8+vﬁ+v4+vz+1 v 403 v7+v5+v3+v vﬁ+v4+vz
2= v o3 +o vO+v3 V8420842044202 +1 v 420t 02 v +20°+203 40
w2403 v P+t V04204402 V3420042044202 +1 v 2074203 +w
v+t 402 vO+vt4o? v 4204203 +v v +20°+203 4w V8420843044202 +1
_112—1—1 —v 0 1 _v4—av2+1 v3+o —aw? 1
2= —v 41 av |, 2% = v3+o vi42024+1 —avd-av |,
0 av  v2+1 —aw? —avd—av  vivi+l
_112—1—1 —v 0 1 _v4—07v2+1 v3+o —o? 1
D= —v >+l aw , 23 = v3+o vi42024+1 —avd—av |,
0 av V241 —ow? —ovd—av v+l
_v4—v3+2v2—v+1 v3+v v3+v v?
ot _ v34v vi202 41 34w vi3v
v3+v v3+vi4+v 0420241 v3+v ’
v? v3+v v3+v vi—v3 4202 —v+1
(v 034202 40+1 —v3—v —v3—v v?
b — —v3—v vi4+202 41 —v34?—u —v3—v
—v3—v —v34v?—v v 420241 —v3—v
i v? —v3—v —v3—v vio3 4202 4u+1
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b  a a a
B, ‘o o - .- .- —e
So  S1 S2 Sp—1
Figure 2.

For each A € A, we can work out a non-zero matrix 2* € My, (Zw[v,v~!]) such that
QP pMNTy-1) = pMNT,) " 2> for all w € W. (For example, with the help of a computer, we
can simply compute 2* := > wew pMTw) " p*(Ty).) Multiplying £2* by a suitable scalar,
we may assume that all coefficients lie in Zyy [v] and at least one coefficient does not lie
in vZyy [v]. For type Hz, the matrices £2* are given in Table 1, where we use the labelling
of Irr(W) as in [12, Table C.1]. In this case, we notice that the diagonal coefficients lie in
1+ p, while the off-diagonal coefficients lie in p. Hence, clearly we have det(£2*) € 1+ p.
The situation in type H, is slightly more complicated, but one can check again that
det(§2*) € O for all A € A. Thus, by Proposition 4.3, the representations given by the
W-graphs are balanced.
One may conjecture that every representation given by a W-graph is balanced.

Example 4.7. Let W = W, be a Coxeter group of type B,, with generators
S0,51,---,5n—1 and relations given by the diagram in Figure 2; the ‘weights’ a,b € I'
attached to the generators of W,, uniquely determine a weight function L = L, ; on W,.

Assume that a > 0. Then we claim that, for each A\ € A, there is a balanced represen-
tation p* with corresponding matrix £2* (as in Proposition 4.3) such that

(a) all the leading matrix coefficients c’u]) ) lie in Z,
(b) 2* € My, (Z[I']) and det(£2*) € 2" + p where n) € Z,
(¢c) nx=01if b & {a,2a,...,(n—1)a}.

This can be seen by an argument which is a variation of that in [11, Example 3.6]. Indeed,
it is well known that we can take for A the set of all pairs of partitions of total size n.
Furthermore, for each A € A, we have a corresponding Specht module S* as constructed
by Dipper et al. [5]. Let {e; | t € Tx} be the standard basis of S, where T, is the set
of all standard bitableaux of shape A. With respect to this basis, each T,,, w € W, is
represented by a matrix with coefficients in Z[I].

Let (-,-)x be the invariant bilinear form on S* as constructed in [5, § 5]. Let ¥* be the
Gram matrix of this bilinear form with respect to the basis {e; | t € Ty}. All coefficients of
U lie in Z[I']. Let {f; | t € T»} be the orthogonal basis constructed in [5, Theorem 8.11];
this basis is obtained from the standard basis by a unitriangular transformation. Hence,
we have

det(#*) = [ (fi. fo)x € Z(I).

teTx

Using the recursion formula in [6, Proposition 3.8], it is straightforward to show that,
for each basis element f;, there exist integers s:,a, btj, cir, dyy € Z such that ay > 0,
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bs; = 0 and

Hi(l Le2a . +€2ama> H ( +52(b+ctka))
Hj(l 4+ g2a 4 ... 4 g2bsa ) H ( 52(b+dtl&)) :

(ft, fr)n = 250

So there exist hy, h}, myg, mj;, ny, ny € Z such that

H(l 4 g2(brema)y — gneg2he H(l +g%™+)  where my > 0,
k k

H(l + g2(0tdua)y — gnig2h; H(l +&¥u)  where my, > 0.
1 1

Hence, setting &, := e—5t0~thie, and f, := e=sta~hthi £, we obtain 27~ (f,, f;)x €
1+4p for all t € Ty. Now let p* be the matrix representation afforded by S* with respect
to {& | t € T»} and let 2* be the Gram matrix of (-, -) with respect to that basis. Then

det(2*) = det () H g2(msa=hethy) H (2ot ) (fy fi)n) = H (fir fi)a-

teTx teTx teTx

Hence, we can deduce that (a) and (b) hold. Finally, the cases in (c) correspond to the
situations already considered in [11, Example 3.6] and [3, Proposition 2.3]; the special
feature of these cases is that n, = 0 for all ¢.

Definition 4.8. Recall that Zy = Z[2 cos(27/mst) | s,t € S]. We say that the subring
R C Cis L-good if the following conditions hold:

(] ZW - R and
e f\ is contained and invertible in R for all A € A.

By Remark 2.1, this notion does not depend on the choice of the monomial order on I
Note that, if W is a finite Weyl group, i.e. we have mg; € {2,3,4,6}, then 2 cos(2w/ms:) €
Z and f) € Z for all A € A. Hence, in this case, Zy = Z and the only condition on R
is that the integer f) is invertible in R for every A € A (which is precisely the condition
used in [9, §2.2]).

Example 4.9. Assume that (W, .S) is of type I2(m), where m = 5 or m > 7. Formulae
for the elements ¢, can be found in [12, Theorem 8.3.4]. Using these formulae, one may
check that R is L-good if and only if 2cos(27/m) € R and the integer m is invertible
in R.

Assume that (W, S) is of type Hs. Then [12, Table E.2] shows that R is L-good if and
only if %(1 +1/5) € R and the integers 2, 5 are invertible in R.

Assume that (W, S) is of type Hy. Then [12, Table E.3] shows that R is L-good if and
only if %(1 +1/5) € R and the integers 2, 3, 5 are invertible in R.

Proposition 4.10. Let R C C be a subring which is L-good. Let A € A. Then the
balanced representation p* can be chosen such that the following hold.
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(a) ﬁg\j(tw) = cg’)\ € Zw for allw e W and 1 < 1,5 < dj.

In particular, we have ¥, . € R for all x,y,z € W. Furthermore, there exists a symmet-
ric, positive-definite matrix

B* = (5{\3-)1@,]'@” where Bi)‘j € Zw for all 1 <1i,j < dy,
such that the following two conditions hold:
(b) B*p*Mty-1) = p*(tw)¥ B for allw € W;
(c) det(B*) # 0 is invertible in R.

Proof. By standard reduction arguments, one can assume that (W, S) is irreducible.

Now (a) holds in all cases by Examples 4.2, 4.5 and 4.7. Once this is proved, we see
(by the defining formula) that 7, , . € R for all z,y,z € W. We can now actually take R
to be the ring generated by Zy and f;l, A € A. Notice that, if Zy is a principal ideal
domain, then so is R.

Now (b) and (c) can be proved as in [9, Proposition 2.6], if Zy is a principal ideal
domain. (In the last step of [9, Proposition 2.6], instead of reducing modulo a prime
number, one reduces modulo a prime ideal in R.) Hence, it only remains to prove (b) and
(c) for (W, S) of type Iz(m), m > 3. Note that the assertions are clear for one-dimensional
representations, where we can just take £2* = (1). For a two-dimensional representation
pj, let £2; be as in Example 4.5. Let B; be the matrix obtained by taking the constant
terms of the entries of 2;. We notice that all entries of B; lie in Zy, and Bj; satisfies (b).
It remains to consider det(B;). By Example 4.9, m is invertible in R, so it will be sufficient
to show that det(B;) divides m in R. Now, if L(s2) > L(s1) > 0, then det(B*) = 1 and
so there is nothing to prove. If L(s1) = L(s2) > 0, then det(B;) =2+ ¢/ + (7. Now, we

have
[I @e+d+¢?)=1 ifmisodd,
1<j<(m—1)/2
H (2+Cj+(_j):%m if m is even.
1<j<(m—2)/2
Thus, det(B;) divides m, as required. It follows that (c) holds. O

Corollary 4.11. Let Q2 be the ring of all rational numbers of the form 2b, where
a,b € Z. Then 7,y . € Qg for all x,y,2 € W.

Proof. By standard reduction arguments, we can assume that (W, S) is irreducible.
Now, if (P1)—(P15) hold, then 7, . = 7Va,4,. € Z for all z,y, z € W (see Proposition 2.5).
Hence, by Remark 2.6, the assertion holds in the equal parameter case. By [10, § 5], this
also applies to (W, S) of type Fy and Is(m) (for all choices of weight functions and
monomial orders). If (W, S) if of type B,,, the result is covered by Example 4.7. O
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5. Cellular bases

We are now ready to review the construction of a cellular basis of H and to extend this
construction to further types of examples. We refer to [20, Chapter 8] for the definition
of the Kazhdan—Lusztig preorder relation <,x. (Note that this depends on the weight
function L and the monomial order on I'.) For any w € W, we have HC\,,H C Zy ACy,
where the sum runs over all y € W such that y <;,g w. Let ~yr be the associated
equivalence relation; the equivalence classes are called the two-sided cells of W. Instead
of Lusztig’s (P1)-(P15) (see [20, §14.2]), we shall only have to consider the following
property, which is a variant of (P15).

(151/5) If 2,2’ ,y,w € W satisfy w ~,r y, then

Z’Yw:v u—lhxuy thwu'yum ay~ 1.

ueW ueW

Remark 5.1. Assume that (P1)-(P15) in [20, §14.2] hold. Then %, , . = 7Yz, for
all z,y,z € W (see Proposition 2.5). Now, if z,z’,y,w € W satisfy w ~,g y, then
a(w) = a(y) by (P4) and, hence, (P15) follows from [20, Theorem 18.9 (b)], which itself
is deduced from (P15). Thus, (5/15) holds if (P1)-(P15) hold.

Assume from now on that R is L-good (see Definition 4.8). By Proposition 4.10, all
structure constants 7, , . lie in R. Let Jr be the R-span of {tw | w € W}. Then Jg is
an R-subalgebra of J and J = FQr Jr. By the identification C,, ¢ t,,, the natural
left H-module structure on H (given by left multiplication) can be transported to a left
H-module structure on Jy := =AQp Jr. Explicitly, the action is given by

Cowty= Y hpy.t. forallz,yecW
zeW

Now we have the following result which was first proved by Lusztig in [19] for the equal
parameter case and in [20, Theorems 18.9 and 18.10] for the general case, assuming that
(P1)—(P15) hold. Note that our proof is much less ‘computational’ than that in [20]; it
is inspired by an analogous argument in [15].

Theorem 5.2 (Lusztig). Assume that (§V15) holds. Then there is a unique unital
A-algebra homomorphism ¢ : H — J4 such that, for any h € H and w € W, the
difference ¢(h)t, — h * t,, is an A-linear combination of terms t,, where y <;r w and
y o rr w. Explicitly, ¢ is given by

)(Cuw)= > hwasiat, weW.
2eW, deD,
ZNLRd

Proof. Using the preorder <;z, we can define a left H-module structure on J4 by
the formula
Cpoty = Z hgyt. forallz,yeW.

zEW:iz~vreRY
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(More formally, one considers a graded module gr(F) with canonical basis {&, | w € W}
as in [15, p. 492], and then transports the structure to J4 via the identification &, < t,,.
This immediately yields the above formula. Of course, one can also check directly that
the above formula defines a left H-module structure on J4.) For any h € H and w € W,
the difference h * t,, — hot,, is an A-linear combination of terms ¢,, where y <,z w and
Y FLr w. ~ _

On the other hand, we have a natural right Js-module structure on J4 (given by
right multiplication). Then (P15) is equivalent to the statement that J 4 is an (H,J4)-
bimodule. Indeed, we simply remark that (1;1/5) is obtained by writing out the identity
C, 0 (twly) = (Cy o ty)ty, where we use the fact that, on both sides of (P15), the sum
needs only to be extended over all w € W such that u ~,x w. (This follows from the
fact that each L-block is contained in a two-sided cell; see (3.3).)

Now we can argue as follows. The left H-module structure on J4 gives rise to an
A-algebra homomorphism

¢ : H — Enda(Jy) such that ¢(h)(ty) = hoty.

Since the left action of H on J4 commutes with the right action of J4, the image of 1
lies in End ;, (Ja). Now, we have a natural A-algebra isomorphism

7: Ende(jA) — jA, [ f(le)-

(This works for any ring with identity.) We define ¢ = nov : H — J4. Then ¢ is an
A-algebra homomorphism such that

$(h) = 4(h)(15,) =hol;, forall he H.

This yields ¢(h)ty, = (ho1j )ty =holj t, =hot, or, in other words, the difference
A A

¢(h)tw — h*t, is an A-linear combination of terms t,, where y <,r w and y .z w, as

required. Finally, we immediately obtain the formula

¢(Cw) = Cw <& le = Z ’FLde <& td = Z hw,d,zﬁdtz-
deD zEW, deD,
zr~reRrd
Since hi,4,, = 04z, this yields ¢(C1) = 15,; hence, ¢ is unital.
The unicity of ¢ is clear since the conditions on ¢ imply that ¢(h)t, = h o t,, for all
w € W and, hence, ¢(h) = ¢(h)15, =hol; forallhe H. O

Remark 5.3. Assume that (P1)-(P15) hold. Then 7,y . = V44, for all z,y,z € W
(see Proposition 2.5). Hence, J is Lusztig’s ring J constructed in [20, Chapter 18]. Since
the identity element is uniquely determined, we can also conclude that D = D and
ng = ng for all d € D, where D and ny are defined as in [20, Chapter 18]. Hence, the
above result is a combination of [20, Theorems 18.9 and 18.10].

Note that the formula for ¢ in [20, Theorem 18.9] looks somewhat different: there is
a factor n, instead of iy = ng. However, by [10, Remark 2.10], one can easily see that
the two versions are equivalent. And in view of the above proof, the version here seems
more natural.
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Finally, we come to the construction of ‘cell data’ for H in the sense of Graham and
Lehrer [13]. By [13, Definition 1.1], we must specify a quadruple (A, M, C, %) satisfying
the following conditions.

(C1) Ais a partially ordered set (with partial order denoted by <), {M(\) | A € A} is a
collection of finite sets and

C:[[MO) xM2) »H
A€
is an injective map whose image is an A-basis of H.
(C2) If X € Aand s, t € M(X), write C(s, t) = C € H. Then % : H — H is an A-linear
anti-involution such that (C2,)* = 7.
(C3) If A € A and s,t € M(A), then for any element h € H we have
hCli= > ru(s',5)C mod H(<N),
s’eM(N)
where r,(s’,5) € A is independent of t and where H (<1 A) is the A-submodule of
H generated by {CL,, o/ | p QN X # p; 8", € M(u)}.

We now define a required quadruple (A, M, C, x) as follows.

As before, A is an indexing set for the irreducible representations of W. For A € A,
we set M(A\) = {1,...,d»}. We define a partial order on A as follows. Recall that, in
Remark 3.10, we have associated with A € A an ‘L-block’” Fy of W. Now, given A\, u € A,
let z € F) and y € F;; then we define

Adp S A=y or z<ery, Thery-

(This does not depend on the choice of x or y, since each L-block is contained in a
two-sided cell of W; see (3.3).)

Remark 5.4. Assume that (P1)—(P15) in [20, § 14.2] hold. By Proposition 2.5, we then
have a(z) = a, if p*(t,) # 0. Furthermore, by (P4) and (P11), we have the implication
‘v <er Yy = aly) < a(zx)’, with equality only if z ~,% y. Hence, we see that

Adpy = A=p or ay<a.
The partial order defined by the condition on the right-hand side is the one we used
in [9].

Finally, we define an A-linear anti-involution * : H — H by T, = T},-1 for all w € W.
Thus, T} = T?, in the notation of [20, 3.4]. We can now state the following result.

Theorem 5.5. (Geck [9, Theorem 3.1].) Assume that (1515) holds. Recall that R C C
is assumed to be an L-good subring (see Definition 4.8). Let (p(tw)) and (32y) be as in
Proposition 4.10. For any A € A and s,t € M()), define

Cj\t = Z Z ﬂtupus ty-1)C

weW ue M ()
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Then Cs):t is a Zyy-linear combination of Kazhdan—Lusztig basis elements C,,, where
w € Fy. The quadruple (A, M, C, ) is a ‘cell datum’ in the sense of Graham—Lehrer [13].

Proof. In all essential points, the argument is the same as in the proof of [9, Theo-
rem 3.1]. Indeed, since (ISTS) holds, we have the existence of Lusztig’s homomorphism
¢ : H — J4 as in Theorem 5.2. The statements in Proposition 4.10 are completely
analogous to those in [9, Proposition 2.6]. Finally, by Theorem 5.2, we have the property
that ¢(h)t, — h*t, is an A-linear combination of terms t,, where y <;r and y % ,r w.
This is precisely what is needed in order to make step 3 of the proof of [9, Theorem 3.1]
work with our stronger definition of the partial order < on A. a

The above result strengthens the main result of [9] in four ways:
e it works for finite Coxeter groups in general, and not just for Weyl groups;
e it only requires (P15) to hold, and not all of (P1)—(P15) in [20, § 14.2];
e it uses a slightly stronger partial order on A (see Remark 5.4);

e it shows that the data required to define the cellular basis can be extracted from
the balanced representations p*.

Corollary 5.6. Let (W, S) be any Coxeter system where W is finite. Let R C C be a
subring which is Ly-good, where Ly is the ‘universal’ weight function in Example 1.3. Now
let L' : W — I be any weight function and H' the corresponding Iwahori-Hecke algebra
over A’ = R[I""]. Then H' admits a cell datum in the sense of Graham—Lehrer [13].

Proof. Let Iy, Ap and Hy be as in Example 1.3. As pointed out in [10, Corol-
lary 5.4], by combining all the known results about the validity of Lusztig’s conjec-
tures [20, §14.2], we can choose a monomial order < on I such that (P1)—(P15) hold.
Hence, by Remark 5.1 and Theorem 5.5, the algebra Hy admits a cell datum. Now,
there is a group homomorphism «a : Iy — I'" such that a((ns)ses) = > ,cgnsL'(s). This
extends to a ring homomorphism Ag — A’, which we denote by the same symbol. Extend-
ing scalars from Ag to A’ (via a), we obtain H' = A’ @), Ho. By [9, Corollary 3.2], the
images of the cellular basis elements of Hy in H' form a cellular basis in H'. d

In type B, an alternative construction of a cell datum is given by Dipper et al. [5].
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