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Abstract

We show that all values in the interval [0, /2] can be attained as interior angles between intermediate
subalgebras (as introduced by Bakshi and the first named author [ ‘Lattice of intermediate subalgebras’, J.
Lond. Math. Soc. (2) 104(2) (2021), 2082-2127]) of a certain inclusion of simple unital C*-algebras. We
also calculate the interior angles between intermediate crossed product subalgebras of any inclusion of
crossed product algebras corresponding to any action of a countable discrete group and its subgroups on
a unital C*-algebra.
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1. Introduction

In any category, to classify its objects, the analysis of the relative positions of the
subobjects of an object has proven to be a very rewarding approach. In the same vein,
in the category of operator algebras, a great deal of work has been done by some
eminent mathematicians—see, for instance, [1, 3, 68, 11] and the references therein.
The theory of subfactors and, more generally, the theory of inclusions of (simple)
C*-algebras are two prominent aspects within this topic.

In this article, our focus lies only on unital C*-algebras and their subalgebras. Over
the years, various significant tools and theories have been developed to understand the
relative positions of subalgebras of a given unital C*-algebra. Among them, Watatani’s
notions of finite-index conditional expectations and C*-basic constructions with
respect to a finite-index conditional expectation [11] have proven to be fundamental
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2] Possible values of the interior angle 45

in the development of the theory of inclusions of C*-algebras—see [3, 6, 7, 9, 11].
Based on these two notions, and motivated by [1], very recently, Bakshi and the first
named author, in [3], introduced the notions of interior and exterior angles between
intermediate C*-subalgebras of a given inclusion B C A of unital C*-algebras with a
finite-index conditional expectation. As an application of the notion of interior angle,
the authors in [3] were able to improve Longo’s upper bound for the cardinality of
the lattice of intermediate C*-subalgebras of any irreducible inclusion of simple unital
C-algebras.

Apart from the above mentioned quantitative application of the notion of interior
angle, we expect some significant qualitative consequences too to be visible soon. In
this direction, it is then quite natural to first ask whether one can make some concrete
calculations of these angles and the possible values that they can attain. This article
essentially answers these questions to a certain level of satisfaction. Being precise,
through some elementary calculations, we are able to show that all values in the
interval [0, /2] are attained as the interior angles between intermediate subalgebras
of a certain inclusion of simple unital C*-algebras. Further, motivated by [2], we
also calculate the interior angle between intermediate crossed product subalgebras of
any inclusion of crossed product algebras corresponding to any action of a countable
discrete group and its subgroups on a given unital C*-algebra.

The article is organized as follows.

After the introduction, we have a relatively longer section on preliminaries wherein
we recall and derive some basic nuances related to finite-index conditional expecta-
tions and Watatani’s C*-basic construction related to inclusions of unital C*-algebras.
This discussion is fundamental to the formalism of the interior and exterior angles,
which we briefly recall in Section 3; and, in the same section, we also derive some use-
ful expressions related to them. Then, in Section 4, we prove that for any ¢ € [0, /2],
there exists a 2 X 2 unitary matrix « such that the interior angle a(A, uAu*) =t with
respect to the canonical conditional expectation from M;(C) onto C, where A denotes
the diagonal subalgebra of M,(C); thereby, establishing that all values in the interval
[0, /2] are attained as the interior angles between intermediate subalgebras. Finally,
in Section 5, as an application of some expressions derived in Section 3, given any
quadruple of countable discrete groups H € K,L ¢ G with [G : H] < co and with an
action « of G on a unital C*-algebra P, we derive an expression for the interior angle
between the (reduced as well as universal) intermediate crossed product subalgebras
P > K and P = L of the inclusion P < H C P < G.

2. Preliminaries

2.1. Watatani’s index and basic construction. In this subsection, we first recall
Watatani’s notions of finite-index conditional expectations and the C*-basic construc-
tions with respect to such conditional expectations; and then, we touch upon some
generalities related to intermediate C*-subalgebras.
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46 V. P. Gupta and D. Sharma [3]

2.1.1. Finite-index conditional expectations. Recall that, for an inclusion B C A of
unital C*-algebras, a conditional expectation E : A — B is said to have finite index if
there exists a finite set {1;,...,4,} C A such that

x= Z E(xA)a; = Z LEx)

i=1 i=1

for every x € A—see [0, 7, 11]. Such a set {4y, ..., 4,} is called a quasibasis for E and
the Watatani index of E is defined as

Ind(E) = Al
1

n

14

It is known that Ind(FE) is a positive invertible element of Z(A) and is independent of
the quasibasis {4;}—see [11, Section 2]. Also, E is faithful, E(14) = 15 and Ind(E) > 1.

REMARK 2.1

(1) Suppose that B c C C A are inclusions of unital C*-algebras with 14 € B, and
E:A—>B, F:A— C and G: C — B are faithful conditional expectations
satisfying £ = G o F. Then E has finite index if and only if F and G have finite
index—see [9, Proposition 3.5].

(2) For an inclusion B C A, in general, if E,E’ : A — B are two conditional expec-
tations, one may be of finite index and the other may fail to be so—see [11,
Example 2.10.1].

Interestingly, if there exists a finite-index conditional expectation from A onto
B, then all faithful conditional expectations from A onto B are of finite index
if the centralizer of B in A (that is, C4(B) :={x € A : xb = bx for all b € B}) is
finite-dimensional—see [11, Proposition 2.10.2].

Thus, when C4(B) is finite-dimensional, one can roughly say that the property
of ‘finite index’ is an intrinsic property of the inclusion B C A and not of a
conditional expectation from A onto B.

(3) There exist finite-index conditional expectations even when the corresponding
centralizers are not finite-dimensional. For instance, see [11, Example 2.6.7].

Let A = C(X) and B := A%, where X is an infinite compact Hausdorff space
and « is a free action of a finite group G on A. Define E : A — B by

g g(f)
Gl

Then, E has finite index and Ind(E) = |G|—see [11, Proposition 2.8.1]—whereas
Ca(B) is infinite dimensional as A = C(X) is a commutative C*-algebra.

E(f) = fea.

2.1.2. Watatani’s C*-basic construction. Let BCA be an inclusion of unital
C*-algebras with common unit and suppose E:A — B is a faithful conditional
expectation. Let A; denote the Watatani C*-basic construction of the inclusion B C A
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with respect to the conditional expectation E, that is, in short, one essentially shows
the following:

(1) A s a pre-Hilbert B-module with respect to the B-valued inner product given by
{a,a’)p := E(a*d’) fora,a’ €A;

and, if A denotes the Hilbert B-module completion of A, then

(2) the space of adjointable maps on U, denoted by Lp(2), is a unital C*-algebra
(with the usual operator norm) and A embeds in it as a unital C*-subalgebra
(and, by a slight abuse of notation, we identify A with its image in Lg(2));

(3) there exists a projection ez € Lg(N) (called the Jones projection associated to E)
such that egaeg = E(a)ep for all a € A (it is standard to denote eg by e, as well);
and

(4) one considers A; :=span{xegy : x,y € A} C Lp(2), which turns out to be a
Cr-algebra (not always unital) and is called the C*-basic construction of the
inclusion B C A.

The system (A, B, E, ep, A1) has the following natural universal property.

THEOREM 2.2 [11, Proposition 2.2.11]. Let B CA be an inclusion of unital
C*-algebras with a faithful conditional expectation E : A — B. Suppose that A acts
faithfully on some Hilbert space H and e is a projection on H satisfying eae = E(a)e
for all a € A. If the linear map B> b+ be € B(H) is injective, then there is a
s-isomorphism 0 : A, — AeA C B(H) such that 8(xegy) = xey for all x,y € A.

REMARK 2.3. If E : A — B has finite index with a quasibasis {4;}, then:

(1) the two norms || - ||4 and || - || are equivalent on A (where ||x|l4 := [|Ez(x*x)||'/?)—
see [11] or the proof of [3, Lemma 2.11]; in particular, A itself is a Hilbert
B-module;

(2) A isunital and is equal to C*(A, eg)—see [11, Proposition 1.5];

(3) there exists a finite-index conditional expectation E; : A; — A (called the dual
conditional expectation) with a quasibasis {Liep(Ind(E))'/?} that satisfies the
equation

Eq(xegy) = Ind(E) ' xy @)

for all x,y € A and Ind(E}) = }; A;E(Ind(E))epA;; moreover, if Ind(E) € B, then
Ind(E;) = Ind(E)—see [11, Propositions 2.3.2 and 2.3.4]; and

(4) if F: A — Bisanother finite index conditional expectation and C*(A, fz) denotes
the corresponding C*-basic construction, then there exists a *-isomorphism 6 :
A} — C*(A, f) such that f(ep) = fp and 6(a) = a for all a € A—[11, Proposition
2.10.11]; and

(5) A; =span{xepy : x,y € A} =: AegA—see [11, Lemma 2.2.2].

2.2. Intermediate C*-subalgebras. Throughout this subsection, we let B C A be an
inclusion of unital C*-algebras, £ : A — B be a finite-index conditional expectation
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with a quasibasis {1;: 1 <i<n}, A := AegA (= C*(A,ep)) denote the C*-basic
construction of B C A with respect to £ and E; : A — A denote the dual conditional
expectation.

Asin [6], let IMS(B, A, E) denote the set of intermediate C*-subalgebras C between
B and A with a conditional expectation F : A — C satisfying the compatibility
condition E = E, o F.

REMARK 2.4

(1) If C eIMS(B,A,E) with respect to two compatible conditional expectations
F,F": A — C, then F = F'—see [0, page 3].

(2) If CeIMS(B,A,E) with respect to the compatible conditional expectation
F : A — C, then F is faithful (since E is so) and, therefore, by Remark 2.1(1),
F has finite index.

(3) It must be mentioned here that it was presumed (without mention) in [3] that
the compatible conditional expectation has finite index and was implicitly used
while defining the notions of interior and exterior angles between intermediate
subalgebras of an inclusion of unital C*-algebras.

(4) For C € IMS(B,A, E) with respect to the compatible conditional expectation
F : A — C, we observe that A is a Hilbert C-module (Remark 2.3(2)); we let ec
denote the corresponding Jones projection in L(A) and C; denote the Watatani
basic construction of the inclusion C C A; and thus, C; = C*(A,ec) C Lc(A).

REMARK 2.5. In general, if Q C P is an inclusion of unital C*-algebras with
a finite-index conditional expectation G : P — Q, then not every intermediate
C*-subalgebra R of Q c P belongs to IMS(Q, P, G)—see [6, Example 2.5]. In fact,
the example given in [6] illustrates that there need not exist even a single conditional
expectation from P onto R.

Izumi observed that the intermediate subalgebras of an inclusion of simple
C*-algebras have certain specific structures.

PROPOSITION 2.6 [7]. Let BC A be an inclusion of unital C*-algebras with a
finite-index conditional expectation E : A — B. If either A or B is simple, then every C
in IMS(B, A, E) is a finite direct sum of simple closed two-sided ideals.

PROOF. Let C € IMS(B, A, E) with respect to the compatible conditional expectation
F:A — C. Then, by Remark 2.4(2) and [11, Proposition 2.1.5], F and E;. satisfy
the Pimsner—Popa inequality. Further, since A or B is simple and unital, it then
follows from [7, Theorem 3.3] that C is a finite direct sum of simple closed two-sided
ideals. O

The following useful observations are needed ahead when we recall and derive
some generalities related to the notions of interior and exterior angles.

PROPOSITION 2.7. Let B C A be an inclusion of unital C*-algebras, E : A — B be a
finite-index conditional expectation with a quasibasis {A; : 1 <i < n}, A| denote the
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C*-basic construction of B C A with respect to E, E| : Ay — A denote the dual con-

ditional expectation and C € IMS(B, A, E) with respect to the compatible finite-index

conditional expectation F : A — C. Then:

(1) Lc(A) € Lp(A);

2) CycAyso that ec € Ay;

(3) ecep = ep = egec;

4) E;. has finite index with a quasibasis {F(A;)} and ec = Z,ujeB,u]’f‘ for any
quasibasis {y;} of the conditional expectation E;_;

(5) Ei(ep) = Ind(E)™' € Z(A);

(6) Ei(ec) = Ind(E)'Ind(E},) € Z(C); and,

(7) in addition, if Ind(E).) € Z(A), then:

(a) Ind(E) = Ind(F)Ind(E).);

(b) E; le, = F1, where F| denotes the dual conditional expectation of F; and

(c) C; € IMS(A, Ay, Ey) with respect to the conditional expectation G : A} — C
satisfying G(xepy) = Ind(E,.)"'xecy for all x,y € A and has a quasibasis
{/liEBInd(ErC)l/z 1<i< l’l}

In particular, we then have E\(ec) = Ind(F)™!.
PROOF. (1) Let T € L¢(A) and T* denote its adjoint in L¢(A). Then, we see that
(T@), ¥ = ETQ)'y) = (Ey. 0 F)T®)'y) = Epo(T(), )c)
= E1 (T (0))e) = (B o F)GT () = (x5, T ()5

for all x,y € A. Hence, T € Lz(A).
Because of item (1), item (2) now follows on the lines of [3, Lemma 4.2].
(3) Clearly, ecep = ep (as B c C). Next, we observe that

epec(a) = ep(F(a)) = E(F(a)) = (E). o F)(a) = E(a) = ep(a)

for all a € A. Thus, egec = ep.
(4) That E, has finite index with quasibasis {F(4;)} follows from [6, page 3] (also
see [11, Proposition 1.7.2]). Further, for any quasibasis {y;} for E, ., we have

(D e J@r = > ewsj(@
= D HE @)
= D W(Erc o F)u; (@)

= > wE (@)
= F(a)
=ec(a)

for all a € A. Hence, ec = Zujelgu}‘.
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(5) See [11, Proposition 2.3.2].
(6) For any quasibasis {u;} for the conditional expectation E,., we have ec =
> ﬂjegﬂ;f. Hence,

Ei(ec) = El( Z/JjeB/J;)
= Z Ey(yepu)
=Ind(E)™" > i)
= Ind(E) 'Ind(E},).

(7a) Let {u;, 1o, . . ., 4y} be a quasibasis for E. and {yi,ys,...,y,} be a quasibasis
for F. Then, it is (known and can be) easily seen that {y;u; : 1 <i<m,1 <j<n}isa
quasibasis for E—see also [11, Proposition 1.7.1]. Thus,

Ind(E) = Z(%Mj)()’iﬂj)*

J

=), %( DKt )7?
i j

— Ind(E,,)Ind(F),

(7b) We have C| = span{xecy : x,y € A}. Fix a quasibasis {y;} for E|.. Then, for
every pair x,y € C, we observe that

E\(xecy) = E; (X Z ,UjeB,U}k)’)
J
= Ind(E)™! Z XL Y
J
= Ind(E) 'xInd(E,.)y = Ind(F) ' xy
= Fi(xecy),
where the second last equality follows from item (7a). Hence, (E}) le, = Fi.

(7c) We have A; = span{xepy : x,y € A}. Consider the linear map G : A} — C)
given by

G( Z xieByi) = Ind(E[C)_l Z Xiecyi

forx,yieA,i=1,...,n.
We first assert that G is a conditional expectation of finite-index.
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Fix a quasibasis {y;} for E}.. Then, for any x,y € A, by item (4), we have
Glxecy) = G(X Z ﬂjeBﬂ;y)
J

= Ind(E;,)"" Z xpectt)y
J

= Ind(ErC)’l prju;ecy (since ec € C' N Cy)
J

= Ind(E,.)"'xInd(E} )ecy

=xecy (since Ind(E}.) € Z(A)).

This implies that G*> = G. Further, for any 3, x;egy; € Aj,

G(( Z x,-eByi)*( Z x,-egyi)) = G( Z ny(xfx;)EB)’j)
i i i

= Ind(E;.)™" Zy?ecE(x;‘xj)ecyj.
ij
Then, taking a;; = eCE(x;‘xj)eC €eCi,j=1,...,n,
lai;j] = diag(ec, ..., ec)[E(x;xj)]diag(ec, ..., ec).

By [10, Lemma 3.1], [x{x;] is positive in M, (A) and since E : A — B is completely
positive, it follows that [E(x}x;)] is positive in M, (B). Hence, [a;,] is positive in M,,(Cy).
Thus, by [10, Lemma 3.2], it follows that }’;; y:ecE(x;x;)ecy; > 0 in Cy. Further, since
Ind(ErC)_1 € Z(A)NZ(C) and ec € C' N Cy, it follows that Ind(ErC)_1 commutes
with 3 yiecE(x;x;)ecy; and hence

o Z e ( Zx,.egy,.)) S0,

Thus, G : A — C; is positive and, therefore, it is a conditional expectation.
Further, G : A} — C) has finite index with quasibasis {1;egInd(E rc)l/ 2:1<i<n)
because, for any x,y € A,

D AiepInd(E}) 2 G((Ind(E},) e 4} xey)
= > Aiep(Ind(E}))G((Ind(Ey ) P EA;x)eny)
- Z AiegInd(E;,) *Ind(E; )" Ind(E},) *E(; x)ecy

=xegy (sinceec € C1NB',epec =epandeg € Aj NB).
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Finally, since E, b, = F, we observe that

(E1 e, © G)(xegy) = E(Ind(E 1) xecy)
= Fi(Ind(E},) "' xecy)
= Ind(E,.) "' Ind(F)'xy
= Ind(E)_lxy
= E,(xepy)
for all x,y € A, where the second-last equality follows from item (7a). Hence,
(Erp, ©G) = Ey.
These show that C; € IMS(A, A, Ey) with respect to the finite-index conditional
expectation G : A; — C. O

Recall that for an inclusion B C A of unital C*-algebras, the normalizer of B in A is
defined as

Na(B) :={u € UA) : uBu" = B},

where U(A) denotes the group of unitaries in A; and (as already mentioned above) the
centralizer of B in A is defined as

Cs(B) :={a € A : ab = ba for all b € B}.

Clearly, U(B) is a normal subgroup of N4(B) and C4(B) is a unital C*-subalgebra of
A, which is also denoted by B’ N A and is called the relative commutant of B in A.

The following observation provides us with some easy examples of elements in
IMS(B,A,E).

LEMMA 2.8. Let B C A be an inclusion of unital C*-algebras with a finite-index con-
ditional expectation E : A — B. Let C € IMS(B, A, E) with respect to the compatible
finite-index conditional expectation F : A — C and u € U(A). Then:

(1) F,:A—> uCu* given by F, = Ad, o F o Ad,., that is, F,(a) = uF(u*au)u* for
a € A, is a finite-index conditional expectation with a quasibasis {n;u* : 1 <i < n}
(as well as {unu* : 1 <i<n}), where {n; : 1 <i < n} is a quasibasis for F;
Ind(F,) = Ind(F), and,

(2) in addition, if ue Na(B) and E satisfies the tracial property, that is,
E(xy) = E(yx) for all x,y € A, then uCu* € IMS(B, A, E) with respect to F,.

PROOF. (1) is a straightforward verification.
(2) Let D := uCu*. Since u € Nx(B), B = uBu* C uCu* and
E,, o F(a) = E,,(uF(u"au)u™)
= E('uF(u"au)) (by tracial property)
=E,. o F(u"au)
= E(u*au)
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= E(uu"a) (by tracial property again)
= E(a)

for all a € A. Hence, uCu* € IMS(B, A, E) with respect to F,. |

REMARK 2.9. Note that uecu” is a projection in C; (as u € A ¢ Cy) and, for each
X€EA,

(uecuHx(uecu™) = uF(u xu)ecu” = F,(x)uecu”.

So, it is quite tempting to think that maybe the basic construction of B C uCu* is given
by (uCu*); = C; (as the C*-algebra) with Jones projection e,c, = uecu*. However,
this is not the case.

For instance, if weletA,B,C,E : A —» Band F : A — C be the same as in Section 4,
then taking

[1/«/5 i/«/i]
iN2 12

we observe that

12 0 —i/2 0
0o 12 0 2
iz 0 12 0
0 -i/2 0 1/2

*

uecu =

whereas

12 0 0 12
o 12 12 0
CuC =10 172 1/2 0
12 0 0 12

(using values of e¢ from Lemma 4.2 and e,¢,» from Lemma 4.3).

REMARK 2.10

(1) In general, the dual conditional expectation of a tracial conditional expectation
need not be tracial.
For instance, consider the inclusion B=C23 1< (1,1) € A = C® C with
respect to the conditional expectation E : A — B given by E((4, u)) = (1 + p)/2.
Clearly, E is a finite-index tracial conditional expectation and we see that one can
identify A; with M,(C) and then the dual conditional expectation E; : A}y — A
is given by Ej([a;]) = (an1,ax). Clearly, E{(AB) # E (BA) for A=(19) and
B=()).
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(2) It is natural to wonder whether the traciality of E can be dropped or not while
showing that uCu* belongs to IMS(B, A, E) with respect to F,,. And, it turns out
that it cannot always be dropped.

For instance, consider A = M,(C) and B = CI, with the conditional expecta-
tion £ : A — B given by E([a;]) = ant +axn(1 —t) wheret # 1/2 is fixed. Let
C = {diag(A, ) : L, u € C}and F : A — C be the conditional expectation defined
by F([a;]) = diag(ay;, ax). Clearly, E and F are finite-index conditional expecta-
tions with quasibases { Viei;, V1 — e, Vtea, V1 —tex} and fe; : 1 <i,j <2},
and Ey o F = E. If

Lo |12 2
“lilv2 2|
then u € U(2) and

FLt([aii]) = (021 _ alZ)/z ((l]] + 022)/2

for all [a;] € A. Thus, E; . o Fu([a;]) = (a1 + axp)/2 which is not equal to
E([a;]) (as t # 1/2).

(an +axn)/2 (an - 6121)/2}

3. Interior and exterior angles

Let B C A be an inclusion of unital C*-algebras with a conditional expectation E :
A — B. Then, for the B-valued inner product (-, -)p on A given by (x, y)p = E(x"y), one
has the following well-known analogue of the Cauchy—Schwarz inequality

1€, )l < lIxllallylla~ for allx, y € A, (-1

where ||x||4 := ||[Ez(x*x)||'/?>. And, unlike for usual inner products, equality in (3-1)

does not imply that {x, y} is linearly dependent. For instance, consider the subalgebra
B = {diag(4, ) : ,u € C} in A = M(C) with the natural finite-index conditional
expectation E : A — B given by E([x;]) = diag(xy,x22). Then, for x = diag(1, 1) and
y = diag(i, 1) in A, one easily verifies that ||(x, y)g|| = ||x||allylla Whereas {x, y} is linearly
independent.

Employing (3-1), motivated by [1], Bakshi and the first named author introduced
the following definitions of the interior and exterior angles between intermediate
C*-subalgebras.

DEFINITION 3.1 [3]. Let BCA be an inclusion of unital C*-algebras with a
finite-index conditional expectation E : A — B. Then, for C,D € IMS(B, A, E) \ {B},
the interior angle between C and D (with respect to E), denoted as a(C, D), is given
by the expression

lKec — ep,ep — ep)all

cos(a(C,D)) = ;
llec — eglla,llep — ealla,

(3-2)
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and, for C,D € IMS(B,A,E) \ {A} with C;,D; € IMS(A,A, E)), the exterior angle
between C and D is defined as

B(C,D) = a(Cy,Dy), (3-3)

where a(Cj,D;) is defined with respect to the dual conditional expectation
E 1 Al — A.
By definition, both angles are allowed to take values only in the interval [0, 7/2].

REMARK 3.2

(1) Note that if Ind(E},), Ind(E;.) € Z(A), then by Proposition 2.7(7), Ci,D; €
IMS(A, A1, Ey). Thus, S(C, D) is defined for such intermediate subalgebras.

(2) If Bc C,DcCA is a quadruple of simple unital C*-algebras, then S(C, D) is
always defined.

We now derive some useful formulae for the interior and exterior angles in terms of
certain related quasibases.

PROPOSITION 3.3. Let BCA be an inclusion of unital C*-algebras with a
finite-index conditional expectation E : A — B with quasibasis {A; : 1 <i < p}. Let
C,D € IMS(B, A, E) \ {B} with respect to the conditional expectations F : A — C and
F’' : A — D, respectively. Let {y1; : 1 < u; <m} and {6x : 1 < 8¢ < n} be quasibases for
E,. and E,,, respectively. Then, we have the following.

(1)  The interior angle between C and D is given by
I(Ind(E)) ™ (X4 tE(W; 606, = DI
(Ind(E))~!(Ind(E}.) - DIIV2|(Ind(E))~' (Ind(E},,) — DII'/>°
In particular, if Ind(E) is a scalar, then
Il 2k i Eui; 6)67 = 1l
tnd(E}.) = 1I'2|Ind(E},) — 1]1'/2°

(2) Whenever Ind(E,,.) and Ind(E,,) belong to Z(A), the exterior angle between C
and D can be derived from (3-3) using the following expressions:

cos(a(C,D)) =

cos(a(C, D)) =

(3-4)

{ec, — ez, ep, — e2)a,

= (Ind(E,))™" [(Ind(ErC))‘z(Ind(ErD))‘l Z diecInd(F")
x> WEGE A A,6050end - 1],
Jk

12

lec, — eslla, = ‘

(Ind(Ey))™! [(Ind(ErC))‘l( Z /l,-F(Ind(F))ec/l;") - 1]

and a similar expression for |lep, — e2]la,.
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PROOF. (1) follows immediately by substituting the expressions for ec, ep, as obtained
in Proposition 2.7(4),(5),(6), in the definition of interior angle (3-2).

(2) Note that the dual conditional expectation E; : A} — A is of finite index with
a quasibasis {1;ez(Ind(E))'/>}—see Remark 2.3(3). Further, from Proposition 2.7(4),
a quasibasis for Eyy. is given by {w;:= G(lieg(Ind(E))'/?) : 1 <i < n}, where G :
A; — C) is the conditional expectation as in the proof of Proposition 2.7(7). Thus,
by Proposition 2.7(4), we see that

z %
€C1 = wiezwi
i

- Z diec(Ind(E; )~ (Ind(E))?e,(Ind(E))*(Ind(E} ) ec A,

since Ind(E}.) € Z(A) N Z(C) and ec € C’' N C;. Thus,
Ex(ec,) — Eax(e2)

— (Ind(E, )" Z/liec(lnd(ErC))‘l(Ind(E))1/2(Ind(E))1/2(Ind(Erc))_1ecflf) - 1]

= (Ind(E)))™!

= (Ind(E}))~! ( Z Aiec(lnd(Erc))fz(lnd(E))ecag‘) 1]
( Z Aiec(Ind(E rc))_l(Ind(F ))ec/l;‘) - 1- (by Proposition 2.7(7a))

= (Ind(E))™"

(Ind(Ep.) ™" Y AF(Ind(F))ec ;) - 1]

which shows that
12

llec, — ealla, =

(Ind(E1)” | (tnd(E) "' ) AP and(Fgecd; ) - 1]

Further, as above,

ep, = ) iep(Ind(E},))” (Ind(E))"2ex(Ind(E))*(Ind(E},. ) ep ;s

so that

eC] eDl
=" diec(Ind(E})) ™ (Ind(E)) 2 Ey[(Ind(E))"*(Ind(E},. ) ecA; Avep
x (Ind(E},))”' (Ind(E))"/*1e,(Ind(E)) /*(Ind(E},) " ep A
= Z diec(Ind(E; )™ Ind(F) Ey(ecA; Ayep)(Ind(E},)) "' Ind(F)esep A},

il
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where the last equality holds because of Proposition 2.7(7a). Then,

Esr(ec,ep,) — Ex(er)
= (Ind(E1)™" )" Aiec(Ind(E} )™ (Ind(F)E) (ec A Ay ep)(Ind(E},)) ™!

il

x Ind(F")epd; — (Ind(E}))™"!

= (Ind(E}))™! [(Ind(ErC))’z(Ind(ErD))’1 Z AiecInd(F")
X " EW A A 506,)en ), - 1].
J-k

Since <€C] —€2,€p, — €2>Al = Ez(ecleDI) - E2(€2), we are done. O

REMARK 3.4. A priori, for C,D € IMS(B,A,E)\ {B}, it is not clear whether
a(C, D) = 0 implies C = D or not. However, when B C A is an irreducible inclusion
of simple unital C*-algebras, then it is known to be true—see [3, Proposition 5.10].
Also, this phenomenon holds for a certain collection of intermediate subalgebras even
in some nonirreducible setup, as we see in Corollary 4.5.

4. Possible values of the interior angle

Throughout this section, we let A = M,(C), B = Clp, A = {diag(d,u) : L,u € C}LE :
A — B denote the canonical (tracial) conditional expectation given by
(a1 + ax)
2

and F' : A — A denote the conditional expectation given by F([a;]) = diag(ai, a).
The following useful observations are standard—see [11, Example 2.4.5].

E([a;]) = I, for [a;] € A

LEMMA 4.1. With running notation, the following hold:

(1) Eis a finite-index conditional expectation with a quasibasis
{V2e;: 1 <i,j<2),

where {e; : 1 < i,j < 2} denotes the set of standard matrix units of M>(C);
(2) Ind(E) = 4 and E is the (unique) minimal conditional expectation from A onto B;
(3) the C*-basic construction A, for B C A, with respect to the conditional expecta-
tion E, can be identified with M4(C) and the Jones projection e, corresponding
to the conditional expectation E is given by

e =

N =

1
0
1

SO OO
[l el el e)
—_—0 O =
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58 V. P. Gupta and D. Sharma [15]

(4) identifying M4(C) with M,(C) ® M»(C), the dual conditional expectation E :
Ay — Ais given by E| = idy, ® E; thus,

EXa,1) EXu2)

E (X) = ,
10 EXon) EX@2)

X € My(C),

where X; jy denotes the (i,j) th 2 X 2 block of a matrix X € M4(C).

LEMMA 4.2

(1)  F has finite index with a quasibasis {e; : 1 < i,j < 2} and scalar index equal to 2.
(2) A €eIMS(B,A, E) with respect to the conditional expectation F and the corre-
sponding Jones projection in A (C Ay = M4(C)) is given by

1 000
b |00 00
A710 0 0 Of

00 0 1

LEMMA 4.3. For every unitary u in A:

(1) the map F, : A — ulAu* given by F, = Ad, o F o Ad,~ is a finite-index condi-
tional expectation with a quasibasis {eju* : 1 < i,j < 2} and Ind(F,) = 2;

(2) D :=ulAu* € IMS(B, A, E) with respect to the conditional expectation F,; and,

(3) if u=[A;], then the corresponding Jones projection in Dy (C A; = M4(C)) is
given by ep = [x;], where

4 4 5 2 2 2, 12
xi = lAul™ + 1 l’, x2 = A dn(Aul” = 142l%), x4 = 2[Au 142l

) 2 32 2
x22 = 2|Anl"lAal", x23 = 245,47,

and the remaining entries are given by X1 = X|3 = X3] = X3] = —Xp4 = —X4p =
—X34 = —X43, X41 = X14, X33 = X22, X32 = X23 and xa4 = X11.

PROOF. (1) Clearly, the map F,, : A — D is a conditional expectation and we can easily
verify that

x= Z eiju*Fu(ueZ.x) = Z Fu(xeiju*)ue;;
i i

forall x € A. Thus, {e;u* : 1 < i,j < 2}is a quasibasis for F,, and Ind(F,) = 2 = Ind(F).
Since E satisfies the tracial property and Nj(B) = A, item (2) follows from
Lemma 2.8.
(3) After some routine calculation, for any [ ¢ Z] € A, we obtain

(e ?]) - AP +ylanl  xdadn +ydndn
“Ne d xAn A +yAndin XAl + ylan

’
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where x = Cl|/111|2 + d|/112|2 + b/lzl/_l]] + C/_lzl/ln and y= a|/112|2 + d|/111|2 + b/lzz/_l]z +
C/_lzz/llz. Since u is a unitary, we have /_112/122 = —(/_111/121), /112/_122 = —(111/_121), |/111|2 =
[A2o[? and |21 = | [%; thus, we further deduce that

MAn P + ¥yl = alanl® + 1200 + 2dIAn Pl + ez Ay (an P = 1A5?)
+ by A (A l* = 1a*); and
XAl + ¥l = 2alan Plapl + (Al + [2p*) + by An (2l = 140 )
+ ey An (Al = 1 P).

Then, using the above expression for F,([a;]) for [a;] € A and the matrix ep, as given
in the statement, we can easily verify that:

(1) epxep = F,(x)ep and
(2) ep(x) = Fu(-x)

for all x € A. This completes the proof. ]

We are now all set to derive a concrete expression for the interior angle between A
and its conjugate uAu*, in terms of the entries of u.

THEOREM 4.4. If u = [A;] € U(2), then

cos(a(A, uhu®)) = V1 — QA l1A12])*.

PROOF. Let D = uAu*. From the matrix expressions of e, e, and ep obtained above,
we easily see that E(e;) = %Iz, Ei(ep) = %Iz, Ei(ep) = %12 and

(nl* + 1% /2 A (Al - |/112|2)/2]

E =113
Heacn) [ﬂzlﬂn(umz =Pz (Al + e2

Thus,

llea — e1lls, = VIIE1(ea — €1l = YlIEi(ep — el = llep — eilla,-

Next, we calculate ||E (eaep — €1)||. Let

(Aul* +121*/2 = 1/4 - A An(AulP - |/112|2)/2}

T=E —ep = | .
1(esep ~e1) [ﬂzlaummz—mmz)/z (i + f)/2 — 174

Note that, 7*T turns out to be a scalar matrix with eigenvalue A, where

1= (|/111|4 + Al 3 1)2 . |11 Pl P2l = 121 7)?
2 4 4
I P2 Pl = 1an?)?
4

1
1—6(2(|/111|4 + Al - 1 +

APl = 1an?)?
4
(since |41 * + [A12l* = 1 and Ay | = [A12])

1
1—6(2(|/111|4 +1Aial*) = (AP + 1202P)?) +
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_ (|/111|2 — AP )2 N [ PPl = 14 %)?
4 4

(Al - Py
(%) (1 + 4 Pl

1
1—6((|/111|2 +12/H)? = 4 PlanPA + 4 P

1

—(1 = QA lIAaph™.
16( 2l lla2h™)
Thus,

ea — €1, ep —eall = lIE1(eaep — eIl = IT| = (Vl - (2|/111||/112|)4)/4-

Finally, substituting the values of |lea — e1ll4,, llep — e1lls, and |[{ea — €1, ep — e1)all
above into (3-2), we obtain

cos(a(A, uAu*)) = 1 = 2| ||1A2)*. O

Recall that a unitary matrix whose entries all have the same modulus is called a
Hadamard matrix. Also, if (B, C, D, A) is a quadruple of finite von Neumann algebras
(that is, B ¢ C, D c A) with a faithful normal tracial state 7 : A — C, then (B, C, D, A)
is said to be a commuting square if EAE) = Ef = E E?, where E : A — X denotes
the unique 7-preserving conditional expectation from A onto any von Neumann
subalgebra X of A.

COROLLARY 4.5. Let u € UQ2). Then:

(1) a(A,ulAu*) =n/2 if and only if u is a Hadamard matrix if and only if
(B, A, u*Au, A) is a commuting square; and,
(2) ifu =[], then a(A, ulu™) = 0 if and only if either u € A or 11 = 0 = Ap.
In particular, a(A, uAu*) = 0 if and only if A = uAu*.

PROOF. (1) From Theorem 4.4, we observe that

cos(a(A, uru™) =0 & V1 —Q2Aylldap)* =0
e il = 3
& lAul = Al (since [Anf* + [l = 1)
© |l = Al = 12l = 12|
& u is a Hadamard matrix.
Note that F': M, — A and F, : M, — uAu* are the unique trace-preserving condi-

tional expectations. Additionally, it is a well-known fact—see, for instance, [8, Section
5.2.2]—that (B, A, u*Au, A) is a commuting square if an only if u is a Hadamard matrix.

Downloaded from https://www.cambridge.org/core. IP address: 18.225.117.198, on 30 Jan 2025 at 20:56:18, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/51446788723000058


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1446788723000058
https://www.cambridge.org/core

[18] Possible values of the interior angle 61

(2) Again, from Theorem 4.4,
cos(a(A, ulAu*)) = 1 & |A;1]lA12] = 0
S lAnl=0 or [1p/=0
& |11l =0 =142| or wuisdiagonal (as u is unitary). O

We can now deduce our assertion that the interior angle attains all values in [0, 7r/2].

COROLLARY 4.6

{a(A, uhu®)  u € UQR)) = [0, g]

PROOF. Note that, for each u = [4;] € U(2),0 < (2]A11]]A12))* < 1. Thus, we can define
amap ¢ : U(2) — [0, 1] given by

e([43]) = V1 = Qlayllaph*

Clearly, ¢ is a continuous function. Since U(2) is connected, it follows that ¢(U(2))
is also connected. Note that, from Corollary 4.5, we have ¢(u) = 0 for any complex
Hadamard matrix u € U(2) and ¢(I;) = 1. Hence, ¢(U(2)) = [0, 1]. In particular, in
view of Theorem 4.4,

(A uAu") - u € UQ)) = [0, g]

as desired. O
COROLLARY 4.7. There exist C,D € IMS(B, A, E) such that ecep # epec.

PROOF. Fix a u =[4;] € U(2) and let C=A and D = uAu*. Then, both C,D €
IMS(A, B, E), and using the values of ec and ep from Lemmas 4.2 and 4.3,

Il + 1l A dn(AdulP - 2P dn(nl = 1P 2AnPlanP

0 0 0 0
ecep = 0 0 0 0
2Pl Aadn(elP =P Aidn(deP =1l Al + el
and
. | l* + Al 00 2| Pl
oner = /121/_111(|/111|2 P 0 0 /121/_111(|/112|2 =l
PECT N Aan AP =12 0 0 Andn(df - [nP|
2| Pl 0 0 Il + 1l

Thus, if u is neither a diagonal matrix nor a Hadamard matrix nor 4;; = 0 = Ay, then
we see that C # D and ecep # epec. |
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5. Angles between intermediate crossed product subalgebras of crossed
product inclusions

Recall that if a countable discrete group G acts on a unital C*-algebra P via
a map « : G — Aut(P), then the space C.(G,P) consisting of compactly supported
P-valued functions on G can be identified with the space {} g do8 : a; € P, g € G}
of formal finite sums and is a unital *-algebra with respect to (the so-called twisted)
multiplication given by the convolution operation

( Z a‘Ys)( ; blt) = Z asas(b,)st

sel selte]

and involution given by

( Z ass)* = Z A1 (a:)sfl

sel sel

for any two finite sets / and J in G. Further, the reduced crossed product P >, , G and
the universal crossed product P =, G are defined, respectively, as the completions of
C.(G, P) with respect to the reduced norm

2,8

finite

> mlag)(1 @ Ag)

b
2
finite B(H®(*(G))

where P C B(H) is a (equivalently, any) fixed faithful representation of P, 4: G —
B(£*(G)) is the left regular representation and 7 : P — B(H ® £*(G)) is the representa-
tion satisfying (a)(§ ® 0,) = @,-1(a)(€) ® o, for all § € H and g € G; and the universal
norm

llxll := sup [lx(x)l|  for x € Cc(G, P),

where the supremum runs over all (cyclic) *-homomorphisms 7 : C.(G, P) — B(H).
We suggest the reader refer to [4, 12] for more on crossed products.

When G is a finite group, then it is well known that the reduced and universal norms
coincide on C.(G, P), and C.(G, P) is complete with respect to the common norm; thus,
P>y, G=C(G,P) =P, G (as *-algebras).

In this section, analogous to [2, Proposition 2.7], we derive a concrete value for
the interior angle between intermediate crossed product subalgebras of an inclusion of
crossed product algebras.

The following important observations are well known.

PROPOSITION 5.1 [5, 9]. Let G be a countable discrete group and H be its subgroup.
Let P be a unital C*-algebra such that G acts on P via a map a : G — Aut(P). Let
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A := P>, G (respectively, A := P> G) and B := P >, H (respectively, B := P> H).
Then:

(1)  the canonical injective *-homomorphism

C.(H,P) > Z aph Z ayh € C(G, P)

finite finite

extends to an injective *-homomorphism from B into A; and
(2) the natural map

CAG,P)> Y aggr > aphe C(H,P)

finite

extends to a conditional expectation E : A — B.

Moreover, E has finite index if and only if |G : H] < oo and in that case, a
quasibasis for E is given by {g; : 1 <i <[G : H]} for any set {g;} of left coset
representatives of H in G and E has scalar index equal to [G : H].

PROOF. (1) follows from [5] (also see [9, Remark 3.2]) and the first part of the proof
of [9, Proposition 3.1].

(2) Consider the canonical C.(H, P)-bilinear projection Ey : C.(G,P) — C.(H, P)
given by

EO( D agg) =Y ah.

finite

Then, from [5] (also see [9, Remark 3.2]) and [9, Proposition 3.1, Remark 3.2], it
follows that Ey extends to a conditional expectation from A onto B. Also, from [9,
Theorem 3.4], it follows that E has finite index (with a quasibasis as in the statement)
if and only [G : H] < 0. O

PROPOSITION 5.2. Let G,H,P,a,A,B and E be as in Proposition 5.1 with
[G:H]l<oo and {g;: 1 <i<[G:H]} be a set of left coset representatives of
H in G. Let K and L be proper intermediate subgroups of H C G and let
C := P>, K (respectively, P x, K) and D := P >, , L (respectively, P >, L). Then,
C,D € IMS(B,A,E) \ {A, B} and the interior angle between them is given by

[KNL:H]-1

D)) = .
cos(a(C, D)) VIK H]-1V[L:H] -1

(5-D

PROOF. Note that B ¢ C,D c A, by Proposition 5.1. Also, [G : K] and [G : L] are
both finite as [G : H] is finite. So, C,D € IMS(B, A, E) with respect to the natural
finite-index conditional expectations guaranteed by Proposition 5.1.

Fix left coset representatives {k, : 1 <r < [K: H]}and{/;: 1 <s<[L:H]}ofHin
K and L, respectively. Then, it is readily seen that E,. : C — Band E}, : D — B have
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quasibases {k, : 1 <r < [K:H]} and {[;: 1 <s <[L: H]}, respectively. Then, from
(3-4), we obtain
”(Zr,s krE(k:ls)l;k) - 1”
I VIK : H1 = 1|l VIL : H] - 1]]
M sy Krkr LsEg) = 1]
VIK:H]-1+[L:H] -1
B [(KNL):H]-1
VIK -HI -1V[L:H -1

where the last equality holds because the map

cos(a(C, D)) =

{(r,s) :k,HNIH =0} 3 (r,s) » kH=I,He (KNL)/H
is a bijection. m]

COROLLARY 5.3. Let the notation be as in Proposition 5.2. Then:

(1) a(C,D)=mn/2ifand only if KN L = H; and
(2) a(C,D)=0ifand only ifK = L.

In particular, if Cy := P », (g7'Kg) (respectively, P <. (g7'Kg)) then a(C, C,)=0
for all g € G if and only if K is normal in G.

PROOF. (1) is straight forward and, for item (2), we just need to show the necessity.
Note that a(C, D) = 0 implies that (K N L) : H]- D/VIK:H]-1+[L:H]-1)=1,
which then implies that

[(KNL):H]-1 [(KNL):H] -1 1
K : H] -1 [L:H]-1 a
and that [K N L : H] # 1. Note that
0< [(KmL):H]—l’[(KnL):H]—l <1
[K:H]-1 [L:H]-1
so, it follows that
[(KNL):H]-1 1= [(KNL):H]-1
[K:Hl-1 ~ [L:H]-1
Hence, K =KNL=1L. m]

Recall that for a subgroup H of a group G, its normalizer is given by
NG(H) =1{g € G: g 'Hg = H).

COROLLARY 5.4. Let G,H and K be as in Proposition 5.2. If g € Ng(H), then
a(C, Cy) = 0if and only if g € Ng(K), where C, is the same as in Corollary 5.3
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PROOF. Let L := g7'Kg. Since [K : H] = [L : H], from (5-1), we obtain

_(KnL)y:H] -1
cos(a(C, Cy)) = K H-1
Thus, a(C, C,)) = 0 if and only if K N (g7'Kg) = K if and only if g € Ng(K). O

Note that if P = C and « : G — Aut(C) is the trivial representation, then we know
that C:(G) = C =, G and C*(G) = C =, G. Thus, we readily deduce the following.

COROLLARY 5.5. Let G be a countable discrete group with proper subgroups H,K
and L such that HC KNL H+# K,L and [G: H] < 0. Let A := C:(G) (respec-
tively, C*(G)), B := C:(H) (respectively, C*(H)), C := C;(K) (respectively, C*(K)) and
D := Ci(L) (respectively, C*(L)). Then, C,D € IMS(B, A, E) \ {A, B} and

[KNL:H]-1
VIK H -1V[L:H -1

cos(a(C, D)) =

where E : A — B is the conditional expectation as in Proposition 5.1 with P = C.

EXAMPLE 5.6. Let G = Z3 ® Z3 ® Zs & Zs. Consider its subgroups K = Z3 & Z3 &
Zs®(0),L=0)®Z; ®Zs ®(0) and H = (0) ® (0) ® Z5 @ (0). Then,

cos(a(C[K], C[L])) = 1.

Thus, a(C[K],C[L]) = /3.
In particular, this illustrates that if B # C € D C A, then a(C, D) need not be 0.
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